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Solutions

Read the following instructions:

e The use of cellphones, electronic devices (including calculators), and course notes is
strictly forbidden. All phones and electronic devices must be turned off and kept in
your bags: do not leave them on you. If you are seen to have an electronic device on your
person, we may ask you to leave the exam immediately, and fraud allegations could be
made, which could lead to a mark of 0 (zero) on this midterm.

e The duration of this midterm is 75 minutes.
e This is a closed book midterm containing 5 questions.

e There is an additional blank page at the end of this exam that you may use as scrap
paper. If you run out of space, you may use this page or the backs of pages. Clearly
indicate where to find your answer.

e Do not detach the pages of this test, apart from the last (blank) page. If you detach the
last page, do not use it for your submitted answers.

e You must give clear and complete solutions, with calculations, explanations and justifi-
cations. Make sure that your answer is clearly indicated; you must convince me that you
understand your solution in order to receive full marks.

By signing below, you acknowledge that you are required to respect
the above statements.

Signature:

THIS SPACE IS RESERVED FOR THE MARKER:
Question 1 2 3 4 5 Total

Mark

Out of 9 12 6 12 11 50
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1. Multiple choice. Write your answer clearly in the blank below the question,
or write “X” to indicate blank. Each question is worth 3 marks and has exactly
one correct answer. A correct solution is worth 3 marks, an incorrect or blank
solution is worth 0 marks, and “X” (intentional blank) is worth 1 mark.

(i) Let F: R?® — R3 be a C! vector field and suppose that
1 01
DF(0,0,0)= [0 1 0
011
What is curl(F£)(0,0,0)?
) (1,2,2).

(A

(B) 5

(C) (2,1,2).
(D) 1

(E) (1,1,0).

Solution: (B) (1,1,0) (C) for v.B.

OF, O0F; 0Fy 0F; OFy  0h

(6y_8z’3z_8x’8x Gy)
(1-0,1—0,0—0).

curl(F)

(ii) Let @ : [—1,1] x [-1,1] — R3 be a C' parametrized surface and suppose
that

10
®(0,0) = (1,1,1), D®(0,0)= (2 0
11
Which of the following points is on the tangent plane to
(A) (4,7,0).
(B) (6,2,3)
(C) (0,0,0)
(D) (1,2,1).
(E) (2,1,1)
(A) (4,7,0)

the surface at (1,1,1)7

) (2,

Solution:

9

A) (4,7,0) (D) for v.B.
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A normal vector is 77 := (1,2,1) x (0,0,1) = (2, —1,0). Hence an equation is
0=1-((z,y,2) — (1,1,1)) =2(z — 1) — (y — 1) = 2z — y — 1. From the given
list, (4,7,0) is the only one satisfying this equation.

Alternatively, the parametric form of the tangent plane is p(s,t) = (1,
s(1,2,1) +¢(0,0,1). The point (4,7,0) can be written as p(3,—4) = (1,
3(1,2,1) — 4(0,0, 1).

(iii) Let p,q : [0,1] — R? be paths defined by
p(t) == (t,t), q(t):=(1—1t1—1).

Suppose that F:R? - R? is a vector field and

/1ds:2, /ﬁ.d§:5.
p p

Which of the following is correct?

1L,1)+
1,1) +

(A) J,1ds=2and [ F-d5=5.

(B) [, 1ds=—2and [ F-d§= 5.

(C) J,1ds=2and [ F-di=-5.

(D) fqlds = —2 and fqﬁ-d§: 5.

(E) There is not enough information to compute fq 1ds and fq F . ds.

Solution:  (C) 2,-5. (A) for v.B.

The two paths parametrize the same curve, with opposite orientations. Hence
fqlds = fplds and qu-d§: —pr-dE’.

There s a mistake on this question: the path length fp 1 ds is in fact \/2, not
2. This means fq 1ds = /2 as well.

We will still treat 2, —5 as the correct answer. Please give 1 mark bonus for
any student who points out this mistake.
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2. Let S be a surface parametrized by ®(u, v) := (u?/2,v?, —uv) where u € [0, 1]
and v € [0, 1].

(i) Determine @, x ®, and show that ||®, x ®,|| = u? + 202 7
Solution: o, = (u,0,—v) and &, = (0,20, —u). 2
Thus @, x ®, = (u,0, —v)z(0, 2v, —u) = (202, u?, 2uv). 2
Also, [|®, x @, = v/(—20v2)2 + (u?)? + (2uv)? 2

= V4vt + 4u20? + u?
= /(202 + u?)?
= 2v% + u?, 1

(ii) Compute the surface area of S. 5

Solution: Surface area = fol fol | @, X @, dudv 2
= fol fol 202 + u? du dv 2
= fol 20 + 3 dv
2.1 _
=3t3=1 L

Deduct .5 (total) for small mistakes in integration. Likewise in Questions

4(iii) and 5(ii).
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3. (i) If F : R? — R3 is a differentiable vector field, define div(F).

ANSWER: div(F) =V - F or 8F1 + an + 6F3 where F' = (F, F, F3).

(ii) Define the vector field G : R? — R? by

Gz, y,2) = (x +y, 2%+ z,y2).
Compute div(G).

Solution: We have 24 =1, %% — (0 and & — 4.
Ox 'Oy ) 0z

Hence, div(G) =1+ 0 + .
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4. (i) Let q : [a,b] — R? be a path. We may rewrite fq ye® dr + xIn(1 + y*) dy
as fq F . d3 for some vector field F : R2 — R2. What is this vector field?

ANSWER: F(z,y) = (ye*, z1In(1 + y?)). 3

(ii) Sketch the vector field G(z,y) = (y,0) below. 3

)
——>
—
_»
*
-—

—_—
>
-«

-—
-

For full marks:

e All arrows should be horizontal

o Arrows above x axis should point left, and below should point right

e Arrows should get bigger when moving away from the x axis

e There should be at least one pair of arrows at the same y coordinate, and
these should have the same length.

For a partially correct answer or one without enough detail, give 1-2 marks.
(iii) Define the path p(t) := (¢,t%,t%) for t € [0,1], and define the vector field
F:R3 = R3 by

F(l’,y,Z) - (:E?Z - QTB,y - $2)'
Compute fp F - ds.

Solution: We have p/(t) = (1, 2t, 3t?)

and F(p(t)) = (t, 13 — 3,42 — t2) = (£,0,0).

Therefore F(p(t)) - p/(t) = (1,2¢,3t2) - (¢,0,0) =t + 040 = ¢.

Hence,

[, Fds = [} F(p() - p/(t) dt

= [Ttdt =1 1

= NN O
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5. Let A be the cube [0,1] x [0,1] x [0, 1] and suppose that this object has
density function given by d(z,y, z) := 2z + 3y°.

(i) Prove that the mass of the cube is 2

Solution:

Mass = [ [ [,d(z,y,2)dxdydz
= fol fol fol 22 + 3y* dx dy d=
= [1[11 43y’ dyd>
= fol 1+ 1dydz
= 2.

(ii) Determine the centre of mass of this cube.
Solution: The centre of mass is (zg, Yo, 29) Where
T = miss [ [ [ x0(z,y,z)dedydz,

Yo = mm J S [avo(@,y, 2) dz dy dz,
2=——[[[,20(z,y,z)dzdydz.

So we compute

x0:2f0 fo fo x(2x + 3y?) dx dy dz
:§f0 fo fo 22 + 3y*x dx dy dz
:2f0 Sy dy dz
=3 01§+ dz

_1(2 1
—§(§+§>

e
12

(The last step is not necessary).

yo:§f0 fo fo (22 + 3y?) dx dy d=
zifo fo fo 22y + 3y dx dy dz
:%folfoly—l-Sydedz
:2 0 2Jr 1dz

(The last step is not necessary).
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z0:2f0 fo fo (2x + 3y?) dw dy d=

:2f0 fo 1+ 3y?) dy dz
:ifo 22 dz

1
5-
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