Chapter 2

Boolean Algebra and Logic Gates
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Topics

> Boolean Algebra (Analysis Tools)

9

9
9
9

Boolean Expressions: functions
Truth Tables
Boolean ldentities

Standard Forms: Sum of products (SOP) and Product of
sums (POS)

-~ Logic Gates (Hardware)

9
9
9

Basic: AND, OR, NOT gates and Binary signals
Other gates: NOR, NAND, XOR, XNOR
Implementation of Boolean expressions

> Examples

9

Half-Adder, Full-Adder, Deriving SOP/POS from Truth
Tables, Simplifying SOP/POS with Boolean Algebra
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Binary Logic

* Binary logic deals with

1 - Variables that can take on two discrete values
—>Values can be called True, False, yes, no, etc.

2 - Operations that assume LOGICAL Meaning

—> Binary logic is equivalent to Boolean algebra
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Boolean Algebra

 Basic mathematics required for the description of
digital circuits. Used to:

— describe the different interconnections of
digital circuits

— simply the circuits

 The variable used in the Boolean algebra are called
Boolean variables

- We will study two-valued Boolean algebra and
functions with simplifications using basic Boolean
Identities
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Two-valued Boolean Algebra

e |t consists of

1- Boolean Variables

- Designated by letters of the alphabet such as A, B, C, x, V,
Z etc.

- Each variable can have two and only two distinct
values: 1 and O (True, False)

- Can be a Function of some other Boolean variables
(F=ABC)

2- Boolean Operations

-There are three Basic logical operations:
AND, OR, and NOT
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Basic Boolean Operations- AND operation

- AND operator Is a dot or by the absence of an operator
Example: xXey =0r Xy=z

read.: X AND y lIsequalto z

Interpretation: z=1 ifandonlyif x=1ANDy=1

Otherwise z =0

Truth table: Truth table gives the value

Xy of xy (i.e. xey) for all
possible values of x and y

Don 't confuse this with
binary multiplication
operation

x_ Y

0 0fo
0o 1|o0
1 0o
1 1|1
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Basic Boolean Operations- OR operation

- OR Operator is a plus sign (+)

Example: X+Yy=12

read: X OR vy Isequalto

V4

Interpretation: z=1 if x=1or If y=1orif bothx =1
andy=1. z=01f x=0and y=0

Truth table:

Y

X+y

Don 't confuse this with

X

_ £ _ 0]
binary addition operation 0
1

1

0]
1
0]
1

0]
1
1
1
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Basic Boolean Operations- NOT operation

. Represented by d prime or an overbar (also called complement)
Example: X'=z (or x =2)
read.: Notx isequalto z

Interpretation: z = “what x is not”

x= 1 then z=0; x= 0 then z=1

Truth table:
x| X Truth table gives the value
<13 (1) of x' for all possible values
for x
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Binary Logic and Binary Signals

 For simplicity, we often still write digits
Instead:

— 1 1strue
— 0 1s false

« WWe will use this interpretation along with
special operations to design functions and logic
circuits for doing arbitrary computations.
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Logic Gates

* Logic gates are electronic circuits that operate on one or
more input signal to produce an output signal

*Basic operations can be implemented in hardware using a
Basic logic gate.

—Symbols for each of the logic gates are shown below.
—These gates output the product, sum or complement of their

Inputs
Logic Operation: AND (product) OR (sum) of NOT
of two inputs two inputs (complement)
With one input
Representation: X.Y, Of Xy X+y X'

Logic gate: ;: by ;:Dx +y K*DO_KI
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Gates with Multiple Inputs

 AND and OR Gates may have more than
2 Input signals

(a) Three-input AND gate (b) Four-input OR gate
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Binary Signals

*Computers use voltages to represent information.
*Two voltage levels are used to represent a binary value
“1” and “0”
* Some digital systems for example may define that:
- Binary ‘0 1s equal to 0 Volt

- Binary “1” is equal to 5 \olt
Volts

- It s convenient for us to translate these
voltages into values 1 and O.
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Binary Logic and Binary Signals

*]t’s also possible to think of voltages as
representing two logical values, true and false.

-> These logical values are called Boolean
values

Volts
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Logic Gates - Signals

Volts Example

two input
signals  one output signal

A

Range for
logic 1

Y [ — TR 5;‘7_
Transition occurs

between these limits

4 two input |
Range for signals one output signal
logic 0
g R I
\ 1o 1

Binary Signal
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Timing Diagram —Input and output signals

Logic Logic
level level

l 1
1 Trailing edge 1 "_\ Leading edge (
(falling edge) (falling edge)

2 i

\ Trailing edge
Leading edge (rising edge)
(rising edge)
: X / !
0 0 t
a. Paositive-going pulse b. Negative-going pulse
X 0 1 1.0 0

AND:x -y 0 0 1 0 0

OR:x +y 0 1 1 1 10
NOT: x' 1 0o 0] 1 1

Fig. 1-5 Input-output signals for gates
ITI11100
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Boolean Algebra

- Boolean algebra Is used in digital design to reduce
any logical function (expression) to its simplest
form

- the minimization of the number of literals
and the number of terms

—> a circult with less equipment

* |t Is a hard problem (no specific rules to follow)
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Boolean Algebra

A Boolean algebra is defined as a closed
algebraic system containing a set K or two or
more elements and the two operators, e and +,
provided 6 postulates are satisfied.

Useful for identifying and minimizing circuit
functionality

Identity elements

o a+t0=a

o a.l=a
0 Is the i1dentity element for the + operation.
1 1s the identity element for the . operation.
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Table 2.1 Postulates and Theorems of Boolean Algebra

Table 2.1

Postulates and Theorems of Boolean Algebra

Postulate 2 (a) x+0=x (b) x-1=x
Postulate 5 (a) x+x'=1 (b) x-x'=
Theorem 1 (a) X t+tx=x (b) X*X=x
Theorem 2 (a) x+1=1 (b) x-0=
Theorem 3, involution x")' =x

Postulate 3, commutative  (a) xX+ty=y+x (b) Xy = yx
Theorem 4, associative @ x+@+tz)=(x+y) +2z (b) x(yz) = (xy)z
Postulate 4, distributive (a) ¥y +z)y=xy + 22 b)) x+yz=(x+y)x +2)
Theorem 5, DeMorgan (a) x +y) =x'y (b) (xy) =x"+y'
Theorem 6, absorption (a) X +xy=x (b) x(x +y)=x

 All can be proven by truth tables.

« Theorems can be proven by postulates or by truth
tables. IT11100 18



Commutativity, Associativity and Distributivity of the Operators

« The Commutative Property: Foreveryaand b in K,
o a+b=b+a
o a.b=Db.a

« The Associative Property: For every a, b, and c in K,
o at(b+c)=(@+b)+c
o a.(b.c)=(.h).C

« The Distributive Property: For every a, b, and c in K,
o a+(b.c)=(a+b).(a+c)
o a.(b+c)=(a.b)+(a.c)

« To simplify notation, the (.) operator is frequently omitted.
o a+b.c=(a+b).(a+c)
o a+bc=(athb)(a+tc)
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Theorem 1

Theorem : X+xX = X

X+X = (X+X) 1
= (X+x) (x+X)
= X+XX'
= x+0
= X

Theorem : X X = X

XX=XxX+0
= XX + XX’
=X (X + x')
=x1
=X
IT11100

xe]=x
X+x'=1
x+yz =(X+y)(x+2)
XeX'=0
X+0=Xx
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DeMorgan’s Theorem

« A key theorem In simplifying Boolean algebra expression
IS DeMorgan’s Theorem. It states:

(a+b) =ab’ (ab)’=a’ +b’
* Proven by the truth table.

x+y (x+y) bs
0 1 1
1 0 1
1 0 0
1 0 0

y' | X'y’
| 1
0 0
1

0

0
0

e e == k]
—_ o = O

« Complement the expression a(b + z(x + a’)) and simplify.

(a(btz(x+a’))y =a’+(b+tz(x+a))y
=a’+b(z(x+a))y
=a’+b(z+(x+a’))
=a’+b’(z’+x’a”)
=a’+b’(z’+x’a)
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Absorption

e This theorem states:

atab=a a(a+b) = a
 To prove the first half of this theorem:
a+ab =—a.l+ab
=a(l+Db)
—a(b+1)
=a(l)
at+ab=a

« To prove by the truth table:

IT11100

Xy

X+ xy

- o o O
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Boolean expressions (functions)

* We can use the basic operations to form more
complex expressions:

f(x,y,z) =xy'+z X

« Some terminology and notation:
— T is the name of the function.

- Term is an implementation with a gate (e.g. AND term,

OR term): in this example f has two AND terms x y' and z
XI

— (x,y,z) are the input variables, each representing 1 or O.

— A literal is any occurrence of an input variable or its
complement. The function above has four literals: x, y', z,
and x'.
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Precedence for Evaluation of Boolean Expression

 Precedence are important.

— Parentheses first (if any) then

NOT has the highest precedence, followed by AND,
and then OR.

2>f(x,y,2) = (x+y")z + X'

—Fully parenthesized, the function above would be kind of
messy:

f(x,y,z) = (X +(y"))2) + X))
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Truth Table

A truth table shows all possible inputs and outputs of a
function. Each input variable represents either 1 or 0.

A function with n variables has 2 power n possible
combinations of inputs.

Inputs are listed in binary order-example, from 000 to 111.

f(x.y,z) = (x +y)z + X

’ x vy z| f(xy,z)
0 0 O 1
f(000) =(0+1)0+1 =1 0 0 1 1
f(00,1) =(0+11+1 =1 O 1 0 1
f(0,10) =(0+0)0+1 =1 - 0o 1 1 1
f(011) =(0+0)1+1 =1
£100) =(1+1)0+0 =0 100 O
£(1,01) =(1+1)1+0 =1 e
f(1,10) =(1+0)0+0 =0 1 1 0 0
f(111) =(1+0)1+0 =1 1 1 1 1
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Boolean Expression and Logic Circuits

« A Boolean expression (function) can be converted into a circuit
by combining basic gates.

« Example:

- The diagram below shows the inputs and outputs of each
gate.

- The precedences are explicit in a circuit.

f(x,y,2) = (x +y')Z + X'
KX 'b T ()2
X+y'
)
g > D ey

f(xy.2)
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Obtaining Boolean Expressions

*EXpressions may be obtained from:
 English language description
* Truth table;

* Logic circult.

IT11100
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Obtaining Boolean Expressions

» The Boolean expression (un-simplified) can be obtained
from the truth table: Consider the following arbitrary Truth Table

We can also write the function as:
F, (A,B,C) = A'BC'+ A'BC+ AB'C'+

A|B |C F

00 |0 0

00 |1 0

0110 1 | A'BC
0|1 |1 1 | ABC
110 1|0 1 | AB'C'
110 |1 1 | AB'C
11100 | 1 |ABC
111 |1 1 |ABC

IT11100

AB'C+ ABC'+ ABC
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Obtaining Boolean Expressions

Using the false terms in the truth table

Sometimes it is easier to work with the
terms that describe when the function is false.

Al B IC |:l For example, if a function has 3
variables, there are 8 possible states. If 6 out
of 8 are true, then only 2 out of 8 are false.

0l 0 |0 0 A'B'C’ Fewer terms makes it easier.

010 1 0 | 4’B’C__« The Boolean expression can be

0|1 |0 1 obtained from the truth table using

0l 1 |1 1 false terms

110 lo 1 So we can also write the function

110 1 1 NOT F, as:

ol el . F (A B,C)=ABC' +AB'C

111 |1 1 LAt s
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Simplifying Boolean Expressions

- Use the Rules of Boolean Algebra

We can simply the function as:

F, (A,B,C) = ABC'+ ABC+AB'C'+ AB'C+ ABC'+ ABC
= A'B(C'+C) + AB'(C+C") + AB(C'+C)
= A'B +AB'+AB
= A'B + A(B'+B)
= A+A'B

Is it really the
simplest expression?

IT11100
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Simplifying Boolean Expressions

Function with four variables

« Giving the following function:

F,,(AB,C,D)= (AB'(C+BD)+AB')C
=(AB'C+ AB'BD +A'B') C
=(AB'C+A0D+AB')C
=(AB'C+0+AB")C
=(AB'C+AB')C
=AB' + A'B'C
=AB'C + A'B'C
= (A+A")B'C
=B'C

F,, (A,B,C,D)=B'C

-> the two expressions are equivalent!

2 F,, requires more logic gates than F,,
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Basic and Other Logic gates

 Basic Logic gate

‘AND )
‘OR These are called “fundamental logic gates™ as all other
NOT gates and digital Circuits can be created from these gates.
-

« Other Logic gates

‘NAND These are called “Universal logic gates” as any digital
NOR circuit can be designed by just using these gates

*XOR
*XNOR
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The NAND & NOR Gates

* We can use a NAND and NOR gates to implement all three of
the basic operations (AND,OR,NOT).

- They are said to be functionally complete

- Both NAND and NOR gates are very valuable as any
design can be realized using either one.

It iIs easier to build digital circuits using all NAND or
NOR gates than to combine AND,OR, and NOT gates.

*NAND/NOR gates are typically faster and cheaper to
produce.
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The NAND Gate

*The NAND gate is a combination of an AND gate
followed by an inverter (NOT gate).

*\\We can use a NAND gate to implement all three of
the basic operations (AND,OR,NOT).

*Such a gate is said to be functionally complete.

_} F=(A*B) = A'+B’

R R |O|O|>
RO, |O|O
Ol |||
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The NAND Gate

- a NAND gate with both of its inputs driven by the same signal is
equivalent to a NOT gate

T s

NOT Gate

- a NAND gate whose output is complemented is equivalent to
an AND gate ((AB)'(AB)")'= (AB)"+(AB)"= AB

(AB)' +AB = AB

5 :D“ J__} F=AB

AND Gate
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The NAND Gate

« a NAND gate with complemented inputs acts as an OR gate.

T

e

T

OR Gate

IT11100
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Universality of NAND

Al INVERTER

\
=
%
)
[

|
Y
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The NOR Gate

*This Is a NOR gate. It is a combination of an OR
gate followed by an inverter.

like the NAND gate, the NOR gate Is functionally
complete =>any logic function can be implemented
using just NOR gates.

IT11100
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NOR Gate Equivalence

« NOR Svmbol. Eauivalent Circuit. Truth Table

A
E | T
Denotes
@ Jl

Inversion
A ¥x=A+B
B

(b)

DﬁFI MNOH
A B A+ B A+B
0 o (] 1
o 1 L 0
1 o 1 O
1 1 1 0




NOR Gates-functionally complete

T oA

NOT Gate

A
B F= A+B

OR Gate

R

B
AND Gate
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Universality of NOR gate

A x:I:I:I
_——a :> i ::

INVERTER

OR

(&)
A——3 A+ B A+ B
. :' 2 [ i
: - )
B
)]
| 1 __I_
*x=A+B=AB
- . b — ™

E _
e et se—1__

AMD

» Equivalent reﬁcr}esentations of the AND, OR,
and NOT gates

— (A+A) = A'A' = A
((A+B)' + (A+B)")' = (A+B)"(A+B)" = (A'B')' (A'B')
7= (A"+B") (A"+B"™) = (A+B) (A+B) = (A+B)
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The XOR Gate (Exclusive-OR)

* This i1s a XOR gate.

« XOR gates assert their output when exactly one
of the Inputs Is asserted, hence the name.

 The operator symbol for this operation is &

1®1=0and1®0=1. A

g ﬁDF: A®B = AB' + A'B

RO | O
~|OoO|r—r|O |
Ol |, |O|Tm
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The XNOR Gate

 This functions as an exclusive-NOR gate, or
simply the complement of the XOR gate.
» The symbol for this operation is ®

1®1=1and1®0=0.

o >

T
PR |O|Oo|>
ROl |O|m

O | O |F | T

IT11100
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Standard Forms

* \We have seen how to interpret truth tables, obtain Boolean
expressions (functions) then build logic circuits.

» We have simplified Boolean expressions using Boolean
algebra.

—>There is a “standard” way of writing Boolean
expressions (Functions):

- The standard Sum of Products (SOP)
- The standard Product of Sums (POS)
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The Standard Sum of Products-Function

» SOP are expressions of the form:
F(AB,C,..)=(..)+(...)+(...)+...
 Brackets can contain single or multiple variables
 Such expressions can be implemented using:
F (A,B,C, ...) = (AND’s) OR (AND’s) OR (AND’s) OR ...

* SOP form not unique, and doesn’t necessarily contain all
variables, for example:

F(AB,C)=AB'C'+A'BC+C'A'B+ C'AB’' + BAC + BAC
and F(A,B,C)=B+B'C'

are both valid SOP expressions.
ITI11100
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The Standard Product of Sum-Function
« POS are expressions of the form:

F(ABC, .. )=(++) (++)-(++) ..
 Brackets can contain single or multiple variables
 Such expressions can be implemented using:

F (A,B,C, ...) = (OR’s) AND (OR’s) AND (OR’s) AND ...

* POS form not unique, and doesn’t necessarily contain
all variables, for example:

F(ABC)=(A'+B+C") (B+tA+(C)
and F (A,B,C) =B-(A'+B)

are both valid POS expressions.
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The Standard Sum of Product-Minterms

« A Minterm is one in which all variables appear (only) once.

« Each Minterm represents exactly one combination (row) in truth
table.

. . n .
* n variables give 2 Minterms.

Truth Table
Decimalvaluey A B C F Minterm
0 0 0 O 0 m,
1 0 0 1 0 m,
2 0O 1 0 1 m,
3 0 1 1 1 m,
4 1 0 O 1 m,
5 1 0 1 1 m;
6 1 1 0 1 m;
7 1 1 1 1 m,
1T11100 47




The Standard Sum of Product-Function

« WWe Can obtain SOP from truth table (below)
F(A,B,C) =ABC'+ ABC + AB'C' + AB'C + ABC' + ABC
A simpler notation Is to write as
F(AB,C)=m,+m;+m, +m:+mg+m,

=2XMi(2,3,4,5,6,7)

Decimal value
0

Minterm

3

A'B'C
A'B'C
A'BC
A'BC
AB'C
AB'C
ABC
ABC

N O O W N

P P P, P, O O O oYX
B P O O B B O O|W
r O rr O Fr O rr ol
N e = = T = = N < 3 e B
3 3 3 3 3 3 3

~N o o~ W N P O

48
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Product of Sums: Function

From truth table we have

Therefore we obtain F from F:
F(A,B,C)=[F'(AB,C)]=(AB'C + AB'C)

F'(A,B,C) = (A'B'C' + A'B'C)

=(A"+B"+C") - (A"+B"+C) =(A+B+C) - (A+B+C)
F=M,-M, = IIMi(0,1)

Form Compact

Truth Table
Decimalvalue| A B C F Minterm| Maxterm| Mi = mi

0 0O 0 O 0 m, M, A+B+C

1 0 0 1 0 m, M, A+B+C'

2 0O 1 O 1 m, M, A+B'+C
3 0 1 1 1 m, M, A+B'+C'
4 1 0 O 1 m, M, A'+B+C
5 1 0 1 1 Mg M A'+B+C'
6 1 1 0 1 Mg M A'+B'+C
7 1 1 1 1 m, M, A'+B'+C'
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Obtain SOP and POS from a given expression

Given an arbitrary Boolean expression
Work out number of terms (2") for n inputs.

Generate truth table and identify terms for which the
function is true - the Minterms.

. . . n-1
Write function as: F=>"m, wherem, is 1
1=0

Alternatively, identify terms for which the function is
false and use a Maxterm description.

i - . n-—1
Write function : F=[]IM, j=i(i.e. M, =0)

j=0
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SOP & POS Implementation using AND and OR

« Two-level implementation

,
Y
:,—‘

X
¥

(a) Sum of Products

-

X

'v, D
x’
z

(b) Product of Suwins

)%

« Multi-level implementation

A—

B ——] /

C
g_*rﬁ\\r"

(a)AB + C(D + E)
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Truth Table

o

(0]

R RrRRROOODO|IPY
R R,POORKRKOO|W
P ORFRPROPRORKRO|IN
PR P RPOPR OOO|IN

P OORKRPRORKRPRKEO

C,=my+m.+m,+m,
= A'BC+ AB'C + ABC'+ ABC
= M,M,M,M,
=(A+B+C)(A+B+C')(A+B'+C)(A'+B+C)

S=m,+m,+m,+m,
= (A’B’C)+(A’BC’)+(AB’C’)+(ABC)
= M0M3M5M6
=(A+B+C)(A+B'+C)(A'+B+C)(A'+B'+C)
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Half Adder

-> The half-adder accepts two binary digits on Its inputs
and produces two binary digits on its outputs: a sum bit
and a carry bit.

Truth Table

A B C S A —— G
00 00 B 1/2 Adder o
01 01

10 | 01 1

11 10 1
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Half-Adder

A — S
B 1/2Adder_C
Truth Table
A B C S
00 00 Logic Function
01 01 S=A'B+AB'
10 01 S=A®B
11 10 C =A°B
A
AR ¢ : s=A€r>B
B B L

A

LOGIC CIRCUIT

B

ANDCZ C

B

= Ae*B
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