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When there are many ways to describe an object, we often make a rule that generates
one “standard” or canonical description. For example, in the military, the canonical
format for time of day is hh:mm:ss.

There are many di↵erent bases which span the same subspace V . With Gauss-Jordan
elimination, we can get canonical bases for two subspaces associated with a matrix A.

Recall that applying elementary row operations does not a↵ect either

1. the row space, row(A), the set of linear combinations of the rows of A, or

2. the null space, null(A), the solution space of the homogeneous system Ax = 0.

Let B be the (unique!) reduced row echelon form of A.

1. The non-zero rows of B can serve as the canonical basis for row(A).

2. Solving Ax = 0, using B in the usual way results in the canonical basis for null(A).
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Example. See Example 7 in Section 2.2 (P. 56)

Find canonical bases for the row space and null space of A =

2

664

1 3 �2 0 2 0
2 6 �5 �2 4 �3
0 0 5 10 0 15
2 6 0 8 4 18

3

775.

Solution: The RREF of A is B =

2

664

1 3 0 4 2 0
0 0 1 2 0 0
0 0 0 0 0 1
0 0 0 0 0 0

3

775.

1. The row space of A has dimension 3, and the canonical basis for row(A) is

{ (1, 3, 0, 4, 2, 0), (0, 0, 1, 2, 0, 0), (0, 0, 0, 0, 0, 1) }.

2. Solving Ax = 0 as usual, we parameterize the free variables x
2

= r , x
4

= s, x
5

= t

to get the general solution

x = (�3r � 4s � 2t, r ,�2s, s, t, 0), (�1 < r , s, t < 1)

= r(�3, 1, 0, 0, 0, 0) + s(�4, 0,�2, 1, 0, 0) + t(�2, 0, 0, 0, 1, 0).

The null space of A has dimension 3, and the canonical basis for null(A) is

{ (�3, 1, 0, 0, 0, 0), (�4, 0,�2, 1, 0, 0), (�2, 0, 0, 0, 1, 0) }
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Example. See Example 7 in Section 2.2 (P. 56)

# # # (leading)

The RREF of A =

2

664

1 3 �2 0 2 0
2 6 �5 �2 4 �3
0 0 5 10 0 15
2 6 0 8 4 18

3

775 is B =

2

664

1 3 0 4 2 0
0 0 1 2 0 0
0 0 0 0 0 1
0 0 0 0 0 0

3

775.

" " " (free)
The RREF form of A has 3 leading 1s and 3 “free” columns.

Theorem

Suppose we reduce an n ⇥m matrix A to its RREF B. Suppose B has s leading 1s.

Then

1. dim(row(A)) = s (the number of leading columns in B), and

2. dim(null(A)) = m � s (the number of free variables in [B|0]).


