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Recall:
> If vi,va2,...,vs are vectors in R", then span{vi,va,...,vs} is the set of all linear
combinations of vi,va, ..., vs:
span{vi,...,Vs} ={avi+ -+ cVs: c1,0,...,¢c € R}
> span{vi,...,Vs} is a subspace of R"

Example. Consider a subspace W = span{(1,0,0),(0,1,0),(1,1,0)} of R3. Show
that W = span{(1,0,0),(0,1,0)}=V
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Definition (basis)

A set of vectors vi,va,...,Vs in a subspace V of R" is called a basis for V if
(i) span{vi,va,...,vs} = V; and
(i) The set {v1,v2,...,vs} is linearly independent.

@ Ecgu;va/eﬂ‘l/yl ‘f[ze Span ﬂ}p d”\/
proper subsel of Tun, . ]
/s VWWZ ép'om/ fﬂ 74



Basis _f a subspace 571 Rasis and Divs_dén.47/13

Example. Find a basis for subspace L, where L is a line through the origin in R".
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Example. Find a basis for subspace P, where P is a plane through the origin in R".

) Seleot any \/,GP) Z.iQ_

z) Se/colL any E‘ e P ; B 45/9%{{.3




Example. Show that the set {ej,e3,...,e,} is a basis of R".
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Note: The set {e1,ez,...,en} is called the standard basis for R". The subspace {0}
has no basis.
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Theorem (7.1.2)

If S = {vi,v2,...,vs} is a set of two or more non-zero vectors in R", then S is linearly

dependent if and only if for some i, vector v; is a linear combination of its predecessors
Vi,V2,...,Vi1.

Equivalently, the S is linearly independent if and only if for every i = 2,...,s, v; cannot
be expressed as a linear combination of vi,va, ..., Vi_1.
Proof.
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Example. Show that vectors v; = (3,0,0), v = (0,4,6) and v3 = (0,—2,2) are
linearly independent.
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Theorem (7.1.3)

If V # {0} is a (non-zero) subspace of R", then there exists a basis for V' that has at
most n vectors.

Proof.

We will give a procedure for constructing a set in V of linearly independent vectors until
It spans the set V:
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Theorem (7.1.4)

Suppose V' is a non-zero subspace of R". Then every basis for V' contains the same
number of vectors.

Hence,
» Every basis for a line through origin of R" has one vector.
» Every basis for a plane through origin of R" has two vectors.
» Every basis for a hyperplane in R" has n — 1 vectors.
» Every basis for R" has n vectors.

Definition (dimension)

The dimension of a non-zero subspace V of R", denoted dim(V), is the number of
vectors in a basis for V. We also say that the zero subspace {0} has dimension O.

Example. Show that the non-zero rows of a matrix in row echelon form are
linearly independent.
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Canonical bases from row reduction

§7.1 Basis and Dimension p. 12 /15

When there are many ways to describe an object, we often make a rule that generates
one “standard” or canonical description. For example, in the military, the canonical
format for time of day is hh:mm:ss.

There are many different bases which span the same subspace V. With Gauss-Jordan
elimination, we can get canonical bases for two subspaces associated with a matrix A.

Recall that applying elementary row operations does not affect either
1. the row space, row(A), the set of linear combinations of the rows of A, or

2. the null space, null(A), the solution space of the homogeneous system Ax = 0.

Let B be the (unique!) reduced row echelon form of A.

1. The non-zero rows of B can serve as the canonical basis for row(A).

2. Solving Ax = 0, using B in the usual way results in the canonical basis for null(A).



Canonical bases from row reduction

Example. See Example 7 in Section 2.2 (P. 56)

Find canonical bases for the row space and null space of A =

1 3 0

. . 0 0 1
Solution: The RREF of Ais B = 00 0
0 0 O

4
2
0

0

oo onN

§7.1 Basis and Dimension p.13 /15

13 -2 0 2 0
2 6 -5 -2 4 -3
0 0 5 10 0 15(°
2 6 0 8 4 18

0

0

NE

0

1. The row space of A has dimension 3, and the canonical basis for row(A) is
{(1,3,0,4,2,0), (0,0,1,2,0,0),(0,0,0,0,0,1) }.

2. Solving Ax = 0 as usual, we parameterize the free variables xo =r, xa =s, xs = t

to get the general solution

x = (—3r —4s —2t,r,—2s,s,t,0),

(—oo < r,s,t < 00)

= I’(—3, 13 Oa 07 07 0) + S(—47 07 _23 13 070) + t(_2a 0707 07 13 0)

The null space of A has dimension 3, and the canonical basis for null(A) is

{ (735 170707070)7 (74507 727 17050)7 (727070707 170) }
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Example. See Example 7 in Section 2.2 (P. 56)

TR L (leading)
1 3 -2 0 2 0 1 3 0 4 2 0
2 6 -5 -2 4 -3, 0 01 2 00
The RREF of A = 00 5 10 o 15|°S B = 0000 0 1|°
2 6 0 8 4 18 0 0 0 0 0O
T T (free)

The RREF form of A has 3 leading 1s and 3 “free” columns.

Theorem
Suppose we reduce an n x m matrix A to its RREF B. Suppose B has s leading 1s.
Then

1. dim(row(A)) = s (the number of leading columns in B), and
2. dim(null(A)) = m —s  (the number of free variables in [B|0]).



