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IMARKS

5 Problem 1 : Prove that the sentence below is always true:
[(a= BN (= a)]= (aVp).

Solution: Unfortunately it is not: when a = 0 and 8 = 0 we obtain 1 = 0 which is false.

15 Problem 2: Let f:R — R. Use quantifiers to write:
(a) The definition of uniform continuity of f on R;
(b) The negation of the above definition;
(¢) Is the function f(x) = sin(z) uniformly continuous on R?
(d) Is the function f(z) = Z5 uniformly continuous on (0, +00)?
Solution: (a)
v€>0 35>0 vm,yeR |$_y| <o= |f(x)_f(y)| <e.
(b)
3€>0 v5>0 Hm,yeR |[L’—y| < 6 and |f(x)_f(y)| 26 :
(c) Using Mean Value Th.:
|sin(z) —sin(y)| = |cos(c)|[(z —y| < 1- |z —y|,
so function sin satisfies Lipschitz condition on R and thus is uniformly continuous on R.
(d) Using the Theorem: If function f is uniformly continuous and the sequence (x,,) is
Cauchy, then the sequence (f(z,)) is also Cauchy : Assume that f(x) = 1/2® is uniformly
continuous on (0, 4+00). Consider sequence x,, = 1/n, n = 1,2,3,... which belongs to the
domain and is Cauchy (since it converges to 0). The sequence f(x,) = n® is not Cauchy
(since it diverges to +00). In view of the Theorem, this contradicts our assumption. Thus,
f is not uniformly continuous on (0, +00).
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15 Problem 3 : Let aset A CR be bounded and let o = sup A.
(a) Prove that
v6>03a€Aa—€<a§a.

(b) Construct a sequence of elements a,, € A such that lim,_ a, = a.

(c) Let
1
A:{(Hl) :n:1,2,...} .
n
Find inf A.

Solution: (a) Standard: can be found in the book.
(b) Using part (a): for any n > 1 we can find an a, € A such that « — 1/n < a, < a.
Then, a,, — a by Squeeze Th.
(c) We will prove that inf A = 1. Obviously, {/1+ 1/n > 1 for all n > 1 so 1 is a lower
bound for A. We will show that {/1+1/n — 1 as n — oo. In view of (a), this will show

that inf A = 1. We have
1< YT+1/n<1+1/n,
so the convergence follows by Squeeze Th.

15 Problem 4 :
(a) State the Cauchy definition of a limit of f : R — R at a point zo;
(b) Prove, using Cauchy definition, that lim, .5 2% + x + 5 = 35.
(c) Prove that if f: R — R is continuous and f(1) = 2013, then there exists a 6 > 0 such
that f(z) <2014 for x in the § neighbourhood of 1.
Solution: (a) If L is the value of the limit:

Vieso 3550 Vieer 0 < |z — 20| <d=|[f(x) - L| <e.
(b) We want to show:
Vo0 350 Vaer 0< |z =5|<éd= |2?+2+5-35|<¢.

We want to write 22 + x — 30 = (z — 5)(az + b). Tt is easy to see that a =1 and b = 6. Let
us fix € > 0. We want to find 6 > 0 such that |x — 5| < § implies |x — 5||z + 6| < . To
estimate |z + 6] we assume that § < 1. Then, |z —5| < § implies 4 < x < 6 and |z 46| < 12.
Let us set § = min{1,e/12}. Then,

e =5|lz+6|<|zr—5[12<d-12<e.

For arbitrary ¢ > 0 we found 0 > 0 which satisfies the conditions of the definition. We
proved that the limit is 35.
(c) Let us rewrite the definition of continuity in this particular case:

Vieso om0 Vaer |z — 1| <0 = |f(z) — 2013] < € .
The last inequality says 2013 —e < f(x) < 2013+¢. Let e = 1. We can find § > 0 such that
lr -1 <d=2013 -1 < f(x) <2013 +1.
This means that in the interval (1 — 4§, 1+ 0) function f satisfies f(z) < 2014.
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5 Problem 5: Letxz, = (—1)"+20Y" n =1,2,3,... Find limsup,,_,_ 2, and lim inf,, .. z,,.
Solution: We have two convergent subsequences: for odd n we have
Tp=—1+1/2=—1/2 > —1/2
and for for even n we have
r,=14+2=3—-3.
Every other convergent subsequence must be a subsequence of one of them starting from
some index. Thus, limsup,,_,., x, = 3 and liminf, ., x, = —1/2.

10 Problem 6 : Prove that if a sequence {z,} is divergent, then we have strict inequality

liminfz, < limsupz, .

n—oQ n—00

Solution: I will assume that {x,} is bounded. The general case is done similarly. By Bolzano-
Weierstrass Th. {z,} contains a convergent subsequence {z,,}. Let z,, — a. But {z,}
is not convergent so in particular it does not converge to a. We write the negation of the
definition of convergence to a:

ooV N>1 Ty |z —a] > €.

This means that an infinite number of elements of {x,} is outside interval (a — ¢,a + ¢).
We can apply Bolzano-Weierstrass Th. to these elements. Thus, we obtain a convergent
subsequence of {x,} convergent to a limit b # a. Say a < b. Then,

liminfz, <a<b<limsupzx, .

n—oo n—o00

15 Problem 7 : (a) Is the function below differentiable at xy = 07
22 cos (223 if ©#0;
Fa) = (55 if «
0 it z=0.

(b) If it is, is its derivative f’ continuous at xy = 07
Solution: (a) We have
h? cos (2912) 2013
/ S I h — 1; —
70 = iy = = g eos (452)

(b) Outside 0 we have:
201 —201 201 201
f'(x) = 2z cos (@) + 2? (— sin ( 0 3)) g ’ = 2x cos (ﬂ) + 2013 sin (ﬂ) .
x x x x x

For © — 0 the first term converges to 0 but the second term does not have a limit (every
number in [—2013,2013] is a partial limit). f’ is not continuous at 0.
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10 Problem 8 : (a) Let f: R — R be differentiable. Prove that f’ < 0 if and only if f is
decreasing.
Solution: Let f' < 0. Let x < y. Then, by Mean Value Th.,

fly) = f@)=f)ly—2) <0,
and f is decreasing.
Let f be decreasing. We have

since f(z + h) — f(x) <0 for h > 0.

10 Problem 9 : Prove that for z,y > 1 we have
1
| arctan x — arctan y| < §|z -yl .

Solution: By Mean Value Th.

1
M—wégw—yh

arctan x — arctan y| =
| yl‘1+C2

since ¢ is between x and y so 1 > c.
10 Bonus question: How many zeros has f(r) =423 — 3222 + 79z — 60 in the interval [0, 5]?
Solution: First, let us notice that f(0) = —60 < 0 and f(5) = 35 > 0 so there is at least one
zero inside. To refine our search we have two methods:
(1) just check the values of f at other points, for example f(2) =2 > 0 and f(3) = —3 < 0.
This gives us sequence of signs —, +, —, + proving (by Intermediate Value Th.) existence of
at least three zeros in [0, 5]. Since polynomial of order three cannot have more zeros, this is
the answer.
(2) a little more organized search: the derivative of f is

f'(z) = 122% — 642 + 79 ,

with zeros 1 ~ 1.94 and x5 ~ 3.39. Now, we can check that f(z;) ~ 2.03 and f(x2) = —4.1
which gives the same sequence of signs and the same answer.
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