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Question 1. (3 points) Circle the correct answer for each question.
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(a) (1 point) Which of the following is equal to the derivative of f(z) = In(v4a2 + 9)?

2 1
B. f(z) = VazZ + 9In(vVaz2 £+ 9 ) = 2
)= VI B 1= g

¢ @ =T Foo ffe) = —°
20+ 3

(b) (1 point) The population of fish in a fish farm fluctuates according to the linear discrete
time dynamical system (DTDS) p;11 = 1900 — 0.9p;, where ¢ is measured in weeks. Which of the
following is an equation for the general solution of this DTDS, based on an initial population of

po = 30007
A, p, = —(0.9)"(2000) + 1000 D. p; = (—0.9)"(—16000) + 19000
B. p, = (—0.9)"(2000) + 1000 E. p; = —(0.9)"(3000) + 1000
C. p = (0.9)*(16000) + 19000 F. p, = (—0.9)'(3000) + 19000

(c) (1 point) If f(z) = 2, then its first and second derivatives are :

A, f(z) =2(In(z) + 1) and f"(z) = 2° (In(z) + 1)°

z—1 r—2

B. fl(z)= Z_ : and f"(z) = (x—:i)(a: )

C. f/(x) =" (i + 1) and f”(x) =t <i + 1) _ xme
D. f(z)=2"(In(z) + 1) and f"(z) = 2* (In(z) + 1)* + 2°
E. f'(z)=2"In(x) and f’(x) = 2°(In(x))* + 2"

F. f'(z)=2" and f"(x) = 2"
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Question 2. (2+3 = 5 points)
(a) (2 points) Suppose a curve is described implicitly by the equation y*sin(z) = —e” cos(y). Find

T
the equation of the tangent line to this curve at the point (0, 5)

(b) (3 points) The population of insects in a region varies according to humidity and temperature
over the course of the year. One year, this population is described by the function

g(t) = 6(t* +5)e/?

for 0 < ¢t < 10 where g(t) is the number of insects per m? at time ¢, measured in months since
February 1st. Find the global maximum and the global minimum of this function on the interval

[0,10]. Round your answers to two decimal places.

maximum = insects/m?

minimum = insects/m?
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Question 3. (2+2=4 points) Compute the following limits, or else prove that they do not exist,
using methods from algebra and Calculus. You must justify your steps with reference to theorems
or definitions learned in class, correctly and legibly, and use correct notation, to earn full credit.

b) lim ———
(b) 0 sin?(3z)
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Question 4. (4 points) Our goal is to estimate the value of In(0.9) using a Taylor polynomial.

(a) (1 point) Write down the formula for the Taylor polynomial of degree 3 of a function f(z)
centered at x = a.

(b) (2 point) Give the cubic Taylor polynomial of the function f(z) = In(1+ z) centered at z = 0.
Show your work.

Tg(l’) =

(c) (0.5 point) Again for f(z) = In(1 + z), for what value of  do we have f(z) = 1n(0.9)?

(d) (0.5 point) Use your Taylor polynomial in part (b) to estimate In(0.9), rounded to 6 decimal
places.

Taylor polynomial estimate of In(0.9) =
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Question 5. (5 points) To sketch the graph of a continuous function f, whose domain is all real
numbers except —4 and 6, we provide the following clues:

o lim f(z)=2 e lim f(z)=—-c0 o lim f(z)=-3

T——00 r——4~ T—6~
‘e =3 * b, J@) = oo * i fla) =4
x r< 4| d<zr<-1|-1|-1<zxz<3| 3 |3<x<b|H|d<xr<b|xz>6
f(2) — — 0 + + + 0 — —
S]] - + + + 0 — — — +
f(x) -5 —2 0

+ indicates a positive value, — a negative value

(a) (3 points) Sketch the graph of f on the coordinate grid below, explicitly labeling all local
maxima, local minima, inflection points, and horizontal and vertical asymptotes.

.......................................................................................

B R i L B T TR P I
........................................................................................
........................................................................................
........................................................................................
............................................

.......................................................................................

---------------------------------------------------------------------------------------

......................................................................................
......................................................................................
......................................................................................

......................................................................................

(b) (2 points) For the two questions below, choose the best answer for each from the following
selection of choices and write the letter in the box:

A (=1,3)U(3,5) C. (o0, —1)U (5, 0) E. (—oc0,—4)U (3,6)
B. (—1,5) D. (—4,3)U (6,00) F. (—4,—1)U(—1,3)U(6, c0)

Where is f increasing? Where is f concave up?
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Question 6. (1+1+14+1=4 points) Two master’s students are studying the growth of a colony of
yeast. They collect data in the lab around the clock for three days, and find that it can be fitted
to the model:

20
=1 5ge 120

where r(t) is the mass of the colony measured in mg and ¢ is the time measured in days.

(a) (1 point) They want to know if the colony will reach a mass of 10 mg sometime in the next
two days. Please use Intermediate Value Theorem to justify that r(¢) = 10 has a solution in the
interval [3, 5].

(b) (1 point) Regretfully, they don’t know how to solve the equation r(t) = 10. But ever resource-
ful, they use Newton’s method to approximate a root of g(t) = r(t) — 10. Given that

(0 — (10— 500 R (1
= — an =
9 1+ 50et J (1+ 50e—1)2

please give the formula to compute the next iteration ¢, 1 of Newton’s method from ¢,.

(c) (1 point) Starting with an initial guess of ¢, = 3, they use Newton’s method to determine t;
and ty. Give these answers to a precision of 2 decimal places.

t, =

to =

(d) (1 point) You enter the lab and show them how to solve the equation r(t) = 10 algebraically,
in the space below. You are a hero!
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Question 7. (9 points + 1 point bonus) This question continues over three pages, but the work on each page

is independent.
When there is at least 5 grams of a certain drug in a patient’s body, the dynamics of its absorption

is modelled by the following discrete-time dynamical system (DTDS):

th2 - 51’75

Ti41 = 310
t

where ¢ is in hours and z; denotes the amount of drug (in grams) present in the patient’s body at
time ¢ (and we assume x; > 5). The parameter d > 0 is a constant representing the dose (in grams)
of the drug given to the patient at the end of each hour throughout treatment.

(a) (2 points) Give the updating function f(x) of this DTDS and then find the fixed point of this
DTDS in terms of the parameter d.

fz) =

fixed point z* =

(b) (1 point) Find the range of values of the parameter d > 0 for which there will be a positive
fixed point z* > 0. Show your work!

0<d<
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Question 7 continued.
(c) (2 points) Suppose the treatment is to give the patient an hourly dose of d = 9.5 g of the
drug. We have graphed the updating function for you below. Starting from an initial drug level
of xy = 6, cobweb for at least three steps. Label the axes (and write the units of measurement).
Clearly indicate the values xq, z1, 22, and x3 on your graph.

Tip: use your student card as a straight edge.
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(d) (1 point) Still assuming d = 9.5 g, and reflecting on your cobweb above, which of the following
statements best describes what will happen with the drug levels in the patient’s body in the long-

term if the initial drug level is xq = 67

A.

The level of drug in the patient’s body will
decrease until it is all eliminated in the long
term.

The level of drug in the patient’s body will
become negative at some point, meaning
the drug is being removed from surround-
ing tissues.

The level of drug in the patient’s body will
tend towards a fixed point in the long term
and this fixed point is stable.

D.

E.

Circle one of the following options.

The level of drug in the patient’s body will
increase until it reaches toxic levels in the
long term, before which we hope the treat-
ment will be stopped.

The level of drug in the patient’s body will
be 9.5g in the long term because that is the
dosage level of the treatment.

The level of drug in the patient’s body will
tend towards a fixed point in the long term
and this fixed point is unstable.
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Question 7 continued. Now, suppose the patient is not feeling well at the previous hourly
dosage. The doctor has now reduced to an hourly dose of d = 6 g. In this case, the DTDS becomes

2 — bx
l’t+1:t:3+—.%;+6.

(e) (1 point) Write down the updating function and compute its derivative.

(f) (2 points) State the Stability Theorem, and use it determine the stability of the fixed point
x* =9 of this DTDS.

(g) (1 point bonus) For what range of values of d (rounded to two decimal places) does the
original DTDS give a positive and stable fixed point? (Use the back of the page when you run
out of space. Don’t start this question until you’ve completed the rest of the exam!)
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Question 8. (242=4 points)
(a) (2 points) Determine the function g(x) which satisfies ¢’(0) = 5 and ¢(0) = 3 and is such that

g"(x) = 2cos(x) + 3sin(z).

Show your work.

g(z) =

. . o zl/3 4 2471/3
(b) (2 points) Compute the indefinite integral [ —————— dx.
x2/3

Answer:
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Question 9. (6 points) Compute the following indefinite integrals. Your work must be legible,
logical and correct to earn full marks. You may use the backs of pages if necessary.

(a) /x2 In(x) dx

(e” +2)
O) [ e
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Question 10. (4+2=6 points)

(a) (2 points) Compute the following definite integral:

2
/ 422 dx
1

(b) (4 points) Identify each statement as TRUE (=always true) or FALSE (=not always true),
by circling the correct choice.

True or False: There are angles 6 for which arcsin(sin(f)) # 6.

True or False: In(a") = In(b) In(a)

if z >
True or False: |f(z)| = /(@) 1 v20
—f(z) ifx <O
d —1
True or False: — In(—z) = — for all z < 0.
dz x

True or False: If f is a function with a maximum at = a then it must be the case that f'(a) = 0.

True or False: The Mean Value Theorem states that if f is defined and differentiable on [a, b],
b) —
then there is always a point ¢ € [a, b] such that f'(c) = w.
—a
True or False: If f is differentiable at x = a, then it is always true that f is continuous there.

True or False: Two antiderivatives of are arctan(z) and In(1 + z?).

+ 22



