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SOLUTION

1. Agency revenues. An economic consultant was retained by a large employment
agency in a metropolitan area to develop a regression mode! for predicting monthly
agency revenues (). She decided that three economic indicators for the area were

potentiaily useful as independent variables, namely, average weekly overtime hours of
production workers in manufacturing (x;), number of job vacancies in manufacturing
(x,), and index of help wanted advertising in newspapers (x; ). Monthly observations

on agency revenues and the three independent variables were obtained for the past 25
months. The ANOVA table for the model

y=pF+Bx +px,+ fix,+& is as
follows:
Source d.f ss Ms
Regression 3 5409.89 1803.30
Error 21 16.35 0.78
Total 24 5426.24

The consultant decided to screen the independent variables to determine the best set for
predicting agency revenues. The regression and the error sums of squares for all possible
regression models were found to be as follows:

Independent variables in the m:c;cf;i)‘s R? MSE d.fsee
X, '}fﬂ“ / 0.5474582  106.76522 23
X, ’ 0.6735511  77.016957 23
X, 0.6605937  80.073913 23 i~
By 0.9442634 13747273 2@;
X%, @@9@9315 3 (07568181 ) 2
Xy, %, 0.6894829 76588182 22
X, XX 0.9969868 07785714 21

6] (a) Determine the subset of variables that is selected as best using max R?

criterion. Show your steps.
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= qq the set {X,,X,} is selected as the best one. (Please note that the

full model gives the highest R however we prefer the second highest
one, other than the full model).



] (b) Determine the subset of variables that is selected as best using min MSE

criterion. Show your steps. g
/
The best model is dgte{;mmed by the set M(_s_ince the min MSE and max R?
are equivalent)./ /) —_— .
e e

101 (o) Determine the subset of variables that is selected as best using Mallows
C,, criterion. Show your steps.

Full model has 4 parameters (including £, ), we will select as the best model the one
whose C, is as close to p as possible.

, SSE, CL/ (2’3/
("p - ; -(n—-2p) ,n= {since d.f.rss = (n-1) = 24)

MSE(X,, X,,X,) o s

e when p = 2 (i.e. one-variable models):

forXe C =—SSECXD) s piy o 245560 o1 oia0opng
» T MSE(X,,X,,X,) 0.7785714 C
SSE(X,) 1771.39
forX, C = - —(25-2(2)) = ——————21=2254.1799
T MSE(X,, X, X)) ( @)= 07785714
for Xy €m0 s gy = L0 oy
P MSE(X,, X,,X,) 0.7785714

e when p = 3 (i.e. two-variable models):

for X, X €. =—SBXuX3) o5 nay=—20244 1936945506
P T MSE(X,, X, X5) DAEaTIs - e
SSE(X,, X,) 16.65
for X1, X = L3l (25-2(3)) = ———————19=2.3853219
BT T MSE(X X, X,) (23200 =4 7785714 E————
SSE(X,, X,) 1684.94
for XoXs: C, = 223) __(25_2(3)) = ——7 10 .=2145,1432
X =, xy & )= s

o when p = 4 (i.e. three-variable model, i.e. the fuil model}):

' SSE X 1635 C_/
for Xp,Xo Xzt C, = Fp %o ®s) (25204 = o 3

P MSE(X,,X,,X;) 0.7785714

e when p =1 (i.e. no variables in the model, only £, ):

: 78S 5426.24 A Y
C, = —(25-2(1)) = ———————23=6946.4828 )
P MSE(X,X,.X,) ( @) 0.7785714 ,
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. the best set is given by {X,, X 1}, since its C, is closest to p (other than the full

model). However, since in this case the full model's C, is exactly equal to p, we may
consider the full model as the best model, as well.

2. The personnel depariment of a large industrial corporation would like to develop a model
to predict the weekly salary (in dollars) based upon the length of employment (in
months) and age (in years) of its managerial employees. A random sample of 16
managerial employees is selected with the results displayed below:

Employee Weekly Lengthof Age (x;)| Employee Weekly Lengthof  Age (x,)

salary (v} empiloy. (x,} salary (y) _ empioy. (x,)
1 839 330 48 | 9 752 362 55
2 946 569 65 | 10 729 256 61
3 870 375 57 | 11 656 87 28
4 718 113 47 | 12 874 337 51
5 802 215 41 | 13 608 42 28
8 812 343 58 | 14 729 129 3F
7 748 252 45 | 15 728 216 46
8 791 348 57 | 16 792 327 56



6] (a) Write down a multiple linear regression model and state all assumptions which are
necessary for the statistical inference.

7)

Model: y=p,+ fx, + f,x,+&, n=16
o)
Assumptions: (i} X;, X; are observed without error ! J
‘(iik sor ¢ pendently distributed with mean
[ JE()= By + Bix, + Box, (or E(2)=T0) ! )

(iii) variance of yfs {or ¢’s}is c% o’ for all Xj, X
(iv) y~ N(E(y), o’ Jfor any value of Xi, X, {or &~ N(O, 0'2) for any value of

C D Xy, X5).

18] (b) Use matrices to compute the estimates of the population parameters
Bo, B, P, and hence obtain the fitted least squares prediction line.

@_ 2.105742517  0.00325754930 —0.0599101724 12392
XX)" XTY=| 0.00325754930  0.00001401163 —0.0001440882 |*| 3475901|=
| —-0.0599101724 —0.0001440882  0.0020241913 | | 613509

v . o
\ - . : - ?P, A ™~ Q
[661.8502 || 5, 5 ) At uazri— ff@fﬂt«&
= 0.671182 || 4, |= 2 0 [@@,{!ﬁt&)Gﬁu}
-1.38359( () 4, Jheee

.. the least squares fitted regression line i/s_\given by: Y= XB , i.e.

5= 661.8502 + 0.671182x, - 1. stQ/'

y:

[22] (c) Set up the ANOVA table and hence test for the significance of the model.
Use a =0.05.

2
(Zy} ) Zm(gy,j 9706076 - (12392)

o}

TSS = YV et Bl o Y, =t 16 =9 706 076 - 9 597 604 =
i=1 n

=108 472 /

@s



SSR=f"(X"y)-

12392
—138359]* 3475901 | —
613509

(” |
Z%] :
S~ = [661.8502 0.671182 L

n —

e e

,”"“”

-\
09685762 9 597 604 = !is_‘lﬁﬁ_ﬁL

SSE 1SS - SSR = 2031354 « (D
- _,Ss*R 881;846_ )

(,,/ SSE __ _20313.54 _

MSE TG+l 13
n—
f
FZ—M_S:_—— 3,2092 C{')

L

7)

G

Source

!
d.f. G/ SSs -

MS

|
, @

Regression

88 158.46

44 079.23

28.2093

Error

13

20 313.54

1562.58

Total

15

108 472

=0.05

Hy:p=p,=0 ; ~&

H, : at least one of the f's #0 CL)
@,

= 28.2093

005913)_381 C/

Since F = 28. 20933)3 81, we re|ect ﬁn and conclude that at 5% level of significance

there is an evidence to say y that a linear relationship between y and at least one of
the x’s exists (i.e. linear model is significant). /

T (@)

MSR
MSE
R.R: we reject H, uf F>F(k,,k(k 1.)\_

test-statistics: =

Test whether x, term (i.e. whether the age) contributes to the given model. Use t-
test with o = 0.05.

Hy: =0 lp_a=005=a/2=0025
H0~ﬂ2¢o}@ | /
a M2 . {\fn

3, ~1.38359

test-statistics: 7= = =-0777
Vo MSE  \J(0.0020241913)(1562.58) —




R.R: wereject H,if £ <7, () = ~Tooa513 = — 2.16(1} @

or 1>1,p, (ray = fooosys = 2.160

- @

Since = — 0.77797@ 2.160, we do not reject H,and conclude that at 5% level of
WETD RO S

significance there is not enough evidence to say that the X; term (i.e. the age) c ibutes
to the model. { )

[6] (e) Find the values of the coefficient of determination, »*, and the adjusted
#* and interpret their meanings in this problem.

=~

{
USSR 8815846

_S5R _ — 0.81273 = 81.30%
T TIss T 108472 il

i.e. approximately 81.30% of the total variation in-the data is explained by the regression
line (and 18.70% is due to error). r 7

TS,
3

{

e
(Do
" SSE/”_(“1)=1—M—SE o202 =1-0.216081=0.783919 = 78.40°

2

@ =T TISSIn—1 TSS/n—1 108472/15

Since 7, is 78.40% (that is slightly lower than r’) and since we know that X; is not needed
in the model, we may conclude that the model is not very good. [ J

3. A linear model relating y to independent variables x,and x, is
[4] y=po+pix + Xy + fixix, + £,

where the independent variable truck type is defined by the dummy variable

L, iftype 4
b
P |0, ifopeB

Interpret the meanings of the parameters £, and £, .



iftype A:  y=4,+Bx + 1)+ Bx()+e
or y=(f,+ L) +(f +B)x +& @

iftype B:  y =4+ fx + £ (0)+ Bix,(0)+ £

or y=4,+fx +¢& Cf/
'

B =8B -F = difference in y-intercepts between the lines for type A&B

B=B+p4)-p = difference in slopes of the lines for type A & B

(2}

4. Utility companies, which must plan the operation and expansion of electricity
generation, are vitally interested in predicting customer demand over both short and long
periods of time. A short-term study was conducted to investigate the effect of mean

monthly daily temperature (x,) and cost per kwh (x,) on the mean daily consumption in
kwh per household (37 ). Data were available for two years, a period in which the cost per
kilowatt-hour, x, , increased due to the increasing costs of fuel. The company fitted the
model:

2
y= B+ fix +Box; + Bix, + B.x.x, +/35xlzx2 +&.

[6] (a) Find the multiple linear regression equation relating the mean daily
consumption per household to the mean monthly daily temperature and
-~ cost per kilowatt-hour us_igg SAS output (see next page). s
) . ) @, &P, (O
P =325.606445-11 .382556x, +0.113497x] — 21.699209x, +0.873029x,x, — ().()(}886'9xfx2

where X; = mean monthly daily temperature
X; = cost per kwh
Y = mean daily consumption of electricity

2] (b) Based on the SAS output, define your fuli model and your reduced model.

full model:  y =8, + Bx, + Bx] + Bix, + Bx,x, + fixix, + & Q/

reduced model: y=24,+ fx, + 4%’ +¢ Q_)




[10]

(c) If cost per kwh is unimportant in predicting usage, then we do not need
the terms involving x, in the model. Therefore, test whether the cost per kwh

contributes to the model. Use SAS output provided on the next page.
Use o = 0.05.

Hy:pi=p=p=0 \}(\(;\ a=0.05
H, : at least one of the 's #0

SSR; =1 346.44752 (d.f.=5) © )
SSE; = 152.17748 (d.f. = 18) C/ mﬂz‘.’?l’\_/ iy
/2,7{_ L&L&d 1 {)—CQLQ, L,MQ(‘/Q

SSR, =1 033.49016 (d.f. = 2) o Ao ©
SSE, = 465.13484 (d.f.=21) m« @4 lee! g iy

-7'73{7},1—}* or SO

test-statistics :

() I
FC{ISSRf — SSR, |/|dfssn, = dfssz, ] _ (134644752 -1033.49016)/(5-2) _

part - = Ao
S?Ei;r dfs, 152.17748(8 ) -
_w 12 3391724( )
8.454304

or equivalently,

[SSE, — SSE, |/|dfsss, ~ s, | _ (465.13488-152.17748)/(21-18) _

g~ SSE, [df s, - 152.17748/18
_BBITUE o5 ssniio
8454304 o=

R.R: wereject Hif F,,, > F ;4= Fjp53.5 = 3.16 LJ

part

omG

Since Fpar=12. 33963 16, we reject f1,and conclude that at 5% level of significance
there is an evidence fo sayMterm (i.e. the cost per kwh) contributes to the

model. . @



