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[Question 1] (6 marks)
Fill the blanks with the best possible big-oh complexity:

(1) n* (1+2n)/n” + 1039*n’ + 1039*n> is O(°)
= n?(1+ 2n) + 1039n3 + 1039n?
= 1041n® + 1040n?
= 0(n?)

(2) -n +1log, (10)" - logy(7*n) is O(n)
= —n+nlog,10 — log,7 — log,n
=n(log,10 — 1) — log,n— log,7
= 0(n)

@)n*+ Yicion, .0 @ (forn>10) is O("’)
=n?+10% +11%2 + .-+ n?
<n?+4+n?+--+n?
< n*n?
= 0(n?)

[Question 2] (5 marks)
The given pseudo-code below takes an array A = {2, 6, 3, 5,9, 1, 34, 92, 9} of n positive
integers as input and uses an initially empty stack S as an internal variable:

t<0
for (i=0; i<n; i++) do # some questionnaire are indicated by n-1 loops
if (A[i] mod 2) = 1 then
S.push(A[i])

while S.size() > 1 do {

k = S.pop()
t<t+k*k }

return t

(1) (3 Marks) What is the output of the above algorithm?

Solution:

Case 1 (with n loops): output: 188. After ‘for’ loop, the odd numbers are pushed into S
in the order: {3, 5, 9, 1, 9}. ‘while’ loop will return the top k-1 elements of S. k is the size

of S. t will accumulate the squared value of element (i.e. t = 9 + 1% + 9% + 52 = 188),

Case 2 (with n-1 loops): output: 107. After ‘for’ loop, the odd numbers are pushed into
S in the order: {3, 5, 9, 1}. ‘while’ loop will return the top k-1 elements of S. k is the size

of S. t will accumulate the squared value of element (i.e. t = 17 + 9% + 5% = 107),
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(2) (2 Marks) What is the running time of the above algorithm in terms of n, the number
of integers in a non-empty array A?

a) O(n’)

b) O(n log n)
c) O(n)

d) O(n’)

e) O(1)

[Question 3] (2 marks)
What is the worst-case running time of the following algorithm for input being a bi-
dimensional n x n array A, for an arbitrary integer?

sum = 0;
for (1=0; i<n; 1++) do
for (j=0; j<100; j++) do
for (k=0; k<1*j ; k++) do
sum = sum + A[i][j]*k
return sum
Solution: O(”Z).
For each i loop, j will loop for 100 times, and k will loop for n + 2n + ... + 99n = 4950n

times. Total running time: O(NZ) for i->n, j->100, k->4950n

[Question 4] (3 marks)
Prove that f(n)= Yi- ... (n*—1i) is O( n’ ) by using the definition of big-Oh.
Solution:

n

fn) = Z(n — i)
Z" —2

5 (1+n) £ 1
=n*n°-— ——M—
1 1‘2
3 2
=n>——-n“—=n
2 2 2
=n’
< Cn®

Forall C = 1,and n = ny =0. So f(n) is 0(713)

[Question 5] (4 marks)
Draw all possible full binary trees with 7 nodes.

Solution:
O @) @] O O
O Q O O O O O Q O O
elelele oo OO QQ oo
OO OO OO0 OO
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[Question 6] (6 marks)

(a) The array that represents a min-heap is always in descending order.
[TRUE / FALSE]

Example:

Array: [4,5,6,15,9,7,20]
The array needs to be sorted

(b) An element with a maximum key in a min-heap is always external.
[TRUE / FALSE]

Because in min-heap, key(parent) should always smaller or equal to key(child). The
maximum key can only appear on the last layer, which contains leaves.

(c) The height of a binary tree of n nodes is always O(log n)
[TRUE / FALSE]

Height could be between O(log n) and O(n) according to the structure. An extreme
example is shown as:

- h=n-1

ol

(d) The number of external nodes of a tree is always one more than the number of
internal nodes

[TRUE / FALSE]

For an arbitrary tree, the external nodes could far more than internal nodes. See
example:

1 internal node

——
n external nodes

(e) The number of external nodes of a binary tree is always one more than the number
of internal nodes

[TRUE / FALSE]
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For an arbitrary binary tree, the number of internal nodes can be greater than
external nodes. See example:

1 external node

(f) With a given sequence, which heap must be used to sort it in descending order?
[Max-heap / Min-heap]

Example: o

Array:[1,5,4,10,7] Array:[7,5,4,10,|1] Array:[4,5,7,10, 1] Array:[10,5,7,|4,1]

Array:[5,10,7,|4,1] Array:(7,10,]5,4,1] Array:(10,|7,5,4,1] Array:[10,7,5,4,1]

[Question 7] (6 marks)
What is cost in Big-Oh in worst case to search its minimum element for each data
structure below?

(a) Max-heap
Solution: O(n). Need to check all elements, because there is no relation in value
between left and right child.

(b) Min-heap
Solution: O(1). The root element.

(c) Sorted sequence in descending order in singly linked list

Solution: O(n). Elements in a singly linked list should be visited from the front to the

tail.

(d) Unsorted sequence in doubly linked list implementation
Solution: O(n). in unsorted sequence, each element need to be checked.
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(e) Binary search tree
Solution: O(n). See the worst case below:

(™)
@
(f) Array sorted in ascending order
Solution: O(1). The first element.

[Question 8] (4 marks)
Consider a general tree T below. Convert it to be the binary tree T’ which represents T.

Draw T’.

R,

132

Remove links to parents
except for the left most child

@ ©
J
©9900° © o7

@ ©O @
Connect nodes to their
left neighbors as children 0
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[Question 9] (2 marks)
How many nodes does a complete binary tree of height h have?

2" nodes
2" nodes
2" nodes
between 2" and 2" nodes
e. between 2" and 2"" nodes
Solution: number of the perfect tree with h-1 height: 2" — 1. Min number of a complete tree
with h height: (2" — 1) + 1. Max number of a complete tree with h height:
(2" — 1) + 2" = 2"*1 — 1. The range of the num: [2", 2"*1 — 1]. So the range is within [2",
2)1*1]‘

oo oo

[Question 10] (6 marks)
Show bottom-up heap construction with an input sequence (3, 4, 5,2, 1, 6, 7) using a
Min-Heap. Construct the initial tree, where ‘3’ is at the root position of the initial tree, i.e.
an array implementation of this initial tree is [3, 4, 5, 2, 1, 6, 7]. And then use bottom-up
heap construction to convert it to be Heap. lllustrate all the steps using trees.
Solution

Initial Tree Step 1 (after swap)

® HON
G

/\

® ©®o %
56060 © @06 O

Array: [3,1,5,2,4,6,7]

Array: [3,4,5,2,1,6,7] Check: 1,2, 4
/ Swap: 1,4
Step 2 (after swap Step 3 (after swap)

Array: [1,3,5,2,4,6,7] Array: [1,2,5,3,4,6,7]
Check: 3,1, 5 Check: 2, 3, 4
Swap: 3,1 Swap: 2, 3
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[Question 11] (3 marks)
What is the running time of the following algorithm for input sequence A with n
element? Heapify (A, n) is an algorithm to convert a sequence to be a min-Heap.

sum = 0;

Heapity (A, n)

for (1i=0; i<n-1; 1++) do
a =removeMin(A)
sum = sum + a;

return sum
Solution:
Time cost:

R sum = 0;

nlog(n) < Heapify (A, n)
N < for (i=0; i<n-1; i++) do

log(n) < a =removeMin(A)

2 (=" 4) e sum = sum + a;

i return sum
removeMin return

~ o
T(n) =1+ nlog(n) +n+* (log(n) +2) + 1+ 2n = 2n * logn + 4n + 2
/

sum=0 heapify for loop ‘+’and ‘=’ i<n-land i++

[Question 12] (4 marks)
There is a complete binary tree in in-place implementation; [3, 5, 4, 7, 10, 6, 9].
Solution: binary tree is shown as below:

(a) What is the value of right child of a node with value 57

Solution: 10

(b) How many internal nodes and what are values of them?
Solution: 3 with values 3, 5, 4
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[Question 13] (8 marks)
Assume there is no dummy node.
(a) How many external nodes of a complete binary tree with number of 3567 nodes?

Solution: 1784. Number of external nodes: n — H = 3567 — 1783 = 1784
(b) What is the height of a perfect binary tree with 4095 nodes?

Solution: 11. 2"t 1 =4095
2"+ = 4096
log,(2"™") = log,(2')
h+1=12
h=11

(c) What is the height of a min-heap with 340 nodes?
Solution: 8.

h=[log,(N+1)]-1=9-1=80rh = |log,N|

(d) What is maximum number of nodes with a max-heap with height 87?

Solution: 511. n=2""1_-1
=2-1
= 511
(e) How many internal nodes are there in a max-heap with 500 nodes?
n 500
Solution: 250. |31 == =250
(f) How many external nodes are there, at least, in a full binary tree with 7 nodes?
n+1l 7+1 A
Solution: 4. 2 2

(g) What is the maximum height of any binary tree with 500 nodes?
Solution: 499. The tree can be left or right skewed. So the maximum height: h=n-1.

(h) How many internal nodes are there in a perfect binary tree of height 4?
Solution: 15. n=2"-1=2*-1=15
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[Question 14] (8 marks)
Convert an input sequence [3, 5, 4, 7, 10, 6, 9] to be a max-heap. lllustrate all the steps
in-place heapsort algorithm.
Solution:
1) Construct the max-heap

‘ 3 ‘ 5 ‘ 4 | 7 ‘10‘ 6 | 9 ‘ %p i=array_length/2-1
01 2 3 4

i=7/2-1=2; left child index: 2*i+1 = 5; Right child index: 2*i+2 =6
Comparing left child and right child with parent and swap if child>parent
So swap 9 with 4

ls]e]7]mo]e]]
01 2 3 4 5 6
Heapify: i=1, [=2*1+1=3,r=4; swap 10 with 5

HERBEBON
01 2 3 4 5 6
Heapify: i=0, I=1, r=2; swap 3 with 10

[o]3]s[7]s[e[4]
0 1 2 3 4 5 6
Recursive Heapify: i=1, |=3, r=4; swap 7 with 3

|w0]7]e]3]|5]6]4] (final stage)
0 1 2 3 4 5 6
2) Heap sort: we need to go through several iterations which is calculated by getting
length of array. We will swap largest element with the last index and do heapify. In
second iteration, we will swap with second iteration and swap with second last index
and heapify and so on.

- —

» )
First Iteration: |10|7|9|3|5|6|4':()|4|7|9|3|5|6|10>:>|9|7|4|3|5|6|10}:>|9|7|6|3|5|4|10|
01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6
Heapify: i=0, I=1, and r=2 Heapify: i=2, I=5, and r=6
swap value in index 2 with index 0  swap value in index 2 with index 5

Swap with last index

¥ T
Second Iteration: |9|7|6|3|5|4|10|:>‘4|7|6|3|5|9|1o}:;>|7|4|6|3|5|9|1o)|:>|7|5|6|3|4|9|1o|
01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6
Swap with second last index Heapify: i=0, I=1, and r=2 Heapify: i=1, I=3, and r=4 Heapify: i=4, 1=9, and r=10
swap value in index 1 with index 0  swap value in index 4 with index 1 swap nothing
v N
Thirdlteration:|7|5|6|3|4|9|10|:>|4|5|6|3|7|9|10}:;>|6|5|4|3|7|9|10|
01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6
Swap with third last index Heapify: i=0, I=1, and r=2 Heapify: i=2, I=5, and r=6
swap value in index 2 with index 0 swap nothing
v N
Forthlteration:|6|5|4|3|7|9|10):>|3|5|4|6|7|9|1o)::>|5|3|4|6|7|9|1o|
01 2 3 4 5 6 01 2 3 4 5 6 01 2 3 4 5 6

Heapify: i=0, I=1, and r=2
swap value in index 1 with index 0

VRN
Fifthlteration:|5|3|4|6|7|9|1o):>|4|3|5|s|7|9|1o’:>|3|4|5|6|7|9|1o|
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6

Swap with fifth last index Swap with sixth last index Final stage

Swap with forth last index
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[Question 15] (6 marks)
Let the tree min-heap represented with the following array [3, 5, 4, 7, 10, 6, 9]. Show,
step by step, what happens if 2 minimum element removal operations (removeMin())
are performed. Give the state of the array after these removals.

Solution 1

First: removeMin()

° o o 9
® ® @@9@@

/\ / N /
QWO HwWE ©® QL) @@

(3,5,4,7,10,6,9] [9,5, 4,7, 10, 6] [9,5,4,7,10, 6] (4,5,9,7,10, 6] [4,5,6,7,10,9]

Elements to be swapped are labeled by yellow color

© ©

® ® @ ®
N/ N AN A\
QIDIO ()@ @ (9@

(4,5,6,7,10,9] [9,5,6,7,10] [5,9,6,7,10] [5,7,6,9,10]

Second: removeMin()

Solution 2 (insert in reverse order with bottom-up method)
Generate Min-heap: Elements to be swapped are labeled by yellow color

BOREE 4 2 s

-
@@

® Q9
@@@0 @@@ @@@ QIO

3,4,5,7,6,9,100  [10,4,5,7,6,9] [4,10,57,6,91  [4,6,5,7,10,9]

Second: removeMin()

@
0%%) ¢ a
QIO @. @‘

[4,6,57,10,9] [9,6,5,7,10] [5,6,9,7,10]
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[Question 16] (6 marks)
A min-heap is [3, 5, 4, 7, 10, 6, 9]. Apply insertltem(2). lllustrate all the steps using trees.

Solution

Initial Tree insertltem(2) Up-heap

Jololo

Check: 7, 2
____________ Swap: 7, 2
FmaIState
S
| % ®
_________ We ©® O WE @ e WE ©
Check: 5, 2, 10 Check: 3,2, 4
Sevf/ap: 5,2 @ Ssvcap: 3,2

[Question 17] (8 marks)
(1) (6 marks) Draw three binary search trees with following sequences.

a. 23,10,8, 14,12,15, 16, 18
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b. 5,8,4,9,3,7,2,6,1

c. 64,7,253,3,1,9

(2) (2 marks) Which tree work best to search, add or delete an element?
Solution: c tree.

[Question 18] (6 marks)
Consider a binary search tree below.

(a) How many comparisons are done when searching for 217?

Solution:

Case 1(if consider ‘null’ node): 5 comparisons. 7->14->20->22->null
Case 2 (if doesn’t consider ‘null’ node): 4 comparisons. 7->14->20->22
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(b) How many comparisons are done when inserting a node with value 47?
Solution: 3 comparisons. 7->3->5

(c) Draw a tree after inserting a node with 18.

[Question 19] (5 marks)
Delete 7 from the following binary search tree. Draw all intermediate trees. Please use
the node that PRECEDES the node in in-order traversal if needed.

© © @

Solution:

In-order traversal: 7,3,2,5,6,14,11,20,19,22
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[Question 20] (2 marks)

Which algorithm can we use to create a sorted sequence from a binary search tree?

Choose one.

(a) Algorithm mySorting(T,v)
visit(v)
if v is internal:
mySorting (T,T.LeftChild(v))
mySorting (T,T.RightChild(v))

(b) Algorithm mySorting(T,v)
if v is internal:
mySorting (T,T.LeftChild(v))
mySorting (T,T.RightChild(v))
visit(v)

(c) Algorithm mySorting(T,v)
if v is internal:
mySorting (T,T.LeftChild(v))
visit(v)
if v is internal:
mySorting (T,T.RightChild(v))

(d) Algorithm mySorting(T,v)
For (I=0;1<n)
removeMin(v);

(e) Algorithm mySorting(T,v)
For (I=0;1<n)
removeMax(v);

Solution: C. in-order traversal of binary search tree outputs a sorted sequence.
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