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SYSTEMS OF LINEAR EQUATIONS

A system of linear equations (or a linear system) is a collection of one or more linear
equations involving the same set of variables, say x1, xs, ..., T,.

Example:

2371 — X9 — 3213'3 =—-1
—22, + 225 + Brs = 3.

is a linear system and (21, 2, 23) = (1,0, 1) is a solution for this system.

(21,22, 23) = (2,—4,3) is also a solution for this system.
The set of all possible solutions is called the solution set of the linear system.

Two linear systems are called equivalent if they have the same solution set.

Example:

r+y=4 | 8r + 2y = 26
r—y=2 | 132 + 3y = 42

are equivalent systems since the solution set for both of them is {(3,1)}.

Which of the following system(s) is/are linear?

Py =T7
x —5y =10
3r+ay =6

rT—y=23
V8 +y=4

20 — 3y =5
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Remark: Geometrically, solution of two linear equations in two variables is the
intersection of two lines.

Example: Give a geometric representation of the following system of equations.

L: xz+y=3
lo: z—y=1

Solution: (2,1) is the (unique) intersection point of {; and ly. So, the system has
a unique solution.

Example: Give a geometric representation of the following system of equations.

lll —$+2y:1
ly - r—2y=-3

Solution: Lines are parallel, no intersection. So, the system has no solution.
Example: Give a geometric representation of the following system of equations.

[y : 2 —y =1
lo: —do+2y= -2

Solution: [; and /5 coincide. The system has infinitely many solutions.

Each of the points
(z,y) = (1,1), (2,3), (3,5)

is a solution for this system.
The general solution: x =t, y=—-1+2t,t € R.

The solution set is
{(x,y) |x=t,y=—1+2t, t € R}or {(t,—142t) |t € R} or {(z,20—1) | x € R}.

A system of linear equations has either
1) No solution, or
2) (Unique) Exactly one solution, or
3) Infinitely many solutions.

A system of linear equations is called consistent if it has at least one solution, and
inconsistent if it has no solution.
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Row Echelon Forms (REF)

A leading entry of a row refers to the left most non-zero entry (in a non-zero row).

Echelon form (or row echelon form):
1. Any rows consisting entirely of zeros are placed at the bottom of the matrix.

2. The first non-zero element in each row is positioned to the right of the first
non-zero element in the previous row.

Example:

21 6 4 =2 4 3 -3 5 0 2 5 31

i) 011 2 4] i) 00 0 5 2 i) 01 4 5
00 31 5 01 8 —4 6 0 0 01
0001 4 0Oo0 0 0 3 00 0O
0 2 % x R S S S
0 00 5 R S S S

iv)|] 0 0 0 0 —1 % % * % x
0000 0 7 % % x x
0000 O0O0O0OO09 x

Some terms that we use

pivot position: a position of a leading entry in an echelon form of a matrix.
pivot: a non-zero number that is in a pivot position.

pivot column: a column that contains a pivot position.

basic variable: a variable that corresponds to a pivot column.

free variable: a variable that is not a basic variable, i.e, a variable that corre-
sponds to a non-pivot column.

Note: In an echelon form, in each column that contains a leading entry of some
row, all entries below the leading entry are zero.
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Reduced Row Echelon Forms (RREF)

A matrix A is said to be in reduced row echelon form if it satisfies the following
conditions.

e [t is in row echelon form.

e The leading entry in each nonzero row is 1.

e Fach leading 1 is the only nonzero entry in its column.

Examples:

01 = 0 0 0 %« x x 0 =x*
000100 % % % 0 =%

i)]0 0 0 010 % x % 0 x| (RREF)
000001 * % % 0 %
0O 0O0OO0OO0OO0O0OO0OTQO0OT1T %
01 = 000 % x %x 0 =
001 100 *x *x %x 0 =

ii)fO 0O 0010 % % % 0 %
000001 *x * x 0 =
00 0O0O0OO0OO0OO0OQO0OT1T %

( RREF if a;3 = 0, not RREF if a;3 # 0).

01 «x 000 x % 0 =*
000 —1 00 % x 0 =
iii)[]0 00O 0 1 0 % % 0 % | (not RREF)
000 001 % % 0 =x
000 O0O0O0OO0OO0OT1 =x
Note: % can be any number.
1 000
iv)| 0 1 1 0| (RREF)
0001
1010
v)|0 1 1 0| (RREF)
00 01
1 000
vi)| 0 0 0 0| (not RREF, not REF)
0001

REF of a matrix is not unique:
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Example:
31 0 —-11
21 -1 —4
11 1 3

RREF of a matrix is unique:

111 3
~ 1 3 10
(003 0
111 3
~ [0 1 3 10
001 0
(333 9
~ [0 26 20
(003 0

31 0 —-11 10 0 =7
A=121 -1 -4 |~|0 1 0 10
11

1

3 001 O

The matrix B is the only RREF of A.

Elementary Row Operations:

i) Multiply a row by a non-zero scalar: R, = 5Ry

ii) Interchange any two rows: R; «— R3

(REF)

(REF)

(REF)

|
>y

6

iii) Replace a row by the sum of itself and a multiple of another row: R; = R3+4R,

Example: Solve the following system.

r+2y=4

—r+3y+3z=-2

y+z=0.

Solution: The coefficient matrix of the system is

1 20

-1 3 3

011

Its size is 3 x 3 (3 rows and 3 columns).
The augmented matrix of the system is

O = =

2 0 4
3 3| -2
1 1] 0
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Its size is 3 x 4 (3 rows and 4 columns).
We start with the augmented matrix.

12 0| 4 1 2 0|4
—1 3 3| -2 |R,=Ry+R, ~ |05 3|2 |Ry+— Ry
011 0 0 1 1]0 |
(1 2 0]4]
~ |01 1/0|R;=Rs—5R,
0 5 3|2 ]
[1 2 04
~ |01 1/0]| (REF).
00 —2|2

Since each column of the coefficient matrix has a pivot, all the variables are basic.
Thus, there is a unique solution. Corresponding linear system is

r+2y = 4
y+z = 0
—2z = 2,
which has the solution
z=—1,
y:—Zzl,

r=-2y+4=-2+4=2.
The solution is (z,y,2) = (2,1, —1).

The way that we solve the system here is called back substitution.
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Remark: We can also find the RREF of the augmented matrix and use it to find
the solution.

1 20| 4 12 0]4 .
-1 33/-2| ~ |01 1 0}%:—5&
011 0 00 —2|2
(1 2 0] 4]
~|0 1 1| 0|R,=Ry—Rs
00 1[—1 |
(1 2 0] 4]
~|0 10| 1|R, =R —2R,
00 1[—1 |
(1.0 0 ]
~10 10| 1 (RREF)
00 1[—1 |

The solution is (z,y,2) = (2,1, —1).
Example: Determine whether the following linear system has a solution.

r+2y+2=3
r—y+z=1
—2r—4y—22=14

Solution: The augmented matrix:

Ll e 5 3]
R, = R; + 2R,
—2 —4 —214 3 3 0 0 0| 10

The last row says
O-2+0-y+0-2=10,

which is imposible. So, the system does not have any solutions.
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Example: Solve the following system of linear equations:
r+2y—3z =
—2r —dy+4z =
-5 — 13y +9z = 18
Solution:
1 2 =3 3 / 1 2 -3| 3]
—2 -5 4|5 %:Ziggl ~ |0 -1 —2|11 | R, =R, — 3R,
-5 —13 9|18 3T ! 0 -3 —633 |
1 2 =3| 3]
~ |0 -1 —2|11 | R, = R, 4+ 2R,
0 0 0 0|
1 0 —7/|25]
~ |0 -1 —2|11 | R,=—R,
00 0 0|
(1 0 =7| 25
~ 01 2|-11 (RREF).
00 O 0 |
x and y are basic variables and z is free variable.
r—Tz=20— x=25+T7z,
Yy+2z2=—-11=y=-11 -2z
The general solution in parametric vector form:
x 25+ Tz 25 7
y|l=|-1-2z|=|-11 |+2z| -2 |, z€R.
z z 0 1

The system is consistent, and it has infinitely many solutions.
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Exercise: Solve the following system:

20 +4y — 62 =
y+3z =
-3z —-5y+T7z = =3
Solution:
2 4 -6 2 1 1 2 -3 1
0 1 3 5 Rll - §R1 ~ O 1 3 5 Rgl - R3 + 3R1
-3 -5 7|3 -3 -5 7|3

12 -3[17 pr— R, —oR,
0 1 —2|0 ] fts'=1Hs— I

L0 —g 9| R/ =R, +9R,

~ 01 51
00 1| 1] fi2="R—3Rs
1.0 00

~ (01 0]2
(00 1)1

x 0
The solution of the system: { Y ] = { 2 ] .
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Warning: A zero row in an augmented matrix always does not mean infinitely
many solutions:

M1 2 -1 113
0 -3 2 —1|2 )
° 0 0 0 ol1 1 There are no solutions.
| 0 0 0 01]0
(1 2 1|5
01 312
el 0 0O —1|1 | : There are no solutions.
00 011
100 0]0 |
1 2 1157
01 312 . . .
° 00 —1111° There is a unique solution.
10 0 010 |
1T 2 1 4 513
013 2 —-21/4 . ) .
° 00 0 4 N There are infinitely many solutions.
L0 0 0 0 00

Remark: We can write the system

r+2y—3z2 =
—2x —by+4z = 5 (%) (linear system)
—Hr—13y+9z = 18

in the form of

1 2 =3 T 3
-2 -5 4 y | =] 5| (xx) (matrix equation)
-5 —13 9 z 18
or
1 2 -3 3
x| =2 |+y| -5 |4+z| 4|=1| 5| (x*x%) (vector equation).
-5 —13 9 18

Solving the linear system (*) is the same as solving the matrix equation (**), or
vector equation (***).
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Example: Find the value of the constant k£ such that the following system has
i) no solution,

ii) infinitely many solutions,

iii) unique solution.

r4+2y—z =1
-2z —-3y+2z = -1
—5r—8y+5bz = k

Solution:
ozl e R toR, L2 =L b g R op,
-2 =3 2|-1 F R 4+5R 01 0] 1 F R _9p
5 -8 5| k| T isTOM 02 0|54k BT
(10 —1] —1 ]
~ |01 0 1 .
100 0|3+F ]
i) k # —3. ii) k = —3.
iii) There is no k such that the system has a unique solution.
Example: Solve the homogeneous system:
r+3y—2z2—w=0
—2x =5y +4w =0
r+4y —624+w=0
Solution:
1 3 -2 —-110 / 1 3 =2 =10 |
-2 =5 0 40 g?:f{?f?fl ~ |01 -4 2/0|Ry=Ry— Ry
1 4 -6 10 3w 01 —4 2|0 |
1 3 =2 —-1|0]
~ |01 -4 20
100 0 0]0 ]
y = 4z —2w,
r = =3y+2z+w=-34z—2w)+2z+w=—-10z + Tw.
x —10z + Tw —10 7
y = 4z — 2w =z 4 + w -2 . z,w € R.
z z 1 0
w w 0 1
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Example: Solve the non-homogeneous system:

r+3y—2z—w=2
—2x — 5y +4w =3
r4+4dy—6z+w=9

Solution:

1 3 -2 —1/2 , (1 3 —2 —1]2]

-2 =5 0 43 g?:?j?fl ~ |01 -4 2|7 |Ry=Ry—Ry
1 4 —6 119 3w 01 —4 2|7

y=4z —-2w+1,
r=-3y+2z+w+2=-34z—-2w+7)+2z+w+2=-10z + Tw — 19.

z —10z + 7w — 19 —10 7 —19
y | _ 4z — 2w+ 7 _ . 4 4w —2 n 7 C sweR

z z 1 0 0

W w 0 1 0

) —10 7

general solution 4 9

of the corresponding » =v, =z +w ,
homogeneous system

0 1
—19
a particular solution of the | 7
non-homogeneous system [ 0
0

The general solution of a non-homogeneous system is | X =v, +p |
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Example: Describe all solutions of the homogeneous equation Ax = 0 in parametric

vector form, where

16 0 8 —1 -2
001 -3 4 6
A= 0 0O 0 0 1
0 0O 0 0 0
Solution: The augmented matrix is
1 6 0 &8 —1 =210
001 -3 4 610 (x1, z3, ¢ are basic variables)
000 O 0 1|0/ (a9 x4, x5 are free variables)
0 0O 0 0 00

The general solution (in parametric vector form) is

1 [ —61’2 — 833’4 + Ts i —6 —8
i) ) 1 0
T3 . 3[E4 - 41‘5 . 0 3
x| = T4 = T2 0 | T % 1| %
x5 T5 0 0
| T6 | L 0 ] | 0 ] | 0 ] i

?

To, Ty, Ts € R.
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Linear Combinations of Vectors

Definition: If vq, vy, vs, ..., v, are vectors in R", and ¢, ¢z, c3, ..., ¢, are scalars, then
the vector z defined by

T = C1V1 + CoU2 + C3V3 + + -+ + CpUp

is called a linear combination of vy, v, vs, ..., V.

2
Example: Determine if the vector b = | —1 | is a linear combination of the vectors
6
1 0 5
V1 = — , Uy = 1 , U3 = —6
0 2 8

Solution:
b € Span{vy, vy, v3} <= xv; + yvg + zv3 = b

has a solution.

10 5] 2 1 0 5|2
-2 1 —6|-1|~]|01 4|3
02 8] 6 00 0]0

The system is consistent if and only if b € Span{wy, ve, v3}.
The general solution is

T 2—5z
y|=1|3—4z |,z €R,
z z

which means that for any scalar z,
(2 —52)v1 + (3 —42)vg + zv3 = b.

For z = —1: Tvy 4+ Tvy — v3 = b.
For z = 0: —2U1+3U2—|—0’03:b:>—27}1+3U2:b.
For z =1: —3v; — vy +v3 = 0.

For z = 3: —8vy — buy + 2v3 = b.
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The set of all linear combinations of v1, va, ..., v, is called the span of vy, va, vs, ..., v,
and denoted by Span{vy, ve, vs, ..., v, }.

e Scalar multiples of v; are in Span{vy,vs, ..., v, }.
e Zero vector is in Span{vy, v, ..., v, }.

e Span{v;} = {cvi|c € R}.

° Span{ [ (1) ] } is the z-axis.

Example: Let
h 1 -2
b= -3 , U1 = 0 , Ug = 1 .
-5 —2 7

For what value(s) of h, b is in Span{vy, ve}?

Solution:
[ 1 2| &
o wfb] = | 0 1|-3|R/=Rs+2R
-2 T7|-5
(1 2| b ]
~ 0 1 —3 R3,:R3—3R2
0 3|2n-5 |
(1 2| h ]
~ |0 1 -3 |.
0 0[2h+4 |

The system is consistent if and only if 2 +4 = 0. So, b is in Span{v, vy} if and
only if h = —2.

Note: If h = —2, then we have
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Example: Solve the matrix equation

4 1 2 -1
AX = 1 | where A= 3 7 =2
-1 -2 3 3
Solution:
1 2 —-1| 4 1 0 0|-—16
37 =2 1|~]010 3
-2 3 3|-1 00 1|-14
x —16
The solution of the system: X = | y | = 3
z —14

Theorem (or Fact): The following statements are equivalent for any m x n
matrix A.

e The equation Az = b has a solution for each b in R™,.
e Each b € R™ is a linear combination of the columns of A.
e A has a pivot position in every row.

e The columns of A span R™.
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Linear Dependence and Independence

Definition: A set of vectors {vy, v, ..., v} in R™ is said to be linearly independent
if the vector equation

61U1—|—CQU2+"‘+CkUk:0

has only the trivial solution, i.e, ¢c; =cy =--- = ¢, = 0.

The set {vq,vs,...,v;} in R™ is said to be linearly dependent if there exist scalars
C1,Ca, ..., i, not all zero, such that civ; + covg + - - - + v, = 0.

Example: Decide if the set of vectors { [ _12 ] , l _11 ] } is linearly independent.

Solution: We consider the vector equation

LS ]en] 1)

Take ¢; = 1 and ¢ = 3. Then

Sl [e]

Thus, v, and vy are linearly dependent.

A set of two vectors {v;, vy} is linearly dependent if and only if
one is a scalar multiple of the other.
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Example: Decide if the following vectors are linearly independent in R?.

1 | -1 B 1
V1 = ) , U2 = 1 y U3 = —4 |
Solution: Consider the vector equation xv; + yvy + zv3 = 0.
iyl TH i )| = 2Z R
x 9 Yy 1 | 417 1o — |y | = zZ |, z€ .
z z
Choose z = 1. Then
1 49 —1 . 1| 10
2 1 4| ]0|°
The vectors are linearly dependent.

Note that none of the above vectors is a multiple of one of the other vectors.

Theorem: If a set contains more vectors than there are entries in
each vector, then the set is linearly dependent. That is, any set
{v1, va,...,u,} in R™ is linearly dependent if p > n.

e In R?, the maximum number of linearly independent vectors is 2.
e In 3, the maximum number of linearly independent vectors is 3.

Exercise: Are the following vectors linearly independent in R3?

1 3 —2 0
s, w0, | -7, |1
—5 -5 3 7

Example: Decide if the following vectors are linearly independent.

1 -3 0
U1 = 3 , Vg = -5 , U3 = 5)
—2 6 —6

Solution: Consider the equation x1v; + x2vy + 2303 = 0.

1 -3 0]0 1 -3 0]0
(o v w|0]=] 3 -5 5/0[~[0 4 5]0
-2 6 —60 0 0 =60

Since each column is a pivot column, there is a unique solution which is
T1 :0, i) :O,fﬂg =0.

So, the given vectors are linearly independent.



Ayse and Saban Alaca Linear Algebra I

Part 1

Example: Decide if the following vectors are linearly independent.

3 4 3
-1 -7 7
v = L= 3| =] _g € R
0 2 —6
Solution: Consider the equation c;v1 + covg + c3v3 = 0.
3 4 3|0 1 3 =210
[v y U‘O]— -1 =7 710 N 01 -3|0
v 1 3 =210 00 1|0
0 2 —-6|0 00 00

Then, ¢; = co = ¢3 = 0. The vectors are linearly independent.

Remarks: We put the given vectors in a matrix A as columns.
Then we find an REF of A, say B.

20

e If B has a pivot position in each column, then the vectors are linearly independent.
e If B has a non-pivot column, then the vectors are linearly dependent.

Examples:

2 1 2 1 4 3
A=]05|,B=]0076],C=
0 0 0001

o oW

o Ot~

[CIE TN
[l

[ P e Rl R

e Columns of A are linearly independent.
e Columns of A do not span R3.

e Columns of B are linearly dependent.
e Columns of B span R3.

e Columns of C' are linearly independent.
e Columns of C span R3.

e Columns of D are linearly dependent.
e Columns of D do not span R*.

S O =N

O = W+

S W N Ot
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Example: Decide if the following vectors are linearly dependent.
If yes, express one of the vectors as a linear combination of the other vectors.

1 1 0 4
~1 1o 3 -1
U1 = 0 , Vg = _2 , U3 = 1 , Uy = 1
1 0 -1 3
Solution:
1 1 0 4 110 4
a_ -1 0 3 013 3
N 0 -2 1 1 0011
1 0 —1 3 00 00O

Since there is a non-pivot column, the vectors are linearly dependent. Note that xy,
o and x3 are basic variables, and x4 is a free variable. The general solution of the
matrix equation Azx = b is

I —41‘4
i) 0
= , Ty € R.
T3 —T4
Ty Ty

If we choose x4 = 1, then we have: —4v; + 0vy — v3 + v4 = 0. So, we have

1 1
Vg = 4?}1 + vz, V1 = —Z’U?, + ZU4, V3 = —41}1 + vy4.

The vector vy cannot be expressed as a linear combination of the vectors vy, v3 and vy.

Remark: A set S with two or more vectors is linearly dependent <= at least one
of the vectors in S is expressible as a linear combination of other vectors in S.

Example: Find the value(s) of h for which the vectors

1 —2 -1
31, -4 1, 1
-3 1 h
are linearly dependent.
Solution:
1 -2 -1 1 =2 -1
3 -4 1|~]0 1 2
-3 1 h 0 0 7+h
For h = —7, the vectors are linearly dependent.

If h € R and h # —7, then the vectors are linearly independent.
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Remarks:

e A set S with two or more vectors is linearly independent <= no vector in S
is expressible as a linear combination of other vectors in S.

e Zero vector is linearly dependent.
Any set of vectors containing zero vector is linearly dependent.

e Any set {v1,vs,..., v} in R™ is linearly dependent if k£ > n, i.e,
# of vectors > # of entries in one vector.

e Columns of a matrix A are linearly independent <= AX = 0 has only the
trivial solution.

Exercise: Find the value(s) of h for which the vectors

1 -3 4
-5 1|, 81, h
—2 6 -8
are linearly dependent.
1 -3 4 1 -3 4
Solution: | -5 8 h |~ |0 =7 20+h
-2 6 -8 0 O 0

Vectors are linearly dependent for all h in R.
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Linear Transformations

Definition: A transformation (or mapping) 7" from R" to R™ is called a linear
transformation if satisfies the following two conditions:

i) T(u+v) =T(u) + T'(v) for all the vectors u,v € R".
ii) T'(cu) = ¢T'(u) for all the vectors v € R™ and all the scalars ¢ € R.
Remark: R" is called the domain of 7', and R™ is called the codomain of T

Example: Let T:R? — R? be given by

r([4])-

Let us show that T is a linear transformation:

(1)

y+z
(o)) - ()L
y y THwty+z
Y z Y+ =z
)R D B
4 z+y Z 4w T4y +ztuw
ii)
cy
() - (5 )| L
y Y cr + cy
Y cy
CTQ:U1>—C T = cx
y r+y cTr + ¢y

By i) and ii) T is a linear transformation.
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Remark 1: Two conditions for a linear transformation can be written as one con-
dition:

T(cu+ dv) =cT(u)+dT(v)
for all u, v € R™, and for all scalars ¢ and d.
Remark 2: For any linear transformation 7',
T(0) =T(0u) =0T (u) =0.
Example: Let T:R?* — R? be given by
r([V])-14)

Show that T is not a linear transformation.
Solution:
[z ] B cx B cy
r(e[3]) = r([5]) -1t
EXA y | cy o
CT(_y_)_C[x—i-l}_[c(mle)]_[cx—i-c}'
[z ] T
T|c cr , if ¢ #£ 1.
Cle]) # e ((3]) e

Example: For any m x n matrix A, the matrix transformation 7" : R* — R™
given by

T(X)=AX
is a linear transformation.
Solution: If A is an m X n matrix, u and v are vectors in R", and ¢ is a scalar, then:
A(u+v) = Au+ Av
A(cu) = c(Au).
For simplicity, take m = 3 and n = 2. Let

ai; Qa2
Uy U1
A= an axn |, u= , U= .

V2
as1 Aasg
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11 Q12 _u v
Alu+v) = a9 G99 < 1]—1—[ 1])

U2 (%
a3; a3z -

= a1 Q22 az1 (U1 + v1) + aga(ug + va)

a1 Q12 < ui + v1 ]> ar1(uy + v1) + ar2(ug + vg)

U + (%)
| @31 Q32 | M- asi(u1 + v1) + aga(uz + va)
a11u1 + a1aUs a11v1 + a1202
= 21U + QooUo | + | A21V1 + A2V
| 31U + a32U2 a31V1 + A32V2
11 Q12 11 Q12
U U1
= 21 Q22 + | a1 a9 (
U2 V2
| @31 432 asr  as2
= Au+ Av.
a1 a2 11 Q12
U1 Cuq
A(cu) = 921 Q929 C Us = 921 A922 Clis
a3 as2 a3; a3z

a11CU1 + G12CU2
= Q21CU] + A29CU7
a31CU + a32CU2

a1y + A12Us ail a2
Uy
= C ao1U1 + a22U2 = C 91 Q929 ([ Uy ]) = C(AU)
as i + azals asy aso
Example: Let
1 2 3 1 0
A= 4 =5 6 |, u= 4 |,andv=|1
-9 8 7 -3 2
Compute Au, Av, A(u+v), and A(5u).
Solution:
1 2 371 1 1+8—-9 0
Au = 4 -5 6 4 1 =1 4—20—-18 = | —-34
-9 8 7] -3 -94+32-21 2
1 2370 0+2+6 8
Av = 4 -5 6 1{=]10-5+12 | = 7
| -9 8 7] [2 0+8+14 22
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Alu+v) = A(u)+ A(v)

0 8 8
= | =34 |4+ | 7| =] -27 .
2 22 24
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Example: Let A =

_— o N

andu:l;].

1

-1

Let T : R*> — R? defined by T(X) = AX.
a) Find T'(u).

b) Find a vector X in R? such that T'(X) =

c) Is there another vector Y # X such that T'(Y') =

1
d) ISW|: 1] in the range of 77
—2

Solution: a)

b) We need to find a vector X = [ T

2 —1
(2= el2]-=)
) 1 X2 4
Corresponding augmented matrix:

1 2]-1 1 2| -1
-1 0|-3|~]01|-2].

2 1| 4

.
n
=
o
=
-+
=
®©
-+

N — —

Then, 2o = =2 and 1 = —1 — 225 = 3. Thus,X:[?]:[ 3].
2

2|7

has a unique solution, the vector X = [ _; ] is the only vector such that

([ 2])-] 3]

c) Since the system

27
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d) We need to check whether the equation

(2o lm]-)

has a solution:

1 2] 1 1 2] 1
~1 0| 1|~]0 1] 1]/,
2 1|-2 0 0|-1

which is inconsistent.

So, W = 1 | is not in the range of T'.
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The matrix of a Linear Transformation

We have seen that for any m x n matrix A, the transformation 7' : R — R™
defined by T'(X) = AX is a linear transformation.

Conversely, for any linear transformation 7' : R" — R™ there is a unique m X n
matrix A such that T'(X) = AX.
The matrix A is called the standard matrix for 7.

Examples:
T:R2—>R2,T<x): vty | _ |1 2|2
A Y 0 1]y
—_———
Azx2
C ] [ 2+ 2y 1 2 .
T:R2—>R3,T< >_ —x | =|-10 l ]
LY 2 +y 9 1| LY
- N ——
Azx2
T T
. p3 2 |l x+2y—3z | |1 2 -3
Tolt— 1 Ty _[4x—y—|—5z]_[4 -1 5 Y
z z
Aoxx3
Definition: Standard basis for R™ is given by
1 0 0
0 1 0
B=/{e,eq,....en} = N R N I
0 0 1
Let T : R® — R™ be a linear transformation such that
a1 Q12 Q1n
a21 Q22 Q2p,
T(er) = .| T(e2) = c e Tlen) =
am1 Am2 Amn

Then the m x n matrix A given by

ay; Q12 - Aip

Q21 Q22 -+ A2y
Ar =

Am1 Am2 - Qmp

mxn

is the standard matrix for 7.
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Example: Find the standard matrix of the linear transformation T : R? — R*

given by
. rT—2y+z
T( y]) 3r — 4y + 5z
z ytz
—3x + by — 4z
Solution:

- - 1
0
T(@)T( 0 ) ’
1

So, the standard matrix of T is

1 -2 1 . 1 -2 1 .
3 —4 5 3 —4 5
Ar = 0o 1 1 .Then,T( Z]) 0 1 1 [Z]
-3 5 —4 -3 5 —4

Example: Reflection in the z— axis is a linear transformation:

([)-1a)-0 S0

Example: Let T : R? — R? be given by

()= ]-0 50

T rotates the vectors in R? 90° counterclockwise about the origin.
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Examples (Rotations): A rotation in the plane is a linear transformation:

Let T : R? — R? and [ 5 ] be any point in R?. Then,

HEEBEIH

T([x]):x[cgsgo]_i_y[—smgo :[C9Sg0 —smgo]lx].
Y sin ¢ cosp | singp  cosp Yy

rotation matrix

The linear transformation R, : R? — R?

r([2])-Tome el o]

rotates the vectors counterclockwise by angle .

v (7] -[4 3][5]-[2)

1
V2 -V
eo=s([2])=| 22| 2] =]
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Horizontal shear and Vertical shear: The linear transformation

(IR R

is called a horizontal shear (or xz—shear).
Similarly, the linear transformation

r(lv]) =L et

is called a vertical shear (or y—shear) for any number a.

1 2
Example: Let A = [ 01 ]

The transformation T : R? — R? given by T'(X) = AX is a positive z—shear.

o[ ([2 (2]

Solution:
0] 1 210 4
T< 2_)‘ 0 1 21 121"
2 1 2 2 2
T( 0_) 0 1 0| |0l
[ 2] 1 2121 [6]
T<_2_>:_o 1__2_:_2_'

The linear transformation T : R? — R? defined by

r([3])--15
Yy Y
is called a contraction if 0 < r < 1 and a dilation if » > 1.

Definition: Let T : R — R™ be a linear transformation.

32

(1) If for each vector bin R™ there is at least one vector X in R™ such that T'(X) = b,

then 7T is said to be onto R™.

(2) If each vector b in R™ is the image of at most one vector X in R", then T is

said to be one-to-one.
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Example: Let T : R? — R? be a linear transformation such that

1 0 0
(o) -12] o[V 12 = (5 ]) - 2],
0 0

a) Is T onto? Explain your answer.
b) Is T" one-to-one? Explain your answer.

Solution:
1 2 3 1 2 3
A=[T(e) T(e) T<e3>]—[2 A 6]~[0 0 0]-
a) Since A does not have a pivot position in each row, 7" is not onto.

b) AX = 0 has infinitely many solutions. So, T is not one-to-one.

Theorem: Let T : R — R™ be a linear transformation, and let A,,., be the
standard matrix of T.

(1) T is one-to-one <= T'(X) = 0 has only the trivial solution.
<= Columns of A are linearly independent.

<= Each column of A has a pivot position.

(2) T is onto <= Columns of A span R™.
<= Each row of A has a pivot position.

<= For each b € R™, AX = b is consistent.
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Example: T : R? — R* given by

X1+ X9 — X3

1 Xz x
1 — 42
T ) =
T2 + X3
T3
Ty — T2

i) Is T one-to-one? Explain your answer.

ii) Is T" onto? Explain your answer.

Solution:
1 1 -1 1 1 —1
1 -1 0 01 1
Ar=19 1 1[~lo00 3
1 -1 0 00 O

i) Since each column of REF of A has a pivot position, 7" is one-to-one.
ii) Since each row of REF of Ar does not have a pivot position, 7" is not onto.
Remark: If T': R — R™ and m > n, then T cannot be onto.

Example: Let T : R* — R3 be a linear transformation such that

1 Ty + 219 — 324

T iQ = —23?1 — 4372 + 3+ 5%4
[)33 $1+5$2+$3—4])4
4

i) Is T one-to-one? Explain your answer.

ii) Is 7" onto? Explain your answer.

Solution:
1 2 0 -3 1 2 0 -3
Ar=1] -2 —4 1 5] ~10 3 1 -1
1 5 1 —4 001 -1

i) Since REF of A7 has a non-pivot column, 7" is not one-to-one.
ii) Since each row of REF of Ay has a pivot position, 7" is onto.

Remark: If T': R* — R™ and n > m, then T cannot be one-to-one.
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Remark: If T : R* — R™ is a linear transformation and {v;, vs,v3} is a linearly
dependent set in R", then {T'(vy), T (ve), T (vs)} is linearly dependent in R™.

Example: The vectors

1 4 2
v = 0 , Uy = -1 , U3 = -1
1 3 1
are linearly dependent since vg = —2v1 + vs.

For any linear transformation 7" : R® — R™
T(vs) = T(—2v1 4 v3) = —2T(v1) + T'(v2).

Thus, the vectors

T(v1), T(va), T(v3)

are also linearly dependent.

Remark: If {vj,vs,v3} is a linearly independent set, then {T'(vy),T(vq),T(v3)}
does not need to be linearly independent.

Example: Consider the linear transformation 7' : R? — R?

1 Ty + 229 + 33

T i) =
2x1 4+ 4z + 623

I3
The vectors

1 0
€1 = 0 , €0 = 1 ,E3 = 0
0 1

are linearly independent but

=[] reo=[2] - 1]

are linearly dependent.



