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1 LAPLACE TRANSFORM

1.1 Introduction
1.1.1 Definition

The Laplace Transform is widely used in engineering applications, such as solving linear
ordinary differential equations. It transforms the equation in ”t-space” to one in ”s-space”.

This makes the problem much easier to solve.

Let f(t) be a function defined on [0,00). We may assume f(¢f) = 0 when ¢ < 0. The
Laplace transform (LT) of f(¢) is the function F'(s), defined by:
F(s)=L{f(t)} = / et f(t)dt, s>0.
0

This is named for Pierre-Simon Laplace, one of the best French mathematicians in the
mid-to-late 18th century.The LT transforms functions of ¢ to functions of another variable

s.
If F(s) is the Laplace transform of f(t), then f(¢) is the inverse Laplace transform
of F(s):

f(t) =L {F(s)}.

Proposition 1. The LT and L~ are linear:
Liaf(t) +bg(t)} = aL{f(t)} +bL{g(t)}
L {aF(s) +bG(s)} = aL " {F(s)} + bL ' {G(s)}

L{l}z/ estdt:{—lest} _ 1
0 S 0 S

. . bt .
Since [ e sinatdt = 7 (bsinat — acosat), we have

For example,

—st o0

————(—ssinat — acos at)} =
a’ + s? 0

pety = [Teeran foLgead T L
0 s—a 0 s—a

a

s2 4+ qa?’

L {Sin at} = / e Stsinat dt = {
0




Examples of Laplace Transforms
f(t) fort=>0 L{f(t)}
1
1 -
s
1
e, s>a
s—a
n!
t s (n=0,1,...)
L at a
sina
s? + a?
y s
cosa
s? 4+ a?
f(at) 1F (%), a>0

1.1.2 Existence

For which functions f is the LT actually defined on? We want the indefinite integral to
converge, of course.

A function f(t) is piecewise continuous on a finite interval [a, b] if [a, b] can be subdivided
into a finite number of subintervals such that f is continuous in each of the subintervals, and
it approaches a finite limit when t approaches an end of any of the subintervals. Function
f is piecewise continuous on an infinite interval if it is piecewise continuous on any finite
subinterval of its domain.

A function f(t) is of exponential order « if there exist constants tq and M such that

|f(t)] < Me™, for all t > t.

For example, t" and e’ are of exponential order, et is not of exponential order.

Theorem 1. Suppose that f(t) is piecewise continuous and of exponential order with
|f(t)| < Me™,  for all t > tq.

Then the Laplace transform of f(t) exists for all s > «.

Proof.

[F(s)] < M/ el gt = < 00.
0

S —



Remark. The condition in this theorem is sufficient but not necessary. For example,
the function f(t) =", —1 < n < 0 is not piecewise continuous. But the Laplace transform
of f(t) exists.

Remark. If f(t) satisfies the conditions in the theorem above, then F(s) — 0 when

5 — 00.
Example 1. L {etQ} does not exist.
Proof. - -
L {et2} > 6_82/4/ et=s/2? gy > 6_82/4/ 1dt = 0.
0 0

1.1.3 The Gamma Function

To find Laplace transform of ¢ where n is not an integer, we need the Gamma function:

['(p) = /000 e 2P tdx  (p > 0).
Properties:
o (1) =1.
e [t is divergent when p = 0.
e ['(p+ 1) = pI'(p) for any p by integration by parts, except for 0, -1, -2, -3, .
e I'(n+1)=n!

Example 2. I'(3) = /7.

Example 3. I_‘(2k;2+1) _ (2]{:_1)!!\/%‘

2k

- E
F(_%z H) = (21@271)!!\/7_1-‘

Theorem 2. For any p > —1, L{t*} = %.

Proof. Let x = st.

Example 4. L{t0'5} = Fi?)j?rll) = 250~15+1 ﬁ

L{t705} = Bl = /7



1.2 Further Properties and Initial-Value Problem
1.2.1 LT of the derivative of a function

In the definition of the LT, replace f(t) by it’s derivative f(t):

[e.e]

LWy = [ et
Now integrate by parts (u = e™*, dv = f'(t) dt):

/ ety dt = f(te g - /Ooof@) (=) e dt = —f(0) +sL{f (1)}

0

Therefore, if F'(s) is the LT of f(¢) then sF(s) — f(0) is the LT of f/(¢):

L{f(t)} = sL{f(t)} — f(0). (1)
Replace f by f"in (1),
L{f"(t)} = sL{f (1)} — f(0), (2)
and apply (1) again:
L{f"(t)} = s"L{f()} — sf(0) — f'(0), (3)

This is called a derivative theorem for the LT.

By induction, we have

Theorem 3. Suppose [ and its derivatives of order up to n — 1 are continuous and of
exponential order with |f9) ()| < Ke®™ for allt > M, 0 < j < n —1, and that f™ is

piece-unse continuous, then L{f(”)} exists for s > a and
L{f™(t)} = s"L{f(6)} = "1 f(0) = s"2f(0) —--- = f"=D(0).
Using (1) and (3), the LT of any constant coefficient ODE
ax”(t) + b2’ (t) + cx(t) = f(t)
1s
a(s*L{z(t)} — sx(0) — 2/(0)) + b(sL {x(t)} — x(0)) + cL{z(t)} = F(s),
where F'(s) = L{f(t)}. In particular, the LT of the solution, X (s) = L {x(t)}, satisfies

6



F(s) + asz(0) + ax’(0) + bx(0)
as? +bs +c '
Note that the denominator is the characteristic polynomial of the DE.

X(s) =

Example 5. Using the Laplace transform solve the differential equation
fUt) = 4f' @) +3f(t) =1
with boundary conditions f(0) = f'(0) = 0.

Solution: Take the Laplace transform of the equation. Since f'(0) = f(0) = 0, if
L(f) = F(s) then L(f") = sF(s) and L(f") = s*F(s). Thus,

1
$°F —4sF +3F = =

s
and so
9 1
(s —4s+3)F = -
s
1 1
Fr = -— 4
ss?—4s+3 )
and, since s* —4s+ 3 = (s — 3)(s — 1), this gives
1
F =
s(s—3)(s—1)
Before we can invert this, we need to do a partial fraction expansion.
1 A n B n C
s(s—3)(s—1) s s—-3 s-—1
= A(s—3)(s—1)+ Bs(s—1)+Cs(s—3) (5)

So substituting in s = 0 we get A =1/3, s =3 gives B =1/6 and s = 1 gives C' = —1/2.

Hence

F—l—i— 1 B 1
35 6(s—3) 2(s—1)
and so B .
.

Example 6. Using the Laplace transform solve the differential equation
[ -4f +3f =0
with boundary conditions f(0) =1 and f'(0) = 1.

7



Solution: In this example there are non-zero boundary conditions. Since
L(f) = sF'— f(0)
L(f") = s*F —sf(0)— f(0)
the subsidiary equation in this case is

$?F—s—1—4sF+4+4+3F =0

SO
(s* —4s+3)F =5 — 3.
Hence
1
F =
s—1
and
flt)y=¢

1.2.2 LT of the integral of a function

Theorem 4. If f is continuous and L{f} exists, then

{1} -1
{42

Proof. Let g(¢ fo x)dz. Then
L{f(t)} = L{g' (1)} = sL{g(t)} — 9(0) = sL{g(t)}.

-1 { 1 } _ sinat

52 4 a? a
L_l{ 1 } _ /tsinaa:dI: 1 — cosat
s(s? + a?) 0 a a2

1 t1 — cosax at — sinat
L' — = _—dr = ——— .
{ s2(s? 4+ a?) } /0 a? v a’

Example 8. Solve the integral equation f(t) + fo

Equivalently,

Example 7.

Solution: Taking the Laplace transform we get

O A N N S T Ll{ ! }:et.

S S s+1’ s+ 1




1.2.3 The Derivative of LT of a Function

Differentiate the definition of the LT with respect to s:

F'(s) = — /OOO e Stf(t) dt.

Repeating this:

F(s) = (=1)" /OOO e S f(t) dt. (8)
This gives:

Theorem 5. If f(t) is piecewise continuous and of exponential order, and L{f(t)} = F(s),
then o
L F(0)} = (1) F(s).

Equivalently, 1{ ( )( )}
L= 1 F" (s
tn '

L {F(s)} = (-1)

These formulas are used in the following cases:

(i) Find the Laplace transforms of function with the forms ¢" f(¢), when the transform
of f(t) is easy to find.

(i) Find the inverse transform of F'(s) if the inverse transform of the derivative of F'(s)
is easy to find.

As we know the LT of f(t) = e™ is F(s) = (s —a)~'. By the theorem we have

Example 9.

L{te"} =—F'(s)=(s—a)% L{t’¢"}=F"(s)=2-(s—a)"3,
L{t3e"} = —F"(s)=2-3-(s—a)™*, ..,

and in general
L{t"e"} = (=1)"F™(s) =nl-(s—a)™"". 9)
Example 10. Using the Laplace transform solve the differential equation
f//_4f/+3f — 26t

with boundary conditions f(0) = f'(0) = 1.



Solution: This time we have L(2¢') = 2/(s — 1) on the right hand side. This means

that the subsidiary equation is

2
2 45+ 3)F = -3
(s s+ 3) S_1+8 )

SO 2 1
F= :

5—1)2(s—3)  s-1

We need to do partial fractions again, but this is one of those cases with a repeated root:

1 A B C

G—102(s-3) s—1 (s—17 s-3

and multiplying across

1=A(s—1)(s—3)+ B(s —3) + C(s — 1)

so s =1 gives B = —1/2 and s = 3 gives C' = 1/4. No value of s gives A on its own, so
wee try s = 2:
1= A4 iqd
2 4
which means that A = —1/4. Hence
1 1 1

== Goe T2y

and . .
f= éet —te! + §e3t.
Example 11. Using the Laplace transform solve the differential equation
y' — 2ay +a*y =0
with boundary conditions y'(0) = 1 and y(0) = 0. a is some real constant.
Solution: Taking the Laplace transform we get

Y —1—2aY +d*Y =0

and hence

which means that



Example 12. Using LT solve the DE
2 +a=t"Y" 2(0)=0.

Note this would be highly impractical to solve using undetermined coefficients. (You

would have 101 undetermined coefficients to solve for!)

Solution: We apply LT to the two sides of the DE. The LT of the LHS: by (1),

L{z' + 2} = sX(s) + X(s),
For the LT of the RHS, let

1
L{e'l = :
{6 } S + 1
By (8),
a0 1 100!
L {19} = |
dst00 s 4+ 1 (s+ 1)101
Consequently,
100!
X(s)= ———.
) =Grnp™

Using (9), we can compute the ILT of this:

100! 1 101! 1
H=L {X(sN=r1d — \_ __ -1 _ 01—t
2(t) = L {X(s)} {<s+1>m} = {m 1)102} Lo

1.2.4 The Integral of LT of a Function

Theorem 6. Let f(t) be piecewise continuous and of exponential order, and L{f(t)} =

F(s). If tl_i}rg)n+ @ exists, then
“+o0o
L{@}:/ F(z)dz.

LY {F(s)} =tL™* {/:OO F(x)dx} :

Equivalently,

11



Proof. Let g(t) = 29, Then f(t) = tg(t), F(s) = L{f} = —G'(s).

These formulas are used in the following cases:

(i) Find the Laplace transforms of function with the forms @, when the transform of
f(t) is easy to find.

(ii) Find the inverse transform of F'(s) if the inverse transform of the integral of F'(s)

is easy to find.

Example 13.

. t +OO
L {sn;a } = / — % da= g — arctan(s/a), a > 0.

2+ a?

et} - o )
-~ {2
_ (—t/2)tL1{ /:mﬁdx}
= t2/2L‘1{8i1}

t2et

Example 14.

1.2.5 The First Shifting Theorem

Theorem 7. If F(s) exists for s > ¢ > 0, then, for any constant a < s — c,

L{e"f(t)} = F(s —a).

Equivalently,
L Y{F(s—a)}=e"L " {F(s)}.
Example 15.
bt _ a
L{B Slnat} = m
Example 16.

S S
L' =L —7—
{32+63+10} {(s+3)2+1}
:Ll{(8+—3_3 }:e3tL1{8_3}:€3t(COSt—BSint).

s+3)2+1 s2+1

12



1.2.6 The Second Shifting Theorem

Define the unit step (Heaviside) function by

1 fort > a
u(t —a) =
0 for t < a,

where @ > 0. In some books, u(t —a) = H,(t).

Example 17.

00 L o0 L e—st o0 e as
Llu(t —a)] = e u(t —a)dt = e dt = = , -
0 a -5/, s

Assuming f(t) = 0,t < 0. The transform of a function f(¢),t > 0, to u(t — a)f(t — a)
is called a shift of f(t) by a units.

t—a fort > a
ut—a)f(t—a)= A ) -
0 for t < a,
Theorem 8. (The Second Shift Theorem) If F(s) exists for s > ¢ > 0, then, for any

constant a > 0,
L{u(t —a)f(t —a)} = e L{f(1)}.
Equivalently,
L {e®F(s)} =u(t—a) [L7 {F(s)}]t_a :
Example 18.
9p—3s
L{u(t—3)*} = L{u(t —3)[(t —3)* +6(t — 3) + 9]} = e **[L{t*} + 6L{t} + 9L{1}]
asr2 6 9

= lEtaty)

L{u(t—3)(t—3)"} =e*L{t*} =

If a function is defined as
f1 (t), t < tl,

fa(t), t1 <t <ty

f(t) = Then

), 12t
FO) = [L = ult = tOLA(E) + [t — ) — ut — 1)) alt) + [ult — ) — ult — t2)]t) +
Rt = t) =t b)) s (8) + lt — ) (1)

13



Example 19. If f(t) =

f(t) =[1—u(t—a)]fi(t)+[u(t—a)—u(t—=0)] fo(t)+[u(t—b) —u(t—c)] fs(t) +u(t —c) fa(t).

0, t <0
t, 0<t<2;
1, 2<t<3;
sin(t), t > 3.

Example 20. Find L{f(t)}, where f(t) =

Solution:
L{f(t)} = L{[1 — u(t)]0 + [u(t) — u(t — 2)]t + [u(t — 2) — u(t — 3)]1 + u(t — 3)sin(t)}
= L{u(t)t —u(t—2)](t—2+1) —u(t —3)+u(t —3)sin(t —3+3)}

Example 21. Solve the differential equation:

0 t<3
f"+f —6f=<¢ 2 3<t<5
4 5<t
with f(0) = f'(0) = 0.
Solution:
0 t<3
2u(t —3) —2u(t —5)+4u(t—5)=<¢ 2 3<t<5b

4 5<t

The differential equation is
f"+ = 6f = 2u(t — 3) + 2u(t — 5)
with f(0) = f'(0) = 0 and we take the Laplace transform of both sides:
$?’F + sF —6F = % (6_35 + 6_58)

or

F(s) = (% 4 ¢7)

s(s+3)(s—2)

By partial fractions,

2 1 2 1

. PR Y W BT, g
—— 4+ — = = —=+ —e —e
s(s+3)(s—2) 3s 15s+3 5s—2 315 5

14



By the Second Shifting Theorem,

L2 g9, 1 56 L2 s oo
=|—-=4+—= - t—3 —— 4+ — - t—>5
(@) ( T +re u( )+ T +re u( )
Example 22. Solve the differential equation:
0 t<3
ff+4f +7f=< 2 3<t<5
4 5<t
with f(0) = f'(0) = 0.
Solution:
0 t<3
2u(t —3) —2u(t —5)+4u(t—5) =< 2 3<t<5
4 5<t

The differential equation is
"+ Af +7f=2u(t —3) +2u(t —5)
with f(0) = f/(0) = 0 and we take the Laplace transform of both sides:

S’F +4sF +7F =

» | N

(ef?;s 4 6755)

or 5
F = —3s —5s
s(s2+4s+7) (e +e)

By partial fractions,

2 1 1 s+2 1 2

s(s+4s+7) Ts T(s+22+3 T(s+2)2+3

L1 2 st
=1L (? — e cos(V/3t) — 7—\/36 51n(\/§t)>

The answer will come from the Second Shifting Theorem.

1.2.7 Laplace Transform of Periodic Functions

A function f(¢) is periodic if there exists w > 0 such that f(t +w) = f(¢) for all t. w is a
period of f. The smallest positive period w of f is called the fundamental period of f, and

f is called w-periodic.

15



Theorem 9. If f is called w-periodic fort > 0, then

1 * —st
. —ews/o e ' f(t)dt
Proof.

LU®Y= [ e an- Z / T sy an = Z / s (1) d,

where x =t — nw.

L{f)} =

t, 0<t<1y

and 2-periodic, then
0, 1<t<2.

Example 23. If f(t) = {

I—(1+s)e
s2(1 —e2)

L{ft)} =

: < ‘
Example 24. Half-rectified wave: f(t) = { th’ ?5;:17; <<(Qf +(12>2’+ 2) Then
: T<t< .
LU0} =
NCES =k
: < _
Example 25. Full-rectified wave: f(t) = { sm?f, . ?Z:T—l—_lt) <<<2f:(12>27—i- 2) Then
—sint, < .
1 TS
L{f(t)} = (R 1)coth7.

16



1.3 Convolutions and generalized Functions
1.3.1 Convolutions

The convolution of f(t) and g(t) is defined by

* = —u)du = — du.

(e = [ gt =) du= [ =gt du
Remark. fxg=g¢g=* f.

Example 26. Find the convolution (f * g)(t) when f(t) =t, g(t) =¢e* (t >0).

Solution: From the definition of convolutions

G = [ Fr)glt =) dr = / ' 2t gy

= / re*e ™ dr = e | Te ¥ dr
0 0

1
Use integration by parts = —— — -+ 1€

Convolution theorem

L{(f*g)()} = F(s)G(s) = L{f}L{g}, & LTHE(s)G(s)} = (f * 9)(2).
The LT of the convolution is the product of the LTs. (Or, equivalently, the inverse LT of

the product is the convolution of the inverse LT's.)

Proof: Do a change-of-variables in the following double integral:

L{f*g()) = / T / F(u)glt — u) dud

_ /Ooo /uoo e~ F(u)g(t — ) dt du

_ —su = —s(t—u) _ dt d
/Oe f(u)/ue g(t —u)dtdu

= /000 e f(u)du /000 e *g(v)dv
= L{f}L{g}-

Example 27. Calculate the inverse Laplace transform of m

Solution: This can be computed using partial fractions and LT tables. However, it

can also be computed using convolutions.

17



First we factor the denominator, as follows

1 1 1

§3—52  s25-—2

We know the inverse Laplace transforms of each term:

a1 -1 1 o
L [82]—75, L l8_2]—e

We apply the convolution theorem:

11 ! t 11
-1 |4 _ 2 _ 20t-u) g L L Loy
L {825_1]t*e /Oue du = 5 4+4€.

Therefore,

£‘1[1 ! ](t):et—t—l.

s2s—1

Example 28. Find the convolution

f&)=1%2%3%4x5.

Solution: Take the LT. Since the LT of the convolution is the product of the LTs:

5!
L{1%2%3%4%5}=5!(1/s)" = = = F(s).
We know from LT tables that £~ [%] (¢) = ¢*, so
)= £ PN 0 =567 | | ) = 51

1.3.2 Dirac delta function

Counsider the function

k, 0<t<41; k, a<t< 1
0, otherwise. 0, otherwise.

Properties:
o 0u(t —a) = ku(t —a) — ku(t — (a+ 1))

18



o [0kt —a)f(t)dt = faa+1/k kf(t)dt = f(t*), where t* is a number between a and
a+ %
o L{0p(t—a)} =e k(1 ~ e‘s/k).

s

o lim L{6;(t —a)} =e .

k—o00

Definition 1. Dirac delta distribution, or Dirac delta (generalized) function, is defined as
d(t —a) = lim §x(t — a).
k—oo

The “Dirac delta function” (¢) is technically not a function. It can represent idealized
point mass, or point charge.

Properties:
o L{6(t)} =1.
o [{0(t—a)} =e".
e 0a(f) = [;70(t —a)f(t)dt = f(a), which is a linear functional.
o If a >0 then [[Z6(t—a)f(t)e " dt = f(a)e .
Example 29. Solve 2" +x = —6(t — 7), x(0) = 2'(0) = 0.

Remark. This models a unit mass attached to an undamped spring suspended from a
board with no initial displacement or initial velocity. At time ¢, the board is hit very hard
(say with a hammer blow) in the upward direction. As we will see, this will start the mass
to oscillate.

Solution: Taking Laplace transforms gives s?X (s) + X(s) = e™™, so

The inverse LT is z(t) = sin(t)u(t — 7).

Example 30. Solve
f"+f—6f=0(t—4)

with £(0) = f(0) = 0.

Solution: Using L[6(t — a)] = e~ ** this gives

S’F + sF —6F = e %

19



or 4
e—4s

(s+3)(s—2)

By partial fractions we have

S U SR U SN S W
(s+3)(s—2) 5s—2 5s+3 '

By the Second Shifting Theorem,

ft) = (%62(t_4) — é6_3(t_4)) u(t —4).

20



2 Series Solutions of ODEs
2.1 Basic Concepts

We have fully investigated solving second order linear differential equations with constant

coefficients:
Ay" + By' + Cy =0,

where A,B,C are constants. Now we will explore how to find solutions to second order

linear differential equations whose coefficients are not necessarily constant:

P(z)y" + Q(z)y + R(z)y = 0.

Definition 2. The Taylor series about xo of a function f(x) is the series

% p(n) (o
Z f n<' 0) (x _ xo)n'
n=0 :

There exists R > 0 such that the series is convergent in |x — xo| < R and divergent in

|z — 29| > R. The number R is called Radius of Convergence. We have

. f)
f(ZE) = Z / n(le) (x - x())n) |x - xO‘ < R.
n=0 ’

Remark. We use Ratio Test to find R.

Example 31. -1 =% 2" |z| <1, R=1.

1 1 0o n n 1
32z  1-2(z-1) Zn:()? (:Jc — 1) R = 3
1 _1_1 1 o0 2\n .n 3
3-2z ~ 31-2z 3 ano(g) " R=3
Theorem 10. If
Z an :E - l‘o = 0

n=0

for all x in an interval I, then a, = 0,n > 0.
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2.1.1  Analytic functions

Definition 3. A function f(x) is analytic at xo if f has Taylor series about xy which

converges to f(x) in an interval containing xq.

1—
does not exist; f(x) = e* is analytic at any x.

Example 32. f(z) = Lx is analytic at x = 0; f(x) = y/x is not analytic at 0, since f'(0)

Remark: If f and g are analytic at xo, then cf, f £g¢, fg, f/g (if g(xo) # 0) are analytic
at xg.
Remark: If f is analytic at x(, then its Taylor series about x( is unique.

2.1.2 Singular point and ordinary point

Consider the equation
P(z)y" + Qx)y' + R(z)y = 0.

If we divide two sides by P(x), then the equation is changed to
y' +p@)y +qlx)y=0. (1)

Definition 4. If both p(x) and q(x) are analytic at a point xq, then xq is called an ordinary

point. Otherwise, it is called a singular point.
Remark. If p(z) and ¢(x) are polynomials, then any point is an ordinary point.

Example 33. The following equation has singular points x = 1,2:

x+e’ ,+x+1
:c—ly x—2

Theorem 11. If xq is an ordinary point of the ODE (1), then the general solution of (1)

1s analytic at xqo, and is therefore given by

y = Zan(x — x)"
n=0

in an open interval containing xoy with two arbitrary coefficients (usually ay and ay). The

y// +

y=0.

radius R is at least the distance from xq to the closest singular point of the equation.

Example 34. Consider the following equation with two singular points x = 1,2:

y,,_}_a:—i—ex , r+1

= 0.
y+x—2y

z—1

Then the series solution about xo = 0 has R > 1; the series solution about xq = % has
R> .
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Example 35. Consider the following equation:

" /
= 0.
o L

Then the series solution about xo = 0 has R > 1; the series solution about xo = 2 has

R > /5.

Definition 5. Let zg be a singular point. If both (x—x¢)p(x) and (x—x0)?q(x) are analytic
at xg, then g is called a regular singular point (non-essential singular point). If at least

2

one of (x — xo)p(x) and (x — x¢)*q(x) is not analytic at xq, then xq is called an irregular

singular point (essential singular point).

Example 36. Find all singularities and classify them:
(1) y'+ ;¥ + wamapy = 0.
(2) (zsinz)y” + (cosx)y" + ey = 0.

Solution: (1) It has one regular singular point = = 0 and one irregular singular point
T =2.
(2) We change the equation to

T

CoS T e
! /
Ty + — = 0.
rsinw rsinw

Note that 2L and 3L are not analytic at zeros of the denominator xsinx. Let

rsinx rsinx

rsinz = 0, we imply that x = kn, k£ = 0,4+1,+£2,....They are all singular points, in

which x = 0 is irregular, and others are regular.

2.2  Solutions About Ordinary Points

Now we solve an equation at ordinary points.

Example 37. Let y = ag+ a7+ asx® +asx® +agxt +- - - be the series solution about © = 0
of the differential equation: (x?+ 1)y” — 4xy’ + 6y = 0. Find the recursive relation to the

coefficients a,, and then solve the equation.

Solution: From y =) °  a,z" we have

00

! n—1

Y => na,a",
n=1
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and

y' = Zn(n — a2 % = Z(n +2)(n + 1)apr22™.
n=2 n=0

Substitute all of them into the DE,

(2?2 + 1 Znn—lanx -2 4xZnanx” 1+6Zanx =0.=

n=2

n(n — 1)a,z" +Z (n—1Da,x Z4nanx —1—626%33 =0.=

n=2

s

n(n —1)a,a"™ + Z(n +2)(n + 1)ap422" — Z dnapz"™ + Z 6a,z" =0. =

NE

n=0 n=0 n—0 "0
n=0
n(n — 1)a, — 4na, + 6a, + (n +2)(n + 1)ap42 = 0, =
(n—2)(n—3)

= T T D+ 2) ™"

We imply that
1
Ao — —3a0, as — —gal, ag = a5 = ... = 0.

y:a0(1—3x2)+a1 (m—%x‘g).

Example 38. Consider the DE: y" —2zy' +y = 0. Note that xo = 0 is a reqular point. So

we shall attempt to find a series solution in the form:

o
Yy = E apx".
n=0

1) Find the recursive relation of the coefficients in the series solution about zo = 0.

Thus

2) Solve the recursive relation.
3) Find the particular solution with y(0) = 1,y'(0) = 2.

Solution: 1) From y =" ja,z" we have

(o) o0
y = E na,z" = ay = E na,x",
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and

Y = Z n(n —1)a,z" 2 = Z(n +2)(n + 1)ayz"
n=2 n=0

Substitute all of them into the DE, we imply that

2n —1
(n+1)(n+ 2)%'

Ap42 =

2) From the recursive relation above,

3...7-11---(4n —5)

Qon

(2n)! a0
" B 5 9~~~(4n—3)a
2n+1 — (2n+ 1)' 1-
We have
1 " 3---7-11---(4n — 5)
_ 1— = 2 2n
Y = Qg ( Q‘z nz_; (2n) )

4” 3) 2n+1
o (2432 R,

3) From y(0) = 1 we have ag = 1; by ¥/(0) = 2, we get a; = 2. Thus

B I, =3 7-11---(4n—5) ,,
v (1_55”' -2 (2n)! .

n=2

An —3) onia
+2 (m+z 2n+<) ):1: )

Example 39. Consider the DE: y" — 2xy’ + sy = 0, about xq = 0, where s is a constant.
Let the series solution be in the form:

o0
Y = E apx".
n=0

Then the recursive relation of the coefficients is

(—1)”“5(5—4)(5—8)...(5—4n)a0 - (—=1)"" (s —2)(s — 6)...(s — 4n — 2)

(on+2 = (2n + 2)! - (2n + 3)! -
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2.3 Solutions About Regular Singular Points
2.3.1 Cauchy-Euler Equations

An equation of the form

(n) 1

ant™y™ + ap_12" 'y + 4 agxy + agy = 0,

is called a Cauchy-FEuler equation.

Theorem 12. Second-order Cauchy-Fuler equation:
asx®y” + a1y + agy =0, x #0,

with as, ay and ag constants. In standard form, the equation is

A B

'+ =y +5y=0, z#0.

x x

The indicial equation (or, auxiliary equation) is
agr (r—1)+ar+ap=0, or, r*+(A—1)r+B=0.

Let vy and ro be the two solutions of the indicial equation.
(i) If r1 # ro are real, then y; = |z|™ and yy = |x|™.
(i) If ri = 1o (real), then y; = |z|™ and yp, = 2™ In|z|.

(iii) If r1,79 = a £ if (complex), then y; = |x|*cos(S1n|z|) and yo = |x|*sin(F In|z]).

A B
Proof. Since p(r) = — and g(z) = —; are undefined at z = 0, the solution may be

undefined at © = 0. Thus, we assume that z # 0. A Cauchy-Euler equation can be trans-

formed into a constant-coefficient equation as follows:

For 2 > 0, let = e’ and y(x) = 2(t). Then t = In(z) and, by the chain rule,
dy dzdt 1dz d% ldz 1d’zdt  1dz 1d°

de _dtde zdt’ di? 2dt zdlde 2 dt | 22de
d?z dz} dz

and the equation z2¢y” + Axy’ + By = 0 becomes | — — — A— +Bz=0, or
q vt Avy + By {dﬁ at| Tha T !

2"+ (A—-1)2"4+ Bz =0,
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which has constant coeflicients.

If 21(t) and 25(t) are two independent solutions of 2" + (A — 1)z’ + Bz = 0, then two
independent solutions of z?y” + Axy’ + By = 0 are given by

yi1(z) = z1(Inz) and ys(x) = zo(lnx).
Since solutions of a constant-coefficient equation are sought in the form z = e™ and
y(z) = 2(t) with t = In(z), y(z) = e = e"@ = @) = 27 Thus, solutions of an Euler
equation can be sought directly in the form y = z".
If r, # roy are real, then z; = €™ and 2z, = €2 — y; = 2™ and y, = 2"2.

If 71 = ry (real), then z; = €™ and 2z, = te™! — y; = 2™ and yo = 2™ In(z).

If ri, 7o = a£if (complex), then z; = e™ cos(ft) and 2, = e* sin(5t) — y; = 2 cos[f In(z)]
and yo = 2 sin[f In(x)].

For x < 0, let z = —e' and y(z) = 2(¢). Then ¢t = In(—z), and the same equation for z(t)

results. In either case, t = In |z|.

z, x>0
Since |z| = { ’ ~0 }, replacing x by |z| gives the solutions for any x # 0. Thus,
—r, x

If ry # ry are real, then y; = |z|™ and yo = |z|™.
If 71 = ry (real), then y; = |z|™ and yo = 2™ In |x|.
If ri,ry = o £ if (complex), then y; = |z|*cos(f1n |z|) and yo = |z|*sin(S In |z]).

Example 40. Solve the following equations:

1. 22" + 22y — 2y =0, = > 0.

Solution: This is an Euler equation. The indicial equation is

P4+r—2=0= (r+2)(r—1)=0 :>y:c1:c’2+02xzc—12+cga:.
T

2. 2%y +5xy +4y =0, x > 0.
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Solution: This is an Euler equation. The indicial equation is

1 In(x)

PP 4dr+4=0= (r+2>*=0 = y=—+o

12

3. 2%y’ +4dxy +4y =0, z > 0.

Solution: This is an Euler equation. The indicial equation is

34916
: -

y=nx2 [cl oS (g ln(a:)> + ¢y sin <\/77 ln(x))] .

4. 3(x —5)%y" +6(x —5)y — 6y =0, x #5.
Solution: This is an Euler equation. The indicial equation is

P 4+3r+4=0 = r=

3 VT,
_éiTZ =

P4r—2=0= (r+2)(r—1)=0 =y=c|z -5+ clz— 5|
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2.3.2 The Frobenius Method

Frobenius method is important for equations with coefficients that have singularities, so

that power series method can no longer handle them.

Theorem 6. Let xg = 0 be a regular singular point of the DE
y" +p(@)y +q(z)y =0
with - -
wp(e) = 3, 2%(@) = 3 qua”
n=0 n=0
Let - .
y=ua" ch(r)ain = ch(r)x"”, co(r) = 1.
n=0 n=0
Let ry and ro (where 1 > 79 if both are real) be two roots of the indicial equation
%+ (po — )r +qo = 0.
Then near zy = 0 for x > 0,

o0
Y = Z Cn(ry)a™ .
n=0

To find a second linearly independent solution y,, we consider three cases:

Case (i): If r; — 75 is not an integer, then the two linearly independent solutions are

given by:
Yo = Z Cn(TQ)Z'TH_T?.
n=0

Case (ii): If 71 = 79, then the two linearly independent solutions are given by:
Y2 = y1 In(x) + Z b,z
n=1

where b, = ¢/,(r1).
Case (iii): If r;—r9 = N is a positive integer, then the two linearly independent solutions

are given by:
Yo = Ayy In(x) + Z bzt
n=0

where

A= )LI%[(T —ra)en(r)],  bp = %[(T —12)Cn ()] r=r,-



The radius of convergence of every one of the above is at least as great as the distance from

xo = 0 to the nearest other singular point of the equation.
Example 41. Find the general solution of

22%y" + (x + 227y —y =0
for x >0 near xq = 0.

Solution: Step 1: Determine whether xy = 0 is an ordinary point or a regular singular

point. Write the equation as

1 1
" _ 1 /_ - — O
vt (2:17 1y 9227 =
We have ) )
wp(e) = 5+, 2?q(x) = —5

So g = 0 is a regular singular point.

Step 2: Find and solve the indicial equation. Note that py = =, qo = —%. The indicial

1
2
equation is:

1 1 1
T2+<p0_1)r+QO:0-:>7”2—§7”—§:0.:>7“1:1’7*2:_§_

Note that r; — ro = 1.5, so we have Case (i).

Step 3: Find the recursive relation about ¢, (r). Let

y = ch )" o(r) =1. =

Y = Z(n +1r)e, ()™t y” Z n+r)(n+r—1)c,(r)z" 2
n=0 n=0

Substitute them into (5.1) we have

21,2Z(n+r)(n+r_1)cn(r)xn+r 2 ZL'—l—QI‘ Z n+7’ Cn Lt 1 ch Lt = 0,=
n=0 n=0

Z 2n+7)(n+r— ey (r)a™" + Z(n +7)en(r)z™ "
n=0

n=0
+ Z 2(n + 1)c, (r)z™ Tt — Z cn(r)z™ =0,=
n=0 n=0
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[e.e]

Z[Q(R +r)n+r—1)+ (n+r)—1e,(r)z"" + Z 2(n +1)e,(r)z" Tt =0, =

n=0 n=0
Z[(Qn +2r+1)(n+r—1)e,(r)z"" + Z 2(n —1+7)e, ()" =0,
n=0 n=1

@2r+1)(r=D]eo(r)a” +>_{[2n+2r+1)(n+r—1)]c(r)+2(n—147)co (r) ™ =0, =

n=1

2r+1)(r—1)c(r) =0, {[2n+2r+1)(n+r—1c,(r)+2(n—14+7r)cp_1(r)} =0,n > 1.

Since ¢o(r) = 1 # 0, the above first equation results in our indicial equation (2r+1)(r—1) =
0. The second equation gives

—2

= mcn_l(r), n Z 1. (10)

cn(r)

Step 4: Find y;. Take r = r; = 1, by (10),

en(1) = 2n‘i3 (D> 1=
01(1) = %260(1) = %2,
alt) = Zal) = S .
(1) (=2)" S

Therefore,

B - (=2)" ntl _ - (=2)" n
=t ; 5(7)..(2n+3)" " (1 " nz 5(7)..(2n +3)" ) '

Step 5: Find y,. Take r = ry = —%, by (10),
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Therefore,

- 1 1

Yo = g ' "2 =g ze ",

n!
n=0

Step 6: The general solution is y(x) = 191 + caya, where ¢; and ¢ are constants.

Remark. To get solutions for x < 0 or for x # 0 near zo = 0, replace z", " and Inz in

Theorem 6 by |z|™, |z|™ and In |z|.

Remark. If (z — zo)p(z) and (z — z0)?q(x) are not polynomials but are given by Taylor

series, then it’s possible to obtain approximate solutions.

Example 42. Solve Cauchy-Fuler equation

3
22y + 22y + —y=0, x>0

16
Solution. The indicial equation is:
1 3
2
e 2=
LTS
The two solutions are r; = i, roy = —%, ry— 19 = 1.
Substitute
yo= D e, () =1
n=0
(o)
yo= (e (r)am
n=0
y' = Y r)nr = Deg(r)amt?
n=0
into the equation, we have
= 1 3 n—+r
Z(n—H“— Z)(n—}—r—kz)cn(r)x =0,=
n=0

cn(r) =c(r2) =0, n>1

We get a basis y; = 2714, yp = 273/4,
Example 43. Solve Hyper-geometric differential equation

rz—1)y"+Bz—1)y +y=0, x>0.
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Solution. Note that p(z) = (3z—1)/(x—1) and ¢(x) = z/(x—1). We have by = b(0) = 1,
co = ¢(0) = 0. Thus the indicial equation is 72 = 0, which has double root 7 = 0. We have
Case (ii). Substitute

y = Z cn(r)2™, co(r) =1
n=0
T
n=0
Yy = i(n +7)(n 41— 1)e,(r)az™ T2
n=0
into (11), we have
i(” )t = Dena™" = im +r)(n+r—1)cz" " + i 3(n+r)e,a™ "
n=0 gt 2

[e.@] oo
- E (n +r)e,z™ " + g " =0,
n=0 n=0

which implies that

[e.e]

Z [(n4+7)(n+r—1)c,— (n4+r+1) (n+r)cn 1 +3(n+r)cp— (ndr+1)cp 1 e, o™ —riegz™ = 0.

n=0

Simplifying this and using indicial equation 7? = 0, we get

o0

Z(n +7 4 1)%(en = Cpp)2"" =0,

n=0

Thus ¢pp1 =c¢, =---=1. So

oo . 1
yl(x):ZJE =12
n=0

To get another independent solution, note that b, = ¢, (r1) = 0 for all n,

= Inz
— n+r _
Y2 = y1 In(x) + El by = T
Example 44. (Case III) Solve
(2 —2)y —xy +y=0, z>0. (12)
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Solution: The indicial equation is r(r — 1) = 0, the roots are r; = 1 and 7 = 0. This
is the Case III with N =r; — ry = 1.
Let y = > 0 ¢, (r)z"". Substitute this into (12),

(2 — o Z r)(n+r—1)c,(r )x"”_z—xZ(n—l—r)cn "t 1+ch " =0
n=0 n=0

Collecting like terms

—r(r —Da" "t + Z [(n+7—1)%ca(r) = (n+7)(n+71+1)cps(r)] 2" =0.

n=0
We derive ( 1)2
n+r—
" = n =0,1,...),=
et (1) (n—l—r)(n+7"+1)c (r) (¢ )
When r =1y =1, ¢; =cy =--- = 0. We get a solution y;(x) = cor = x.

To get a second solution, we solve ¢, (r):

=y = 1))
Cl(r>_(r)(r+1)’ 2(7) (r+1)(r+2) 1) (r+1)2(r +2)’
_ (=12
Cn(r)_(r+n—1)2(r+n)’ n=2

A= lim[(r —r)en(r)] = l%[(r —0)cy(r)] =1,

r—7r9
d
b, = %[(r —19)Cn(7)|r=ryy = b = 1,0, = 0,0y = —=3,n > 2.
Thus .
Yo = Ay In(z) + Z byt = xlnx + 1.

n=0
Remark. Another method to get a second solution. We let

Yo = kyy In(x) + Z d,2""? = kxIn(z) + Z dpx",

n=0

where k is a constant. Substitute y, into the differential equation,
—k—l—z (n—1)* —dpy1(n+ )nja"™ = 0, =

do=h,dy=ds=..=0.

Thus
y2 = kxIn(x) + k + dyz.
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2.3.3 Bessel’s Equation
Definition 6. The DE
22y (2) + zy (z) + (N2 — v*)y(z) =0

1s called Bessel’s equation of order v with parameter X\, where v > 0 and X are constants.

If A\ =1, then it is called Bessel’s equation of order v.

If A =0, it is Euler equation. If A # 0, by substitution z = Az and w(z) = y(z), the

equation above can be changed to
22" (2) + zw'(2) + (22 — V) w(z) = 0.

Definition 7.

J(@) = kzg k!r((_ji: +1) (g)mu

15 called the Bessel function of the first kind of order v; For any v > 0,

e coslmp) @) — T (a)
Y.(e) /11—”/ sin(mp)

1s called the Bessel function of the second kind of order v.

Theorem For any x > 0, two linearly independent solutions y; (z) and ys(x) of
2%y (x) + zy' (z) + (V\22? — v*)y(x) =0

are
J_,(Az), if v >0 is not an integer;

Y,(Az), for any v > 0.

yi(x) = J,(\z), wa(z) = {

The general solution is y(x) = ¢1y1 + cay2, where ¢; and ¢, are constants.

Proof. Note that x = 0 is a regular singular point. We can use Frobenious method.
The indicial equation is
=12 =0=r=vry=—1

Let y =Y 2, c,x™™. Substitute this into the DE,

ey (14 2v)z ™ + Z[n(n +20) ¢y + Cra N2 = 0.

n=2

We derive
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)\2n

a=a O = T e ) 10
Note that
F'n+v+1)=01+v)2+v)---(n+v)'(1+v).
We have

SATTVATYT (1 4 1)
22tvpll(n4+ v+ 1)
By taking cq such that A\™"2"T'(1 4+ v)co = 1, we get the result.

(n=0,1,...).

Cop — (—1)

Remark. If v > 0 is an integer, then J_,(z) = (=1)"J,(z).

Example 45. Find two linearly independent solutions, valid for x > 0:

(1)

22y (2) + zy' (z) + (42° — Qy(z) = 0.
Solution: Note that \> =4 and v> =9, = A\ =2 and v = 3. Hence
yi(r) = J5(22),  wa(z) = Y3(22).
(2)
2%y (x) + a2y (z) + (42 — 0.25)y(z) = 0.

Solution: Note that \*> = 4 and v? = 0.25, = X\ = 2 and v = 0.5. Since v is not an
integer,
yi(x) = Jos(22),  ya(x) = J_05(22).

(3)

zy"(z) +y'(z) + 0.04zy(z) = 0.
Solution: This is not Bessel equation. However, by multiplying two sides with x, we get
2%y (z) + 2/ (7) + 0.04z%y(z) = 0

which is Bessel equation with \* = 0.04 and v*> =0, = X = 0.2 and v = 0. Since v is an
integer,
y1(z) = Jo(0.22), ya(x) = Yp(0.22).

Remark. If we need solution for x # 0, then

Tolw) = (EJ) ; k!F((_quL 1) (9%
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3 Fourier Series
Pre-knowledge
1. Trig Identities:

sin(nm + Z) =(=1)" cos(nm)=(—1)", nis an integer.

2

2 1 + cos 2z . 1 — cos 2r
coslr=— """ gin?r=——

2 2

Gin g sinb — cos(a — b) — cos(a + b), o8 cosh — cos(a + b) + cos(a — b).
2 2
. b ) —b
sinacosb = sinfa 1) —;Sm(a )

2. A function f(x) is called p — periodic if p > 0 is the smallest number such that
f(xz 4+ p) = f(x) for any x. The number p is called the period. For example, cos kx

and sin kx are 2%—periodic.

3. Odd-Even function: If f(—z) = —f(x) for all € [—a, a], then f(x) is odd on [—a, al;
If f(—x)= f(x) for all z € [—a,a], then f(z) is even on [—a,a]. For example, sin kx

is odd, cos kx is even.
e If f(z) is odd on [—a,a], then ffu f(z)dz = 0.
o If f(x) is even on [—a,al, then [ f(z)de =2 [ f(x)dx.

4. If m, n are non-negative integers, then

/Tr cos(nx) cos(mzx) dx = 0, /Tr sin(nz)sin(mz)dxr =0. m#n

—Tr —T

/ " cos(nz) sin(ma) dz — 0.

—T

/ cos?(nx) dr = / sin®(nx) dx = 7, n>1.

5. Integration by parts: f; udv = uv|® — fab vdu.
6. [(azx 4 b)sin(kx)dr = —(ax + b)3 cos(kx) + & sin(kz) + C;
[(ax +b) cos(kx)dx = (ax + b)3 sin(kz) + % cos(kz) + C.

7. Integration by substitution: fabf(g(x))g’(x)dx = fg‘q(f)) f(u)du.
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3.1 Periodic Functions

Fourier series are named in honor of Joseph Fourier (1768-1830), who made important con-
tributions to the study of trigonometric series. Fourier series have many applications such

as, solving partial differential equations, signal precessing, image processing.

A function f(z) is piecewise continuous in interval (a, b) if we have a =ty < t; <

<t = b, such that f(x) is continuous in each interval (¢;,¢;11) and the limits lim f(z)
Tt

and lim f(z) exist for all i = 0,1,2,...,m. In the following, we assume that both f and

x%t?
f! are piecewise continuous.

Definition. Let f(z) be 2L-periodic function. Then f(x) can be written as
nw
\ b b 13
—i—Z{a cos( ) + by sin(—— 7 ) (13)

This series is called the (full) Fourier series for f(z). The coefficients a,, (n > 0) are called
the Fourier cosine coefficients, and the coefficients b, (n > 1) are called the Fourier sine
coefficients.

Remark. The "=" occurs at every z € [—L, L] where f is continuous. If we omit the

condition where f is continuous at z, then we may write
nmwx
+Z ancos ) + by, sin(—— 7 ).

Theorem. The Fourier coefficients can be calculated as follows:

:%/_LLf(a:)cos(?)dx n=0,1,2,.... (14)

1 L
:Z/_Lf(x)sin(g)dx n=1,23,.... (15)

Proof. The coefficient a is the simplest to find: integrating (22) from —L to L,

/_LLf(x)da: = /_L dx+2{an/ cos( L )dx+an/_LLsm(nL )dm}
= /_i%dxé
_%/_LLf(:v)d:L'
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We do the same thing to compute, say, b,,, except that first we multiply (22) through by
sin(™7%). We get

L L
/_L f(zx) sin(mzx) de = /_L % sin(mzx) dx +

00 L L

; {an /L cos(nzx) sin(mzx) dx + b, /L sin(nzx) sin(mgx

L
= bm/ sin(mgx)sin(mgx)dx =b,L. =

L
1 L
by = z/_Lf(x)sin(mgx)dx m=1,2,3,....

Likewise we can get the formula for a,,.

Formulas (14) and (15) allow us to compute the Fourier coefficients of f.
Remark 1. Even though f is defined only on [—L, L], the right-hand side of (22) is
2 L-periodic, so we could view f as being defined over the whole line, but 2L-periodic as
well.
Remark 2. If f is even on [—L, L], then f(x)sin(™) is odd on [-L, L], so b, = 0 for all

L
n > 1; and f(z)cos(™f*) is even on [—L, L], so

o L
an:z/o f(x)cos(n—zz)dx n=0,1,2....

Remark 3. If f is odd on [—L, L], then f(x)cos(™™<) is odd on [—L, L], so a,, = 0 for all

L
n > 0; and f(z)sin(™f*) is even on [—L, L], so

o L
bn:Z/O f(x)sin(?)dx n=1,12....

2m-periodic function:
If f is 2m-periodic (i.e., L = ), then

flz) = % + ;{an cosnz + by sinnz},
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where

- %/_ﬂ (@) da. (16)

a, = %/ﬂ f(z) cos(nz) dx n=0,1,2,.... (17)

b, = %/ﬂ f(z)sin(nz) dx n=12.3,.... (18)

Example 46. Let f(z) = 2%, x € [-7,7), and f(x) be 2r-periodic. Compute the Fourier

coefficients.

Since f is even (f(z) = f(—x) for all x), then b, = 0.

1 [ 2
aoz—/ 22 dr = = 72,

™) . 3
and forn >1
1 ™
a, = —/ 2% cos(nx) dx
T™J-n
_ 6L a?sin(nz)|” - /ﬂ 2z sin(nz) dz
nmw - .
(=D -4

Thus for z € (—m, ),

% + Z cos(nz).

n=1

) 0, forxe[-m0);
J(x) = { 1, forze(0,m).

and let f(x) be 2m-periodic. Find the Fourier series of f(x).

Example 47. Let

1 [" L/ /° "
L 7T -7 0
a, = —/ f(x) cos(nz)dr = — / 0 cos(nz)dx + 1COS (nx) = — sin(nz)|g
) r\J_. 0 nm
1 /" . 1/ 1
b, = _/ f(z)sin(nz)dx = — 0sin(nz)dz + 1SlI1 (nz)dr | = —— cos(nz)|g
). m\J_. 0 nmw
. 2 for odd n;
- -y =4
nmw 0, for even n.
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Hence the Fourier series for f(x) is:

[e.9]

2 :
+ Z @t n sin(2n + 1)z, Vo€ (—m, ).

n=

1
2
General 2L-periodic functions:

r, O0<z<lI;
Example 48. Let f(x) be 2-periodic and f(x) =4 0, —1<z<0.
0.5, r=-1,1.

In this case, L = 1.

ay = /xda:zl,
0 2
! -1)m -1
a, = /xcos(nmc)dx:( ) :
0 (n7)?
1 _1n
b, = /xsin(mra:)dm:( )
0 nm

The full Fourier series is

flz) = i + ; {(_(1737_1 cos(nmz) + (Z;T) sin(mrw)} .
< 1;
Example 49. Let f(z) be 2-periodic and f(z) = 3_’ Ose<d; Find as.
sin(rz), —1<z<0.

Points of discontinuity and convergence

9 __»

In equation (1), means that the series on the right converges to the function on
the left at each point x. It often happens that the Fourier series of a function f fails to
converge to that function, in particular at the points of discontinuity of f.

The facts are:
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The Fourier Convergence Theorem: If the function f(x) is piecewise continu-

ously differentiable then its Fourier series converges for every x to the average value

fla4) + f(z—)
5 ,

Jav(x) = (19)

where

flz+) = lim f(¢t), f(z—)= lm f(¢).

t—z+ t—x—

At the points where f(z) is continuous, fu,(x) = f(x).

All the functions we shall consider in the sequel are piecewise continuously differentiable,

and therefore the Fourier series will represent the function. In order to ensure that the

Fourier series of function f(x) converges to that function at every z € R, sometimes it is

necessary to redefine f(z) at the points of discontinuity x, so that f,,(z) = f(x).

Example 50. Let

-1, forz € (—m,0);
fle)=4q z,  forze(0,m);
0, forx=0,m —m.

Determine the sums to which the series converges at x = 0, &, 887, 1017.

Solution: The sum=-0.5 at 0; ”T_l at £.

Geometric interpretation of Fourier series

In the example above, if we let

ST ==+ —sinux,
Yot g

2 2
S3 = — + —sinz + — sin 3z,
2 0w 3T

1 2 2 2
S5 = — 4+ —sinx + — sin 3x + — sin 5z,
2 7 3 5%

each partial sum is a continuous function that approximates the discontinuous function f(x)

on the interval (—7, 7). The bigger n, the better the approximation.

3.2

Functions Defined on Finite Intervals

1. Half-range Expansions

Let f(z) be define on (0, L). Three special extensions are important:
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(i) Extend f(z) as an odd function on (—L, L) with period 2L:

(), z € (0,L);

f(l’) = fodd<x> = { _f(_x>, X € (—L,O)

Then a,, = 0 for all n. Thus
nwr
x) ~ Z by sin | — (20)
> busin ()

which is called Fourier sine series of f, where

9 (L
:Z/o f(:z:)sm(?) dx m=1,2,3,....

(ii) Extend f(x) as an even function on (—L, L) with period 2L:

f(x), w0, L);

f(CL’) = feven(x> - { f(_x)7 T E (—L,O)

Then b,, = 0 for all n.
Qg nmwx
~ 2 - 21
f(z) 5 —l—;ancos( 7 ) (21)
which is called Fourier cosine series of f, where
9 [L
:z/o f(x)cos(mzx)d:v m=20,1,2,3,....

The cosine and sine series here are known as HALF-RANGE EXPANSIONSs.

Example 51. Let f(x) =3+ 2z, 0 <z < 2. Find the Fourier sine series, Fourier cosine

series and their values at x = 2.

r, 0<x<1.

0, 1<z<2;

(a) Find the Fourier sine series and Fourier cosine series.
(b) Find the odd and even extensions.

(c) Find the values of the sine and cosine series at v = 2,1, —1.

Example 52. Let f(x) =

Solution: (a) (i) Fourier sine series: for m = 1,2,3, ...

b = / f(z) sin( mwx / f(z)sin mmc) dx

1
mnx mnx 4 . omTx
= /0 x sin( 5 )dx = {—mxcos( 5 )+ " sin( 5 ) 0

mim 4 .omr
—2s1n(7).
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The Fourier sine series is

(ii) Fourier cosine series: for m =0,1,2,3, ...,

L mmx 2 mmx
Uy = %/0 f(z) cos( )dx—%/o f(z) cos( ) dx

L 2
1 1
MnT 2 .omTx 4 MmnT
= /O:L'cos( 5 )dx = {%xsm( 5 )+m2772 cos( 5 )]0
2 . omm 4 mi 4
B A T R S e

2. The Fourier Series on Interval [a, b]
Let f(x) be defined on [a,b]. Then we can extend f(z) to be a periodic function f(x)
with period b — a. Let 2L = b — a, then L =

Definition 8. The Fourier Series of f(x) on (a,b) is
a nwx . NTT
_ r nma 29
5 +n§1(ancos( 7 ) + by, sin( 7 ) (22)

at every x € [a,b] where f is continuous. The coefficients a, (n > 0) and the coefficients

b, (n > 1) are calculated as follows:

/f cos( )dx n=0,1,2,. /f sm( L )dx n=123,.
rz, 0<x<]l.
Example 53. Let = T .
xamp et f() {Q 1<z <2

(a) Find the Fourier series.
(b) Find the values of the series at x = 2,1, —1.

Solution: 2-periodic extension of f:

T, 0<z<1;
f(z)=1< o, 1<z<2.
fz+2) = f(z), for any z.
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In this case, L = 1.

1
ay = /Oxdx:§,
1 _1ym _
Uy = /xcos(mmv)dx:( D !
0 (mm)?
1 _1m
b = /:Bsin(mmr)dx:( )
0 mm

The full Fourier series is

flz) = i + 231 {(_(173—;)2_1 cos(nmx) + (;;)n sin(nnz)

At x = 2, this series converges to

f2+) +f(2-)
2

At x = 1, this series converges to

fH) + f1-) 1+0 o5
2 27
At z = —1, this series converges to
o4+ f-10) 140
2 o2
3, —-1<z<0

Example 54. Let f(x) = { or < 5
x, S <o)

Solution: L = 2.

1 3

ag = _/ f(x>d‘r_67
2/
1 /3 1 4

p = 5/_1f(x)cos—mmdx:E(—35111%4—%005%——
1 /3 1 4

b, — _/ f@)sm@dx:_(_3_3008@__smﬂ>
2/, nmw 2 nm
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4 Partial Differential Equations

A partial differential equation (PDE) relates the partial derivatives of a function of two or
more independent variables together. For example, Laplace’s equation for ®(x,y),
62—(1) + 62—(1) =0 (23)
ox?  Oy?
arises in many places in mathematics and physics. For simplicity, we will use subscript
notation for partial derivatives, so this equation can also be written ®,, + ®,, = 0.

We say a function is a solution to a PDE if it satisfy the equation and any side
conditions given. Mathematicians are often interested in if a solution exists and when it
is unique.

Example. ®; = x and ®, = 2? — y? are solutions to Laplace’s equation (23).

The order of PDE is the highest partial derivative that appears in the equation. So,
Laplace’s Equation (23) is second-order.

We also define linear PDE’s as equations for which the dependent variable (and its
derivatives) appear in terms with degree at most one. Anything else is called nonlinear.

Linear equations can further be classified as homogeneous for which the depen-
dent variable (and it derivatives) appear in terms with degree exactly one, and non-
homogeneous which may contain terms which only depend on the independent variable.

If two solutions, say u; and wus, satisfy a linear homogeneous PDE, that any linear
combination of them

U = C1LUL + CoUo

is also a solution. So, for example, since
O, =2 — y2 oy, =2
both satisfy Laplace’s equation, ®,, + ®,, = 0, so does any linear combination of them
D=, + Py = c1(2® — y?) + oz

This property is extremely useful for constructing solutions which satisty certain initial

conditions and boundary conditions.

4.1 The Heat Equation

When we derived Newton’s Law of cooling we made several assumptions — most impor-
tantly that the temperature does not vary with location. If we account for the variation

of temperature with location, we can derive a PDE called the heat equation or, more
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generally, the diffusion equation. Suppose we consider a metal bar, with a uniform cross-
sectional area, A, whose temperature, u(x,t), is a function of time, ¢, and the position, z,
along the bar (that is we assume the temperature is uniform in every cross-section). Then

u(z,t) satisfies the diffusion equation (DE),
Up = gy, (24)

where ¢? is a constant known as the thermal diffusivity, determined by the geometry
and physical properties of the metal bar.
Suppose we consider a bar of finite length L, occupying the region 0 < z < L. At the

boundaries of the metal bar we can specify a fixed temperature,
U’(Oa t) = Ug U<La t) = Uy, (25)

which are usually referred to as Dirichlet boundary conditions (BCs).

We also need to specify the initial temperature distribution,

Initial condition (IC): wu(z,0)= f(x) 0<z<L. (26)
4.1.1 The Bar with Zero Boundary Conditions
Theorem 13. The solution of the heat equation
Up = Uy O<z<L,t>0 PDE
uw(0,t) =0 u(L,t)=0 t>0 BC
u(z,0) = f(x) O<z<L, e
s given by
u(w,t) = an sin <@> e (%) !
n=1
where .
2
b= /0 Flaysin () da. (27)

Proof. The method to solve the wave equation comprises three steps.
Step 1: Separation of variables.
Let u(z,t) = X (x)T(t) and substitute it into the equation we have

XT, = X, T
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and dividing by X7 we find
Ty Xew
L =\ 2
AT X A (28)
where X is to be determined. Now because T;/DT is only a function of ¢ and X,,/X is

only a function of x we know that A must be independent of x and ¢ respectively, and
therefore must be a constant — consequently it is known as the separation constant. We
can now solve the resulting ODE for T'(t)

T, = \*T = T(t) = Cer. (29)

Step 2: Eigenfunction.
We now look for a solution for the X (x) equation that also satisfies the homogeneous

boundary conditions. From the boundary conditions (BC), we know that

w(0,) = XO)TH =0 = X(0)=0 (30)
wW(L,t) = X(D)T{#) =0 =

So finally we conclude that we are looking for solutions to the Boundary Value Problem
for X (z),
Xow — AX =0, X(0) =X(L)=0. (32)

Now we consider three cases:

1. If A =0, then X (z) = Az+ B, it follows from X (0) = 0 that B = 0. Thus X (x) = Ax.
From X (L) =0 we have A =0, so X(x) = 0, trivial solution.

= 0 that

2. If A > 0, then X (z) = Ae¥™ + Be Vit follows from X(0) = X(L)
= 0, a trivial

A+ B =0, Ae¥* + Be VA = 0. Thus A = B = 0 and so X(x)

solution.

3. If A <0, then X(z) = Acos(v—Ax) + Bsin(v/—Az). Applying the boundary condi-
tions we see that X (0) = 0 implies that A = 0, and that Bsin(v/—AL) = 0. To have
non-trivial solution, B # 0, so sin(v/—=AL) = 0,= V= = % =

X, (x) = B, sin (?) , n=123,..

nm

L
eigenvalues and the associated functions, X, (z), are known as eigenfunctions.

where B, are constants. Note that A = —(%%)2. These special values of \ are called

This implies




Multiplying the solution for X,(x) and T, (t) together finally yields a solution for
un(x,t) satisfying BCs u,(0,t) = u,(L,t) =0 is

(1) = by sin (”—Zx) e ()t n=1,2,3.... (33)

Step 3: Superposition. We use superposition of the eigenfunctions to satisfy the initial

condition.
To consider the IC: u(x,0) = f(z), we let

u(w,t) = i“n(iﬂ,t) = ibn sin (n—zx) e ()t
n=1 n=1

Example 55. Solve
ou  0%*u

ot 0z

subject to the boundary conditions
u(0,t) = u(1,t) =0,

and the initial condition

x if 0<x<1/2,
l—z if 1/2<z<]1.

u(z,0) = f(z) —{

Solution: ¢ =1, L = 1. Thus

/2

by = 2 ( /0 v wsin(nmr)da + /1 1 (1-2) sin(mrx)d:v) . (34)

Integration by parts yields,

b2m = (—1)mm2 3 b2m+1 = 0,
> cnm 2 &
u(z, t) = Z b,, sin <@> e ()7t Z:(_l)mm27r2 Sin(gmﬂx)e—@mﬂ)%
n=1 m=1
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4.1.2 The Bar with Non-zero Boundary Conditions

THE DIRICHLET PROBLEM FOR THE DIFFUSION EQUATION
(NON-HOMOGENEOUS BOUNDARY CONDITIONS)

U = Uy, O<z<L,t>0 PDE
uw(0,t) =A wu(L,t)=1B t>0 BC
u(z,0) = f(x) 0<xz<L. IC

By letting

ule,t) = o(z) + w(z, ),
we see that w(z,t) satisfies Homogeneous Boundary Conditions and v(x) satisfies

v"(z) =0, wv(0)=A,v(L)=B.

Theorem 14. The solution of the heat equation (24) subject to BCs: u(0,t) = A, u(L,t) =
B and IC: u(z,0) = f(z) is given by

u(z,t) = v(z) + w(zx,t)
with

B_A > anTm 2
o) = = Sa A wle ) = Y bysin (T50) (),
n=1

where b, satisfies
2 nmwx

by = = /0 L[f(x) — o(2)]sin (T) dz. (35)

Example. Find the solution of the Heat Equation u,, = 9u;, 0 < x < 2, t > 0, subject
to BCs: u(0,t) =1, u(2,t) = 3 and IC: u(z,0) = f(z), where

20+1, 0<x <1,
flz) =
r+1, 1<z<2,
Solution: Here o = %, L =2 A=1 B =3 Thus v(z) = z+ 1. By (35), for
m=1,2,3,...,

L mmx 2 mmx
b = 2 / [£(2) — () sin("T0) o = / [£(2) — o)) sin( "2
= /o x31n(m7m)dm: {—%xcos(m;m)—l— mir? sin(m;m) i
= —%cos(%)—l—miﬂsin(%)
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> 2 nmw 4 . nr . /NTT\ _(nz\2
u(z,t) =+ 1+ Z {_E COS(T) + oy sm(;)} sin <T) ()t
n=1

4.1.3 The Bar With Insulated Ends

U =0u,, O<ax<L,t>0 PDE
uz(0,t) = u, (L, t) =0 t>0 BC
u(z,0) = f(x) 0<z<L. IC

The solution of this PDE is:

> anm 2
ulw,t) = 5+ ancos (1) e (), (36)

n=1
where a,, satisfies

ay = %/OL f(z) cos (?) dx. (37)

Example. Find the solution of the Heat Equation u,, = u;, 0 < x < 2, t > 0, subject
to BCs: u,(0,t) = u,(2,t) = 0 and IC: u(z,0) = f(z), where

ﬂm:{2,0§x<L'

1, 1<z<2,

Example. Find the solution of the Heat Equation u,, = u;, 0 < x < 2, t > 0, subject
to u,(0,t) = uy(2,t) =0 and

u(z,0) = 2cos(2mzx) — 3cos(bmx).

4.2 The Wave Equation

Consider a string stretched along the z-axis with its ends held fixed at z = 0 and z = L > 0.
If the string is plucked, then it will vibrate. Denote by u(x,t) the vertical displacement of
the string at location x and time ¢. Then u(x,t) is governed by the wave equation with the

form:

Uy = Clyy, (38)

where u = u(z,t) can be thought of as the vertical displacement of the vibration of a string,.

o1
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If we tie the string at both ends we can have the following boundary conditions:

w(0,8) = A(t),u(L,t) = B(t),

where A, B are piecewise functions. For example, we can have a sinusoidal function at one

end and a Heaviside function at the other.

When the boundary values A and B are 0 we obtain the Dirichlet Problem for the

wave equation:

Uy = Uy, O<ax<L,t>0 PDE
u(0,t) = 0,u(L,t) =0, t>0 BC
u(z,0) = f(z), u(x,0) = g(x) O<z<L IC.

As you have seen in Heat equation, the method of separating the variables is a very con-
venient way to obtain solutions for PDEs. In the case of the Dirichlet Problem we will

quickly review the method.

Theorem 15. The solution of the above Dirichlet Problem (wave problem) is given by:

= nmct . nmet | . nmx
u(z,t) = ; [an cos( 7 ) + by, sin( 7 )} sm(T),
where: . ;
2 2
ap = z/o f(z)sin (?) dr, b, = e . g(x)sin (?) dz.

Proof. The method to solve the wave equation comprises three steps.
Step 1: Separation of variables.

Let u(z,t) = X (2)T(t) and substitute it into the equation uy = c*u,,, to obtain:

X(2)T"(t) = X" (2)T(t), =

TH(t) = X”(x) = constan
AT~ X(z)  Comstant.

(the equality is one of functions of different variables, so both quotients have to be constant.)

We have the following three cases: constant = —\2, A2, 0.
Step 2: Eigenfunctions.

Case 1 When the constant is A%, then the solutions for );/(Ef)) = A2, are: X(z) =
c1e™ + coe ™ and the solutions for 3;;((?) = M2 are T(t) = dye* + dye=**!. Then

w(z,t) = (e + doe ™) (e + cre™).
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Let’s take a look at the boundary conditions: w(0,¢) = 0,u(L,t) = 0. We imply that
¢1 = c3 =0, and so u(z,t) = 0, only trivial solution.

Case 2 When the constant is 0, then the equations become X”(z) = T7"(t) = 0, and
X(x) = c1x + o, and T'(t) = dit + dy. Then

uw(z,t) = (dit + da)(c1x + ¢9).

Let’s take a look at the boundary conditions: u(0,t) = 0,u(L,t) = 0. We imply that
¢ = ce =0, and so u(z,t) = 0, only trivial solution.

Case 3 When the constant is —\2, then the solutions for );/((;)) = —)\2, are:

X(z) = ¢1sin(Ax) + ¢ cos(Ax),

and the solutions for 2;((?) = —)\2, are:

T(t) = dy sin(Act) 4 ds cos(Act).

Then
u(z,t) = (dy sin(Act) + dg cos(Act)) (e sin(Ax) + o cos(Az)).

The boundary conditions u(0,t) = u(L,t) = 0 translate into:

(dy sin(Act) + dg cos(Act))(eq sin(0) + ca cos(0)) = 0
(dy sin(Act) + dg cos(Act))(eq sin(AL) 4+ cacos(AL)) = 0, Vit >0,

namely:

62:0

cpsin(AL) = 0.

From the last condition we obtain A\ = and

L’
™

up(x,t) = [dln sin(ﬂ—;ct) + day, cos(%ct)} Cn sin(fz).

Step 3: Superposition. We use superposition of the eigenfunctions to satisfy the initial

condition.

. mnct m™nct . TNnT
Zun x,t) = Z [dln sin( 7 ) + day, cos( 7 )} Cn SIH(T>

- t t
Z {an cos( 7mc )+ by, Sin(mzc )1 sin(%).

n=1
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The only conditions left to check are the initial conditions:

u(z,0) = f(x)= f:an sin <n_7lrjx) ,

nmwe, . (nmx
u(z,0) = g(z) = Tbnsm (T)

n=1

From the 1st one we have

an = %/OL f(z)sin (?) d.

From the 2nd one we have

b, = 2 Lg(x) sin (n_za:) dzx.

-~ nme J,
Then
. t t
u(x,t) = ; [an COS(%) +0b, sin(mzc )] sin(?).

Example 56. Solve the equation uy = Uz, 0 < x < 4,t > 0 subject to u(0,t) =
0,u(4,t) =0 fort >0, and

u(z,0) =0 (0 <z < 4).
Solution: ¢ =1/3, L = 4. By w(x,0) = 0 we obtain b,, = 0.

nmx

o L 2 4
a, = z/o f(x)sin(?)dx:/o xsin(zﬂ)dij/Q (—x+2)sin(T)d1’

nmwT 16 . NI 2
= —E:I;cos( 1 )+n2ﬂ2xsm( 1 ) :
4 nwx 16 nrr ]*
_ 2 _ :
+{ mr( x + 2) cos( 1 ) nzwzxsm( 1 )L
S oy B2 gy (1)1
= ——Ccos— in(—
nw 2 m2n2 2 nw

Now we can write the formal solution to the plucked string equation:
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Example 57. Solve the following equation:

Uy = Ny, O<zr<2,t>0 DFE
u(0,t) = 0,u,(2,t) =0, t>0 BC
u(z,0) = 2sin(37z), uy(z,0) = sin(5rz) 0<z<2 IC.

Solution: ¢ =3, L = 2.

S 3 t 3nmt
Z [an cos( nr ) + by, sin( n27r )} sin(?).

n=1

u(x,0) = 2sin(37x) = Zan sin(?) = 2sin(37z) =

n=1
ag =2, a,=0(n#6).

u(z,0) = sin(brz) = Zb snm sin (n;r:c) = sin(5nz), =

1

— = 10).
T b, = 0(n # 10)

bio =

Thus

1
u(z,t) = 2 cos(9rt) sin(3rx) + T5n sin(157t) sin(5mx).
T

4.3 Laplace’s Equation

Now we consider the following Dirichlet Problem for the Laplace equation:

PDE : V%z%—i—%: Upz + Uy =0, (x,y) € R;
BC: u(r,y) = f(z,y), (v,y) €OR.

R is a region. We can consider u(z,y) as the steady-state (time-independent) temperature
distribution.

4.3.1 Solutions within Rectangular Regions

Let
R={(z,y):0<x<L,0<y< M}

Case 1: Consider the boundary-value problem

PDE : Ugy + Uy =0, (2,y) € R;
BC: u(x,0) = u(z, M) = u(0,y) = 0,u(L,y) = f(y)-
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We will use the method of separation of variables again.
Let u(z,y) = X (2)Y (y) and substitute in the equation to obtain:
X// Y//

= ——— = constant, say, k.
X Y b y?

We have the following three cases: k = —\?, A2, 0, where A > 0.
(i) £ = 0. Then the equations become X" (x) = T"(t) = 0, and X(x) = c1x + ¢z, and
T'(t) = dit + do. Then

u(z,t) = (dit + do)(crx + ¢2).

By the boundary conditions: u(x,0) = 0,u(x, M) = 0, we imply that d; = dy = 0, and
so u(x,t) = 0, only trivial solution.

(ii) ¥ = —A2. Then the solutions for Xﬁ((xx)) = —\? are: X(z) = ¢; cos(Az) + cosin(Az), and

X
the solutions for —X= = —X?, are Y (y) = d,e™ + dpe™*¥. Then

u(z,t) = [c; cos(Az) + o sin(Ax)][die? 4 doe™Y].

By the boundary conditions: u(x,0) = 0,u(x, M) = 0, we imply that d; = dy = 0, and
so u(x,t) = 0, only trivial solution.
(iii) k = A%. Then
X" = XX =0
Y+ XY =0

=

X = 1™ + cpe™ ™
=
Y = cgsin Ay + ¢4 cos \y
= u(z,y) = (1™ + coe ) (c3sin Ay + ¢4 cos \y).

The boundary conditions
w(z,0)=0=0c¢,=0; u(z,M)=0= c3sin \M = 0;

U(O,y) = 0, = Co = —(1.

Az —)\z)

= u(z,y) = c1(e™ — e ")y sin Ay = 2¢q¢3 sinh(Az) sin Ay.

To have non-trivial solution, sin AM = 0,= A = %I, where n is integer.

M
= u,(z,y) = a,sinh (n_]\?c) sin (%) =
u(z,y) = Zan sinh (n—;;) sin (%) . (39)

n=1
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By the boundary condition

) =t = S (i (72

n=1

we imply that

2 M nmwy
n= ———F—v in (—— | dy. 40
¢ M sinh (%)/0 f(y)sm( M ) Y (40)
Case 2: Consider the boundary-value problem
PDE : Ugy + Uy =0,  (2,y) € R;
BC: u(z,0) = u(z, M) = u(L,y) = 0,u(0,y) = f(y).

Let z =L —=z, wu(z,y) =w(z,y). Thenz =0 < 2 = Lyx = L <> z = 0 and the
equation becomes:
PDE : Wy, +wyy =0, (2,y) € R;
BC': w(z,0) =w(z, M) =w(0,y) =0,w(L,y) = f(y).

According to Case 1, the solution is:

[e.9]

w(z,y) = ; a, sinh <%) sin (%)
with o
2 . [/nmy
= I dy, > 1. 41
‘ Msinh(%)/o fo)sin (57 ) dy. (41)
Therefore,
(o] L o
u(z,y) = ;an sinh (%) sin <%> . (42)
Case 3: Consider the boundary-value problem
PDE : Ugg + Uy =0, (2,y) € R;
BC: u(z,0) =u(0,y) = u(L,y) = 0,u(z, M) = f().

Interchange = and y we will have Case 1. By Case 1, interchange L and M,

u(z,y) = ian sinh (%) sin (n_za:) , (43)
where ;
ay = W/O f(z)sin (?) dx. (44)
L
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Case 4: Consider the boundary-value problem

PDE : Ugg + Uy =0, (2,y) € R;
BC': u(z, M) =u(0,y) = u(L,y) = 0,u(z,0) = f(x).
This is similar to Case 2. Let z =M —y, wu(z,y) =w(z,z). Then y =0+ z = M;y =

M < z =0 and the equation becomes:

PDE : Wep +w,, =0, (z,2) € R;
BC: w(z,0) =w(0,y) =w(L,y) =0,w(L, M) = f(x).
We have
=3 s (7 sin (1)
— " L L/’
where
nmT
n= —————————r dz. 45
“ Lsmh ””M f sm( L > v (45)
Thus

u(z,y) = i 4y sinh (W) sin (?) . (46)

n=1

Case 5: Consider the boundary-value problem
PDE : Ugz + Uy =0,  (2,y) € R;
BC: u(x,0) = fi(x), u(z, M) = fo(x),u(0,y) = f3(y), u(L,y) = fa(y).
Then we just need to combine cases 1-4 together.

Theorem 16. The solution of the above Laplace equation is:

u(z,y) = w(z,y) +ua(z,y) + us(x,y) + ug(x,y),

where

- . onm(M—y) . /nmx
uy(z,y) = Zansmh (L y)sm< 7 ),an

f n7T£B de
1 / 1 Sln )
u2(fl3>y) = ; b,, sinh (nzy) sin (nzl'> o = m/ fg(:v) sin (?) dux,
wley) = ;Cn i mr(ij - sin (”AZ?/> n = ]\/[ST/ f3(y) sin <"]\7Z[ > dy,

ug(z,y) = idnsinh (”—AT) sin (%),dn m /OM faly) sin (”_A?) dy.
n=1
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Example Find the solution of Laplace’s equation ug, + u,, = 0 within
R={(z,y): 0<zx<3,0<y<2}
with
BC: wu(z,0) =2x+ 2,u(z,2) =0,u(0,y) =2 —y,u(3,y) = 8 — 4y.
Solution: L =3, M = 2.

2 2 nmwy 16
2 sinh (?%) /0 ( y)sin 2 Y n sinh (?’”T”)
2 2 nmy 4
S P Y ) PP
‘ 2sinh (227) /0 (2= y)sin 2 Y= nmsinh (22m)
2 3 —16 4
on = e [ o2y (M) dr = SIS
3sinh (%) 0 3 nm sinh (%)
b, = 0.

ug(x,y) = f: 16 sinh (nmz) sin <@> :

— n7 sinh (3”7”) 2 2

= 4 _ nr(3—x)\ . /nmy
usle,y) = Z nm sinh (3"—”) sinh ( 2 ) S (T) ’

n=1 2

= -1 4 2 —
u(z,y) = GC?S(W;BL: sinh (—mr( y)) sin (@> ;

“— nmsinh (T) 3 3
UQ(w7y) = 0.

4.3.2 Polynomial Solutions

Theorem 17. (Polynomial solution) Consider the boundary-value problem

PDE : Upy Uy =0, (r,y) e R={(z,y):0<2<L,0<y<M};
BC: U(ZL‘,O) = fl(x)vu(xaM) = f2(x)7u(07y) = f3(y)7u(L7y) = f4(y)'

If all f; are continuous and linear on the boundary, then the PDE has a polynomial solution
u(z,y) = ax + by + cxy + d.
Example. Find a polynomial solution of Laplace’s equation within

R={(z,y):0<2z<3,0<y<2}
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with
BC : wu(z,0) =2x+ 2,u(z,2) =0,u(0,y) =2 —y,u(3,y) = 8 — 4y.

Solution: Note that all f; are continuous and linear on the boundary. Let
u(z,y) = ax + by + cxy + d.
uw(z,0)=2r+2=a=d=2.
u0,y)=2—y=by+2=>0=—1.

u3,y) =8—4y=6—-—y+3cy+2=c=—1.

u(z,y) =2r —y —axy + 2.

4.3.3 Regions with Circular Boundaries
Solutions Inside a circle
In this case, we use polar coordinates:
x=rcosf, y=rsinb.

Then we have the boundary value problem:

1 1
PDE . Uy + ;u,, + T—Qu@g =0, r<R;
BC : u(R,0) = f(0).

Theorem 18. Let f be continuous, 2w-periodic, f' be piecewise continuous. Then the
solution of the PDE above is

u(r,0) = % + Z r"|ay, cos(nf) + by, sin(nd)],
n=1

where

1 27
= >
n = — /0 f(8)cos(nd)dd, mn >0,

1 2

WR” 0

by, f(0)sin(nd)dd, n > 1.

Proof. Let u(r,8) = F(r)G(6). We imply that

2 ) | F() __GT(0)

"Fo) TTEO - ae) "
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Thus we obtain the Euler-Cauchy equation
r?F"(r)+rF'(r) —kF(r) =0

and the harmonic equation
G"(0) + kG(6) = 0.

Since f(0) is 27w-periodic, G(6) should be 27-periodic. Thus k > 0 and k =n? n=1,2,....

Then
Gn(0) = A, cos(nl) + B, sin(nd), F(r) = Cpr"™ + Dyr™".

The eigenfunctions are
U (r,0) = (Cor™ + Dypr™™) (A, cos(nb) + By, sin(nd)) .

By superposition,

u(r,0) = (Cur™ + Dpr™) (A, cos(nb) + B, sin(nd)) .

n=0

The bounded interior solution is (D,, = 0 since u(0, ) is bounded):

u(r,0) = Cor (A, cos(nf) + B, sin(nf))

n=0

— Z ™ (ap, cos(nd) + by, sin(nh)) .

n=0

The boundary condition implies that

u(R,0) =Y R"(ay cos(nf) + b, sin(nd)) = f(6).

n=0
Thus
1 2m 1 2m
= i f(0) cos(nb)db, b, = R, f(0) sin(nd)do.
Example. Solve
1 1
PDE Upr + ;ur + ﬁu@g =0, r<3;
BC : u(3,0) = 27 cos(20) — 54 sin(30).

Solution: R = 3. The boundary condition implies that

u(3,0) = i 3" (ap, cos(nd) + by, sin(nh)) = 27 cos(26) — 54 sin(30).

n=0
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Thus 3%as = 27, 33b3 = —54, other a,, and b,, are 0, so then

3, ifn=2;
a, =
0, ifn# 2.

. -2, ifn=3;
"l o0, ifn#£3.

u(r, 0) = 3r% cos(20) — 2r*sin(30).

Solutions Outside a circle

Consider the boundary value problem:

1 1

PDFE : Upr + —Up + —Ugy = 0, r>a;
r r
BC u(a,0) = f(0).

Theorem 19. Let f be continuous, 2m-periodic, f' be piecewise continuous. Let u(r,8) be
bounded in R. Then the solution of the PDE above is

u(r,§) = % + 3 r"ay, cos(nb) + by sin(nd)),

n=1

where

n 27
a, = & / £(0) cos(nd)dd, n >0,
™ Jo

n 21
b, = a—/ F(0)sin(n®)do, n > 1.
™ Jo

Example. Find the bounded solution of u,, + %ur + r%ueg = 0 outside the circle r = 2,
subject to the boundary condition u(2,6) = 4 cos®(26) — 5sin(36).

Solution: a = 2. The solution of the PDE above is

u(r, §) = % + 3 r " ay, cos(nb) + by sin(nd)).

n=1

Note that 4 cos?(20) = 2[cos(46) + 1]. Thus
u(2,0) = 2+ 2cos(460) — 5sin(36).
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Therefore
2 + 2cos(40) — 5sin(36) = % + Z 27"ay, cos(nd) + by, sin(nh)],
n=1

which implies that
ap = 4,2 =2"%ay,a, =0 for n #0,4; —5 = 273b3, b,, = 0 for n # 3. Hence
ag =4,a4 = 32,a, =0 for n # 0,4; b3 = —40, b, = 0 for n # 3. Hence

u(r, 0) = 2+ 32r % cos(46) — 4003 sin(36).

Solutions within an Annulus

Consider the boundary value problem:

PDE . u,,r—i—lu,,—i—lzu%:O, a<r<b;
r r
BC': u(a, 0) = f(0),u(b,0) = g(0).

This is a combination of the above two sections.

Theorem 20. Let f and g be continuous, 2w-periodic, f' and ¢' be piecewise continuous.
Then the solution of the PDE above is

1 oo
u(r,0) = %W + 3 [anr™ + bar ™) cos(nb) + (cur™ + dur ™) sin(nd)],
n=1
where
1 2m
ap+bylna = —/ f(6)do,

T Jo
1 2m

apa” +bya" = —/ f(0)cos(nd)dd, n >1,
7r
1 027r

cpa” +dyat = —/ f(0)sin(nd)dd, n >1,
T
1 027r

ap+bolnb = —/ g(0)do,

T Jo
1 2m

ab" +0,b7" = ;/ g(0) cos(nf)dd, n >1,
1 0271‘

b +d, b = ;/ g(0)sin(nh)dhd, n > 1.

0
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Example. Solve

1 1
PDE : uw—i—;ur—i—ﬁu%:O, 1<r<3;
BC': u(1,0) = 2cos*(0) — 1,u(3,0) = sin(36).
Solution: a =1, b =3, f(#) = cos(26), g(f) = sin(36).
Method 1:
1 2m
ap+bplnl = —/ cos(20)do = 0,
T Jo
1 [ 1, ifn=2;
a, 1" +b,17" = —/ cos(26) cos(nf)do = ’ 1 e
T Jo 0, ifn#2.
1 27
™ +d, 17" = —/ cos(20) sin(nf)dd =0, n >1,
T
1 027r
ap + b() In3 = —/ sm(39)d0 = 0,
T Jo
1 2m
a, 3" +b,37" = —/ sin(30) cos(nf)dd =0, n >1,
T Jo
1 [ 1, ifn=3;
3" +d, 37" = —/ sin(30) sin(nd)dd = ’ 1 n=9;
T Jo 0, ifn # 3.
Method 2: We start from the boundary conditions directly.
l oo
u(r,0) = %bonr + Z[(anrn + b,r ") cos(nb) + (c,r™ + d,r~ ") sin(nd)] =

n=1

u(1,0) = % + Z[(an + b,) cos(nf) + (¢, + d,,) sin(nh)] = cos(26) =

%:0, Gy 4 by =1, ap+b,=0(n#2), cotdy=0(n>1). (47)
Similarly,
byln3
u(3,0) = ““T““ + 3 (@3 + ba37) cos(n) + (ca3" + dy3™) sin(nf)] = sin(30) =
n=1
bo1In 3
‘WTN —0, @343 =0 (n A1), oPrd3 P =1, 3'+d3 " =0 (n£3).
(48)
By (47) and (48), ay = —%, other a, = 0; by = %, other b, = 0; ¢c3 = %, other ¢, = 0;
ds = —%, other d,, = 0. Thus
1, 81, 2 . 2T L\ .
u(r,0) ( 0" + m )cos( 0) + (7287" 5" sin(30)
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5 Sturm-Liouville Problems

Every linear second-order ordinary differential equation of the form

ao(2)y" + a1(z)y’ + az(x)y = 0,a0(x) # 0
can be written in divergence form,
[p(x)y]" + s(z)y = 0,
where

pla) = e,y — 22

Y

p(z) is called an integrating factor of the differential eqn.

Lengendre’s equation can be written as:
(1 =2y +n(n+1)y=0.

Bessel’s equation z%y” + zy/ + (\22? — %)y = 0 can be written as:

(zy) + (x — V—Q) y = 0.

T

5.1 Regular and Periodic Problems

5.1.1 General Theory

In Chapter 4 we solved several initial and boundary value problems. While solving these

equations we used the method separation of variables which reduces the problem to one of

the following types of Sturm-Liouville problems.

Definition 9. A reqular Sturm-Liouville Problem is the problem which consists in finding

the nonzero solutions on [a,b] of the second-order ordinary differential equation (Sturm-

Liouville equation):
[p(2)y']" + [Ar(z) — q(z)]y = 0

with the boundary conditions

kly(a) + k2y/(a) = 07 (/ﬁ, kQ) 7& (07 O) lly(b) + l2y/(b) = 07 (lla l2) 7& (Oa O)
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where p, q, r, P’ are real-valued and continuous on the interval and p(x) > 0 and r(x) >0
on la,bl.

The values of A for which there exist nonzero solutions (non-trivial solution) are called
etgenvalues, and the corresponding nonzero solutions are called eigenfunctions. The
function r(x) will be called the weight function.

Remark 1. y(z) = 0 is a solution of the equation, which is called trivial solution.

Weight function r(z):
Example 58. Find r(zx) from the following SLP:
y' +a(z)y + Mb(x)y =0, c<z<d.
Solution: By using the integrating factor we get
r(z) = b(x)el “@de,

Eigenvalues and eigenfunctions.

Example 59. Find the eigenvalues N\, and the eigenfunctions y,(x):
(a) y"+xy=0, y(0)=0,y(L)=0.

Solution: )\, = (%)2, Yn(z) = Bysin (22%), n=1,2, ...
(0)y" + =0, y(0) =0.y(L) =

Solution: )\, = ((2";;)”> . Yn(x) = B, sin (%) , n=0,1,2..
(c)y"+ X y=0, y'(0)=0,y(L)=0.

Solution: )\, = <(2";Ll)7r>2, yn(x) = A, cos <%) , n=0,1,2, ..
(d)y"+ X y=0, y(0)=0,y(L)=0.

Solution: )\, = ("L—”)Q, yn(z) = A, cos ("”) , n=0,1,2,..

Proof. We only give the proof of (b). The proof for (a), (c), (d) are similar.
The indicial equation is 1?2 + X =0, [ = &/ —\.

(i) When A < 0. Set A = —v?. Then I = +v. The solution is y = ce*® + de™*. The
two initial conditions y(0) = 0,v'(L) = 0 imply that

c+d=0,
cvert — dve VL = ().
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We imply that ¢ = d = 0, and so y = 0, which is not an eigenfunction.

(ii)) When A = 0. Then y” = 0, hence y = cx + d. Combining this with the two initial
conditions we also get ¢ = d = 0, and so, y = 0.

(iii) When A > 0. Set A = v2. Then I = +vi. The solution is y = ccosvx + dsinvz.
The two initial conditions y(0) = 0,4'(L) = 0 imply that

c=0,
—cvsinvL + dvcosvL = 0.

We imply that ¢ =0, vL = (n+ 3)7 (n = 0,41,+2,...). Hence the eigenfunctions are

2n+1
= i =0,1,2,...
yn(2) = ay sm( 5T mc), n=0,1,2,

and the eigenvalues are

on + D\
Anz(w), n=0,1,2,..

Example 60. Consider the Sturm-Liouville problem
v+ 2y + Ay =0,y(0) +4/(0) = 0,y5(1) = 0.

(a) Find all eigenvalues A, and corresponding eigenfunctions y,(zx).

(b) Determine the weight function.

Solution: (a) The indicial (characteristic) eqn is: I? +2I + A =0, I = —14++/1 — \.
(i) A =1. Then I = —1 is the only root.

y(x) = (A+ Bx)e ™.

From the boundary conditions, A =0 and B = 0. Thus, y = 0, A\ = 0 is not an eigenvalue.

() A<l Let \=1—-w? I=-1+uw,
y(z) = AeT1Hw)e 4 Bel=1-w)z,

From the boundary conditions, A = 0 and B = 0. Thus, A < 1 is not an eigenvalue.
(iii) A > 1. Now let A=1+4w? I = -1+ iw,

y(x) = e *(Acoswz + Bsinwz).
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We have
y(0) = A,y'(0) = —A+wB.

By y(0) + ¢/(0) = 0 we imply that B = 0 and y(z) = e *Acoswz. Then by y(1) = 0 we

have

(2n+ )7 (2n + 1)%x?

cosw=0=w=

(b) The integrating factor is
pla) = el 200 = 2o
Multiply two sides of the equation by p(z) we imply that
Xy 4 2y 4+ Xe* 'y = 0 = [e*y] + Ne*y = 0.

Thus the weight function is e**.

Periodic Sturm-Liouville problem: If p(a) = p(b) # 0, then (50) can be replaced by

“periodic boundary condition”

Example 61. Solve y" + \y = 0 with periodic boundary conditions y(0) = y(L) and
y'(0) =y'(L).
2nm

Solution: The eigenvalues are A\, = (T)2 with corresponding eigenfunctions y,,(z) =

Ay cos(22) 4+ By, sin(222) for n =0,1,2, ...

Orthogonality.

Definition 10. The inner product of two functions X1 and Xs on [a,b] is defined to be

b ——
< X1, X, >:/ X1 (z)Xs(x) de,

where Xo(z) is the complex conjugate of Xo(x). If < Xy, Xy >= 0 on [a,b], then X; and
Xy are orthogonal on [a,b]. If < X1, X, >=1, then X,(x) is said to be normalized.
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If .
/ r(x) X1 (z)Xse(x)dx = 0,

then we say that X1 and X5 are orthogonal with respect to the weight function r.

Proposition 2. Suppose that \y # Ao are distinct eigenvalues of the Sturm-Liouville equa-
tion (49) with corresponding eigenvectors y; and yo. Then y; and ys are orthogonal with

respect to the weight function r.
Theorem 21. 1. The eigenvalues of Sturm-Liouville problem are real;

2. Every Sturm-Liouville problem has an infinite number of eigenvalues X, with \; <

Ao < ... and lim,_,, A\, = 00;

3. Every eigenvalue is simple, i.e., admits only one linearly independent eigenfunction,
except in the case of periodic boundary conditions, where an eigenvalue may have two

linearly independent eigenfunctions;

4. Fvery eigenfunction to a simple eigenvalue is real, except for complex constant mul-
tiple. If X is not simple, to every pair of complex linearly independent eigenfunctions
corresponding to A, there is a pair of real linearly independent eigenfunctions corre-

sponding to .

Theorem 22. (Pinsky) Let y; (j > 1) be the eigenfunctions of a Sturm-Liouville problem

on [a,b] corresponding to the eigenvalues A;. Let f and f' be piecewise continuous. Then

S _ S+ fa-)
;ijj(x) - 2 )

where the coefficients are given by the formulas

¢j = Jo £ @)ys (@) (w)de _ <fyr>
j Ja yj (@)r(z)dz < Y, YT >

Example 62. (a) Solve the Sturm-Liouville problem:
Y +2Y + (A +1)Y =0, Y(0)=0,Y(2)=0.
(v) If .
e’ = chYn(x),
n=1
where Y, (z) are eigenfunctions, find c,.
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Solution: (a) The characteristic eqn is: ¢ +2c+ (A +1) =0, c = —1 £ /=

(i) A =0. Then ¢ = —1. Y(z) = (A + Bzx)e ™. From the boundary conditions, A = 0
and B = 0. Thus, A = 0 is not an eigenvalue.

(ii) Now let A = —w?, ¢ = —1 + w, Y () = Ae"179)7 4 Be(=179)2 From the boundary
conditions, A = 0 and B = 0. Thus, A = 0 is not an eigenvalue.

(iii) Now let A = w?, ¢ = —1+iw, Y(2) = e (A coswz + Bsinwz). From the boundary

conditions, A = 0 and sin 2w = 0. Thus w = %, and
Y, (z) = e ¥sin nre.
2
(b) Note that r(z) = €**,
B f; f(@)Y(2)r(z)de f02 e e " sin ML e* dx f02 sin 5% dx

fab Y2(z)r(z)dr f02 (e~ sin %)2 2y [7L[1 — cos(nma)|da

5.2  Singular Problems
5.2.1 Bessel’s equation
Consider the Bessel’s equation
22y (z) + zy' (z) + (N22? —v*)y(z) =0, €00

under
BCs : |y(0)] < oo, lim zy/(z) = 0,y(b) = 0.
x—07t

Example 63. Bessel’s equation can be written as a Sturm-Liouville equation:
2
(zy) + (—— + )\21:) y = 0.
x

We now discuss properties of Bessel’s theory, not only because of their great practical
importance but also as a model case for showing how properties of functions can be dis-

covered from their series.

Bessel Identities:
d
%[x’ﬂ]y(a:)] = 2"J,1(z), v>0; (51)
d
. 27T, (2)] = —aVJpu(z), v=>0; (52)

Proof. Recall that

) =2y (=)™ 22m, (53)

= 2mtvmll(m + v + 1)
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Multiplying the two sides by x¥ we get

S =™ 2m 2
VJV — m—+ l/'
(@) Z 22ty (m + v + 1)x

m=0
We differentiate this, by using recursive relation of Gamma function,
o0

v r_ (—1)m2(m + V) 2m+2v—1 _ v _v—1 G (_1)m 2m
(@ (@) = Z 22mtvmIT(m + v + 1)x - Z 22mAv=tmIl(m + l/)x ’

This proves (51).
Similarly, multiplying the two sides of (53) by =%, then calculate derivative, then re-

place m by m + 1, we can get (52).

By substitution ¢t = az, we have

Bessel Identities:

1d
—— "I (ax)] = 2"J,_1(ax), v >0,a#0; (54)
adx
1
1d [z ], (az)] = —27Jya(az), v >0,a+#0. (55)
adx

Example 64. J,_i(z) + J,1(z) = ZJ,(x);  Jp1(z) — S (z) =2J)(z), v >0.
Proof. By (51) and (52),

ve" Y (x) + 2T, = 2,

—va VT (@) T = —a

Propositions:

Jijp(x) = \/gsinx; (56)
J_1po(x) = \/gcosx. (57)

Proof. Since I'() = /. We have

I'(m + g) = 2= (9 +1)(2m —1)---3 - 1/7.
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Now for v = %,

_ (—1)ma? \[ Jrzm
hple) = Vo Z < 22mH2mIT (m + 1/2+ 1) Z 22m+1m'F (m+3/2)

B \/>Z ( 1) p2mtl
B 22mA1|9=(m+1) (2m + 1) (2m — 1) --- 3 - 1/7

\/> p2m+l
B Z 2m+1
= \/—sma:

T

This proves (56).
Now by (51),

2
171/2J_1/2($) = [\/EJ1/2(!E)}/ = \/jcos x.
T
This proves (57).

Example 65. Integrate [ 2*Jy(kz)dx.

Example 66. Integrate

2
[:/ 73 Jy(z) da.
1

Solution. By (52),

[= —/1 e Ty(2)] de = —270T5(2) — Jy(L).

Note that 4 5
J3(x) = EJg(x) — Ji(z), Jox)= Ejl(ac) — Jo(x).
We imply that
Js(z) = (% - 1> Tw) = o). (58)

From the table we can find the value I = 0.0038.
Example 67. Represent Jy(x) by using Jo(x) and Jy(z).

Solution: From 5
v
Jo-1(@) + () = —Ju(2)
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we imply that

Jo@) + Ia) = ()
B@)+ Ie) = (),
Re) + Ii(w) = Say(a),
To(e) + o) = ).
Hence

B() = 2h() - de),

Jo(r) = <% - 1) T(w) = Sol),

Tiz) = (i—f - ;) Ti(x) - (% - 1) Jo(x).

Theorem 23. The Bessel functions of the first kind, J,(x), satisfy the following orthogo-

nality relations:

0, if m# k;

R
(X)), Jn(Appx)) = / Ty (M) I (Appx) dx = 5 ,
(o omt)o ol Nas)) = [ 23, T i) {%ﬁﬂ@mm,vm:h

where Ay = 25 and oy, is the kth strictly positive zero of J, ().

Example 68.
R2

= 7J3+1(>\nk3) = 8Jg (ovsi).

4
/ v J2(Asp) do
0

5.2.2 The Vibrating Membrane

By using polar coordinates: x = rcosf, y =rsinf, Then

Uzy + Uyy = Upp + ;ur + ﬁu%‘-

We consider a circular vibrating membrane of radius R, like a drumhead. We assume that
the membrane is well-stretched and its boundary is fixed. The position of the membrane
is governed by the wave partial differential equation:

PDE: uy = *Vu = A(u,r + %ur + 7%ue@),() <r<R,t>00<6<2m;

BC: u(R,0,t) =0 for all 6 and ¢;

ICs: u(r,0,0) = f(r,0),u(r,0,0) = g(r,0).
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We also impose the physical assumption that u(r, ,t) remains bounded for 0 <r < R
and t > 0.

We restrict the problem to the simple case where the functions f and g depend only on

r. Consequently, it is reasonable to suppose that the solution is a function of  and ¢ only.

Theorem 24. Consider
PDE :uy = (upr + 2u,),0 <r < R,t > 0;
BC :u(R,t) =0 for all t;
ICs 1 u(r,0) = f(r),u(r,0) = g(r).

The solution 1is

i (am cos —t) + b, sm(a]); )) JO(O%LT)

m=1

2 R
Ay = m/o Tf( )JO(§T> dT’ m = 1,2,

by = ——— /R (o (%Y dr, m = 1,2
" R ), rg(r)Jo(—gr)dr. m=1,2,...

where a,, m = 1,2, ... are the zeros of Jo(r).

We proceed by the familiar three steps.
Step 1. Separation of variables. Let u(r,t) = W (r)T(t).

T W) 1w
2T - W) Tewey - T

T"(t) + T (t) =0, \=ck,= T(t) = Acos(\t) + Bsin(\t),

and
r2W" (r) +rW'(r) + (kr)*W(r) = 0,

which is Bessel’s equation with order 0, and then
W(r) = DJo(kr) + EYy(kr).

Step 2. By the physical hypothesis, u(0,f) = W(0)T'(t) is bounded, we must take
E =0, so that, W(r) = DJy(kr). From the boundary condition u(R,t) = 0 we see that
W(R) =0,= Jy(kR) = 0,= k,,R = «,, which are positive zeros of Jy(r), i.e., ky,
Thus

— 9m
= £



U (7, 8) = Win (1) T (t) = (am Cos(c%nt) + by, sm(czmt)> Jo(%”r).
Step 3.
u(r,t) = Z U (1, 1) = (am cos(——t) + b sm(—t)) JO(%HT)

0) = 3 anh(Gfin) = £

Zb m 5 —mr) q(r).

By the orthogonality of Jy :

if m # n;

“J2 (o), if m=n.

Om Qp

/0 xJo(fﬂﬁ)Jo(EfC) dx

|
—N—
oz 2

We imply that

9 R
= ——— — =1,2,..
on =gy | OB =12,

by = 2 /R (1) Jo(222r) d 1,2
m = rg(r rydr, m=1,2, ..
camRIZ () Jo IR

Example 69. Solve PDE : uy = 4(uy + ;u,),0 <7 < 3,t >0
BC:u(3,t) = 0 for all t;
[CS : U(T, O) = O7ut<7a, 0) = 5J0(%T‘).

Solution: ¢ =2, R =3, f(r) =0, g(r) = 5Jo(%'r). Thus a,, = 0 for all m.

3
> 206, . Oy, o
u(r,0) =Y b 5" o(5"7) = 5J0(?4r) = g(r)
m=1
64% =5,=by= 2175, other b, =0
5) 2
u(r 1) = 5 sin(= ) Jo( ')

Example 70. Solve PDFE : uy = U, + %ur, O0<r<1,t>0;
BC :u(l,t) =0 for all t;
ICs :u(r,0) =1 —r* uy(r,0) = 0.

5



Solution: ¢ =1, R=1, f(r)=1—r% g(r) = 0. Thus b,, = 0 for all m.

u(r,t) = Z A cOS(amt) Jo(QmT),

m=1

2 ! A
A, )/0 (1 —7%)Jo(ay,r) dr

B JE (ot

= J%(im> (/01 rdo(aumr) dr — /01 70 Jo () dr>
_ Soph(an) —1673(0,)

o, It ()
= 8aJa(ann) — 16J3(0vy)
u(r,t) = Z o3 2] cos(amt) Jo(amr).
m=1 m m
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6 Fourier Transform

6.1 Fundamental Properties

Definition 11. The Fourier transform of f:
D= 0= [ sy (59)
and the following inverse Fourier transform of f(\):
A —z)@d/\
)= ) =g [ Fo (60)

Remark. The transform f (M) can be considered as spectral density, which measures the
intensity of f(z) in the frequency domain.

Remark. The unitary forms of the Fourier transform are:

F(f)=f\): m/ f(x)e*de, FUf):= f(x \/%/ F(N)e A 7dN,

Existence: If f is absolutely integrable, i.e., [ |f(z)|dz < oo, then F(f) exists. Simi-
larly, if f is absolutely integrable, then F~ L f ) ex1sts.

Example 71. Find the Fourier transform of the function

f(x):{ E, if0<z<a

0, otherwise,

Solution: From (59) by integration,
FH) =i = [ s

a ) k aX 1
= / keedg = M€ 1)
0 A

Example 72. Show that

ei)\b - ez)\a
—a) — —D) =
Flu(z —a) —ulr 1) =
Proof: From (59) by integration,
Fu(x —a) —u(zx —0b)) = / (u(z — a) — u(z — b))e™dx
b i\b iAa
_ 2)\md e —¢c
/a o ix



Example 73. Show that

2
—Jaly _
F(e™ ™ oz
Proof: From (59) by integration,
FleTl#ly = / e~ 17l dy
/0 z i/\xd +/OO —z i)\acd 1 (1+i)\)z|0 + 1 (71+i/\)z|oo
= ee X r = —¢ [
. . Y, RS Y 0
1 12
P S ) W P
Remark. lim e(*M? = = lim e(-1+N=,
T—r—00 Tr—00
Example 74. Show that
F(q) = e

Proof: Note that -
5.(f) = / 5(x — a) f(x)dx = f(a).

F(6,) = / 5z — ) dr = ¢, _, = ¢

Linearity
The Fourier transform is a linear operation, that is, the following proposition holds.
Proposition ( Linearity of the Fourier transform) For constants a and b, and two functions
g(x) and h(z), we have
Flag + bh) = aF(g) + bF(h).

By using (59) we can easily prove it.

Theorem 25. If F(f) := f()\), then for any real number «,

Fitea = F (5). 77 (2)} = lalstan),

Proof. It’s easy to get this by substitution y = ax.

Example 75. Fort > 0, find
F(etelhy,
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Solution: Let f(z) = e~1*l. Note that

By the above theorem,

— eft\x|‘

Example 76. Fort >0, F! {

2t
24+

Example 77. By the definition, F~' {e”M} =

m(l4x2)"

Shifting theorem

Theorem 26. Suppose that f is absolutely integrable and F(f) :=

number a,

e The first Shifting Theorem.:

~

f(X). Then for any real

Flef(z)} = f(A+a), F {f(Ha)}:eiaxrl{f(A)}.

e The second Shifting Theorem.:

Fife—a}=c=in), FH{e 0} = fa—a).

Proof. By the definition we will get both of them.

Example 78.
2e”

1+

—1 o~ 2iz— |ac|
4 { 4>\ + 5}

f( ,‘era‘)

—ia\
e 1 .
F-l {—} _ L bilata)-lotal
1 2

+ (A — b)?
2

Fle ) =13 (A +a)?

Fourier transform and derivatives
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Theorem 27. (Fourier transform of the derivative) Let f(x) be continuous on the z-axis,
and let f(x) — 0 as © — co. Then

F(f(@) = —idF(f(2)), (61)
F(f'(@)) = =NF(f(2)). (62)
Proof. By (59), we deduce from integration by parts that
FE@) = [ Fwed

= (@] - ) [ e

- COF(f@).
This proves (61). Now by using (61) twice we imply that

F(f"(@)) = —iAF(f'(x)) = (=N F(f(2)) = =NF(f(2)).

This proves (62).

Theorem 28. (Derivative of Fourier transform) Suppose that f(x) and xf(x) are abso-
lutely integrable and F(f) := f(X\). Then f is differentiable and

Flaf(x)} = —idj;(/\)\), F! {%(/\)\)} =iz f(x).

Proof. Differentiating the two sides
fov= [ faerds
will give the result.

Example 79. Fort > 0,
]_—(e—tﬁ) _ ﬁe—/\Q/(th) F-1 {e—t)\2} _ 1 o—al/(at).
Vi ’ 2v/tr

Proof. Let f(z) = et Then f'(x) +2tef(z) =0,= —i)\f()\) + 2t(—i)f"()\) =0,=

df(A A 5 2 5 e L[ e
ﬂ ) = —d\, = f(\) = ceM/UD c:f(O):/ e "dr = — e du:ﬁ.

Example 80. Find the Fourier transform of the function f(x) = ze~ ™ by using

2 \/E _22/(4
Flemt7) = Y=/,
Vit
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Solution: By the linearity,

F (xe*’“g) = F <—%[€I2]/) = _%}- (kiwz]/)

Example 81. Find

Fl {_@6—A2/16} '
Solution: By the above theorem,

Ff YD) e (Y e
16 A

Convolution The convolution f x g of functions f and g is defined in Part I:
f@) s gla) = (Frg)(@)i= [ Fo)gle = 9)ds = [ (o= vlge)de

Theorem 29. (Convolution theorem) Let f(x) and g(x) be piecewise continuous, bounded,

and absolutely integrable on the x-axis. Then

F(fxg)=F(NHF(9), (fxg)(=)=F {f(NgN)}.

Example 82. Let f(x) = Find F{f(z)},

0, if v <0, 0, ifx>0.
Flg(@)}, F{f(zx)*g(x)}, f(z)*g(z).

Solution: F {f(x)} = =z, Flo(2)} = o, FAf(@) x9(@)} = i, f2) x g(2) =

1o—|z|
se vl

e, ifx>0; e’ ifx <0y
g(x) =
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6.2 Applications

Theorem 30. Consider the initial value problem:

PDE . Uge = Uy, —00 < x < 00,t>0;
IC: u(z,0) = f(z), —oo<x<o0.

The solution is

1 o _(@=9)?
u(x’t)ZQ\/H/ f(s)e™  ds.

Proof. The conclusion follows from the Fourier transform of the two sides of the PDE:

Definition 12. The heat kernel is defined to be

1 22
K(z,t) = 2\/7r_t6_ﬂ

Remark. By using the heat kernel, we have

u(z,t) = f(x) * K(x,t).
Example 83. Solve the heat equation:

PDE: Uge = Uy, —o0 < x < 00,t > 0;

IC: wu(z,0)=6d(x —a), —o0o<x<o0.

Solution: By the above theorem,

1 o0 z—35)2
u(z,t) = 2\/5/ 6(s—a)e’( T ds
1 _@9?
= e 4t ‘s—a
24/ 7t -
I _e—w?
= & 4t .

o2/t

Example 84. Solve the heat equation:

PDE: Upy = Uy, —o0 < x < 00,t > 0;

IC: w(z,0)=e3"  —oo<z < 00.
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Solution: By the above theorem,

1 r—s 2
u(z,t) = 6_3826_( - ds

2\/
12t+1 322

2
= 12:;4-1) TT2t41(s

QJ_

e~ 12t+1 / _y? d 12t + 1( xT )
— e e S —
V1%+1 oy = V' 4 12t +1

e 12t+1 \/_
2wt 1m+1

e 12t+1

V12t +1°
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