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1. [(5+3+2) marks| Let T : R? — R? be a linear transformation such that

T(1,1) = (1,0,—1) and T(1,-1) = (3,—2,5).

(a) Determine T(z, y).
TLN)+TAUE) = (1,0)-1) £(3,-2,-5) = (4,-2,-6) =
TCLY+(L-0) = (4,-2,-¢) = T(2,0)=(4,-2,-6) 5 2T(L,0)=(4,"2,<)=>
T(,0) =(2,-1,-3) ... (m
TOL) =T,=1)=(Lo,~))=(3,-2,-5)=(2,2,4) >
T‘(C LY =Cl=0)) = (-2,2,4) = T(0,2)=(-2,2,4) =5 2T (0,1) =(-2,24) =
TCo)y = (=, 0L2) - -« ()

Hence , the standard matrix of T s [rJ=£T(e.)T(eJ)J=F '.']
- 3 2

and T (xy) :[_Z, “J[;‘J = (2x~g,—x+3/—31+25)

> 2

(b) Find the kernel ker(T).
ker (T) - {C‘c‘é—)e Rz ‘ T(xpj) = (O)OlO)} . guppose' TCI(” ):(O/O}O),

ﬂen (21"9, —'x‘*'y ) _bx“")j) 960)010).
6“,7@ -th,g g._jg-‘rem 2:;—3:0 y —Z(—b =0 , "’31{-23-:0 "\QS on@
the trnvial sofuliorn =x =y = O it fsllews Koy (T) a{(o,o)_} .

(c) Is T one-to one?

Since KMCT)v{(o,o)II by Thus 6.3.11 & Kllows Hhat T s

one~tg -ome .
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2. [(6+4) marks] Let T : R® — R3 be a linear operator that first rotates a vector about the z-axis through an

angle 8, then projects the resulting vector orthogonally onto the ry-plane.

(a) Find the standard matrix for the linear operator T.

T can be e;xpmss-cd as the composition
rubere A LB are the standand matrice s for rotation and.-

i 0 o I & ©
A=l O cosp-sing | B=|o I e
O sind cosh ° o o
and. hence #the standocd mabrx for T 15
I 0 o
BA - 0 col B ~§i
o o )

(b) Is the linear opeartor T onto ? Justify your answer.

| 0 0 x
T (xiy;Z) = 0 eS8 =g y = (DC 3 )’6059—-Z51n9 ) O)
o o] ol z

If a#0 15 an arbh‘:raly real. number then (0,0,a) ¢ ran(T)
because there is o (x,y,2)eR? such that T (x)y,2)= (0,0,4).
S0, T is mot omto.
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3. [(446) marks] Let t be a real parameter and T, : R?* - R3 be a linear operator defined by

Ti(r,y,z) =(x -y+2z, c+2y+tz, ~y+2)

(a) Determine all values of ¢t for which T is invertible.

T, io invertible iff its standand matrix [R1=[Te)TE@)T(e)]
is inveatible iff det ((TU])#0.

-t 2
det CLTLI) =1 a2 ¢ =t+1 40 iff t#-I

0 -

(b) Find T;(x,y,2) for t = 1.

-1 | 3 -1 -5

One finds [7;] =z |- I
-1 D

-1 - | "5 .9
T, (ac“:rz,xb) = 'l:'z S ] xy

:5': ( 23xy-x,=52  ~x g+t 2, ~x +x,+3%)
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4. [(442+6) marks] Let u; = (1,1,1), uz = (-1,1,0) and uz = (1,2,1) be vectors in R* and let B =
{uy, uz, us}.

(a) Show that B = {uy, uz, uz} is a basis for R3. (Hint: Use determinants)

Solution: Since we have 3 vectors in R? in order to show that B is a basis it suffices to show that B is
linearly independent set. The set B is going to be linearly independent if and only if the only solution

of the system:

ray +yup +zu3 =0

is trivial, i.e., £ = y = z = 0. The above system is homogeneous and will have only the trivial solution

if the determinant of the system is not zero. Computing the determinant of the above system one gets:

1 -1 1
1 1 2|=-1%#0. So, Bis a basis for R3.
1 0 1

(b) Express the vector w = (1,2,3) as a linear combination of the vectors in the basis B = {uy, up, u3}.
We. are \ooKifru’j for SCCl\aV3 x,\y4,Z st

This is cqw_vajm{- ro +he sy&"&ﬂ’\ avhose a.ugmenie.c‘ madtriX

" | (;1 I o oé
Il 2:4 ] 5. 1 0
I 0o 12 o o |-}

M So[u.'("l'c'n is x:yzzgi and 'ﬂ.a-nc.L

w =bu, Ju,-3U;
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(c) Let uy = (1,1,1), uz = (~1,1,0) and u3 = (1,2,1) be vectors in R® and let B = {uy,u,u3}. Use
the Gram-Schmidt orthogonalization process to transform this basis into an orthogonal basis, and then

normalize the orthogonal basis vectors to obtain an orthonormal basis for R3.

Solution: Let {v},va, v3} denote the orthogonal basis produced by Gram-Schmidt orthogonalization

process, and let {wy, wz, w3} denote the orthonormal basis that results from normalizing vy, va, vi.
Step 1: Let vi=u; =(1,1,1).
Step 2: Let v2 = up — proj,, uz = uz — #Ayvy = (-1,1,0) = .‘3’(1,1,1) =(-11,0)

fivi

Step 3: Let v3 = ug — proj,, y,Us = ug — F3%hv, - fvy = (1,2,1) - (L, 1,1) - 3(-11,0) =
(5§ —3)-

Thus the vectors: vq = (1,1,1), v2 = (-1,1,0) and v3 = (é, é,—};) form an orthogonal basis for R3.
The norms of these vectors are: [|vi|| = v3, ||vall = V2, and |jvs]| = @. So, an orthonormal basis

for RY is given by:

wy = n%h'[ = (Vl';v %v %)' w2 = n%a'n = (—715’ Vlsyo)y w3 = n’&" = (ﬁ,é,—'@)



5.

Last Name (Print): 7
L (5+3)marks)

3 -1 1

Let A=1]7 -5 1

6 -6 2

(a) Given that py(A) = (A — 2)2(A + 4) is the characteristic polynomial of the matrix A find the algebraic

and geometric multiplicities of the eigenvalues of 4.
Solution: The algebraic multiplicity of eigenvalue 2 is 2 and the algebraic multiplicity of eigenvalue -4
is 1. To determine geometric multiplicities of eigenvalues we need to find eigenspaces.

Eigenspace corresponding to the eigenvalue A = 2 is the solution set of the system of equations Ax = 2x
1 -1 10
or equivalently (A~2/3)x = 0. The augmented matrix of the system (A-2I3)x =0is | 7 _7 | 0

6 -6 0 0
1 -1 10
Reducing it to the RREF weget | 0 0 1 ()v
0 0 00
The corresponding equivalent system is: r; — z9+x3 = 0 and z3 = 0. Hence we get that the eigenspace
] 1
is the set of all vectors x = | § | =s | 1 |, where s € R. This implies that the geometric multiplicity
0 0
of eigenvalue 2 is 1.
Eigenspace corresponding to the eigenvalue A = —d4 is the solution set of the system of equations

Ax = —dx or equivalently (A + 4/3)x = 0. The augmented matrix of the system (A + 4l3)x = 0 is
7 -1 10 1 -1 1 0

7 -1 1 0 |. Reducingittothe RREFweget | 0 1 -1 0

6 -6 6 0 0 0 0 0
The corresponding equivalent system is: ry — r9 + ry = 0 and Lz —x3 = 0. Hence we get that the
0 0
cigenspace is the set of all vectors x = | ¢ | =s| | |, where s € R. This implies that the geometric
s 1
1 0
multiplicity of eigenvalue -4 is 1. Let us denoteby: py= | 1 | .po=| 1



8

Last Name (Print):

(b) Determine whether A is diagonalizable. If so, find a matrix P that diagonalizes the matrix 4, and
determine P~' AP.
Solution: Since geometric multiplicity of eigenvalue 2 (which is 1) is not the same as algebraic multi-
plicity of eigenvalue 2 (which is 2) the matrix A is not diagonalizable by Thm 8.2.10.
Alternatively one can use:
Thm 8.2.9 and explain that A is not diagonalizable since the sum of the geometric multiplicities of its
eigenvalues is 2, or
Thm 8.2.6 and explain that A is not diagonalizable since A has only 2 linearly independent eigenvectors

p1 and ps.



