COMP 232 Assignment 4 Solution

Question 1

Base case:

n=18, 18 =7+ 7+ 4;

n=19,19=7+44+4+44;

n=20,20=44+4+4+4+4

n=21,21=7+7+T7.

Inductive hypothesis: assume when 18 < n < k, n is a sum of 4’s and 7’s.
Inductive step: we need to show when n = k + 1, the statement is true.

From IH, we know n = k—3 is a sum of 4’s and 7’s. Thus,n =k—3+4=k+1
is also a sum of 4’s and 7’s.

Thus, the statement is true for all n > 18.

Question 2

1. S={(a,b) : a€ZT,beZ", and a+ b is odd} Solution:
e Base case 1: (1,2) € S.
e Base case 2: (2,1) € S.
e Recursive case 1:if (i,5) € S then (i + 1,5+ 1) € S.
e Recursive case 2: if (i,7) € S then (i,5 +2) € S.
o Recursive case 3: if (¢,7) € S then (i +2,j) € S.

2. S={(a,b) : a€ZT,beZ", and a|b} Solution:

e Base case: (n,n) € S for all n € Z*.
e Recursive case: if (i,7) € S then (i,j - k) € S, for all k € Z*.

3. S={(a,b) : a€Z",beZ", and 3|(a+ b)} Solution:

Base case 1: (1,2) € S.
Base case 2: (2,1) € S.
e Recursive case 1: if (i,7) € S then (i +3,j) € S.
e Recursive case 2: if (i,7) € S then (7,5 +3) € S.



e Recursive case 3: if (i,7) € S then (i + 1,5+ 2) € S.
e Recursive case 4: if (i,7) € S then (i +2,j+1) € S.

Question 3

Base case: n =1, LHS =1-11=1, RHS=(1+1)!—=1=2—-1=1. Thus,
LHS = RHS.

Inductive hypothesis: Assume when n = k, the statement 1-1!42-2!4-- - -+k-k! =
(k+ 1)! — 1 is true.

Inductive step: We need to show 1-114-2-214 - -+ Ek-kl4+(k+1)-(k+1)! = (k+2)!-1

LHS = (k+1)! =1+ (k+1)- (k+1)!
—(k+D)1+k+1)—1
= (k+2)!—-1
— RHS

Thus, the statement is true for all n > 1.

Question 4

Base case: when n =1, 4171 + 5271 =21 =0 mod 21.

Inductive hypothesis: assume when n = k, 4**1 4 52%=1 =0 mod 21.
Inductive step:

By inductive hypothesis:

4F 4 5271 =0 mod 21
4FL 4 521 = 21q
52k—1 _ 91, _ 4k+1
The equivalence we want to show:
gEHIHL 4 g2(kt1) -1
=4 . 4k 4 95 . 52k—1
=4 . 4% 1 25(21a — 4FF1) by substitution
=21 -4 4+ 25.21a
=21(4"1 4 254)
=0 mod 21

Question 5

Base case:
when n =1, f4, = f41 =3=0 mod 3.



Inductive hypothesis: assume n =k, f4,, =0 mod 3.
Inductive step: whenn =k + 1

fakva = fars3 + faryo
= fars2 + 2fakv1 + far
= fak+1 + 2fan—1 +4fan
= 5far + 3fan—1

From inductive hypothesis, we know 5f4, =0 mod 3. And 3f4,—1 =0 mod 3.
Thus, fix+4 =0 mod 3.

Question 6

Base case: when n =2, LHS = fo_1foy1 — fo=1x2—-1=1=12=RHS.
Inductive hypothesis: assume when n =k, fr_1fri1 — f2 = (—1)*.
Inductive step: when n =k + 1,

Sufrve = fior = fe(fe + frr1) — fon
= fi+ fufrr1 — fip
= fi = ferr(Frgr — fi)
= fi = ferr(fe + froo1 — fr)
= f7 = fes1fr1
= —(-D*
= (1)

Thus, the statement is true for all n > 2.

Question 7

Reflexive Symmetric  Antisymmetric Transitive

a No No Yes No
b No No Yes No
C Yes Yes No Yes
d No Yes No No
e Yes Yes No No
f No Yes No No
g Yes No Yes Yes
h No Yes No No
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Question 10

Question 11

a) Yes

b) Yes



c) Yes
d) No

Question 12



