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Introduction to Estimation 

  

Introduction to Least Squares Estimation (LSE) 

  

Example: Estimate the mean � of a distribution based on a sample of � values �ଵ, �ଶ, �ଷ, … , ��. 

  

Let � = the population mean 

  

Then the least squares estimate of � is the value that minimizes the sum of squares. 

  �� = ሺ�ଵ − �ሻଶ + ሺ�ଶ − �ሻଶ + ሺ�ଷ − �ሻଶ +⋯+ ሺ�� − �ሻଶ =∑ሺ�� − �ሻଶ�
�=ଵ  

  

Intuitively, the quantity �� measures total (squared) deviation from the mean of the population, so its 

minimum value will be the least squares estimate. 

  

Differentiation: Brief Review 

  

The Power Rule: 

  ݀݀� ሺ��ሻ = ���−ଵ 

  

The Chain Rule: 

  ݀݀� ሺ��ሻ = ���−ଵ ݀�݀� 

  

A special example of the chain rule is: 

  ݀݀� ሺ� − �ሻଶ = ʹሺ� − �ሻ ݀݀� ሺ� − �ሻ = ʹሺ� − �ሻሺ−ͳሻ 
  

Minimizing SS 

  

To find the value of � that minimizes �� we first calculate the derivative with respect to �: 

  ݀݀� ሺ��ሻ = ʹሺ�ଵ − �ሻሺ−ͳሻ + ʹሺ�ଶ − �ሻሺ−ͳሻ + ʹሺ�ଷ − �ሻሺ−ͳሻ +⋯+ ʹሺ�� − �ሻሺ−ͳሻ 
  ݀݀� ሺ��ሻ = −ʹ[ሺ�ଵ − �ሻ + ሺ�ଶ − �ሻ + ሺ�ଷ − �ሻ + ⋯+ ሺ�� − �ሻ] 
  ݀݀� ሺ��ሻ = −ʹ[�ଵ + �ଶ + �ଷ +⋯��  − ��] 
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Next, set the derivative to equal 0: 

  ݀݀� ሺ��ሻ = Ͳ → �ଵ + �ଶ + �ଷ +⋯+ �� − �� = Ͳ → � = �ଵ + �ଶ + �ଷ +⋯+ ��� = ∑ ����=ଵ�  

  

Therefore, the least squares estimate of � is the sample mean: 

  �̅ = ∑ ���ଵ�  

  

Conclusion 

  

For a sample of � observations, the LSE of the population mean is given by the sample mean: 

  �̅ = ∑ ��  

  

Notation: It is common practice in statistics to denote an estimator of a parameter � by �̂. 

  

Thus, since �̅ is an estimator of �, we can write �̂ = ∑�� . 

  

Example 

  

A sample of seven values is obtained from a population: 

  �ଵ = ʹ͵Ͳ, �ଶ = ʹ͹ͷ, �ଷ = ͵ͳ͹, �ସ = ͵ͺʹ, �ହ = ͵Ͳͷ, �଺ = ͵ͳͷ, �଻ = ʹͺͶ 

  

Find the LSE of the population mean �. 

  

Solution 

  �̅ = ∑ ��͹ = ʹ͵Ͳ + ʹ͹ͷ + ͵ͳ͹ + ʹͺ͵ + ͵Ͳͷ + ͵ͳͷ + ʹͻͳ͹ = ʹͺͺ 

 

Maximum Likelihood Estimation 

  

Introduction to Maximum Likelihood Estimation 

  

Least squares estimation is only one of several methods used to estimate population parameters. 

  

An alternative approach to least squares estimation is the method of maximum likelihood estimation. 

  

Maximum likelihood estimates are often more accurate than least squares estimates. 

  

Definition: Likelihood Function 

  

For a discrete random variable:  
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Let �ଵ, … , �� be a sample of � values of a discrete random variable � with parameter �. Then the 

likelihood function of the sample is given by 

  �ሺ�ሻ = �ሺ�ଵሻ�ሺ�ଶሻ�ሺ�ଷሻ…�ሺ��ሻ =∏�ሺ��ሻ�
�=ଵ  

  

Where �ሺ�ሻ is the population probability mass function. 

  

Example of Discrete Probability Distribution 

  

 
  

Likelihood Function 

  

For a continuous random variable: 

  

Let �ଵ, … , �� be a sample of � values of a continuous random variable � with parameter �. Then the 

likelihood function of the sample is given by  

 �ሺ�ሻ = ݂ሺ�ଵሻ݂ሺ�ଶሻ݂ሺ�ଷሻ…݂ሺ��ሻ =∏݂ሺ��ሻ�
�=ଵ  

  

Where ݂ሺ�ሻ is the population probability density function. 

  

Example of a Continuous Probability Distribution 
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Definition: Maximum Likelihood Estimation 

  

Maximum likelihood estimation: The value of � that maximizes the likelihood function. 

  

Example of MLE 

  

We illustrate the method of maximum likelihood estimation by demonstrating how to estimate the 

mean of a normal population with known standard deviation of σ = ͷ. 

  

Assume that two different experimenters have a preconceived idea of the population mean. John thinks 

the mean is 90 and Mary thinks it is 100. 

  

To resolve their dispute they select a random sample of three values: 

  �ଵ = ͻ͸, �ଶ = ͳͲ͵, �ଷ = ͳͲͳ 

  

Graphs of normal curves with means at 90 and 100, respectively 
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Calculating the value of the likelihood function 

  

We recall that for a normal distribution, the probability density function is: 

  ݂ሺ�ሻ = ͳ√ʹ�� ݁−ଵଶቀ�−�� ቁమ
 

  

This represents the height of the normal distribution curve above the horizontal axis. 

  

 
  

Calculating the likelihood function for John (� = ͻͲ) 

  ݂ሺͻ͸ሻ = ͳ√ʹ�ሺͷሻ ݁−ଵଶ ቀ9଺−9଴ହ ቁమ = Ͳ.Ͳ͵ͺͺ͵͹ 
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݂ሺͳͲͳሻ = ͳ√ʹ�ሺͷሻ ݁−ଵଶ ቀଵ଴ଵ−9଴ହ ቁమ = Ͳ.ͲͲ͹Ͳͻͷ 

  ݂ሺͳͲ͵ሻ = ͳ√ʹ�ሺͷሻ ݁−ଵଶ ቀଵ଴ଷ−9଴ହ ቁమ = Ͳ.ͲͲʹ͹ͳ͹ 

  

The likelihood function is the product of these three heights. 

  

 
  �ሺͻͲሻ = ݂ሺͻ͸ሻ ∗ ݂ሺͳͲͳሻ ∗ ݂ሺͳͲ͵ሻ = ͹.ͶͺͷͶͻ ∗ ͳͲ−଻ 

  

Calculating the likelihood function for Mary (� = ͳͲͲ) 

  �ሺͳͲͲሻ = ݂ሺͻ͸ሻ ∗ ݂ሺͳͲͳሻ ∗ ሺͳͲ͵ሻ = ͵.Ͳͳͻͺ͸ ∗ ͳͲ−ସ 

  

Conclusion 

  

Mary wins. 

  

Since �ሺͳͲͲሻ = ͵.Ͳͳͻͺ͸ ∗ ͳͲ−ସ is greater than �ሺͻͲሻ = ͹.ͶͺͷͶͻ ∗ ͳͲ−଻ it follows that Mary's guess of 

100 has a higher likelihood of being close to the population mean than John's guess of 90. 

  

NOTE: The least squares estimate of the population mean is  

 �̅ = ͻ͸ + ͳͲͳ + ͳͲ͵͵ = ͵ͲͲ͵ = ͳͲͲ 

  

So Mary's guess is right on the mark! 

  

MLE may be generated by the following methods: 

  

Tabular/graphical: In this numerical approach, a table of likelihood values is generated (e.g. using Excel) 

and the maximum value is identified. 

find more resources at oneclass.com

find more resources at oneclass.com



  

Use a nonlinear numerical solver to find the maximum value of the likelihood function (e.g. Excel's 

Solver). 

  

Analytical/mathematical: This method generally involves differentiating the likelihood function (or its 

logarithm) with respect to the parameter(s) to be estimated and setting the derivative equal to zero. 

  

The Mathematical Approach 

  

MLE of � (normal population, � known) - Mathematical Derivation 

  

Assume that � is normal and � is known (i.e. � = �ሺ�, �ଶሻ where � is unknown and � is a known 

constant). 

  

Consider a sample of three observations �ଵ, �ଶ, �ଷ then 

  ݂ሺ��ሻ = ͳ√ʹ�� ݁−ଵଶቀ��−�� ቁమ
 

  

And the likelihood function is as shown: 

  

The Likelihood Function 

  �ሺ�ሻ = ͳ√ʹ�� ݁−ଵଶ ቀ�భ−�� ቁమ ∗ ͳ√ʹ�� ݁−ଵଶ ቀ�మ−�� ቁమ ∗ ͳ√ʹ�� ݁−ଵଶ ቀ�య−�� ቁమ
 

  �ሺ�ሻ = ( ͳ√ʹπ�)ଷ ݁−ଵଶ ቀ�భ−�� ቁమ∗−ଵଶ ቀ�మ−μ� ቁమ∗−ଵଶ ቀ�య−�� ቁమ
 

  �ሺ�ሻ = ( ૚√૛��)૜ �−૚૛�૛[ሺ�૚−�ሻ૛+ሺ�૛−�ሻ૛+ሺ�૜−�ሻ૛] 
  

Log Likelihood 

  

We want to find the value of � that maximizes the likelihood function. 

  

Since the logarithm of the likelihood function attains its maximum value for the same value of � as the 

likelihood function itself, we will take the logarithm of the above expression, and use the properties of 

logarithms shown. 

  

Properties of Logs 

  lnሺܤܣሻ = lnሺܣሻ + lnሺܤሻ 
  ln (ܤܣ) = lnሺܣሻ − lnሺܤሻ 
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lnሺܣሻ௖ = clnሺܣሻ 
  lnሺ݁ሻ = ͳ 

  lnሺ݁ሻ௖ = ܿ 

  

Simplifying and differentiating the log-likelihood function 

  ln(�ሺ�ሻ) = ln ( ͳ√ʹ��)ଷ − ͳʹ�ଶ [ሺ�ଵ − �ሻଶ + ሺ�ଶ − �ሻଶ + ሺ�ଷ − �ሻଶ] 
  

Differentiating, we get: 

  ݀݀� [lnሺ�ሺ�ሻሻ] = − ͳʹ�ଶ [ʹሺ�ଵ − �ሻሺ−ͳሻ + ʹሺ�ଶ − �ሻሺ−ͳሻ + ʹሺ�ଷ − �ሻሺ−ͳሻ] 
  ݀݀� [lnሺ�ሺ�ሻሻ] = ͳ�ଶ [�ଵ + �ଶ + �ଷ − ͵�] 
  

Solving for the MLE 

  

Setting 
ௗௗ� [lnሺ�ሺ�ሻሻ] = Ͳ we get 

ଵ�మ [�ଵ + �ଶ + �ଷ − ͵�] = Ͳ 

  

So that 

  �̂ = �ଵ + �ଶ + �ଷ͵  

  

It follows that the maximum likelihood estimate of � is the sample mean 

  �̅ = ∑ ����=ଵ�  

  

MLE and LSE 

  

We observe that the maximum likelihood estimate of the population mean for a normal distribution 

with constant variance is the same as the least squares estimate. 

  

In both cases, the estimate is the arithmetic mean of the sample data. 

  

Example 

  � is normally distributed with � = ͳͲ. A sample of five values is obtained: 

  �ଵ = ʹ͵Ͳ, �ଶ = ʹ͹ͷ, �ଷ = ͵ͳ͹, �ସ = ʹͺͷ, �ହ = ͵Ͳ͵ 

  

Find the maximum likelihood estimate of the population mean �. 

find more resources at oneclass.com

find more resources at oneclass.com



  

Solution 

  

The MLE of � is: 

  ʹ͵Ͳ + ʹ͹ͷ + ͵ͳ͹ + ʹͺͷ + ͵Ͳ͵ͷ = ͳͶͳͲͷ = ʹͺʹ 

  

A discrete example MLE for binomial distribution 

  

Recall that �ሺܺ = ሻ�ݔ = ቀ�௫�ቁ �௫�ሺͳ − �ሻ�−௫�  
  

Likelihood function for three values of ݔ: ,ଵݔ} ,ଶݔ  {ଷݔ
ሺ�ሻܮ   = ௫భሺͳ�(ଵݔ݊) − �ሻ�−௫భ×(݊ݔଶ) �௫మሺͳ − �ሻ�−௫మ×(݊ݔଷ)�௫యሺͳ − �ሻሺ�−௫యሻ 
ሺ�ሻܮ   = ሺ௫భ+௫మ+௫యሻ×ሺͳ�(ଷݔ݊)(ଶݔ݊)(ଵݔ݊) − �ሻሺ�−௫భሻ+ሺ�−௫మሻ+ሺ�−௫యሻ 
ሺ�ሻܮ   = (ଷݔ݊)(ଶݔ݊)(ଵݔ݊) �௫భ+௫మ+௫య×ሺͳ − �ሻሺଷ�−[௫భ+௫మ+௫య]ሻ 
  

Taking Logarithms 

  ln ሺ�ሻܮ = ln (ଷݔ݊)(ଶݔ݊)(ଵݔ݊) + ln �௫భ+௫మ+௫య + lnሺͳ − �ሻሺଷ�−[௫భ+௫మ+௫య]ሻ 
  ln ሺ�ሻܮ = ln (ଷݔ݊)(ଶݔ݊)(ଵݔ݊) + ሺݔଵ + ଶݔ + ଷሻݔ ln � + ሺ͵݊ − ଵݔ] + ଶݔ + ଷ]ሻݔ lnሺͳ − �ሻ 
  

Differentiating, 

  ݀݀� ln ሺ�ሻܮ = Ͳ + ଵݔ + ଶݔ + �ଷݔ + ͵݊ − ଵݔ] + ଶݔ + ଷ]ͳݔ − �  

  ∴ ݀݀� ln ሺ�ሻܮ = Ͳ → ଵݔ + ଶݔ + �ଷݔ = ͵݊ − ଵݔ] + ଶݔ + ଷ]ͳݔ − �  

  

Solving for the MLE of � 

  

So that: 

  ሺͳ − �ሻሺݔଵ + ଶݔ + ଷሻݔ = �ሺ͵݊ − ଵݔ] + ଶݔ +  ଷ]ሻݔ
  ሺݔଵ + ଶݔ + ଷሻݔ − �ሺݔଵ + ଶݔ + ଷሻݔ = ͵�݊ − �ሺݔଵ + ଶݔ +  ଷሻݔ
ଵݔ   + ଶݔ + ଷݔ = ͵�݊ 
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  ∴ � = ଵݔ + ଶݔ + ݊͵ଷݔ = ͳ݊× ଵݔ + ଶݔ + ͵ଷݔ = ͳ݊  ݔ̅×

  

The General Result 

  

Generalizing to the case of � observations we get: 

  � = ଵݔ + ଶݔ + ଷݔ +⋯+ ݊��ݔ = ∑ ݊�ଵ=���ݔ = ͳ݊×̅ݔ 

  

Binomial Example #1 

  

A coin is tossed 10 times and the number of heads is recorded. This process is repeated 8 times. The 

number of heads obtained in each of the 8 repetitions of the experiment is as follows: 

ଵݔ   = ͵, ଶݔ = ͷ, ଷݔ = ͺ, ସݔ = ͸, ହݔ = Ͷ, ଺ݔ = ͹, ଻ݔ = ͷ, ଼ݔ = Ͷ 

  

Does this appear to be a fair coin? 

  

Solution 

�ܮܯ   = �݊�ݔ∑ = ͵ + ͷ + ͺ + ͸ + Ͷ + ͹ + ͷ + ͶͳͲ ∗ ͺ = ͶʹͺͲ = Ͳ.ͷʹͷ 

  

The probability of heads is close to 50% so the coin appears to be fair. 

  

Binomial Example #2 

  

An assembly line produces a fixed, but unknown, percentage of defective items. Five random samples of 

100 items are selected and the number (%) of defective items items in each sample is recorded as 

follows: 

  

Sample # 1 2 3 4 5 

% Defectives 4 7 5 3 4 

  

Solution 

  

The MLE for the percentage of defective items produced by the assembly line is given by: 

�ܮܯ   = �݊�ݔ∑ = Ͷ + ͹ + ͷ + ͵ + ͶͳͲͲ ∗ ͷ = ʹ͵ͷͲͲ = Ͳ.ͲͶ͸ 

  

We conclude that �̂ = Ͳ.ͲͶ͸ so approximately 4.6% of items produced. 

  

Some comments on the method of maximum likelihood estimation 
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Note 1: For estimating a population mean for normal distributions, the least squares estimate (LSE) and 

the maximum likelihood estimate (MLE) are identical. Both methods result in the sample mean as the 

estimator. In general, if the error terms in a model are normally and independently distributed with 

constant variance, then the MLE and LSE are identical. 

  

Note 2: Least squares estimation is purely a descriptive procedure – it is independent of the probability 

distribution of the variable. Maximum likelihood estimation explicitly requires knowledge of the 

probability distribution. 

  

Note 3: MLE is a preferred method of parameter estimation in statistics and is an indispensable tool for 

many statistical modeling techniques, in particular in non-linear modeling with non-normal data. An 

example is logistic regression. 

  

Note 4: MLE has many desirable properties in estimation: sufficiency (complete information about the 

parameter of interest contained in its MLE estimator); consistency (estimate improves with increasing 

sample size); efficiency (lowest possible variance of parameter estimates). In contrast, LSE is not a 

sufficient estimator since it ignores the probability distribution. Note, however, that LSE estimators are 

unbiased whereas MLE estimators are biased. 

  

Note 5: In nonlinear, heteroskedastic (unequal variance) models, such as ARCH and GARCH models for 

volatility, LSE is an inappropriate method of estimation and MLE is required. 

 

The Lognormal Distribution and Application 

  

The Lognormal Distribution 

  

A continuous random variable ݔ follows a lognormal distribution if its natural logarithm, ln⁡ሺݔሻ, follows a 

normal distribution. 

  

In other words, if ln⁡ሺݔሻ is normal, then ݔ is lognormal. 

  

Properties of the lognormal distribution: 

• Skewed to the right 

• Strictly positive (i.e. bounded below by 0) 

  

The lognormal distribution may be used to model data on asset prices (note that prices are bound below 

by 0). 

  

Histograms of lognormal variable � and normal distribution ��ሺ�ሻ 
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The Lognormal Distribution 

  

The lognormal distribution is described by two parameters, its mean and variance, as in the case of a 

normal distribution. 

  

The mean of a lognormal distribution is given by: 

  �ሺݔሻ = ݁ሺ�+ଵଶ�మሻ
 

  

The variance of a lognormal distribution is given by: 

  ���ሺݔሻ = ݁(ଶ�+�మ)ሺ݁�మ − ͳሻ 

  

Where � and �ଶ
 are the mean and variance of the normal distribution of the ln⁡ሺݔሻ variable and ݁ ≅ʹ.͹ͳͺ is the natural base for logarithms. 

  

The median of a lognormal distribution ݔ is given by ݁�  

  

Recall that the exponential and logarithmic functions are inverse functions so that 

  lnሺݔሻ = ݕ → ݔ = ݁௬
 

  

This relationship is used to switch between the lognormal variable ݔ and the normal variable ݕ = ln⁡ሺݔሻ. 

  

Lognormal Distribution Example 

  

The material failure mechanism for a specific metal alloy has determined that the tensile strength ݔ of 

the material, measured as the force per unit of cross section area ܰ/݉ଶ, has a lognormal distribution 

with parameters � = ͷ and � = Ͳ.ͳ. 

  

(a) Computer �ሺݔሻ and ���ሺݔሻ 

(b) Compute �ሺݔ > ͳʹͲ) 

(c) Compute �ሺͳͳͲ ≤ ݔ ≤ ͳ͵Ͳሻ 
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(d) What is the value of median tensile strength? 

(e) If the smallest 5% of strength values were unacceptable, what would the minimum acceptable 

strength be? 

  

Solutions 

  

(a) 

  �ሺݔሻ = ݁�+�మଶ = ݁ହ+଴.଴଴ହ = ݁ହ.଴଴ହ = ͳͶͻ.ͳ͸ 

  ���ሺݔሻ = ݁ଶ�+�మ(݁�మ − ͳ) = ݁ଵ଴.଴ଵሺ݁଴.଴ଵ − ͳሻ = ʹʹ͵.ͷͻ 

  

(b) 

  �ሺݔ > ͳʹͲሻ = �ሺlnݔ > lnͳʹͲሻ = � ݖ) > ln ͳʹͲ − ͷͲ.ͳ ) 

  = � ݖ) > Ͷ.͹ͺ͹ͷ − ͷͲ.ͳ ) = �ሺݖ > −ʹ.ͳ͵ሻ 
  = �ሺݖ < ʹ.ͳ͵ሻ = Ͳ.ͻͺ͵Ͷ 

  

(c) 

  �ሺͳͳͲ < ݔ < ͳ͵Ͳሻ = �ሺlnͳͳͲ < ln ݔ < ln ͳ͵Ͳሻ 
  = �ሺͶ.͹ͲͲ < ln ݔ < Ͷ.ͺ͸ͺሻ = �ሺ−͵ < ݖ < −ͳ.͵ʹሻ 
  = �ሺͳ.͵ʹ < ݖ < ͵ሻ = �ሺݖ < ͵ሻ − �ሺݖ < ͳ.͵ʹሻ 
  = Ͳ.ͻͻͺ͹ − Ͳ.ͻͲ͸͸ = Ͳ.Ͳͻʹͳ 

  

(d) 

  

Median = ݁� = ݁ହ = ͳͶͺ.Ͷͳ 

  

(e) 

  

The value of ݔ, call it ܮ, for which �ሺݔ < ሻܮ = Ͳ.Ͳͷ is determined as follows: 

  � ݖ) < ln ܮ − ͷͲ.ͳ ) = Ͳ.Ͳͷ 

  

But we know that �ሺݖ < −ͳ.͸Ͷͷሻ = Ͳ.Ͳͷ from the table, 

  ∴ ln ܮ − ͷͲ.ͳ = −ͳ.͸Ͷͷ 
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So that ln ܮ = ͷ − ͳ.͸ͶͷሺͲ.ͳሻ = Ͷ.ͺ͵ͷͷ 

  ln ܮ = Ͷ.ͺ͵ͷͷ → ܮ = ݁ସ.଼ଷହହ = ͳʹͷ.ͻ 

  

Example: Relative Asset Prices and the Lognormal Distribution 

  

Consider the relative price of an asset between periods 0 and 1, defined as ଵܵ/ܵ଴, which is equal to ͳ +ܴ଴,ଵ. 

  

For example, if ܵ଴ = $͵Ͳ and ଵܵ = $͵Ͷ.ͷ, then the relative price is $͵Ͷ.ͷ/$͵Ͳ = ͳ.ͳͷ or ͳ + Ͳ.ͳͷ, 

meaning that the holding period return ܴ଴,ଵ is 15%. 

  

The continuously compounded return �்,்+ଵ associated with a holding period return of ்ܴ,்+ଵ is given 

by the natural log of the relative price. 

  �்,்+ଵ = ln (்ܵ+ଵ்ܵ ) = ln(ͳ + ்ܴ,்+ଵ) 
  

For the above example, the continuously compounded return is given by �଴,ଵ = ln ቀ$ଷସ.ହ$ଷ଴ ቁ = lnሺͳ.ͳͷሻ =Ͳ.ͳ͵ͻ͹ = ͳ͵.ͻ͹, which is lower than the holding period return of 15%. 

  

To generalize, note that between periods Ͳ and ܶ, �଴,் = ln ቀௌ�ௌబቁ, so we can write: 

  ்ܵ = ܵ଴݁�బ,� 

  

Recall that lnሺܻܺሻ = lnሺܺሻ + lnሺܻሻ so that: 

  ln (்ܵܵ଴) = ln ( ்்ܵܵ−ଵ) + ln (்ܵ−ଵ்ܵ−ଶ) +⋯+ ln ( ଵܵܵ଴) 

  

Or equivalently, 

  �଴,் = �்−ଵ,் + �்−ଶ,்−ଵ +⋯+ �଴,ଵ 

  

We see that the mean continuously compounded return between periods 0 and ܶ is the sum of the 

continuously compounded returns of the interim one-period returns. 

  

If the one-period continuously compounded returns are normally distributed, their sum will also be 

normal. 

  

Even if they are not, by the CLT, their sum will be approximately normal, provided the number of terms 

is large enough. 

  

Therefore, we can model the relative stock price as a lognormal variable whose natural log, given by the 

continuously compounded return is distributed normally. 

  

find more resources at oneclass.com

find more resources at oneclass.com



Application: Option pricing models like Black-Scholes include the volatility of continuously compounded 

returns on the underlying asset obtained through historical data. 

  

Stock Option Prices 

  

The price of a stock option is a function of the underlying stock's price and time. 

  

The properties of the lognormal distribution of future stock prices are obtained by assuming that prices 

follow a random process called geometric Brownian motion. 

  

From this assumption we can derive the following equation: 

  ln ்ܵ ≅ ܰ [ln ܵ଴ + ቆμ − � ଶʹቇܶ, (�√ܶ)ଶ] 
  

This equation shows that ln ்ܵ is approximately normally distributed with: 

  

Mean = ln ܵ଴ + ቀ� − �మଶ ቁ ܶ 

  

Standard deviation = �√ܶ 

  

Stock Prices are Lognormal 

  

We conclude that a stock's price at time ܶ, denoted by ்ܵ, given its price today, is lognormally 

distributed. 

  

Note 

  

The standard deviation of the logarithm of the stock price is �√ܶ. It is proportional to the square root of 

how far ahead we are looking. In other words, volatility increases with time. 

  

Example 1 

  

Initial stock price ܵ଴ = $ͶͲ 

  

Expected return � = ͳ͸% per annum 

  

Volatility = ʹͲ% per annum 

  

Estimate the stock price in 6 months 

  ܵ଴ = ͶͲ � = Ͳ.ͳ͸ � = Ͳ.ʹͲ ܶ = Ͳ.ͷ 
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ln ்ܵ ≅ܰ [ln ͶͲ ቆͲ.ͳ͸ − Ͳ.ʹଶʹ ቇ ∗ Ͳ.ͷ, (Ͳ.ʹ√Ͳ.ͷ)ଶ] 
  ln ்ܵ ≅ ܰሺ͵.͹ͷͻ,Ͳ.Ͳʹሻ 
  

95% CI for ��ࢀࡿ 

  

There is a 95% probability that a normal variable has a value that is within 1.96 standard deviations of its 

mean. 

  

Since ln ்ܵ is normal with mean 3.759 and standard deviation √Ͳ.Ͳʹ ≅ Ͳ.ͳͶͳ we can write, with 95% 

confidence: 

  ͵.͹ͷͻ − ͳ.ͻ͸ሺͲ.ͳͶͳሻ ≤ ln ்ܵ ≤ ͵.͹ͷͻ + ͳ.ͻ͸ሺͲ.ͳͶͳሻ 
  ͵.Ͷͺ͵ ≤ ln ்ܵ ≤ Ͷ.Ͳ͵ͷ 

  ݁ଷ.ସ଼ଷ < ்ܵ ≤ ݁ସ.଴ଷହ 

  ͵ʹ.ͷ͸ ≤ ்ܵ ≤ ͷ͸.ͷͶ 

  

We conclude that there is a 95% probability that the stock price in 6 months time will be between 

$32.56 and $56.54. 

  

Example 2 

  

Initial stock price ܵ଴ = $͹Ͷ 

  

Expected return = ͸% per annum 

  

Volatility = ͳͲ% per annum 

  

Estimate the stock price in 18 months 

  ln ்ܵ ≅ ܰ [ln ܵ଴ + ቆμ − � ଶʹቇܶ, (�√ܶ)ଶ] 
 ln ்ܵ ≅ ܰ[ln ͹Ͷ + ቆͲ.Ͳ͸ − Ͳ.ͳଶʹ ቇ×ͳ.ͷ, ሺͲ.ͳ√ͳ.ͷሻଶ 

  ln ்ܵ ≅ ܰሺͶ.͵ͺ͹,Ͳ.ͳʹʹͷଶሻ 
  

90% CI for ln ்ܵ 

  Ͷ.͵ͺ͹ − ͳ.͸ͶͷሺͲ.ͳʹʹͷሻ ≤ ln ்ܵ ≤ Ͷ.͵ͺ͹ + ͳ.͸ͶͷሺͲ.ͳʹʹͷሻ 
  Ͷ.ͳͺͷ ≤ ln ்ܵ ≤ Ͷ.ͷͺͻ 
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  ݁ସ.ଵ଼ହ ≤ ்ܵ ≤ ݁ସ.ହ଼ଽ 

  $͸ͷ.͸ͻ ≤ ்ܵ ≤ $ͻͺ.ͶͲ 

 

Simple Linear Regression Review 

  

Simple Linear Regression 

  

Simple linear regression analysis is used to analyze the nature of the relationship between two variables. 

  

The dependent (response) variable is designated by ܻ and the independent (predictor) variable is 

designated by ܺ. For a given independent variable, there may be many values of the dependent 

variable. 

  

The decision regarding which variable to designate ܻ and which variable to designate ܺ must be based 

upon theory, knowledge of the subject matter, and the objectives of the analysis. The relationship 

between the two variables is estimated and then used to make predictions for ܻ. 

  

Scatter Diagram 

  

A scatter diagram is a graph showing the shape and direction of the underlying relationship between the 

independent variable ܺ and the dependent variable ܻ. 

  

Observations are plotted in pairs (ݔ,  .with one variable plotted on each axis (ݕ

  

Linear Relationships Between Two Variables Intercept and Slope 

  

The relationship between the two variables is described by a straight line mode in general form: 

  

True regression line: 

  ܻ = ଴ߚ + ଵܺߚ + � or ܧሺܻሻ = ଴ߚ +  ଵܺߚ

  

Estimated regression line: 

  ܻ̂ = ଴ߚ̂ +  ଵܺߚ̂

  

Parameter Estimation 

 ଴ߚ ଴ is a point estimation ofߚ̂  

 ଵߚ ଵ is a point estimation ofߚ̂  

  

We note that ̂ߚ଴ and ̂ߚଵ are variables while ߚ଴ and ߚଵ are constants. 

  

Simple Linear Regression Model 
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Definitions of Terms 

  ܺ = the independent (predictor) variable 

  ܻ = the dependent (response) variable 

଴ߚ   = the true ܻ-intercept 

ଵߚ   = the true slope 

  � = the error term 

଴ߚ̂   = the estimated ܻ-intercept 

ଵߚ̂   = the estimated slope 

  

Simple Linear Regression Model 
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Assumptions 

  

1. In Simple Linear Regression, we have the assumption of linearity. 

2. For each value of ܺ, the ܻ values are normally distributed. 

3. For each value of ܺ, the variance of the ܻ-values is the same (homoscedasticity). 

4. Independence (independent sample of ܻ are chosen for different values of ܺ i.e. error terms are 

not correlated). 

  

Intercept and Slope 

  

The ܻ-intercept ߚ଴ is the point on the ܻ-axis where the true regression line crosses and is the average 

value of ܻ when ܺ = Ͳ. 

  

The slope of the true regression line ߚଵ represents the average change in ܻ when ܺ is increased by one 

unit. 

 .ଵ are called the parameters of the regression lineߚ ଴ andߚ  

  

Residual Error 

  

The difference between an observed value ܻ and an estimated ܻ̂ is called a residual. 

  

 
  

SSE - Sum of Squares Error 

ܧܵܵ   = ∑݁�ଶ = ∑ሺݕ� −  ሻଶ�ݕ̂

  

SSE represents the sum of the squared deviations between the observed ܻ-values in the data set and 

the ܻ-values predicted by the estimated regression line. This is the amount of variation in � that is not 

explained by the regression line. 

  

Note: The Least Squares regression line is the line that has an intercept ̂ߚ଴ and slope ̂ߚଵ that will 

minimize SSE. 

  

Minimizing SSE 

find more resources at oneclass.com

find more resources at oneclass.com



  

To find the line that best fits the points in the scatter diagram, we minimize the quantity: 

ܧܵܵ   =∑( �ܻ − ܻ̂�)ଶ =∑( �ܻ − ଴ߚ̂ −  ଵܺ)ଶߚ̂

  

We note that ܵܵܧ = ݂ሺ̂ߚ଴,  :ଵሻ. We obtain the two partial derivativesߚ̂

  �ሺௌௌ�ሻ�ఉ̂బ  and 
�ሺௌௌ�ሻ�ఉ̂భ  

  

And solve the equations: 

  �ሺௌௌ�ሻ�ఉ̂బ = Ͳ and 
�ሺௌௌ�ሻ�ఉ̂భ = Ͳ 

  

Least Squares Estimates of Regression Parameters 

ଵߚ̂   = ݕݔ∑ − ଶݔ∑ݕ̅ݔ̅� − ଶݔ̅�  

଴ߚ̂   = ݕ̅ −  ݔଵ̅ߚ̂

  

Interpretation of Regression Coefficients 

  

The regression equation is: 

  ܻ̂ = ͹.ͻͲͷ + Ͳ.͹ͳͷܺ 

ଵߚ̂   = Ͳ.͹ͳͷ implies that, on average, a one unit increase in ܺ will result in an increase of 0.715 in ܻ, i.e. 

if advertising increases by $1000 then profit will increase, on average, by $715. 

଴ߚ̂   = ͹.ͻͲͷ implies that the average profit in stores with no advertising budget will be $7905. 

  

Extrapolation 

  

The interpretation of ̂ߚ଴ = ͹.ͻͲͷ is not reliable. 

  

The problem is that we are making a claim about a value of ܺ for which we have no experimental 

evidence. 

  

All of our experimental data is for values of ܺ in the range $3000 to $7000. Therefore we cannot make a 

reliable claim about the relationship between ܺ and ܻ when ܺ = Ͳ. 

  

This is called extrapolation. 

  

Point Estimates 
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The regression equation can be used to predict a value of ܻ based on a given value of ܺ by substituting 

the ܺ-value into the regression line. 

  

Example 

  

Estimate the profit of a store which spends $3500 on advertising. 

  

Let ܺ = ͵.ͷ 

  

Then ܻ̂ = ͹.ͻͲͷ + Ͳ.͹ͳͷሺ͵.ͷሻ = ͳͲ.Ͷ (i.e. $10400) 

  

Caution: Do not use the regression line to predict ܻ with values of the independent variable significantly 

beyond the range of those represented in the sample. The nature of the relationship outside the range 

of ܺ-values represented in the sample may not be linear and extrapolation may lead to false 

conclusions. 

  

Partitioning Total Deviation 

  

Total deviation = �ܻ − ܻ̅ 

  

Unexplained deviation = �ܻ − ܻ̂� 
  

Explained deviation = ܻ̂� − ܻ̅ 

  �ܻ − ܻ̅ = ( �ܻ − ܻ̂�) + ሺܻ̂� − ܻ̅ሻ 
  

Total deviation = Unexplained deviation + Explained deviation 

  

Sum of Squares 

  

We can compute sums of squares in regression analysis and construct an analysis of variance (ANOVA) 

table for the regression. 

  

Partitioning Sums of Squares 

  

It can be shown that: 

  ∑ሺ �ܻ − ܻ̅ሻଶ =∑( �ܻ − ܻ̂�)ଶ +∑(ܻ̂� − ܻ̅)ଶ 

  ܵܵܶ� = ܧܵܵ + ܴܵܵ 

  

Note: In simple linear regression ݀ �݂௘� = ͳ. Therefore: 

ܴܵܯ   = ܴܵܵ 

  

The ratio MSR/MSE follows an F-distribution 
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Note that: 

ܨ   = ܧܵܯܴܵܯ = ܴܵܵ/ͳܵܵܧ/ሺ� − ʹሻ = ∑(ܻ̂� − ܻ̅)ଶ/݀ ଵ݂∑( �ܻ − ܻ̂�)ଶ/݀ ଶ݂ 

  

This shows that MSR and MSE are both variances and it is well known that the ratio of two variances 

follows the F-distribution. 

  

Testing the Significance of the Regression Line 

  

A linear relationship exists between the dependent variable and the independent variable only if the 

slope of the regression line is significantly different from zero. 

  

If ߚଵ ≠ Ͳ, then a linear relationship exists between ܺ and ܻ. 

  

Note that the magnitude of ̂ߚଵ by itself does not tell us the strength of the linear relationship between ܺ 

and ܻ. In fact, by changing the units of measurement we can always make ̂ߚଵ larger or smaller. That is 

why we used standardized ݖ or � values in tests of hypothesis. 

  

Testing the Slope: F-distribution 

  �଴: ଵߚ = Ͳ (no significant linear relationship between ܺ and ܻ) �ଵ: ଵߚ ≠ Ͳ (significant linear relationship between ܺ and ܻ) 

  ܶܵ: ∗ܨ = ܧܵܯܴܵܯ  

:ܮ�   ݀ ఈ whereܨ ௡݂�௠ = ͳ, ݀ ௗ݂௘௡ = � − ʹ 

∗ܨ Do not reject �଴ if :ܴܦ   ≤ ∗ܨ reject �଴ if ,ߙ_ܨ >  ఈܨ

  

Example: Test of Hypothesis for �� (F-test) 

  �଴: ଵߚ = Ͳ �ଵ: ଵߚ ≠ Ͳ 

  ܶܵ: ∗ܨ = ͳͶ.͹ͻ 

:ܮ�   ଴.଴ହܨ = ͷ.͵ʹ ሺ݀ ௡݂�௠ = ͳ, ݀ ௗ݂௘௡ = ͺሻ 
∗ܨ Do not reject �଴ if :ܴܦ   ≤ ͷ.͵ʹ, reject �଴ if ܨ∗ > ͷ.͵ʹ. 

  

Conclusion: Reject �଴ → ଵߚ ≠ Ͳ 

  

Testing the Slope: t-distribution 

  �଴: ଵߚ = Ͳ (no significant linear relationship between ܺ and ܻ) 
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�ଵ: ଵߚ ≠ Ͳ (significant linear relationship between ܺ and ܻ) 

  ܶܵ: �∗ = ଵߚ̂ − ଵ�̂ఉభߚ =  ଵ�̂ఉభߚ̂

αమ�±:ܮ�    where ݂݀ = � − ʹ 

Do not reject �଴ if −�αమ :ܴܦ   ≤ ܶܵ ≤ +�αమ, reject otherwise 

  

Example: Test of Hypothesis for �� (t-test) 

  �଴: ଵߚ = Ͳ �ଵ: ଵߚ ≠ Ͳ 

  ܶܵ: ଵߚ̂ = Ͳ.͹ͳͷ → �∗ = ଵߚ̂ − ଵ�̂ఉభߚ = Ͳ.͹ͳͷ − ͲͲ.ͳͺͷͻ = ͵.ͺͶ͸ 

:ܮ�   �ଵ = −�଴.଴ଶହ = −ʹ.͵Ͳ͸, �ଶ = �଴.଴ଶହ = ʹ.͵Ͳ͸ 

Do not reject �଴ if −ʹ.͵Ͳ͸ :ܴܦ   ≤ �∗ ≤ ʹ.͵Ͳ͸, reject �଴ otherwise. 

  

Conclusion: Reject �଴ → ଵߚ ≠ Ͳ 

  

Relationship between � and � in SLR 

  �∗ = ͵.ͺͶ͸ and ܨ∗ = ͳͶ.͹ͻ 

  

Since ͵.ͺͶ͸ଶ = ͳͶ.͹ͻ → �∗ଶ =  ∗ܨ
  

Also �଴.଴ଶହ = ʹ.͵Ͳ͸ and ܨ଴.଴ହ = ͷ.͵ʹ 

  

Since ʹ.͵Ͳ͸ʹଶ = ͷ.͵ʹ → �଴.଴ଶହଶ =  ଴.଴ହܨ

  

NOTE: For �, d݂ = ͺ; for ܨ, ݀ ௡݂�௠ = ͳ, ݀ ௗ݂௘௡ = ͺ 

  

One-Sided Tests 

  

Test using the one-sided alternative: �ଵ: ଵߚ > Ͳ for a direct relationship between ܺ and ܻ. 

  

Test using the one-sided alternative: �ଵ: ଵߚ < Ͳ for an inverse relationship between ܺ and ܻ. 

  

Confidence Interval Estimate for �� 

ଵߚ̂   − �ఈଶ �̂ఉ̂భ ≤ ଵߚ < ଵߚ̂ + �αଶ�̂ఉ̂భ 
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If 0 is contained in the above confidence interval then conclude DNR �଴: ଵߚ = Ͳ 

  

Example of CIE for �� 

  

Construct a 95% confidence interval estimate for ߚଵ. 

  Ͳ.͹ͳͷ − ʹ.͵Ͳ͸ሺͲ.ͳͺͷͻሻ ≤ ଵߚ ≤ Ͳ.͹ͳͷ + ʹ.͵Ͳ͸ሺͲ.ͳͺͷͻሻ 
  Ͳ.ʹͺ͸͵ ≤ ଵߚ ≤ ͳ.ͳͶ͵͹ 

  

Pearson Coefficient of Correlation 

  � = ܵܵ௫௬√ܵܵ௫௫ܵܵ௬௬ = ∑ሺݔ − ݕሻሺݔ̅ − ݔሻ√ሺݕ̅ − ݕሻଶሺݔ̅ −  ሻଶݕ̅

  

The Pearson coefficient measures the strength of the linear relationship between two variables ݔ and ݕ. 

  

Testing the Hypothesis for Pearson Coefficient of Correlation � 

  �଴: � = Ͳ �ଵ: � ≠ Ͳ ܶܵ: � = Ͳ.ͺͲ͸ 

p-value = Ͳ.ͲͲͷ 

  

Conclusion: Reject �଴ 

  

Since the p-value < Ͳ.Ͳͷ we reject the null hypothesis and conclude that there is a significant linear 

correlation between profit and advertising. 

  

Properties of the Coefficient of Correlation � 

  

1. The value of � will always be between −ͳ and +ͳ, inclusive. 

2. � = ͳ indicates a perfect linear association between ܺ and ܻ. 

3. � = Ͳ indicates no linear relationship between ܺ and ܻ. 

4. � > Ͳ implies that ܺ and ܻ move in the same direction (direct relationship). 

5. � < Ͳ implies that ܺ and ܻ move in opposite directions (inverse relationship). 

6. The closer � is to 1 the stronger the linear relationship and the closer the points will be to the 

estimated regression line. 

7. In Excel, � is called "multiple �". 

  

Test of hypothesis for population correlation 

  �଴: � = Ͳ �ଵ: � ≠ Ͳ 

  ܶܵ: � = �√� − ʹ√ͳ − �ଶ  
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 αଶݐ±:�ܥ  

  

Example 

  �଴: � = Ͳ �ଵ: � ≠ Ͳ 

  ܶܵ: ݐ = �√ݎ − ʹ√ͳ − ଶݎ = Ͳ.ͺͲͷ͸√ͺ√ͳ − Ͳ.ͺͲͷ͸ଶ = ͵.ͺͶ͸ 

αଶݐ±:�ܥ   = ±ʹ.͵Ͳ͸ 

Do not reject �଴ if −ʹ.͵Ͳ͸ :ܴܦ   ≤ ݐ ≤ ʹ.͵Ͳ͸ 

  

Conclusion: Reject �଴ 

  

Equivalence of tests for �૚ and � 

  

It can be shown that: 

ݎ   = ଵ √ܵܵ௫௫ܵܵ௬௬ߚ = ଵߚ̂ �̂௫�̂௬ 

  

So that the test 

  �଴: ଵߚ = Ͳ equivalent to the test �଴: � = Ͳ 

  

Note that both tests result in the t-value 3.846. 

  

Determination 

  

The coefficient of determination ݎଶ measures the percent of variation in the dependent variable that is 

explained by the independent variable. 

  

Properties of the Coefficient of Determination 

  

 .ଶ will always be between 0 and 1ݎ .1

2. The closer ݎଶ is to 1, the better the regression model. 

ଶݎ .3 = ௌௌோௌௌ்� 

  

Formulas for Coefficient of Determination �૛ 

ଶݎ   = ܴܱܵܵܵܵܶ 
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Alternatively, we can write: 

ଶݎ   = ͳ − ܱܶܵܵܧܵܵ = ͳ − ௬௬ܵܵܧܵܵ = ܵܵ௬௬ − ௬௬ܵܵܧܵܵ  

  

Example 

ଶݎ   = ܴܱܵܵܵܵܶ = ͳͲ.ʹʹͶͷͳͷ.͹ͷ͸Ͳ = Ͳ.͸Ͷͺͻ 

  

Interpretation 

  

64.89% of the variation in ܻ is explained by ܺ. 

  

Using the model for estimation and prediction of the response variable 

  

In the next slides, we will show how to use the regression analysis to construct: 

  

1. Confidence intervals for the mean value of ܻ, denoted ܧሺܻሻ, when ܺ = ܺ� 

2. Prediction intervals for an individual value of ܻ, denoted ௡ܻ௘௪, when ܺ = ܺ� 

  

Residual Plots 

  

A simple technique to discover whether or not any of the regression assumptions are violated is to 

examine a plot of all the residuals against the independent variable ܺ. See the next slide. 

  

If the scatter diagram of the residuals form a horizontal band around zero and roughly obeys the 

empirical rule then there is no evidence that any of the assumptions have been violated. See Panel A on 

the next slide. 

  

Panel B shows a lack of normality, Panel C shows a non-linear relationship, and Panel D exhibits a 

violation of the constant variance assumption (homoscedasticity). 
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Warning 

  

While graphical inspection of residual plots is a useful guideline for detecting potential violations of 

regression assumptions, it is subjective and requires the statistician to use personal judgment in 

assessing the seriousness of the violation and whether they are significant enough to invalidate the 

underlying regression models. 

  

Later in the course we will introduce tests of hypotheses to formally test the assumptions. 

  

Causal Relationships 

  

Although we will interpret our model as a linear statistical relationship between ܺ and ܻ, regression 

analysis does not prove a causal relationship. 

  

Example: Causality 

  

Let ܻ = an industry's productivity and ܺ = the percentage of the industry's workforce that is unionized. 

  

A statistical relationship with a strong correlation in which increasing ܺ results in an increase in ܻ might 

indicate: 
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1. Unionization causes higher productivity (causation). 

2. Industries with high productivity encourage unionization (reverse causation). 

3. Unionization causes higher wages that attract more production workers (intervening or lurking 

variable). 

4. Industries with high profits encourage both unionization and productivity (common response). 

  

Note on correlation and causality 

  

Remember that a strong correlation does not necessarily imply causality. 

  

A causes B: Direct causation 

  

B causes A: Reverse causation 

  

A causes X, X causes B: Lurking variable 

  

X causes A and B: Common response 

  

Analysis of relationship between Ice Cream Sales and Drowning 

  

Causation: Ice cream sales cause drowning. 

  

Reverse causation: Drowning causes ice cream sales. 

  

Intervening variable: Ice cream sales causes changes in Variable Z and Variable Z causes changes in 

Drowning. 

  

Common response: Seasonal variation causes changing patterns of both ice cream sales and drowning. 

 

Multiple Regression 

  

Multiple Regression 

  

Multiple regression is regression analysis with more than one independent variable. 

  

True regression model: 

  ௜ܻ = ଴ߚ + ଵߚ ଵܺ + ଶܺଶߚ +⋯+ �ܺ�ߚ + �௜ , where � are independent ܰሺͲ, �ଶሻ 
  

Or ܧሺܻሻ = ଴ߚ + ଵߚ ଵܺ + ଶܺଶߚ + ଷܺଷߚ +⋯+  �ܺ�ߚ

  

Note: The assumptions on � imply that the ௜ܻ are independent ܰ variables with constant variance i.e. ௜ܻ:ܰሺܧሺܻሻ, �ଶሻ. 
  

Estimated regression equation: 

  ܻ̂ = ଴ߚ̂ + ଵߚ̂ ଵܺ + ଶܺଶߚ̂ + ଷܺଷߚ̂ +⋯+  �ܺ�ߚ̂
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Definition of Terms 

  ௜ܺ = the independent variables, � = ͳ,ʹ,… , �. 

௜ߚ   = the true regression parameters, � = ͳ,ʹ,… , �. 

௜ߚ̂   = the estimated regression coefficients, � = ͳ,ʹ,… ,�. 

  ϵ௜ = the error terms, � = ͳ,ʹ, … , �. 

௜ߚ   = the change in ܻ (the dependent variable) per unit increase in ௜ܺ  with all other independent 

variables held fixed. 

  

Notation 

  

Our text uses the notation ̂ߚ௜ to represent the estimated regression coefficients. 

  

Many textbooks use �௜ instead. I will primarily use the ̂ߚ௜ notation but you should be aware when 

reading from other sources that: �௜ = ௜ߚ̂  
  

F-tests 

  

Is the overall MR Model significant? 

  

Commonly used to test for the significance of all independent variables combined i.e. the overall efficacy 

of the model. Use the ANOVA table to test. 

  H଴: ଵߚ = ଶߚ = ଷߚ = ⋯ = �ߚ = Ͳ 

  �ଵ: Not all ߚ = Ͳ (regression equation is significant) 

  ܶܵ: ∗ܨ = ܧܵܯܴܵܯ  

:�ܥ   with ��௡�௠ �ܨ = � and ��ௗ௘௡ = � − ሺ� + ͳሻ 
∗ܨ Do not reject �଴ if :ܴܦ   ≤ �ܨ , reject �଴ if ܨ∗ >  �ܨ

  

Remember: � = number of independent variables in the model. 

  

t-tests 

  

Are the individual independent variables significant in the model? 

  �଴: ௝ߚ = Ͳ 

  �ଵ: ௝ߚ ≠ Ͳ (significant relationship between ௝ܺ  and ܻ) 
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ܶܵ: ∗௝ݐ = ௝ߚ̂ − ௝ሻߚ௝�̂ሺ̂ߚ  

αమݐ±:�ܥ    with �� = � − ሺ� + ͳሻ 
αమݐ− Do not reject �଴ if :ܴܦ   ≤ ∗௝ݐ ≤  .αమ, reject �଴ otherwiseݐ+

  

t-tests using the �� notation 

  �଴: ௝ߚ = Ͳ 

  �଴: ௝ߚ ≠ Ͳ (significant relationship between ௝ܺ  and ܻ) 

  ܶܵ: ∗௝ݐ = �௝ − ሺ�௝ሻݏ௝ߚ  

αమݐ±:�ܥ    with �� = � − ሺ� + ͳሻ 
αమݐ− Do not reject �଴ if :ܴܦ   ≤ ∗௝ݐ ≤  .αమ, reject �଴ otherwiseݐ+

  

Example: t-tests for Model 2 

  

For variable ଵܺ: ݐ = ଴.଻ଵହ଴଴.ଵ଴ସ଻ = ͸.ͺ͵ (p-value = Ͳ.ͲͲͲ) 

  

For variable ܺଶ: ݐ = ଴.ଷଶ଺ଵ଴.଴଻଺ଷ = Ͷ.ʹ͹ (p-value = Ͳ.ͲͲͶ) 

  

Alternatively, if you are given a fixed ߙ say 0.05, the critical value of ݐ, assuming a two-tail test with �� = ͹: 

଴.଴ଶହݐ±   = ±ʹ.͵͸ͷ 

  

Conclusion: Reject �଴: ଵߚ = Ͳ and reject �଴: ଶߚ = Ͳ at α = Ͳ.Ͳͷ 

  

Therefore, variable ଵܺ and ܺଶ are both significant in the model. 

  

Confidence Interval Estimates for �૚ 

௝ߚ̂   − ଶ�ݐ (௝ߚ̂)̂� ≤ ௝ߚ ≤ ௝ߚ̂ +  ௝ሻߚαଶ�̂ሺ̂ݐ
  

Note: If 0 is contained in the above confidence interval then there is no evidence to reject �଴: ௝ߚ = Ͳ. 

  

Example: CI for �૚ in Model 2 

ଵߚ̂   = Ͳ.͹ͳͷ, (ଵߚ̂)̂� = Ͳ.ͳͲͶ͹, αଶ,଻ݐ = ʹ.͵͸ͷ 
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CI for regression coefficients are of form: 

௝ߚ̂   − ଶ�ݐ (௝ߚ̂)̂� ≤ ௝ߚ ≤ ௝ߚ̂ +  (௝ߚ̂)̂�αଶݐ
  Ͳ.͹ͳͷ − ʹ.͵͸ͷሺͲ.ͳͲͶ͹ሻ ≤ ଵߚ ≤ Ͳ.͹ͳͷ + ʹ.͵͸ͷሺͲ.ͳͲͶ͹ሻ 
  Ͳ.Ͷ͸͹ ≤ ଵߚ ≤ Ͳ.ͻ͸͵ 

  

Comments 

  

1. The independent variables can be ranked in order of importance (in terms of explaining variation 

in ܻ) by the absolute values of the t-statistics. 

  

2. Test using the one-sided alternative �ଵ: ௜ߚ > Ͳ for a direct (positive) linear relationship and �ଵ: ௜ߚ < Ͳ for a inverse (negative) linear relationship. 

  

Independence of �૚ and �૛ 

  

In this model it is important to note that the two variables �ଵ and �ଶ are statistically independent of 

each other, hence ݎଵଶ = Ͳ. In fact, the variables �ଵ and �ଶ are experimental variables whose values were 

deliberately assigned to ensure that the variables are not correlated. 

  

Therefore changing the value of �ଵ does not cause a change in the value of �ଶ and vice versa. 

  

Interpretation of coefficients 

  

A $1000 increase in ADVERTISING results in a $715 increase in profit, independent of the values of 

specials. 

  

A one unit increase in SPECIALS results in a $326 increase in profit, independent of the value of 

advertising. 

  

Additivity of Coefficients of Determination 

  

Recall that: 

 ܴ௬ଵ = Ͳ.ͺͲͷ͸ → ܴ௬ଶଵ = Ͳ.͸ͶͻͲ ≅ Ͳ.͸ͷ ܴ௬మ = Ͳ.ͷͲ͵͹ → ܴ௬మଶ = Ͳ.ʹͷ͵͹ ≅ Ͳ.ʹͷ 

  

Also, ݎଵଶ = Ͳ, so that variables �ଵ and �ଶ are independent. 

  

In Model 2, we see that ܴ௬భమଶ = Ͳ.ͻͲʹ͸ ≅ Ͳ.ͻͲ so that Model 2 explains approximately 90% of variation 

in ܻ. 

  

Note that Ͳ.ͻͲ = Ͳ.͸ͷ + Ͳ.ʹͷ. 
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This additivity of the coefficients of determination is expected when the correlation between variables �ଵ and �ଶ is zero. 

  

Anomalies in Model 3 

  ܻ̂ = Ͷ.ʹͺ͵ + Ͳ.ͷͳ͸�ଵ + Ͳ.ʹ͵Ͳ�ଶ + Ͳ.Ͳͻ͹�ଷ 

  

In Model 1 and 2, the coefficient of �ଵ is 0.715. 

  

Question: Why has it changed to 0.516 in Model 3? 

  

In Model 2, the coefficients of �ଵ and �ଶ are both significant (p-value < Ͳ.Ͳͷ). 

  

Question: Why are the coefficients of all three variables �ଵ, �ଶ, and �ଷ not significant in 3? 

  

Question: In Model 3, the F-test is highly significant (p-value=0.001) while all three t-tests are not 

significant. Is this a contradiction? 

 

Multiple Regression 

  

Multicollinearity 

  

All anomalies mentioned on the previous slide are explained by the fact that the variable �ଷ is highly 

correlated with variable �ଵ (ݎଵଷ = Ͳ.͹ͷ͹͹) and variable �ଶ (ݎଶଷ = Ͳ.ͷͲͳͶ). 

  

Multicollinearity: A condition that occurs when two or more independent variables are highly 

correlated. 

  

It is impossible to indicate the 84% of variability explained by �ଷ without significantly overlapping �ଵ and �ଶ. In other words, �ଵ and �ଶ already explain most of the 84% explained by �ଷ alone. 

  

Should we add �૜ to the model containing �૚ and �૛? 

  

We see that �ଷ causes the three anomalies discussed above while only explaining an extra 1.79% of total 

variability. 

  

Intuitive conclusion: Do not add �ଷ to this model. 

  

Statistical conclusion: Arrived at via a t-test. 

  

Note: In the MR context, t-tests are partial tests in that they are testing for the significance of a 

particular variable in the presence of other independent variables. In other words, the t-tests are 

measuring the marginal contributions of the independent variables. 

  

Testing �଴: ଷߚ = Ͳ, ݐ = ͳ.Ͳͷͷ, � = Ͳ.͵͵ʹʹ. We conclude that �ଷ does not make a significant 

contribution to the model already containing �ଵ and �ଶ (� > Ͳ.Ͳͷ). 

  

Interpretation of Coefficients in Model 3 
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Because ݔଷ is correlated with ݔଵ and ݔଶ, the interpretation of the coefficients of any one of the three 

variables is dependent on the values of the other variables in the model. 

  

In Model 3: 

  �ଵ = Ͳ.ͷͳ͸ implies that a one unit ($1000) increase in ݔଵ (advertising) will result in an average increase 

of $516 in profit in stores that have the same number of specials and the same size. 

  �ଶ = Ͳ.ʹ͵Ͳ implies that a one unit increase in ݔଶ (specials) will result in an average increase of $230 in 

profit in stores that have the same advertising expenditure and the same size. 

  �ଷ = Ͳ.Ͳͻ͹ implies that a one unit (1000 sq. ft.) increase in ݔଷ (size) will result in an average increase in 

profit of $97 in stores that have the same advertising expenditure and the same number of specials. 

  

Model 4: Profit on Advert, Special, Size, Place 

  

Model 4 is not a good model. 

  

In Model 4, none of the four variables has a significant t-value. Also the increase in ܴଶ over Model 2 or 

Model 3 is minimal. 

  

Although the F-test is significant, this model has little to commend it over Model 2 which is free of 

multicollinearity and has an ܴଶ value greater than 0.90. 

  

Parsimony 

  

Using the principle of parsimony (keep it simple), Model 2 is preferable to Model 4. 

  

Model 5: A different approach 

  

Looking back at the simple correlation matrix we see that the independent variable that has the 

strongest linear relationship with ݕ is variable ݔଷ (size). Let us examine the simple regression model: 

ݕ   = �଴ + �ଷݔଷ + � 

  

As we see from the next slide, the estimated regression equation is: 

ݕ̂   = −Ͳ.ͳ + Ͳ.͵ݔଷ 

  

We observe that this model has an ܴଶ value of 0.8363, so that variable ݔଷ alone accounts for 

approximately 84% of variation in ݕ. 

  

Model 6: Adding variable �� to the model 

ݕ̂   = Ͷ.ʹ͵ͳ + Ͳ.ʹͲͳݔଷ − ͳ.Ͳ͵͵ݔସ 

  

This model has ܴଶ = Ͳ.ͻͳͷͲ so that ݔଷ and ݔସ together explain 91.5% of variation in ݕ. 
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Further, we see (on the next slide) that the coefficients of both ݔଷ and ݔସ are statistically significantly (p-

value < Ͳ.Ͳͷ). 

  

We conclude that the variables size ݔଷ and place ݔସ result in a successful model for predicting store 

profit ݕ. 

  

Interpreting the model 

  �̂ଵ = Ͳ.ʹͲͳ implies that a one unit (1000 sq. ft.) increase in size will correspond to an average increase 

of $201 in profit, assuming ݔସ is constant. In other words, the increase of $201 is true for stores in 

Montreal and in Toronto. 

  �̂ଶ = −ͳ.Ͳ͵͵ implies that when stores are in Montreal ሺݔସ = ͳሻ, the average profit will be $1033 less 

than for stores of the same size located in Toronto. 

  

Multiple Coefficient of Determination �� 

  

Measures the percentage of variation in the dependent variable that is explained by the set of all 

independent variables in the model. 

  ܴଶ = ܴܵܵܵܵ௬௬ = ͳ −  ௬௬ܵܵܧܵܵ

  

Note: ܵܵ௬௬ = ܵܵܶ� 

  

Where ܵܵܧ = ∑ሺݕ� − ,ሻଶ�ݕ̂ ܵܵ௬௬ = ∑ሺݕ� −  ሻଶݕ̅

  

Example: Model 6 

  ܴܵܵ = ͳͶ.Ͷͳ͸ͳ ܵܵܧ = ͳ.͵͵ͻͻ ܵܵ௬௬ = ͳͷ.͹ͷ͸ 

  ܴଶ = ͳ − ௬௬ܵܵܧܵܵ = ͳ − ͳ.͵͵ͻͻͳͷ.͹ͳ͸ = Ͳ.ͻͳͷ 

  

Adjusted �� 

  ܴ�ଶ = ͳ − ሺ� − ͳሻ[� − ሺ� + ͳሻ]× ௬௬ܵܵܧܵܵ = ͳ − [ ሺ� − ͳሻ� − ሺ� + ͳሻ] ሺͳ − ܴଶሻ 
  

Comparison between �� and ��� 

  ܴଶ = ͳ −  ௬௬ܵܵܧܵܵ
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ܴ�ଶ = ͳ − ሺ� − ͳሻ[� − ሺ� + ͳሻ] × ௬௬ܵܵܧܵܵ  

  

Another view of ��� 

  

ܴ�ଶ = ͳ − � − ͳ� − ሺ� + ͳሻ× ௬௬ܵܵܧܵܵ = ͳ − �ܧܵܵ − ሺ� + ͳሻܵܵ௬௬� − ͳ = ͳ − ��ଶ�௬ଶ 

  

This important formula shows us that the ܴ�ଶ value measures the reduction in variance, not just the 

reduction in sums of squares. 

  �� overestimates explained variability 

  

For Model 6: 

  ܴଶ = Ͳ.ͻͳͷͲ ܴ�ଶ = Ͳ.ͺͻͲ͹ 

  

We see that ܴଶ provides an overly optimistic estimate of the amount of variability explained by the 

model. 

  

Adjusted �� - Rationale 

  ܴ�ଶ = ͳ − � − ͳ� − ሺ� + ͳሻ×  ௬௬ܵܵܧܵܵ

  ܴଶ is adjusted to take into account the sample size and number of independent variables. 

  

Note 1: If the number of independent variables is large, the values of ܴଶ and ܴ�ଶ may differ substantially. 

In general, ܴଶ will overestimate the explained variability. 

  

Note 2: ܴଶ cannot decrease when a new independent variable is added. 

  

Note 3: ܴ�ଶ can decrease when a new independent variable is added, indicating that there is no value to 

adding the new variable to the model. 

  

Computation of � in ANOVA 

ܨ   = ܧܵ�ܴܵ� = �ܧܵܵ�ܴܵܵ − ሺ� + ͳሻ  

  

Since ܴଶ = ௌௌோௌௌ்� = ͳ − ௌௌ�ௌௌ்� we can easily show that 
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ܨ = � − ሺ� + ͳሻ� × ܴଶͳ − ܴଶ 

 

Multiple Regression 

  

Coefficient of Partial Determination 

  

The coefficient of partial determination is defined as the percentage of variation left unexplained in the 

reduced model which is explained by adding variables to obtain the complete model. 

  

Alternatively, we say that the coefficient of partial determination indicates the marginal effect of 

reducing the variability in ܻ when new variables are added to a model. 

  

For example, the coefficient of partial determination when ݔଶ is added to the model already containing ݔଵ is given by: 

  ܴ�మ.భଶ = ଵሻݔሺܧܵܵ − ,ଵݔሺܧܵܵ ଵሻݔሺܧଶሻܵܵݔ  

  ܴ�మ.భయరଶ  is the percentage of variation left unexplained in the model containing ݔଵ,  ସ whichݔ ଷ, andݔ

becomes explained by adding ݔଶ to the model. 

  ܴ�యర.భమଶ  is the percentage of variation left unexplained in the model containing ݔଵ and ݔଶ when variables ݔଷ and ݔସ are added to the model. 

  

Note: The larger model containing all variables is called the complete model, and the smaller model is 

called the reduced model. 

  

Hence, in general, the coefficient of partial determination may be expressed as: 

ோܧܵܵ   − ோܧܵܵ�ܧܵܵ  

  

Example: Partial Determination 

  ܴ�మ.భଶ = ሺܧܵܵ ଵܺሻ − ሺܧܵܵ ଵܺ, ܺଶሻܵܵܧሺ ଵܺሻ  

  = ͷ.ͷ͵ͳͷ − ͳ.ͷ͵Ͷͷ.ͷ͵ͳͷ = ͵.ͻͻ͹ͷͷ.ͷ͵ͳͷ = Ͳ.͹ʹʹ͹ 

  

Thus, introducing ܺଶ into the model already containing ଵܺ explains 72.27% of the variation left 

unexplained by variable ଵܺ. 

  

Example: Partial Determination 
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ܴ�య.భమଶ = ሺܧܵܵ ଵܺ, ܺଶሻ − ሺܧܵܵ ଵܺ, ܺଶ, ܺଷሻܵܵܧሺ ଵܺ, ܺଶሻ  

  = ͳ.ͷ͵Ͷ − ͳ.ʹͻͶͳͳ.ͷ͵Ͷ = Ͳ.ʹ͵ͻͻͳ.ͷ͵Ͷ = Ͳ.ͳͷ͸Ͷ 

  

Thus, introducing ܺଷ into the model already containing ଵܺ and ܺଶ explains 15.64% of the variation left 

unexplained by variables ଵܺ and ܺଶ. 

  

Nested Models 

  

Two models are said to be nested if one model contains all the variables of the other model, plus at 

least one extra variable. 

  

The larger of the two models is called the complete or full model. 

  

The smaller model is the reduced or restricted model. 

  

We perform a test of hypothesis to determine if the extra variables should be added to the reduced 

model to construct the complete model. We add the extra variables only if they make a significant 

contribution to the mode. 

  

Testing a Hypothesis 

  

For example, assume we have a reduced model: 

ሺܻሻܧ   = �଴ + �ଵ ଵܺ + �ଶܺଶ + �ଷܺଷ 

  

And we are considering the complete model: 

ሺܻሻܧ   = �଴ + �ଵ ଵܺ + �ଶܺଶ + �ଷܺଷ + �ସܺସ + �ହܺହ 

  

To test whether the two variables ܺସ and ܺହ should be added to the model, we perform the test of 

hypothesis: 

  �଴: �ସ = �ହ = Ͳ �ଵ: At least one of �ସ or �ହ differs from 0 

  

Calculation of the F-statistic 

  

ܨ = ோܧܵܵ − ��ܧܵܵ − ��ܧܵܵ� − ሺ� + ͳሻ = ோܧܵܵ − �ܧܵ�Number of β tested�ܧܵܵ  

  

Where ܵܵܧோ = sum of squared errors for the reduced model ܵܵܧ� = sum of squared errors for the complete model �ܵܧ� = mean square error for the complete model 
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� = number of independent variables in the complete model � = number of independent variables in the reduced model 

  

Testing the value of adding a new variable 

  

The question we want to address is whether it is worthwhile adding variable ݔଶ to the model already 

containing ݔଵ. 

  

To do this we will perform an F-test for comparing nested models. 

  

Example: Comparing Model 1 and Model 2 

  

Calculation of the F-statistic 

  

ܨ = ோܧܵܵ − ��ܧܵܵ − ��ܧܵܵ� − ሺ� + ͳሻ = ͷ.ͷ͵ͳͷ − ͳ.ͷ͵ͶͲͳͳ.ͷ͵ͶͲ͹ = ͳͺ.ʹͶͳͷ 

  

Test of Hypothesis for Comparing Nested Models 

  �଴: �ଶ = Ͳ �ଵ: �ଶ ≠ Ͳ ܶܵ: ܨ = ͳͺ.ʹͶͳͷ ��: ଴.଴ହ;ଵ,7ܨ = ͷ.ͷͻ 

  

Conclusion: Reject �଴ i.e. variable ݔଶ should be included in the model. 

  

Recall, ܴ�మ.భଶ = Ͳ.͹ʹʹ͹ 

  

Indicator Variables 

  

An indicator (dummy) variable is a variable that can assume either of only two values (0 or 1), where one 

value indicates the existence of a certain condition and the other value indicates that the condition does 

not hold. 

  

In general, to represent � possible conditions we must create � − ͳ indicator variables. 

  

Example: Indicator Variables 

  ܻ = �଴ + �ଷܺଷ + �ସܺସ + � (Model 6) 

ସݔ   = Ͳ if the store is located in Toronto ݔସ = ͳ if the store is located in Montreal 

  ܻ = �଴ + �ଷܺଷ + �ସ + � (Montreal) 

  ܻ = �଴ + �ଷܺଷ + � (Toronto) 
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Test of Hypothesis for Indicator Variables 

  

To test for a difference in profit between stores in Montreal and Toronto perform the follow t-test: 

  �଴: �ସ = Ͳ (no difference) �ଵ: �ସ ≠ Ͳ (difference) 

  

Significance of ݔସ 

  

Since the p-value for �̂ସ is 0.038, which is less than 0.05, we conclude that the indicator variable ݔସ is 

significant, so we retain it in the model. 

  

Dummy Variables for Seasonal Differences 

  

In general, to represent � possible conditions we must create � − ͳ indicator variables. For example to 

test for seasonality in quarterly data where there are 4 seasons: winter, spring, summer, and fall we 

introduce 3 indicator variables as shown: 

  

Estimated profit vs. Advertising: 

  ܻ̂ = �̂଴ + �̂ଵ ଵܺ + �̂ଶܺଶ + �̂ଷܺଷ + �̂ସܺସ 

  ଵܺ = advertising expenditures ܺଶ = ͳ (if the season is winter), = Ͳ (if not). ܺଷ = ͳ (if the season is spring), = Ͳ (if not). ܺସ = ͳ (if the season is summer), = Ͳ (if not). 

  

Note: If ଵܺ = ܺଶ = ܺଷ = Ͳ it must be fall, therefore we do not require a dummy variable to indicate that 

it is fall. 

  

Quadratic Example 

  

Conclusion 

  

The model including years and gender has an ܴ�ଶ value of 66.5%. 

  

The model including years, years squared, and gender has an ܴ�ଶ value of 78.9%. 

  

Therefore, the quadratic term should be included. 

  

Interaction 

  

Statistical interaction refers to the extent to which the effect of one independent variable on the 

dependent variable depends on the value of other independent variables in the mode. 

  

Example 
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A drug X might be desirable for treating a medical condition, but you have to be careful if you are taking 

drug Y, because if you do take drugs X and Y together there may be a drug "interaction". That is, the 

effect of drug X may be dependent on the level of drug Y in the blood. 

  

Adding an interaction term to the model 

  

To test for the interaction term between two variables in a model we add a new variable which is the 

product of the two existing variables. 

  

Model without interaction term: 

ሻݕሺܧ   = �଴ + �ଵݔଵ + �ଶݔଶ 

  

Model with interaction term: 

ሻݕሺܧ   = �଴ + �ଵݔଵ + �ଶݔ௫ + �ଷݔଷ 

  

Where ݔଷ = ଵݔ ∗  ଶݔ

  

Example: Interaction 

  

Interpreting the model 

  

We see that this model is highly significant. 

  

A one-year increase in age results in an average increase in price of $12.74 for auctions with the same 

number of bidders. 

  

An increase of one bidder results in an average increase in price of $85.95 for grandfather clocks of the 

same age. 

  

Minitab 

  

Add an interaction variable Age ∗ Numbid. 

  

We see that there is a significant interaction between Age and NumBid. 

  

Test of Hypothesis for Interaction 

  

From the Minitab output we see that the coefficient of the interactive term Age ∗ NumBid is 1.30 with a 

t-value of 6.11 and an associated p-value of 0.000 (often expressed as p-value < Ͳ.ͲͲͳ). 

  

Therefore, we conclude that the interaction term is significant (i.e. reject the hypothesis �଴: �ଷ = Ͳ). 

  

Interaction: Slope of Age depends on the value of NumBid 

  Price = ͵ʹͲ + Ͳ.ͺͲ Age − ͻ͵.͵ NumBid + ͳ.͵Ͳ Age × NumBid 
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If NumBid = ͷ, Price = −ͳͶ͸.ͷ + ͹.͵ Age 

  

If NumBid = ͳͲ, Price = −͸ͳ͵ + ͳ͵.ͺ Age 

  

If NumBid = ͳͷ, Price = −ͳͲ͹ͻ.ͷ + ʹͲ.͵ Age 

  

Interpretation of Interaction 

  

For this example, we conclude that there is a significant interaction between Age and NumBid. 

  

This means that the response of Price to Age depends on the number of bidders. 

  

We see that more bidders always results in a higher auction price. Furthermore, as the number of 

bidders increases, the rate of increase of Price as a function of Age also increases. 

  

In practical terms, this implies that the antique dealer should reserve older clocks for larger auctions, as 

each extra year of age results in a large increase in price when there is a larger number of bidders. 

  

Warning about predictions 

  

Assume a clock aged 150 years and an auction with 5 bidders. 

  

Model ignoring interaction: � = −ͳ͵͵.ͻ + ͳʹ.͹ͶሺͳͷͲሻ + ͺͷ.ͻͻሺͷሻ = $ʹʹͲ͸.ͺͷ 

  

Model including interaction: � = ͵ʹͲ + Ͳ.ͺͺሺͳͷͲሻ − ͻ͵.͵ሺͷሻ + ͳ.͵ሺͳͷͲሻሺͷሻ = $ͻ͸Ͳ.ͷ 

  

If we ignore interaction in this model, the predicted price will be seriously overestimated. 

  

Caution on Interaction 

  

If the interaction term ݔଷ =  ଶ in the modelݔଵݔ

  �ሺݕሻ = ଴ߚ + ଵݔଵߚ + ଶݔଶߚ +  ଶݔଵݔଷߚ

  

Is significant, you should not conduct t-tests on the coefficients of the first-order terms ݔଵ and ݔଶ. 

  

These terms must be retained in the model regardless of their associated p-values. 

  

Note: Interaction ≠ Multicollinearity 

  

The example of the next slide shows a data set with two variables that are chosen to have no 

multicollinearity but do exhibit interaction. 

  

Logarithmic Transformations 
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Example: Number of cell phones in new rural community 

  

The linear function 

ݏ݈݈��݉ݑ�   = −ͳʹͶ͹ͳ + Ͷͺ͹ͺݐ 

  

Forecast for 2015 (ݐ = ͳͲ): �ݏ݈݈��݉ݑ = −ͳʹͶ͹ͳ + Ͷͺ͹ͺሺͳͲሻ = ͵͸͵Ͳͻ 

  

The log-linear function 

  lnሺ�ݏ݈݈��݉ݑሻ = ͷ.ͷʹͶ + Ͳ.ͷͺ͵ͷݏ݈݈��݉ݑ� ݐ = �ହ.ହଶସ+଴.ହ8ଷହ� = ʹͷͲ.͸Ͷ�଴.ହ8ଷହ� 
  

Forecast for 2015 (ݐ = ͳͲ): �ݏ݈݈��݉ݑ = ʹͷͲ.͸Ͷ�଴.ହ8ଷହሺଵ଴ሻ = ͺͷ͹͵ͷ 

  

Note on model fit 

  

Note that the linear model seriously underestimates the predicted number of cell phones for 2015 

assuming the historical exponential rate of growth continues at the same rate. 

  

Log-log function 

  ln � = ଴ߚ + ଵߚ lnሺݐሻ 
  ln � = ଴ߚ + lnሺݐሻ�భ 

  ln� − ln భ�ݐ =  ଴ߚ

  ln ( (భ�ݐ� =  ଴ߚ

భ�ݐ�   = ��బ 

  � = � భ, where�ݐ� = ��బ 
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Lack of Fit Tests 

  

A regression model exhibits lack-of-fit when it fails to adequately describe the functional relationship 

between the experimental factors and the response variable. Lack-of-fit can occur if important terms 

from the model such as interactions or quadratic terms are not included. It can also occur if several, 

unusually large residuals result from fitting the model. 

  

Lack of Fit Test in Minitab 

  

Minitab displays the lack-of-fit test when your data contain replicates (multiple observations with 

identical ݔ-values). Replicates represent "pure error" because only random variation can cause 

differences between the observed response values. 

  

To determine whether the model accurately fits the data, compare the p-value to your significant level. 

Usually, a significance level (also called alpha or ߙ) of 0.05 works well. An ߙ of 0.05 means that your 

chance of concluding that the model does not fit the data when it really does it only 5%. 

  

P-value <  The model does not fit the data :ߙ

If the p-value is less than or equal to ߙ, you conclude that the model does not accurately fit the 

data. To get a better model, you may need to add terms or transform your data. 

  

P-value >  There is no evidence that the model does not fit the data :ߙ

If the p-value is larger than ߙ, you cannot conclude that the model does not fit the data well. 

  

Example: Conclusion 

  

From this example we see that the linear model is not a good fit to the data (p-value = Ͳ.Ͳ͵ͺ), whereas 

the quadratic model is a good fit (p-value = Ͳ.ͷͷͺ). 

 

Variable Screening Techniques 

  

Stepwise Regression 

  

Variables are entered into the model in order of significance (based on p-values or F-values) until the 

new value being added is not significant. 

  

If introducing a new variable causes an existing variable to become non-significant it is dropped from the 

model. 

  

Data 

  

find more resources at oneclass.com

find more resources at oneclass.com



 
  

We reproduce the simple correlation matrix here for convenience: 

  

 
  

Regression Output 

  

Select "Stepwise" from the Regression Screen. 

  

Step 1 produces the model: ̂ݕ = −Ͳ.ͳͲ + Ͳ.͵ݔଷ 

With ��ଶ = ͺͳ.ͷͺ% 

  

Step 2 produces the model: ̂ݕ = Ͷ.ʹ͵ + Ͳ.ʹͲͳʹݔଷ − ͳ.Ͳ͵͵ݔସ 

With ��ଶ = ͺͻ.Ͳ͹% 

  

Minitab's Stepwise Regression Results 

  

Minitab selected Model 6 

ݕ   = ଴ߚ + ଷݔଷߚ + ସݔସߚ + � 

  �̂ = Ͷ.ʹ͵ͳ + Ͳ.ʹͲͳݔଷ − ͳ.Ͳ͵͵ݔସ 
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This model explains Profit ሺ�ሻ in terms of variables Size ሺݔଷሻ and Place ሺݔସሻ. 
  

Forcing a variable into the model 

  

Suppose that the manager in charge of advertising budgets insists she needs a model that contains the 

variable Advert ሺݔଵሻ. 
  

In the next slide we show how to force the variable Advert into the model. 

  

Advert will now be forced into the model – note the letter E to the left of ADVERT. 

  

 
  

Stepwise Regression with Advert forced into model 
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Stepwise Regression with ݔଵ = Advert forced into the model 

  

Stepwise regression has selected Model 2. 

ݕ   = ଴ߚ + ଵݔଵߚ + ଶݔଶߚ + � 

  �̂ = ͸.͸͸͸ + Ͳ.͹ͳͷݔଵ + Ͳ.͵ʹ͸ݔଶ 

  

Advert ሺݔଵሻ and Special ሺݔଶሻ are the selected variables. 

  

Summary 

  

We see that Stepwise Regression can help the analyst find a suitable model with important variables 

included as required for a specific application. 

  

Once we have decided upon the independent variables to include in a model it is important to check for 

possible interaction among the variables. 

  

Specifying a model with interaction 
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No interaction between Size and Place 

  

 
  

Selecting a stepwise regression method 

  

Method: Specify the method that Minitab uses to fit the model. 

  

None: Choose to fit the model with all of the terms that you specify in the Model dialog. 

  

find more resources at oneclass.com

find more resources at oneclass.com



Stepwise: By default, this procedure starts with an empty model and then adds or removes a term 

for each step. You can specify terms to include in the initial model or to force into every model. 

  

Forward selection: By default, the procedure starts with an empty model and adds the most 

significant term for each step. You can specify terms to force into every model. 

  

Backward selection: This procedure starts off with all potential terms in the model and removes 

the least significant term for each step. You can specify terms to force into every model. 

  

Forward selection 

  

Starts with no variables and introduces variables into model in order of decreasing significance. Unlike 

stepwise, it never drops variables already in model. 

  

 
  

Forward selection output 
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The selected model is Profit = Ͷ.ʹ͵ + Ͳ.ʹͲͳʹ Size −ͳ.Ͳ͵͵ Place 

  

Backward elimination 

  

Starts with all � variables in model and first eliminates the least significant variable. It reruns model on � − ͳ variable and again eliminates the least significant variable. Repeats process until all remaining 

variables are significant. 

  

 
  

Results of backward elimination 
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The selected model is Profit = ͸.͸͸͸ + Ͳ.͹ͳ Advert +Ͳ.͵ʹ͸ Special 

 

Variable Screening Technique 

  

Choice of Method 

  

The ability to choose a method gives a statistician flexibility in selecting a regression model. 

  

The Stepwise (forward and backward) method is generally a reliable approach combining the concepts 

of forward selection and backward elimination. 

  

Best Subsets - All Possible Regressions 

  

An alternative to Stepwise Regression is the Best Subsets approach, also known as the All Possible 

Regressions method. 

  

This method produces the output of many alternative regression models and allows the statistician to 

select a model based on different criteria. 

  

The next screen shows how to run a best subsets regression in Minitab. 

  

Minitab's Best Subsets option on the Regression Menu 

  

Stat → Regression → Regression → Best subsets 
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Click Options… 

  

Select box Display PRESS 

  

 
  

Best Subsets Regression Output 
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Summary of Results 

  

The Minitab output shows six measures: 

  

1. ܴଶ 

2. ܴ�ଶ 

3. PRESS 

4. ܴ��௘ௗଶ
 

5. Mallows �� 

6. ܵ 

  

Any of these measures can be used as a criterion for selecting a "best" model. 

  

We will discuss the advantages and disadvantages of each criterion. 

  �� and ࢙ are not good criteria 

  

We have already encountered ܴଶ = ௌௌோௌௌ்� and � = √�ܵ� 

  

Although these are potential model selection criteria, they are generally not considered to be good 

criteria because they ignore the relationship between the sample size and the number of variables in a 

model i.e. they ignore degrees of freedom. 

  

Consequently we will consider the advantages of the other criteria listed in the Minitab output. 

  

Criteria for model selection 

  

Adjusted R-squared and the Mallows �� statistic are popular model selection criteria. 

  

Mallows �� is related to adjusted R-squared, but imposes a penalty for increasing the number of 

independent variables. Consequently �� is called a parsimonious decision criterion. 
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�� values are usually positive and lower values are better. Occasionally ��  maybe negative and this 

usually implies a good model. 

  

Although models that result in lower values of �� tend to be similar to those that give higher values of 

adjusted R-squared, the exact ranking will often be slightly different. 

  

Sometimes there will be several models with the same or very slightly smaller values of ܴ�ଶ . In such 

cases Mallow's �� is often useful in helping to choose among the competing models. 

  

Mallows �� 

  

Mallows �� is defined by: 

  �� = ܵܵ���ܵ�� + ʹሺ� + ͳሻ − � 

  

It can be shown that �ሺ�ሻ~� + ͳ 

  

Where � is the sample size, � is the number of independent variables in the subset model, � is the total 

number of potential independent variables, ܵܵ�� is the ܵܵ� for the subset model, and �ܵ�� is the �ܵ� for the model containing all � independent variables. 

  

The �� criterion selects a model with (1) small value of �� and (2) �� near to � + ͳ. 

  

Note that adding the term ʹሺ� + ͳሻ penalizes (increases the value of) �� for every additional variable in 

the subset model. 

  

Note: Because � is subtracted it is possible for �� to be negative. 

 

Variable Screening Techniques 

  

The PRESS Statistic 

  

PRESS (Predicted Residual Sum of Squares) 

  

PRESS is based on the "leave one out" or "Jackknife" technique in which one fits the model without the ��h observation ݔ� and uses this fitted model to predict the response ̂ݕ� when ݔ =  The PRESS .�ݔ

residuals are defined as �� = y� −  The process is repeated for all � observations and the PRESS .�ݕ̂

statistics is computed as: 

  ܴܲ�ܵܵ =∑��ଶ�
�=ଵ �ݕ]∑= − �ଶ[�ݕ̂

�=ଵ  

  

The lower the value of PRESS the better the predictive model. 

  

Rationale for PRESS 
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The candidate model is fit to the sample data � times, each time leaving out one data point and 

substituting in its place the value predicted by the remaining � − ͳ data points. 

  

Since small differences �� = �ݕ −  indicate that the model is predicting well, we choose a model with a �ݕ̂

small value of PRESS. 

  

PRESS is a computationally intensive procedure, but advanced computer packages have options for 

computing PRESS. 

  

Predicted R-squared ��࢘ࢊࢋ�  

  

The predicted R-squared indicates how well a regression model predicts responses for new 

observations. This statistic helps you determine when the model fits the original data but is less capable 

of proving valid predictions for new observations. As in the case of the PRESS statistic, Minitab calculates 

predicted R-squared by systematically removing each observation from the data set, estimating the 

regression equation, and determining how well the model predicts the removed observation. Predicted 

R-squared can be negative and it is always lower than R-squared. 

  

Even if you don't plan to use the model for predictions, the predicted R-squared still provides crucial 

information. 

  

A key benefit of predicted R-squared is that it can prevent you from overfitting a model. An overfit 

model contains too many predictors and it starts to model the random noise. 

  

Because it is impossible to predict random noise, the predicted R-squared must drop for an overfit 

model. If you see a predicted R-squared that is much lower than the regular R-squared, you almost 

certainly have too many terms in the model. 

  

Relationship between ��࢘ࢊࢋ�
 and PRESS 

  ܴ��௘ௗଶ = [ͳ − ܴܲ�ܱܵܵܵܵܶ ] ሺͳͲͲሻ 
  

Example 

  

Profit = Ͷ.ʹ͵ + Ͳ.ʹͲͳʹ Size −ͳ.Ͳ͵͵ Place 
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  ܴ��௘ௗଶ = [ͳ − ܴܲ�ܱܵܵܵܵܶ ] ሺͳͲͲሻ 
  ܴܲ�ܵܵ = ʹ.͸ͳͷͻ͵; ܱܵܵܶ = ͳͷ.͹ͷ͸ 

  ܴ��௘ௗଶ = [ͳ − ʹ.͸ͳͷͻ͵ͳͷ.͹ͷ͸ ] ሺͳͲͲሻ = [ͳ − Ͳ.ͳ͸͸]ሺͳͲͲሻ = ͺ͵.Ͷ% 

  

Best subsets models including PRESS 

  

 

  

Full set of models 
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Summary of results 

  ܴ�ଶ and �� are generally accepted as excellent measures to use when fitting a model. In this example, it 

can be seen that ��  attains its minimum value of 3.1 in the fifth model listed, namely the model with 

independently variables ݔଷ and ݔସ. 

  

PRESS also attains its minimum value of 2.6 for this model. 

  

Although ܴ�ଶ also has a favorable value 89.1 for that model, its value in the complete model with all four 

variables is a little larger 89.3. We recall, however, that the complete model has a serious problem with 

multicollinearity and adds little to the ܴଶ or ܴ�ଶ values. 

  

Calculating PRESS 

  

We can also obtain the PRESS values for each model separately by modifying the output to display 

"Expanded Tables". 
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The next slide shows how to calculate PRESS for the model with variables  and . 

  

Expanded Tables includes PRESS 

  

 

 

Regression Pitfalls 
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Observational vs. Experimental Data 

  

Observation data: Values of independent variable are uncontrolled. 

  

Experimental data: Values of independent variable are controlled via a designed experiment. 

  

Advertising Example 

  

The variables ADVERT, SPECIAL, and PLACE are experimental variables. The general manager decides 

how much advertising budget to allocate to each store, and how many in-house specials to assign. He 

also selects stores in Montreal and Toronto. 

  

The variable SIZE is observational – we assume that the stores sampled are already in business and the 

manager has no control over the size of the random sample of stores selected in the two locations. 

  

Advantages of Using Experimental Variables 

  

The user controls the experiment. 

  

Variable values can be assigned in such a way that independent variables are not correlated so that 

multicollinearity can be eliminated. For example, we saw that the variables ADVERT and SPECIAL were 

designed to have zero correlation. 

  

Cause and effect relationships can be inferred. 

  

Randomization can be controlled by assigning a desired range of values to the independent variables. 

For example, we would not get a useful model if all stores had a advertising budget of between $4500 

and $5500. Because of extrapolation, we would not be able to make inferences outside that narrow 

range. 

  

Deviating from the Assumptions 

  

Recall that the multiple regression model is: 

ݕ   = ଴ߚ + ଵݔଵߚ + ଶݔଶߚ +⋯+ �ݔ�ߚ + � 

  

The model assumptions: 

  

ሺ�ሻܧ .1 = Ͳ 

2. � is normally distributed 

3. ��ଶ = �ଶ (a constant) 

4. ��  are statistically independent 

  

In summary, ��  are independent �ሺͲ, �ଶሻ variables. 

  

Multicollinearity 
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Multicollinearity occurs when two independent variables are moderately or highly correlated. 

  

This does not mean that on its own each independent variable does not explain a significant amount of 

variation in the dependent variable. It simply means that there are variables in the mode which are 

performing the same job in explaining the variation in the dependent variable and therefore they are all 

not needed in the regression model together. 

  

The existence of multicollinearity in a multiple regression model affects the reliability of the least 

squares estimates of the regression coefficients. 

  

How is multicollinearity detected? 

  

1. There exists high correlation between pairs of independent variables in the model. Refer to the 

correlation matrix. 

  

2. Estimated regression coefficients of variables change when a variable is added or deleted. In 

extreme cases the coefficient may change sign. 

  

3. There are conflicting results between the F-test and the t-tests. 

  

4. A variance inflation factor (VIF) exceeds 5 (this is somewhat arbitrary but experience supports the 

idea that if a VIF > ͷ the model probably has a problem with multicollinearity; some authors 

suggest a cut-off value of 10). 

  

Variance Inflation Factor 

  

The variance inflation factor for variable ݔ� is given by: 

�ܨ��   = ͳͳ − ��ଶ , � = ͳ,ʹ, … , � 

  

Where ��ଶ is the multiple coefficient of determination in the multiple regression model that express ݔ� 
as a function of all variables in the model except ݔ�, i.e. in the model: 

ሻ�ݔሺܧ   = ଴ߙ + ଵݔଵߙ + ଶݔଶߙ +⋯+ ଵ−�ݔଵ−�ߙ + ଵ+�ݔଵ+�ߙ +⋯+ �ݔ�ߙ  

  

Four methods for detection of multicollinearity 

  

1. Using Correlation Matrix 

  

2. Examining changes in regression coefficients as new variables are included in the model 

  

3. Overall F is significant while individual t values are not significant 

  

4. Using VIFs 

  

Correlation Matrix: Method 1 
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Coefficients Change: Method 2 

  

Model 1: ܻ̂ = ͹.ͻͲͷ + Ͳ.͹ͳͷ ଵܺ 

  

Model 2: ܻ̂ = ͸.͸͸͸ + Ͳ.͹ͳͷ ଵܺ + Ͳ.͵ʹ͸ܺଶ 

  

Model 3: ܻ̂ = Ͷ.ʹͺ͵ + Ͳ.ͷͳ͸ ଵܺ + Ͳ.ʹ͵Ͳܺଶ + Ͳ.Ͳͻ͹ܺଷ 

  

In Model 2 we see that the coefficient of ଵܺ is 0.715 indicating that there is no multicollinearity between 

variables ଵܺ and ܺଶ. 

  

However, in Model 3 we note that the coefficient of ଵܺ has changed to 0.516. This indicates that this 

model exhibits multicollinearity. We had already seen in the correlation matrix that ܺଷ is correlated with ଵܺ and ܺଶ. 

  

Model 3: Profit on ADVERT, SPECIAL, and SIZE: Method 3 
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Variance Inflation Factors: Method 4 

  

 

  

We see that two of the VIF values exceed 5. 

  

Why is multicollinearity a problem? 
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1. The standard errors of the regression coefficient are inflated, i.e. �̂�̂� are large. 

  

2. Estimated regression coefficients must be interpreted as the average change in the dependent 

variable per unit change in an independent variable, when all other variables are held constant. 

  

3. Inferential statistics on the regression parameters (i.e. t-tests, confidence intervals for ߚ�) are not 

reliable. 

o Large standard errors mean large (imprecise) confidence intervals ̂ߚ� ± �α2��̂� 
o Large standard errors mean small observed test statistics � =  �̂�̂�/�ߚ̂

  

The researcher will "accept" too many null hypotheses; high probability of Type II error. 

  

Important Note: Predictions for � when multicollinearity is present 

  

In the case of multicollinearity, �ଶ and the predictive power of the regression line remain unaffected. In 

other words, a multiple regression model with a relatively high �ଶ and a significant F-test can be used 

for prediction purposes (i.e. confidence intervals for ܧሺܻሻ and prediction intervals for an individual ܻ) 

even if multicollinearity exists. 

  

Guidelines for interpreting VIFs 

  

Any individual VIF > ͳͲ suggests severe multicollinearity; thus multicollinearity may be influencing the 

least-squares estimates of the regression coefficients. 

  

The rule VIF > ͳͲ is very conservative. Start to suspect multicollinearity when VIF > ͷ. 

  

If all VIFs are less than ͳ/ሺͳ − �ଶሻ, where �ଶ is the coefficient of determination for the model with all 

independent variables included, then multicollinearity is not strong enough to affect the coefficients 

estimates. In this case the independent variables are more strongly related to the ܻ variable than they 

are to each other. 

  

Cigarette Data Example 

  

See sample data on next screen. 

  

We run a multiple regression of the variable Carbon Monoxide (CM) on the three independent variables 

TAR, NICOTINE, and WEIGHT. 

  

We want to investigate multicollinearity to recommend a suitable predictive model. 

  

We start by examining the simple correlation matrix. 
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Minitab: The Correlation Matrix 

  

In Minitab choose the options: 

Stat → Basic Statistics → Correlation 

  

The results: 

  

 
  

Interpreting the correlation matrix 

  

TAR content ሺݔଵሻ and NICOTINE content ሺݔଶሻ are highly correlated ሺ� = Ͳ.ͻ͹͹ሻ. 
  

Weight ሺݔଷሻ is moderately correlated with TAR content ሺ� = Ͳ.Ͷͻͳሻ and nicotine ሺ� = Ͳ.ͷͲͲሻ. 
  

The small p-values shown under the correlations confirm that the correlations are all significantly 

different from 0. 

  

This is strong evidence to suggest that a model containing all three variables will have a serious 

multicollinearity problem. 

  

Minitab: The VIF Values 
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Multicollinearity in the model 

  

The VIF for TAR is 21.6 and for NICOTINE is 21.9. Since both of these values exceed the threshold value 

of 10, we conclude that the model has a serious multicollinearity problem. 

  

Note also that 
ଵଵ−�2 = ଵଵ−଴.9ଵ9 = ͳʹ.͵ͷ. Both VIFs exceed this number, implying the presence of 

multicollinearity. 

  

It appears that we should not have a model that contains all three independent variables TAR, 

NICOTINE, and WEIGHT. 

  

Choosing a model 

  

 
  

Best Subsets Regression: CM versus TAR, NICOTINE, WEIGHT 
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Best Model 

  

The minimum values of Mallows �� is 0.5 corresponding to the simple linear regression model with only 

one independent variable TAR. 

  

From the best subsets regression output we see that 

  �ଶ = ͻͳ.͹% and ��ଶ = ͻͳ.͵% 

  

So that TAR explains over 91% of variability in CM values. 

  

Note that the model with all three independent variables has a smaller ��ଶ value of 90.7%. 

  

The Model 
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Data Transformations 

  

Both the dependent variable ݕ and independent variables ݔଵ, ,ଶݔ …ଷݔ , �ݔ  can be subject to data 

transformations. 

  

Transformations of ݕ may be performed: 

  

1. To make the ݕ values satisfy model assumptions. 

2. To make the deterministic portion of the model a better approximation to the mean value of the 

transformed variable. 

  

Transformations of the independent variables are performed only for the second reason above. 

  

Summary of Regression Models 
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Choosing the "best" model 

  

Based on the table, can we conclude that the quadratic model is the "best" model? 

  

Is there evidence to show that the demand-price relationship is quadratic? 

  

Reciprocal transformation of independent variable 

  

Suppose that consultation with an expert in the area of demand-price relationships informs you that 

experience has shown that demand depends on the reciprocal of the price. In other words, she suggests 

the model: 

ݕ   = �଴ + �ଵݔ + � 

  

Where ݔ = ଵ� 

  

Or equivalently, ݕ = �଴ + �ଵ ଵ� + � 

  

Transformed Data ሺ� = ૚�ሻ 
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Demand vs. 
૚� 

  

 
  

This model has a high value of �ଶ and satisfies the empirical observation that demand is related to the 

reciprocal of price. 

  

Discussion of efficacy of �૛ 

  

Even though the �ଶ is a little lower than in the quadratic model, it is important to choose a model that is 

consistent with the scientific fact associated with the phenomenon under consideration. 

  

Conclusion 

  

Maximizing �ଶ is not a sufficient criterion for deciding on a predictive model. 
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Ultimately, various factors, including the logical association between the variables, must be taken into 

account in selecting a model. �ଶ is just one of those factors. 

 

Residual Analysis I 

  

Residual analysis: Using residuals to detect departure from assumptions. 

  

Residual Plots 

  

Plots of the residuals in a regression analysis can be used to detect departures from the assumption of: 

  

1. Normality of the error terms 

2. Constant variance 

3. Independence of the error terms 

  

Definition of Residual 

  

Error term in a true multiple regression model: 

  �� = �ݕ − �ሺݕሻ �� = �ݕ − ሺ�଴ + �ଵݔଵ +⋯+  ሻ�ݔ��
  

Residual term in a estimated multiple regression model: 

  �� = �ݕ − �� �ݕ̂ = �ݕ − ሺ�̂଴ + �̂ଵݔଵ +⋯+  ሻ�ݔ�̂�
  

Calculating Residuals 

  

ATHLETE FAT INTAKE CHOLESTEROL 

1 1290 1182 

2 1350 1172 

3 1470 1264 

4 1600 1493 

5 1710 1571 

6 1840 1711 

7 1980 1804 

8 2230 1840 

9 2400 1956 

10 2930 1954 
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The regression equation is: CHOLESTEROL = 578.9 + 0.5403 FAT INTAKE 

ଵݔ   = ͳʹͻͲ ̂ݕଵ = ͷ͸ͺ.ͻ + Ͳ.ͷͶͲ͵ሺͳʹͻͲሻ = ͳʹ͹ͷ.ͻʹ �ଵ = ଵݕ − ଵݕ̂ = ͳͳͺʹ − ͳʹ͹ͷ.ͻʹ = −�૜. �૛ 

  

 
  

Curvature 

  

See the pattern in the residual plot: 

• Residuals are positive for athletes with intermediate levels of fat intake. 

• Residuals are negative for athletes with low or high levels of fat intake. 

  

This suggests the use of a second order (quadratic) model. 

  

Quadratic Model 

  

The regression equation is: CHOLESTEROL = -1216.14 + 2.3989 FAT INTAKE - 0.000450 FAT^2 

ଵݔ   = ͳʹͻͲ ̂ݕଵ = −ͳʹͳ͸.ͳͶ + ʹ.͵ͻͺͻሺͳʹͻͲሻ − Ͳ.ͲͲͲͶͷͲሺͳʹͻͲሻଶ = ͳͳʹͻ.ͷ͸ �ଵ = ଵݕ − ଵݕ̂ = ͳͳͺʹ − ͳͳʹͻ.ͷ͸ = ૞૛. ૝૝ 
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Detecting Lack of Fit 

  

1. Plot residuals �� on the vertical axis, against each of the independent variables. 

2. Plot residuals on the vertical axis against the predicted value ̂ݕ on the horizontal axis. 

3. In each plot look for trends, dramatic changes in variability, and/or more than 5% of residuals that 

lie outside 2 std. dev. of 0. 

  

Example of Residual Plots 

  

 
  

Residual Plots 
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Detecting Unequal Variances 

  

Heteroscedasticity occurs when regression results produce error terms that are of significantly varying 

degrees across different observations. 

  

One example is when your independent variable gets larger, so does the distribution of error terms 

around it. 

  

Scatter Diagram of Heteroscedasticity 
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The terms are more spread out on the right side of the chart when compared to the left hand side of the 

chart: heteroscedasticity. 

  

 
  

 
  

Stabilizing Transformations 

  

Possible transformation to help eliminate or reduce heteroscedasticity are: 

 ሻݕor lnሺ ݕ√  
  

Comment on Transformation of Data 

  

There are many possible transformation of the form ܻ௞ where ݇ can be any real exponent. 
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Examples 

ଵଶݕ   = ;ଶݕ;ݕ√ ଶ−ݕ = ͳݕଶ ; ଵ−ݕ = ͳݕ ; ;ଵଷݕ ;ଶଷ−ݕ  .ܿݐ݁
  

Example 

  

Salary vs. Years of Experience for a random sample of 50 social workers. 

  

Exp (X) Salary (Y) 

7 26075 

28 79370 

23 65726 

18 41983 

19 62308 

15 41154 

. . 

  

Second Order Model 

  

Minitab Output: Second Order Model 

  

 
  

Residual Plot: Evidence of Heteroscedasticity 
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Summary of Second Order Model 

  

Regression equation: SALARY = 20242 + 522EXP + 53.0EXPSQ 

  ܴଶ = ͺͳ.͸% 

  

But the residual plot shows signs of heteroscedasticity. 

  

Second Order Model with Logarithmic Transformation 

  

Minitab Output: Model Including Logarithmic Transformation and Quadratic Term 
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Residual Plot: No Evidence of Heteroscedasticity 

  

 
  

Summary of Second Order Model ln(Salary) vs. EXP and EXPSQ 

  

Regression equation: ln(SALARY) = 9.84 + 0.0497EXP + 0.000009EXPSQ 

  ܴଶ = ͺ͸.Ͷ% ܴ�ଶ = ͺͷ.ͺ% 
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The residual plot shows that the log transformation has significantly reduce heteroscedasticity. 

  

But the coefficient of EXPSQ is not significant (p-value = 0.98). 

  

First Order Model with Logarithmic Transformation 

  

Minitab Output 

  

 
  

Note: Same ܴଶ value and higher ܴ�ଶ value. 

  

Interpreting the Model 

  lnሺ̂ݕሻ = ͻ.ͺͶ + Ͳ.Ͳͷݔ 

ݕ̂   = ݁ଽ.଼ସ+଴.଴ହ� = ݁ଽ.଼ସ݁଴.଴ହ� = ͳͺ͹͸ͻ.͹ʹ݁଴.଴ହ� 

  

Experience Predicted Salary 

0 $18769.72 

5 $24100.80 

10 $30946.04 
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15 $39735.50 

20 $51021.39 

  

A Test for Heteroscedasticity 

  

Divide the sample observations based on the values of ̂ݕ or equivalently, in this example, the value of ݔ 

(since for the fitted model ̂ݕ increases as ݔ increases). 

  

Examination of the data shows that approximately one-half of the 50 observations fall below ݔ = ʹͲ. 

  

 
  

Testing for Equal Variances 

  

We next calculate the variances of the observations in subgroups 1 and 2 and perform a test of 

hypothesis for the ratio of the variances. 

  �଴: �ଵଶ�ଶଶ = ͳ 

  �ଵ: �ଵଶ�ଶଶ ≠ ͳ 

  

Subgroups 1 and 2 
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Calculating �૚૛ and �૛૛ for SAL vs. EXP, EXPSQ 

ଵܧܵ�   =  ଵଶݏ

ଶܧܵ�   =  ଶଶݏ

  

Testing the Hypothesis of Equal Variances 

  �଴: �௟�௥��௥ଶ�௦m�௟௟�௥ଶ = ͳ 

  �ଵ: �௟�௥��௥ଶ�௦௠�௟௟�௥ଶ ≠ ͳ 

  ܶܵ: ܨ = ௦௠�௟௟�௥ଶݏ௟�௥��௥ଶݏ = ௦௠�௟௟�௥ܧܵ�௟�௥��௥ܧܵ� = ͻͶ͹ͳͳͲʹ͵͵ͳͷ͹͸ͻͻͺ = ʹ.ͻͻͻ͵͹ 

଴.଴ଶହ,ଶଷ,ଶଵܨ:�ܥ   ≅ ʹ.͵͹ 

  

Accept �଴ if ܨ ൑ ʹ.͵͹ 

  

Reject �଴ if ܨ < ʹ.͵͹ 

  

Since ܨ = ʹ.ͻͻͻ͵͹ is greater than 2.37 we reject the hypothesis of equal variances. Therefore, the 

quadratic model has residuals that exhibit heteroscedasticity. 

  

Checking the Normality Assumption 
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Important note  

  

Moderate departures from the normality assumption will generally not invalidate the results of a 

regression analysis. We can say that regression analysis is robust with regard to the normality 

assumption.  

  

If a graphical display of the data (stem-and-leaf plot, histogram, etc.) is not badly skewed, and has one 

major central peak, we can be confident in using the model. 

  

Checking for Normality 

  

We will use the model: 

  lnሺܵ�݈�ݕݎሻ = ͻ.ͺͶ + Ͳ.Ͳͷ݌ݔܧ 

  

The histogram of the residuals of the residuals shows that the distribution is mound-shaped and 

reasonable symmetric. Therefore, we suspect that the normality assumption is satisfied. However, this 

claim is subjective so we need a more formal approach. 

  

 
  

Normal Probability Plot 

  

The normal probability plot graphs the residuals against the expected values of the residuals under the 

assumption of normality. 

  

If the assumption of normality is true then a residual value should approximately equal its expected 

value, resulting in a straight line graph. 
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The Anderson-Darling Statistic 

  

The AD statistic is used to test the hypothesis. 

  �଴: Distribution is normal �ଵ: Distribution is not normal 

  

If the p-value for the AD is ൒ Ͳ.Ͳͷ, there is no reason to conclude that the distribution is not 

approximately normal. 

  

Conclusion 

  

This graph shows that the points lie within 95% confidence limits of the straight line that represents a 

normal distribution. 

  

In addition, the AD statistic has a p-value of 0.519. 

  

Therefore, we are confident that the distribution is reasonably well approximated by a normal 

distribution. 

  

Standardized Residuals 

  

find more resources at oneclass.com

find more resources at oneclass.com



The standardized residual, denoted ݖ�, for the �th observation is the residual for the observation ݁� 
divided by the standard error of the estimate ݏ. 

�ݖ   = ݏ�݁ = �ݕ − ܧܵ�√�ݕ̂  

  

Example of Outliers 

  

Hospital Admissions vs. Number of Doctors 

  

 
  

These data show the number of weekly admissions to city hospitals vs. the number of doctors per 

thousand of population in the city. 

  

Sample size is 53. 

  

Scatter diagram of Admissions vs. Doctors 

  

 
  

Interpreting the regression 
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The regression equation is: 

ݏ݊݋�ݏݏ�݉݀�   = ͳͷͳ.Ͳ − Ͳ.ͺͳͳͳݏݎ݋ݐܿ݋ܦ 

  

The negative slope implies that as the number of doctors increases, the number of admission decreases. 

For each extra doctor, the number of admissions decreases by 0.8111 so that , for example, 10 extra 

doctors would result in approximately 8 few admissions. 

  

This may be explained by the fact that if patients have a family doctor they may be diagnosed and cured 

without requiring a hospital admission. 

  

Plot of standardized residuals vs. Doctors 

  

 
  

Residuals and standardized residuals are in C3 and C4 

  

 
  

Minitab identifies outliers 

find more resources at oneclass.com

find more resources at oneclass.com



  

 
  

The outliers 

  

Observation 10 has a residual of 38.56 and a standardized residual of 3.665. 

  

This means that value of the observation (132) is 38.56 units above the value predicted by the fitted 

regression line. It is hard to interpret the value 38.56 because it depends on the unit of measurement. 

However, the standardized residual is 3.665 indicating that is 3.665 standard deviations above the 

regression line. 

  

Minitab tags it as an unusual observation because it is more than 2 standard deviations away from the 

regression line. 

  

Another outlier 

  

Observation 53 has a negative residual of -22.39. Again, it is hard to interpret this value, but we see that 

the standardized residual is -2.13. 

  

Since it is 2.13 standard deviations below the regression line, it is tagged as an outlier. 

  

Outliers 

  

An outlier is often defined to be an observation with a residual greater than 3s, or equivalently, with a 

standardized residual that is greater than 3. 

  

Minitab takes a conservative approach and defines an outlier to be an observation with a residual that is 

greater than 2s or a standardized residual greater than 2. 

  

Outliers are often caused by an invalid measurement. 

 

Residual Analysis II 

  

More on outliers 

  

As we saw, an outlier may be due to an error in measurement of data entry. 

  

When an outlier is not due to an error but represents an accurate value, we have to investigate the 

following possible causes in the model itself such as: 

  

• Omission of important variables in a model 
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• Omission of higher-order terms 

  

If the outlier represents a real and plausible value in your data set (e.g. the annual income of a 

multimillionaire in a sample of people who work in the computer industry) it is necessary to decide how 

to handle the data. One possibility is to exclude the data from the statistical analysis and write an 

exception report to explain the absence of the extreme value from the data set. 

  

Influential Observations and Leverage 

  

Influential observation: One whose removal would substantially affect the regression equation. 

  

Leverage: A measure of how influential an observation is: the larger the leverage value the more 

influence the observed ݕ value has on its predicted value. 

  

Computing leverage 

  

In regression analysis it is known that the predicted value for the �th observation, ̂ݕ�, can be written as a 

linear combination of the ݊ observed values ݕଵ, …,ଶݕ ,  .௡ݕ

  

Thus, for each value ݕ�, � = ͳ to ݊, we have the equation: 

̂�ݕ   = hଵݕଵ + hଶݕଶ + hଷݕଷ +⋯+ h�ݕ� +⋯+ h௡ݕ௡ 

  

For � = ͳ,ʹ,… , ݊ 

  

Note: Ͳ < h� and ∑h� = ݇ + ͳ 

  

The coefficient h� measures influence of the observed ݕ� value on its own predicted value ̂ݕ�. 
  

This value h� is called the leverage of the �th observation. 

  

Minitab says… 

  

Leverage values provide information about whether an observation has unusual predictor values 

compared to the rest of the data. 

  

Leverages are a measure of the distance between the x-values for an observation and the mean of x-

values for all observations. A large leverage value indicates that the x-value of an observation are far 

from the center of x-values for all observations. 

  

Observations with large leverage may exert considerable influence on the fitted value, and thus the 

regression model. 

  

Detecting influence with leverage 

  

Leverage values fall between 0 and 1. 
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According to Minitab a leverage value greater than 
ଷሺ௞+ଵሻ௡ , where ݇ is the number of predictors 

(independent variables) and ݊ is the number of observations, is considered large and should be 

examined. Most other sources compare to 
ଶሺ௞+ଵሻ௡ . 

  

Minitab identifies observations with leverage over 
ଷሺ௞+ଵሻ௡  or 0.99, whichever is smaller, with an ܺ in the 

table of unusual observations. 
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