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1. Let X = {(z,y,2) € R® |  — 2y + 2z = 0}. Which one of the following statements is true?

A. X is asubspace of R3 and dimX =3 x
@. X is a subspace of R3 and {(2,1,0),(—1,0,1)} is a basis of X
C. X is a subspace of R? and {(2,1,0), (412,\0)3 is a bgsis of X x
D. X is a not a subspace of R3. kg/w T s dﬁ?’\"&"“w
E. X is a line in R3 with direction vecor (1,-2,1)

F. X is a plane in R3 with normal (2,1,0) %
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2. Which two of the following statements are true?

L. {1,z,x?} is linearly independent in FR) = {f | f: R — R} . /

II. A homogeneous linear system always has infinitely many solutions. ¥o C ‘ 01 A a<
ITI. If A and B are 2 x 2 matrices, and A is invertible then AB = 0 implies B = 0. o W‘:ﬁ’““ﬁ
IV. If u and v are independent vectors in R?, then {u,v} = span{u,v}. X ) g{n? "
A | /
T and II. B |

(B)I and II1. Codai InAint TBace.

C. I and IV. ety [ Mo e

D. IT and II1. Y vecht o

E. IT and IV. yd A rec 5 A”’(N}D - N)~Q
F. IIT and IV. ‘ / -
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3. Let A be a square n X n matrix with n > 2. Which of the following statements is true?

I. If rank A = n — 1, there is just one parameter in the general solution of Az = 0. (/

II. If rank A = n — 1, there are n — 1 parameters in the general solution of Az =0. X

III. If A is invertible, Az = 0 has more than one solution X Ax: O = x=9O ,ﬂ’ ARV CNL;(.&'
IV. If Az = 0 has more than one solution, then rank A < n.

A. I only ] p
B. II. only m/ubc A + # Pamnudm = ## ce'S
C. III only
D. I. and IIL

I and IV.
F. III and IV.
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1 1

A. not defined unless n = 2. O Z"‘? PN
- vl ("
B. twice the first row of D. ;Y’D i [l } J {j\? LT [2 Z—]
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4. IfA= { ] and D is a 2 X n matrix, then the second row of the matrix AD is

C. the same as the first row of D. i +V

. the same as the second row of D. !
E_the sum of the first and the second rows of D. SI13 LAY,
F. the sum of twice the first row of D and the second row of D. ﬁ{)""*




5. Let S= [1 2] and consider the subset W = {4 € My, | SA = AS}. Which one of the following

0 0
statements is true?

A. W is not a subspace of Moy

B. W is a subspace of Mgq, and dim W =4

C. W is a subspace of Mgz, and dimW =3
@ W is a subspace of Mg3, and dim W = 2

E. W is a subspace of Myg, and dimW =1

F. W is a subspace of Mgz, and dimW =0
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6. Find the value of ¢ for which (1,3, t) belongs to span{(1,2;1),(1,1,2)}.
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7. For a non-homogeneous system of 15 equations in 12 unknowns, answer the following three questions:

"L

_-o Can the system be inconsistent? / y
" o Can the system have a unique solution? \/

/ o Can the system have infinitely many solutions? / Is | 7’
A. No, Yes, Yes.
B. Yes, Yes, No.
C. Yes, No, Yes. ™~ lo--o |
D. No, No, Yes. 10)0] /e\ﬁﬂ &%MM}}

@ Yes, Yes, Yes. o]
F. No, Yes, No. gJ"’ ot |l
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8. Let A be a square n X n matrix. Which one of the statements below is not equivalent to

“The rows of A are linearly independent” ( Yo A S ('M(/(’/A’\\D(ﬁ )
X @isaneigenvalueofA (% A’)Q:OX fhao Uon -y 9@@"‘)

B. The homogeneous system Az = 0 has a unique solution v
C. The columns of A form a basis of R* v~

D.rankA=n Vv

E.detA#£0 vV

F. A is invertible v~
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10. The vectors u; = (1, —1,2),u2 = (—5,—1,2), and uz = (0,2,1) form an orthogonal basis of R3. If
we write v = (1,0, —1) = aju; + aguz + azug, what is az?

A. —2/f

B.2/b _ B
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E. -5 iUl 25t 1+ 4

F. 1/5
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11. Consider the network of streets with intersections A, B, C, D and E below. The arrows indicate
the direction of traffic flow along the one-way streets, and the numbers refer to the exact number

of cars observed to enter or leave A, B, C, D and E during one minute. Each z; denotes the unknown
number of cars which passed along the indicated streets during the same period.

I40
B
N
80 A — C 90
N A

E"'"?D
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a) Write down a system of linear equations which describes the the traffic flow, _together with all the
constraints on the variables z;, i =1,...,6.
(Do not perform any operations on your equations: this is done for you in (b). Do not
simply copy out the equations implicit in (b). You will not get any marks if you do this.)
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11(b). The reduced row-echelon form of the augmented matrix of the system in part (a) is

N }5{

1'0 00 -1 0 | —40
0000 -1 1 | 40
00d o0 -1 1] 10
00o0Q -1 1] 9
0000 0 0] O

Give the general solution. (Ignore the constraints from (a) at this point.)

¥ = —4u +4
Y. = 4o +4-t

o = G0 ti-t ok €
Xs F 4
X(p - 't

¢) If AC were closed due to roadwork, find the minimum flow along ED, using your results from
(b).

(You must justify all your answers.)
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12. Let X =span{(1,-1,1,0),(0,1,1,1),(1,2,4,3),(1,0,2,2)}= 7 O4y,2,w) ) ~2x-y+ z =0 15

f = X +
| Q_ a) Find any basis for X, and hence find dim X. e = 2x4y
g

l
[ ¢) Extend your basis for X in part (b) to a basis of R*. G et 4\ coneAt —r]m

b) Find a basis for X which is a subset of the given spanning set above. -5 “&11»{)(\' + |

d) If X were the rowspace of a 4 X 4 matrix A, how many parameters would there be in the general
solution to Az =0? S5+
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13. Let W = {(z,y,z,w) e R* | z — z —w =0}. Xz 24w

’ 6 a) Without referring to the Subspace Test briefly explain why W is a subspace of R4

(-5 b) Find a basis for . (-5 = W)

) Gram-Schmidt algorithm to find is f ‘ & 0.,
2 ¢ Use the Gram-Schmidt algorithm to find an orthogonal basis for W'. { W&M cce 8 o
+SEW +-5 seiat covee for belang boy

. wir +:5 covedt
2 d) Find t}?; %eét .':Lpproximatlon%"3 a vector m W to the vector (1,0,1,1).

A W = ﬁmt)@ “W Wo&mmuag—@ﬁbgaw&{ Y
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14. LetA=|-1 1 -1].
-1 -1 1

l a) Find the characteristic polynomial of A, and use this to show that the eigenvalues of A are 2 and —1.

7 b) Find a basis of E; = {v € R® | Av =2v}.
| ¢) Find a basis of E_; = {ve R® | Av= —v}.
") d) If possible, find an invertible matrix P and a diagonal matrix D such that P~ 1AP = D. If this is not

possible, explain why.
-\ -] - RAdr | \-x -1 =0 406G [ -k - ~)

AT = - -1 - 3 |
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15. State whether each of the following is (always) true, or is (possibly) false, in the box after the
statement.

e If you say the statement may be false, you must give an explicit example - with numbers!
e If you say the statement is true, you must give a clear explanation - by quoting a theorem presented

in class, or by giving a proof valid for every case.

a) If A is an 4 x 3 matrix and if a row echelon form of A has a row of zeros, then rank A < 3.

ANSWER FALQE

b) The dimension of the kernel of the matrix [1 2 3 4 5]is4.
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15 (cont.)

c) If {vy,v2} is linearly independent in a vector space V, then {v; — v2,v1 + 2v} is also linearly inde-

pendent.
e
S ppee (
wS o b
(0%/(7)\}4 + ‘/QL"“)UZ = g;h@{q/ 5

alm-0) 1 b (v 429) = O

b =0 %3>é{>;0@)b30 ) a<e fo

\O+219 =3
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ANSWER | TRUE

d) The funtion 7 : R? — R? defined by T'(z,y) = (z%,z + y) is a linear transformation.

MO“Q T('f@) = ( f)l)
L T20) = (42) £ 2T 00
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16. (Four bonus marks) Make sure you finish and check the rest of the paper before trying
this. As you know, bonus marks are much harder to earn.

In what follows, A denotes an n X n matrix.

a) Prove that if u, v and w are eigenvectors of A corresponding to three distinct eigenvalues, then
{u,v,w} is linearly independent.

g‘ﬁwm" i\\}t >1M ) A'\)f )zv) Aws: >\3W }‘1:"\)1 )\:‘F>‘L

?‘»‘F>‘>
%L«{zﬁme Ol by« ew =0 (\).QW% A we. olataun

0\>\\U-\ b hovtoxw=0 (2)

Nun (2)- &Mﬁa b (h, 20 + ez =20 =0
WI/@M:‘; A){D(?) wo drder b (AN A4 0\3'>¢))3

Thm (LV) - \%(7)5 \A/(ULA-O e (>\5">\,>(>3”>‘2>w =0 L
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b) Prove that if all the eigenvalues of A are non-zero, then A is invertible.
)l\{,j kbl & det A0 ﬂ;f Y20 A st o

LA w&QL,&, &Qw cﬁ@ﬁ {,A”OI) #O) (€ Aot MHQ,

e Boon vkl

‘ ‘ f
P%(Y-‘ Ox —=> X=o, /(\ & fd/{w@./'z(ﬁ‘cc,(«‘




