
Question 1. Version A.
(a) Using the quadratic formula, we have

z1,2 = 1
2
± i

√
3
2

.

(b)
z1

z2

(c) We have |z1| =
√

(1/2)2 + (
√

3/2)2 = 1. Also arg(z2) = arctan(
√

3) = π
3
. Hence, in

polar form z2 = cos(π/3) + i sin(π/3) and z1 = cos(5π/3) + i sin(5π/3).

Question 1. Version B.
(a) Using the quadratic formula, we have
z1,2 = 1± i.

(b)
z1

z2

(c) We have |z1| = |z2| =
√

12 + 12 =
√

2. Also arg(z2) = arctan(1) = π
4

and since

z2 = z1 then arg(z1) = 7π
4

. Hence, in polar form z2 =
√

2(cos(π/4) + i sin(π/4)) and z1 =√
2(cos(7π/3) + i sin(7π/4)).
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Question 1. Version C.
(a) Using the quadratic formula, we have

z1,2 = −1
2
± i

√
3
2

.

(b) z1

z2

(c) We have |z1| = |z2| =
√

(1/2)2 + (
√

3/2)2 = 1.

Since a = −1
2
< 0 and b =

√
3
2
> 0 then arg(z1) = π−arctan(

∣∣ b
a

∣∣) = π−arctan(
√

3) = π− π
3

=
2π
3

and since z2 = z1 then arg(z2) = 4π
3

. Hence, in polar form z2 = cos(2π/3) + i sin(2π/3)
and z1 = cos(4π/3) + i sin(4π/3).

Question 2. Version A
Solution A

Question 2. Version B
Solution C

Question 2. Version C
Solution D

Question 3. Version A
det(A) = 3× 1− 0× 2 = 3 6= 0, so A is invertible and A−1 is given by

A−1 = 1
3×1−0×2

[
3 −2
0 1

]
= 1

3

[
3 −2
0 1

]
=

[
1 −2/3
0 1/3

]
Question 3. Version B

det(A) = 2× 3− 1× 3 = 3 6= 0, so A is invertible and A−1 is given by

A−1 = 1
2×3−1×3

[
3 −3
−1 2

]
= 1

3

[
3 −3
−1 2

]
=

[
1 −1
−1/3 2/3

]
Question 3. Version C

det(A) = 3× 3− 1× 3 = 6 6= 0, so A is invertible and A−1 is given by

A−1 = 1
3×3−3×2

[
3 −3
−1 3

]
= 1

6

[
3 −3
−1 3

]
=

[
1/2 −1/2
−1/6 1/2

]
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Question 4. Version A
We first find the upper triangular form of the augmented matrix of this system. We have(

4 2 2
3 b c

)
R2→R2−(3/4)R1−−−−−−−−−−→

(
4 2 2
0 b− 3/2 c− 3/2

)
.

(i) To have no solution, the last column has to be a pivot column; i.e. b − 3/2 = 0 and
c− 3/2 6= 0 ⇔ b = 3/2 and c 6= 3/2.

(ii) For infinitely many solutions, we need fewer pivots than variables; i.e., the second row
has to be [0 0 | 0] ⇔ b− 3/2 = 0 and c− 3/2 = 0. Hence b = c = 3/2.

(iii) For a unique solution, we the first and second columns have to be pivot columns; i.e.,
b− 3/2 6= 0 ⇔ b 6= 3/2 and c arbitrary.

Question 4. Version B
We first find the upper triangular form of the augmented matrix of this system. We have(

2 3 c
3 b 2

)
R2→R2−(3/2)R1−−−−−−−−−−→

(
2 3 c
0 b− 9/2 2− 3c/2

)
.

(i) To have no solution, the last column has to be a pivot column; i.e. b − 9/2 = 0 et
2− 3c/2 6= 0 ⇔ b = 9/2 and c 6= 4/3.

(ii) For infinitely many solutions, we need fewer pivots than variables; i.e., the second row
has to be [0 0 | 0] ⇔ b− 9/2 = 0 and 2− 3c/2 = 0, ⇔ b = 9/2, c = 4/3.

(iii) For a unique solution, we the first and second columns have to be pivot columns; i.e.,
b− 9/2 6= 0 ⇔ b 6= 9/2 and c arbitrary.

Question 4. Version C We first find the upper triangular form of the augmented matrix of
this system. We have(

3 b 2
2 3 c

)
R2→R2−(2/3)R1−−−−−−−−−−→

(
3 2 2
0 3− 2b/3 c− 4/3

)
.

(i) To have no solution, the last column has to be a pivot column; i.e., 3 − 2b/3 = 0 and
c− 4/3 6= 0 ⇔ b = 9/2 and c 6= 4/3.

(ii) For infinitely many solutions, we need fewer pivots than variables; i.e., the second row
has to be [0 0 | 0] ⇔ 3− 2b/3 = 0 and c− 4/3 = 0. Hence b = 9/2, c = 4/3.

(iii) For a unique solution, we the first and second columns have to be pivot columns; i.e.
3− 2b/3 6= 0 ⇔ b 6= 9/2 and c arbitrary.
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Question 5. Version A

det(A− λI) = det

1− λ 1 0
1 1− λ 0
1 1 −2− λ

 = (−2− λ) det

[
1− λ 1

1 1− λ

]
= (−1− λ)

[
(1− λ)2 − (1)(1)

]
= (λ− 2)λ(−2− λ)

Hence the eigenvalues are λ1 = −2, λ2 = 0 and λ3 = 2.
Solution: A, D (no part marks)

Question 5. Version B

det(A− λI) = det

1− λ 1 0
−1 −1− λ 0
1 1 1− λ

 = (1− λ) det

[
1− λ 1
−1 −1− λ

]
= (1− λ) ((1− λ)(−1− λ)− (−1)(1)) = λ2(1− λ)

Hence the eigenvalues are λ1 = 1 and λ2 = 0.
Solution: C, D, E (no part marks)

Question 5. Version C

det(A− λI) = det

1− λ 1 0
1 1− λ 0
1 1 −1− λ

 = (−1− λ) det

[
1− λ 1

1 1− λ

]
= (−1− λ)

(
(1− λ)2 − (1)(1)

)
= (−1− λ)λ(λ− 2)

Hence the eigenvalues are λ1 = −1, λ2 = 0 and λ3 = 2.
Solution: A, C (no part marks)
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Question 6. Version A

(a) The matrix is A =

[
2 −2
−1 1

]
.

det(A− λI2) = λ2 − 3λ = λ(λ− 3) .

Hence the eigenvalues are 0 and 3.
To find the eigenvectors, we solve (A− λI)~x = ~0.

• For λ = 0, we have

A− (0)I = A =

[
2 −2
−1 1

]
R2→R2+(1/2)R1−−−−−−−−−−→

[
2 −2
0 0

]
R1→(1/2)R1−−−−−−−→

[
1 −1
0 0

]
.

The eigenvectors are thus ~v1 =

[
1
1

]
r, r ∈ R, r 6= 0.

• For λ = 3, we have

A− (3)I =

[
−1 −2
−1 −2

]
R2→R2−R1−−−−−−−→

[
−1 −2
0 0

]
R1→−R1−−−−−→

[
1 2
0 0

]
.

The eigenvectors are thus ~v2 =

[
−2
1

]
s, s ∈ R, s 6= 0.

(b) The general solution is[
x(t)
y(t)

]
= c1e

0t

[
1
1

]
+ c2e

3t

[
−2
1

]
, where c1, c2 are constants .

(c) The particular solution satisfies[
x(0)
y(0)

]
=

[
2
5

]
= c1

[
1
1

]
+ c2

[
−2
1

]
{
c1 − 2c2 = 2
c1 + c2 = 5

.

Thus c1 = 4 and c2 = 1, so the particular solution is[
x(t)
y(t)

]
= 4

[
1
1

]
+ e3t

[
−2
1

]
=

[
4− 2e3t

4 + e3t

]
.
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Question 6. Version B

(a) The matrix is A =

[
−1 1
2 −2

]
.

det(A− λI2) = λ2 + 3λ = λ(λ+ 3) .

Hence the eigenvalues are 0 and −3.
To find the eigenvectors, we solve (A− λI)~x = ~0.

• For λ = 0, we have

A− (0)I2 = A =

[
−1 1
2 −2

]
R2→R2+2R1−−−−−−−→

[
−1 1
0 0

]
R1→(−1)R1−−−−−−−→

[
1 −1
0 0

]
.

The eigenvectors are thus ~v1 =

[
1
1

]
r, r ∈ R, r 6= 0.

• For λ = −3, we have

A− (−3)I2 =

[
2 1
2 1

]
R2→R2−R1−−−−−−−→

[
2 1
0 0

]
R1→(1/2)R1−−−−−−−→

[
1 1/2
0 0

]
.

The eigenvectors are thus ~v2 =

[
−1/2

1

]
s, s ∈ R, s 6= 0.

(b) The general solution is[
x(t)
y(t)

]
= c1e

0t

[
1
1

]
+ c2e

−3t
[
−1/2

1

]
, where c1, c2 are constants .

(c) The particular solution satisfies[
x(0)
y(0)

]
=

[
2
5

]
= c1

[
1
1

]
+ c2

[
−1/2

1

]
{
c1 − (1/2)c2 = 2
c1 + c2 = 5

.

Thus c1 = 3 and c2 = 2, so the particular solution is[
x(t)
y(t)

]
= 3

[
1
1

]
+ 2e−3t

[
−1/2

1

]
=

[
3− e−3t
3 + 2e−3t

]
.
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Question 6. Version C

(a) The matrix is A =

[
−2 2
−1 1

]
.

det(A− λI2) = λ2 + λ = λ(λ+ 1) .

Hence the eigenvalues are 0 and −1.
To find the eigenvectors, we solve (A− λI)~x = ~0.

• For λ = 0, we have

A− (0)I2 = A =

[
−2 2
−1 1

]
R2→R2−(1/2)R1−−−−−−−−−−→

[
−2 2
0 0

]
R1→(−1/2)R1−−−−−−−−→

[
1 −1
0 0

]
.

The eigenvectors are thus ~v1 =

[
1
1

]
r, r ∈ R, r 6= 0.

• For λ = −1, we have

A− (−1)I2 =

[
−1 2
−1 2

]
R2→R2−R1−−−−−−−→

[
−1 2
0 0

]
R1→−R1−−−−−→

[
1 −2
0 0

]
.

The eigenvectors are thus ~v2 =

[
2
1

]
s, s ∈ R, s 6= 0.

(b) The general solution is[
x(t)
y(t)

]
= c1e

0t

[
1
1

]
+ c2e

−t
[
2
1

]
, where c1, c2 are constants .

(c) The particular solution satisfies[
x(0)
y(0)

]
=

[
2
5

]
= c1

[
1
1

]
+ c2

[
2
1

]
{
c1 + 2c2 = 2
c1 + c2 = 5

.

Thus c1 = 8 and c2 = −3, so the particular solution is[
x(t)
y(t)

]
= 8

[
1
1

]
− 3e−t

[
2
1

]
=

[
8− 6e−t

8− 3e−t

]
.
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Question 7. (a) The domain is

Df = {(x, y) ∈ R2| 1− x2 − y2 > 0} = {(x, y) ∈ R2| x2 + y2 < 1} .

The range is: −∞ < f ≤ 0. The range can’t be larger than 0 because x2 + y2 cannot be
less than zero.

(b) The domain is the interior of a circle of radius 1. Note that the boundary is not
included.

1

1

-1

(c)
f(x, y) = k ⇔ ln(1− x2 − y2) = k ⇔ x2 + y2 = 1− ek .

These are circles with radius 1− ek.
For k1 = 0, we have a point x2 + y2 = 0 ⇒ (x = 0, y = 0);
For k2 = ln(3/4), we have the circle x2 + y2 = 1/4;
For k3 = ln(8/9), we have the circle x2 + y2 = 1/9;
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