Question 1. Version A.

(a) Using the quadratic formula, we have
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Z2

T T T T T T T T
01 0z 03 0.4 0.5

(b) Z1

(c) We have |z| = \/(1/2)2 + (v/3/2)% = 1. Also arg(z;) = arctan(v/3)
polar form zy = cos(m/3) + isin(7/3) and z; = cos(b7/3) + isin(bm/3)
Question 1. Version B.

(a) Using the quadratic formula, we have
21,2 = 1+2.

Z. Hence, in
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(b) Z1
(c) We have |z | || = V12412 = /2. Also arg(z) = arctan(1)

29 = Z7 then arg(z;) %’r. Hence, in polar form 2z,

V2(cos(Tm/3) + isin(77/4)).

1 and since

V2(cos(/4) + isin(r/4)) and 2z



Question 1. Version C.

(a) Using the quadratic formula, we have

— 14,
212 = 2:|:Z2.

Z2
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(b) Z4
(c) We have |z1| = |22] = \/(1/2)2 +(v/3/2)% = 1.

Sincea = —3 < 0and b= ‘/73 > 0 then arg(z1) = 7r—arctan(|g‘) — 7 —arctan(y/3) = T—§ =
2 and since 2 = 71 then arg(z;) = 4. Hence, in polar form z, = cos(2m/3) + isin(2m/3)

and z; = cos(4m/3) + isin(4m/3).

Question 2. Version A
Solution A

Question 2. Version B
Solution C

Question 2. Version C
Solution D

Question 3. Version A
det(A) =3x1—-0x2=3%#0,so A is invertible and A™! is given by

Ao a3 2 _a 3 2]t 23
T 3x1-0x2 0 1 3 0 1 o 0 1/3

Question 3. Version B
det(A) =2x3—1x3=3#0,so A is invertible and A™! is given by

JE 3 =31 _ .13 =3 _| 1 -1
T38| 1 2| 3|-1 2| |-1/3 2/3

Question 3. Version C
det(A) =3x3—1x3=06#0,so A is invertible and A™! is given by

A_lzm[—gl _33}:%[—31 _33}:{—11//26 _11//22]



Question 4. Version A
We first find the upper triangular form of the augmented matrix of this system. We have

4 2 2
3 b c—3/2)"
(i) To have no solution, the last column has to be a pivot column; i.e. b — 3/2 = 0 and
c—3/240 & b=23/2and ¢ £ 3/2.

c 0 b—3/2

2) R2—>R2—(3/4)R1 <4 2
_— >

(ii) For infinitely many solutions, we need fewer pivots than variables; i.e., the second row
has to be [0 0]|0] < b—3/2=0and ¢ —3/2=0. Hence b = c = 3/2.

(iii) For a unique solution, we the first and second columns have to be pivot columns; i.e.,

b—3/2#0 < b# 3/2 and c arbitrary.

Question 4. Version B
We first find the upper triangular form of the augmented matrix of this system. We have

2 3|c¢c\ R:—»Rx—(3/2)R1 (2 3 &
—_ )
3 b2 0 b—9/2|2—3c/2

(i) To have no solution, the last column has to be a pivot column; i.e. b —9/2 = 0 et
2 3¢/240 < b=9/2and ¢ #4/3.

(ii) For infinitely many solutions, we need fewer pivots than variables; i.e., the second row
hastobe [0 0]|0] & b—9/2=0and 2—-3¢/2=0,< b=9/2, c=4/3.

(iii) For a unique solution, we the first and second columns have to be pivot columns; i.e.,
b—9/2#0 < b#9/2 and c arbitrary.

Question 4. Version C We first find the upper triangular form of the augmented matrix of
this system. We have
2
c—4/3) "

3 b

2 3

(i) To have no solution, the last column has to be a pivot column; i.e., 3 —2b/3 = 0 and
c—4/3#0 < b=9/2 and ¢ # 4/3.

2\ Ry—Ry—(2/3)R1 (3 2
—_
c 0 3—2b/3

(ii) For infinitely many solutions, we need fewer pivots than variables; i.e., the second row
has to be [0 0|0] <& 3—2b/3=0and ¢ —4/3 =0. Hence b =9/2, ¢ =4/3.

(ili) For a unique solution, we the first and second columns have to be pivot columns; i.e.
3—2b/3#0 < b#9/2 and c arbitrary.



Question 5. Version A

1—A 1 0
det(A—AX)=det | 1 1-—2AX 0 :(—Q—A)det[ 1 1)

1 1 —2-)
=(1=N [0 =2 =MD)] = A =2)A(=2-))

1— A 1}

Hence the eigenvalues are A\ = —2, Ay =0 and A3 = 2.
Solution: A, D (no part marks)

Question 5. Version B

1—A 1 0
det(A—AX)=det | =1 —-1—-X 0 | = (1—)\)det[
1 1 1—A

=1 =N (1 =N(=1=0) = (=)1)) =X*(1 =)

1—A 1
-1 —-1-2A

Hence the eigenvalues are Ay = 1 and Ay = 0.
Solution: C, D, E (no part marks)

Question 5. Version C

1—A 1 0
1—A 1
det(A—Al)=det | 1 1—A\ 0 =(—1—A)det
[ 1 1 1)\] { ! 1_A]
=(-1-0)(1=1)*= D) = (1= -2)

Hence the eigenvalues are A\ = —1, Ay =0 and A3 = 2.
Solution: A, C (no part marks)



Question 6. Version A

(a) The matrix is A = {_21 _12} :

det(A — AL) = A2 — 3\ = A(A—3).

Hence the eigenvalues are 0 and 3.
To find the eigenvectors, we solve (A — A\ )z = 0.

e For A =0, we have

A—(O)IZA:[21 ﬂwgf _Q}MF —1}.

0 0 0 0

The eigenvectors are thus v = L

11 r,r € Ror #0.

e For A = 3, we have

o _1 _2 RQ—)RQ—Rl _1 _2 Rl—)—Rl 1 2
A-@)I= [—1 —2] - [0 O] - [0 O] '

The eigenvectors are thus v, = {_2} s,s € R, s #0.

1

(b) The general solution is

i

(¢) The particular solution satisfies

ol =5 == [} 1]

cL—2c0 = 2
C1 + Co =5

Thus ¢; =4 and ¢y = 1, so the particular solution is

] [1-%)

1 —2
} = cleOt [1] + CQ@gt [ 1 } , where ¢;, ¢y are constants .



Question 6. Version B

(a) The matrix is A = {_21 _12} :

det(A — ML) = A2 +3X=A(A+3).

Hence the eigenvalues are 0 and —3.
To find the eigenvectors, we solve (A — A\ )z = 0.

e For A =0, we have

. |71 1| RemsRet2r: |—1 1| Ri=(-DR_ |1 -1
A—(0>12—A—{2 _2}—>[0 o}—%{o o]'

The eigenvectors are thus v = {11 r,r € Rr # 0.

1

e For A\ = —3, we have

A= (=3)I = B ﬂ o P, B (1)} LRGN L1) 162] |

The eigenvectors are thus v, = {_11/2] s,s € R, s # 0.

(b) The general solution is

l’(t) _ 0t 1 —3t —1/2
[y(t)} =aeT | T ee E where c;, ¢y are constants .

(¢) The particular solution satisfies

(8] oo

{cl—(1/2)02 = 2

C1 + Co = 5

Thus ¢; = 3 and ¢y = 2, so the particular solution is

ool (-]



Question 6. Version C

(a) The matrix is A = {:? ﬂ :

det(A— ML) = N+ A= \+1).

Hence the eigenvalues are 0 and —1.
To find the eigenvectors, we solve (A — A\ )z = 0.

e For A =0, we have

-2 2 Ro—R2—(1/2)Ry -2 2 Ri—(—1/2)R: 1 -1
_ — — —_ _ .
A=) =4 {—1 1} { 0 0] [0 0 }

r,r € Ror # 0.

. - 1
The eigenvectors are thus v; = L

e For A = —1, we have

A—(=1)L, = ﬁ 2| meone, [—01 (ﬂ LES.N Ll) ﬂ.

s,s € R, s #0.

The eigenvectors are thus v = L

(b) The general solution is

i

(¢) The particular solution satisfies

b0 = = ] =[]

{014—202 = 2

1 2
] = cleOt [J + 026_t L} , where ¢;, ¢y are constants.

C1 + Co = 5

Thus ¢; = 8 and ¢y = —3, so the particular solution is

]+ BB



Question 7. (a) The domain is
Dy ={(z,y) eR*| 1 -2 —y* > 0} = {(z,y) € R*| 2” +y* < 1}.

The range is: —oo < f < 0. The range can’t be larger than 0 because z2 + 3? cannot be
less than zero.

(b) The domain is the interior of a circle of radius 1. Note that the boundary is not
included.

(c)
flxy)=k e h(l-2> )=k & 2>+ =1-¢".
These are circles with radius 1 — e*.
For k; = 0, we have a point 22 + 4> =0 = (z =0,y = 0);
For ko = In(3/4), we have the circle 22 + y? = 1/4;
For k3 = In(8/9), we have the circle 2% + y? = 1/9;




