©Prep101

MAT 1332

Midterm #2 v1

1.
a)
[o] [o] - [+
A=| 0 2 4 -+
0 4 2 + - +
det A=—-4det 2 4 —0det 0 4 +0det 0 2
14 2] 0 2] 0 4]
=—4det 2 4 -0de M +0de M
42_/_02_/_04_
_—4[2(2 4)(4)]
=-4(-12)
=48

Since det A is not equal to 0, the matrix A is invertible.
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(=)}

)

-4 0 01 0 O
0 2 40 1 0
0 4 20 01

. |k 0o0-1/4 0 0
=2 501200 1/2 0
042 0 0 1

1 0o 0|-1/4 0 O

— R 510 1 2] 0 1/2 0

00 60 -2 1

0 o-1/4 0 O

120 1/2 0
0]y o 1/3 -1/6
1 0o o-1/4 0 0
ﬂ—> 0 1o o0 -1/6 1/3
0] o 1/3 -1/6

Ry/-6

O O =

-1/4 0 0
A=l 0 -1/6 1/3
0 1/3 -1/6
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c¢) Two ways to solve. Both are correct. Method #2 is faster.

Method #1: Solve Ax = b for x.

-4 0 0|6
0 2 46
0 4 26

e |10 0=3/2
—F2 510 1 2] 3
0 4 2/ 6
1 0 0]-3/2
— %R 510 1 2| 3
0 0 -6 -6
L 0 0]-3/2
R0 L2 3
001 1
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Method #2: Solve x = Alb.

i=A7b
~1/4 0 0o 16
=l 0 -1/6 1/3 |6
0 1/3 -1/6][6
| (-1/4)(6)+ [G}[6}+{{})(6
= (0)(6)+(-1/ 6)(5
(0)(6)+(1/3)(6)+ Hﬁ_}
[-3/2
= 1
1
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d)
A+4] o] -]
Al-A=| 0 1-2 -4 -+ -
0 -4 A1-2 + - +
(A-2 -4 ] 0 -4 ] [0 A-2]
det(Al —A)=(A+4)det —0det +0det
| -4 A-2] 10 1-2) 0 -4
(A-2 4] [0 [ [0
=(A+4)det —0det Odet
(+)e__4 /1_2_/3_0//1:/_+ e_o/jf_f

det(—41 —A)=(-4+4)(-4-6)(-4+2)
=0
. A=-41is an eigenvalue

A =-4,-2,6 are the three eigenvalues of A
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e)
0O O 0|0
(—4I—A)= 0 -6 40
0 -4 -6|0
0 -4 -6|0
RlswapR3 0 _6 _40
0O O 0|0
0 1 3/20]
— R S0 6 -4]0
0 O 0 O_
0 Il 3/2|0
_ SRR s10 0 5
00 0

RS0 0 |_10

0

0]
0 1 3/20
00

o] L
—3/2R, +R; @
[0] o 00

N < X
Il
o o

X 1

y |=t| 0| are the eigenvectors of 1 =-4

Z 0
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2.

1 all
b 5[2
Usually, you would need to use lots of complex matrix row reduction to solve this system.

Instead, we will use logic! Ahhh... logic...

We will answer the guestion backwards, as it’s easier to determine what conditions give us no
solutions and infinite solutions first.

To get infinite solutions, we need to get a parameter/free variable. If a =5/2, and b = 2, the two
rows are multiples, and they cancel out each other. Then, after row reduction, we would have

1 5/21 [1 [5/2]1
_)
2 52 0o o |0

which shows a parameter/free variable in the y column. BOOM! Infinite solutions.
To get NO solutions, we need to get a zombie row. If a =1 and b = 5, we get the following after
row reduction...
1 11 1 11
%
5 52 0 0/-3
which is inconsistent (a zombie row), and therefore has no solutions.

To get a unique solution, we just need to avoid the other two situations. Therefore, if
(a=1Lb=5) or (a=5/2,b=2) we will get a unique solution.
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2 3 4|3
1 2 -3-2

3 5 1

R, swap R,

— RS

2R +R,
-3R;+R3
—=

K
,RZ O
0

X, —10%, =—7

1
L 2 -3-2
2 3 4|3
35 1[1
L 2 -3-2
0 -1 107
0 -1 107
2 -3|-2

L -10/-7

-1 10|7

1o [17]|12
0 |1 |-10]-7
00 o]0
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4. a) {X,}
y

b)

41 - A=

s 3]

A =-4,2 are the eigenvalues

-5 =50
-1 -10

R /-5 Il- 110
-1 -10

R +R, !Il‘

X+ Y=
y:

—
< X
L
Il

o [o]

0
0
0
t

-1
t{ 1 } are the eigenvectors for 1 =—4
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X—5y=0

X =5t
y=t

y

X -1
¢) The general solution is { } =Ce™ { . :|+C292t|:
y

X 5
{ } :tL} are the eigenvectors for A =2

5
1

|

MAT 1332 MT2 Test Package Solutions
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d) We are given initial conditions x(0) =11, y(0)=1. We can therefore solve for the particular
solution of the system.

11 -1 5
=Ce | T|+C,e”
1 1 1

11=-C, +5C,
1=C,+C,

I will use substitution to solve this system of equations.
C,=1-C,

11=-C, +5(1-C,)
=—-C,+5-5C,

e) The eigenvalue A =-4 will converge to zero because it is a negative eigenvalue. The
eigenvalue A =2 is greater than zero, and will therefore cause the solution to increase to infinity
as t — oo . Therefore, no, not all solutions will converge to zero.

11
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5.
a)
5
A=
5
A-
-A=
sl
det (A1 - =( -3)-(2)(-1)
= 81+15+2
=A"-81+17
det[ (4+i)1 = A]=(4+i) —8(4+i)+17
=(16+8i+i")—(32+8i)+17
=16+8i+(-1)-32-8i+17
=0
. A=4+1isan eigenvalue of A
det[(4-i)1 - A]=(4-i) -8(4-i)+17

=(16—8| +i%)-(32-8i)+17
=16-8i+(-1)-32+8i+17
=0

. A=4-11isan eigenvalue of A

MAT 1332 MT2 Test Package Solutions
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b)
-1+i 2

0

4+i)1 - A=
(4+1) [_l 0}
-1 1+il0

R, swap R,
[—l+i 2 0}

- 1 -1-il0]
—1 .
~1+i 2|0

1+i

a2 minf}

2 2

o]

cost —sint
| cost

13
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1

6. f(x,y):ﬁ

a) The domain is all (x,y) where the function is possible. Since there is a square root AND a
denominator, the function inside the square root must be greater than zero.

X—y—-4>0

X—y>4
-y>4-X
y<x-4

Therefore, the domain of the function is

D:{(x,y)eR’|y<x-4]

b) The range of the function is “what are all possible z values of this function”. Since there is a
square root in this function, no negative values of z are possible. Furthermore, zero is not
possible because there are no variables in the numerator to allow us to “plug in” x ory = 0.
Therefore, the range is

range={zeR|z>0}

14




©Prep101

¢) The domain is bordered by a straight line.

MAT 1332 MT2 Test Package Solutions

Domain

y=x-4

15
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d) Draw 3 level curves.

MAT 1332 MT2 Test Package Solutions

Level Resulting Formula Level Curve
(ie. formula solved for y)
=1 x—y-4=1 y=x-5
z=2 X—y—4=2 y=x-8
2=3 X—y—4=3 y=x-13
A
y
z=1
L z=2

=3

16
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MAT 1332
Midterm #2 v2

MAT 1332 MT2 Test Package Solutions

1. o _ 25x — x°
dt
a)
25x-x>=0
X(25-x*)=0
X =-5,0,5
b)
axy _ 25-3x°
dt
dx 2
n =25-3(-5)" =-50 — stable
X =-5
% = 25—3(0)2 =25 — unstable
x =0
% —25-3(5)" =50 > stable
X =5
c)
X<-5 -5<x<0 0<x<5 X>5
dx/dt + - * -
Phase diagram Arrow to right Arrow to left Arrow to right Arrow to left

e

P*=-5 P*=0 P*=5

stable unstable unstable

17
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2. X*—6x*+13x-10=0
a) Plug x, =2 into the cubic equation. If the equation = 0, then X, =2 is a solution.

(2)°-6(2)° +13(2)~10=8-24+26-10
=-16+16
=0

b) Long division.

x> —4X+5
x—2)x3 —6x2+13x-10
—(x3—2x2)
—4x* +13x-10
—(—4x2 +8x)
5x-10
—(5x-10)
0
X* —4x+5=0
X, =2—1

(2-i) —4(2-i)+5=4—-4i +i*~8+4i+5

=447 +(~1)-8441 +5

=0

X, =2+1

(2+i)2 —4(2+1)+5=4+4i+i*—8-4i+5

= 4347 +(-1)-841 +5

=0

18
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c)

XX =(2-i)(2+1i)
=4-2i+2i—i
= 4221721 —(-1)
=5

d)

X _2-0

X; 2+1
{ﬂj{ﬁj

2+1 )\ 2—1i
_4-2i-2i+i?
C442i-2i+i?
4-2i-2i+(-1)
432=70 +(-1)
_3-4

5

3
=———I

5

MAT 1332 MT2 Test Package Solutions

We want to get rid of the i terms in the bottom
because it’s not “pretty” enough. To do that, we
can multiply the top and bottom by the complex
conjugate of the bottom term, and then simplify
everything.

19
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e)

(3+i)2:(3+i)(3+i)
=9+3i+3i+i?
=9+3i+3i+(-1)
=8+6i

MAT 1332 MT2 Test Package Solutions

f) re"” is the general form of a complex number in exponential form. Since we are given €', this

impliesthatr =1and ¢=1.

We also know that r? =a’ +b® and ¢ = arctan (Ej . We know r and ¢ and need to solve for a
a

and b.

tanlzE
a

b=(tanl)a

a’+b*=1
a’ +[(tan1)a]2 =1
a’(1+tan’1)=1

) 1

T 1+tan’l
a=0.540

b = (tan1)(0.540) = 0.841

=0.292

-.a+bi=0.540+0.841i

We only take the positive a root because
of the location of the complex number.
The angle of 1 radian tells us that the
complex number is located in the first
quadrant where x any y are positive.

20
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3.
a)
W [of | | H
B=|2 4 5 - + -
3 1 0 + - 4+

4 5 2 2 4
det B =1det —0de +cdet
10 30 31

=1[(4)(0)-(5)(1) ]+c[(2)(1) - (4)(3)]
=1(-5)+c(2-12)
=-5-10c

detB=0
-5-10c#0
-10c#5

MAT 1332 MT2 Test Package Solutions
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b)
5 3 1)1
1 2 12
3 -1 alb
1 2 1]2]
R, swap R, 5 3 11
3 -1 ab_
SR +R, Il 2 1 2
—RR 510 -7 -4 -9
0 -7 a-3b-6

b 2 1] 2
R 500 |1 417|917
0 -7 a-3b-6
1 0 -1/7|-4/7
—2R,+R;
—RetR 10 |1 4/7|9/7
0 0 a+1|b-3

To get a unique solution, we need to have three leading 1’s. If a = —1, this will happen (note
that b can be any real number).

To get infinite solutions, we need to get a parameter/free variable. If a = -1, and b = 3, we have
a row of zeroes, and the third column is a free variable.

To get NO solutions, we need to get a zombie row. If a=-1 and b = 3, we get a zombie row and
therefore we have no solutions.

22
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det[(4+i)1 - A]=(4+i) -8(4+i)+17

=(16+8|+| )-(32+8i)+17
=16+8i+(-1)-32-8i+17
=0

. A=4+iisan eigenvalue of A

det[(4-i)1-A]=( 8(4-i)+17
=(16—8|+| )—(32—8i)+17
=16-8i+(-1)—-32+8i+17
=0

. A=4-1isan eigenvalue of A

MAT 1332 MT2 Test Package Solutions
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b)
-1+i 2|0
(4+i)l-A=|
-1 1+1|0
R, swapR, -1 1+i|0
-1+i 2|0
W [ 1 -1-ilo
“1+i 2 |0]
wir)yr, |1 1=1=1]0
0o [0 |0
x+(-1-i)y=0
y=t
x=(1+i)t
y=t

inls il

o]

cost —sint
| cost

24
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2 3 4|3
1 2 -3-2
35 1)1
L 2 -3-2]
_ Rk 12 3 43
3 5 1|1

1 2 -3-2
—2R+R,
— SRR 10 -1 107
0 -1 10/7
1 2 -3]-2
—% 510 |1 -10-7
0 -1 10|7

1o [17]]12

S N T TG

00 o]0

X, +17%x, =12
X, =10x; =7
Xy =t

=12-17t

X
X, =—7+10t
X, =t

25
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6.
1 0 2
A=|0 -5 0
4 0 5
a)

L 0 21 0 0

0 500 10

4 0 50 0 1
1 0

—4R +R,

2(1 0 O

—RR 10 5 0|0 1 0
0 0 -3-4 0 1
L o21 0 0
RS2 500 L 0j0 -1/5 0
00 [44/3 0 -1/3
L 0 0-5/3 0 2/3

R,/-5
Ry/-3

—2R3+R; 0 Il. 0

0 0 |1
~5/3 0
At=| 0 -1/5
413 0

0 -1/5 0
4/3 0 -1/3

213
0
-1/3

MAT 1332 MT2 Test Package Solutions
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b) Two ways to solve. Both are correct. Method #2 is faster.

Method #1: Solve Ax = b for x.

|_1 0 23
0 -5 0[5
4 0 53
Il 0 2|3
SRR 10 -5 015
0O 0 -3-9
R, /-5 Il' 0 23
—&3 500 101
0 0 |_13
Il 0 0[-3
—2R3+R; 0 I;L 0_1
0 0 |;3

X, -3
X=|x|=|-1
X; 3

4/3 0 —-1/31|3
[(=5/3)(3)+(0)(5)+(2/3)(3)
= (0)(3)+(-1/5)(5)+(0)(3)
(4/3)(3)+(0)(5)+(~1/3)(3)
-3

= -1

3

27
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c)
A-1 o] -2 + [ +
Al-A=| 0 [1+5] o0 - -
—4 @ + E +

0 0
det(ﬂ,l—A)z—Ode{ 1 5} +(A+5) de{

0 A-1
}t+5 det
~4 _4

+5)[(2- ]
(A+5 (/12—6/1+5 8)
+5)(4° -64-3)

= —0det

det(~51 — A) = (-5+5)| (-5)" ~6(-5)-3|

=0
.. A=-5lisan eigenvalue

A*—-61-3=0
Can't factor. Use quadratic formula.

—b++/b* - 4ac

2a

_6+(-6) ~4(1)(-3)

2/:

A-5

MAT 1332 MT2 Test Package Solutions

1 -2 A-1 -2
—0det
1-5 0 0

} —0det

A =-5,3—2+/3,3+2+/3 are the three eigenvalues of A

28
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d)
-6 0 -2]0
51-A=| 0 0 010
-4 0 -10/0
1 0 1/3/0]
—R% b0 0 010
-4 0 -10/0
1 0o 1/3]0
— 4R 510 0 0 |0
0

N < X
I
o ~ O

0
=t|1
0

is an eigenvector for 4 =-5

[ x
yl
K
0
1}
0

MAT 1332 MT2 Test Package Solutions
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MAT 1332
Midterm #2 v3

b)

A=1
A 0 -2/0
1o -30
R, /-2 O Il‘o
0 -30
3R +R, @ Il-o
[o] 0[O

X=t

y=0

Han
o

is an eigenvector for A =1

MAT 1332 MT2 Test Package Solutions

3 20
41 - A=
{o OM

. [Ll 01
0

x—2/3y=0
y:

x=2/3t
y:

M

} IS an eigenvector for A =4

30
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2.y =12y +3y?
a)

12y +3y* =0
3y(4+y)=0

y" =-4,0 are the equilibrium points

MAT 1332 MT2 Test Package Solutions

b)
X <-4 -4<x<0 x>0
y' + - +
Phase diagram Arrow to right Arrow to left Arrow to right

o

p*=-4

stable

P*=0

unstable

31
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1 0 -1
3.12 -2 -a
3 a -2

a) For a matrix to be invertible, its determinant must NOT be 0. Therefore, we will determinant
what values of a make the determinant zero, and then those values of a will NOT be allowed.

[o] B
detf 2 -2 -a |=0 -+ -
3 a -2 + - 4+
0 =1det 2 a —0det 2 - +(—1)det{2 _2}
a 2] 13 2] 3 a
“1det] 2 78] —odet] 27 +(—1)det{2 _2}
a —2_/L_3 -2 | 3 a
=1det 2 a +(—1)det{2 _2}
a 2] 3 a

=1[(-2)(-2)-(-a)(a) ]-1[(2)(a) - (-2)(3)]
=(4+a%)-(2a+6)
—a’-2a-2
Can't factor. Use quadratic formula.
_22(-2)' -4(1)(-2)

2(1)
2412

2
_2+4443

2
2423

a

2
—1+43

Therefore, if a;tli\/§ the matrix is invertible.
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b)

L o -11 0 0
2 -2 00 10
30 200 1

2R, +R, i 0 -1 00
— SRR 510 2 2]2 10
0 0 1301]
lo-11 0 o0
—R2 500 1 11 -1/2 0
00 [1/-3 0 1
wn |10 0-2 0 1
— 2R 510 1 0-2 -1/2 1
00 3 o0 1]
2 0 1
At=l-2 -1/2 1
3 0 1

33
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c)
1 0 -1
A=[2 -2 0
3 0 -2
i-1 Jo] 1 + [+
Al-A=| 2 [2+2] o0 - =
-3 @ A+2 + EI +

= —0det :2 s +(/1+2)det{ _;1 12} ~0det /1__
e 2]
=(2+2)[(4-1)(4+2)-(1)(-3)]
:()L+2)(/12+/1—2+3)
=(2+2)(2* +A+1)

det(-21 - A) = (-2+2)[ (-2)" +(-2) +1]=0
.. A=-2isan eigenvalue of A

34
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d)
-3 0 10
-2l -A=|-2 0 0[0
-3 0 00
-2 0 0|0
R, swap R, _3 0 10
-3 0 0]0
1 0 00
—RZ 513 0 10
-3 0 0|0
3R +R Il @ OO
3R, +R, 0 @ I_O
0 [o] o0
x=0
y=t
z=0

0
=t 1
0

[ x
y]
K
0
1]
0

Is an eigenvector of 4 =-2

MAT 1332 MT2 Test Package Solutions
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L2 47
R, swap Ry 2 l 2_1
3 2 41

L 2 4|7
2R +R,
— Rk 510 -3 -6|-15
0 -4 -8/-20
1 2 4|7
—RIB2 500 1 2|5
0 -4 -8-20

—2R,+R Il- 0 @_3
— iR 510 1 [2] 5

0 0 [0]©

36
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5. f(x, y):cos(m)

a) The domain is all (x,y) where the function is possible. Since there is a square root, the function
inside the square root must be greater than or equal to zero.

X+y=>0
y > —X

Therefore, the domain of the function is

D:{(x,y)eR2|y2—x}

b) The range of the function is “what are all possible z values of this function”. Since there is a
square root in this function, no negative values of z are possible. Therefore, the range is

range={zeR|z>0}

¢) The domain is bordered by a straight line.

y=-x

Domain

37
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d) Draw 3 level curves.

MAT 1332 MT2 Test Package Solutions

Level Resulting Formula Level Curve
(ie. formula solved for y)
2=0 cos(«/x+y)=0 yz(arccoso)z—x
72_2
z=+212 cos( x+y)=\/§/2 [ X\/EJZ
y =| arccos— | —X
2
72_2
=——X
16
z=1 cos( [x+ y)zl y = (arccos1)’ - x
=-X
y
\\\\\\\\\ Z=1
y
\‘\\z=2
=3 ™
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