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1. Compute the following limits.[6]

(a) lim
x→∞

(1− e−x)e
x

(b) lim
x→0

1− cos(x2)

x2 sin2 x

(c) lim
x→0

ex + e−x − 2

1− cosx
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2.[8] (a) Define “f(x) is continuous at x = a”.

(b) State a characterization of “f(x) is differentiable at x = a” that involves the tangent line.

(c) Find the tangent line to f(x) = x2 ln(1 + x4) at x = 1.

(d) Prove that a function f(x) which is differentiable at x = a is continuous at x = a.
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3.[10] (a) State the Intermediate Value Theorem.

(b) Show that xe1/x = 4 has exactly one solution in (0, 1).

(c) Prove the Intermediate Value Theorem. (Continue on the back of this page if needed.)
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4.[6] (a) State the Mean Value Theorem.

(b) Show that x ≤ sin−1(x) ≤ x√
1− x2

on (0, 1).
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5.[7] (a) Define a “convex function” and explain the definition geometrically (include a sketch).

(b) Show that if x1, . . . , xn are positive numbers, then
( 1

n

n∑
i=1

x5
i

)1/5
≤ 1

n

n∑
i=1

xi.
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6.[8] (a) Find the Taylor polynomial P of degree 3 for f(x) = tan x at a = π
4
.

(b) Estimate the error
∣∣ tan

(
π
4
− π

180

)
− P

(
π
4
− π

180

)∣∣.
(Give an explicit number here. One digit accuracy is enough.)
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7. Find the maximum volume of a right cylinder inscribed inside a sphere of radius r.[5]
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8. Graph the function f(x) = e1/x(x + 2) exhibiting as many features as possible.[10]
Show your calculations. (Continue on the back of this page if needed.)


