Introduction ta Probability

In everyday conversation, the term probability is a measure of one’s belief in the
occurrence of a fliture event. We accept this as a meaningful and practical interpretation
of probability buf seek a clearer understanding of its context, how it is measured, and
how it assists in making inferences.

The necessity of considering the concept of probability is due to the existence of random
or stochastic progess, when observations or outcomes cannot be predicted with certainty.

For example, the|blood pressure of a person at a given point in time cannot be predicted
with certainty, arld we never know the exact load that a bridge will endure before
collapsing into a|river.

There are many types of ways to measure probability

1. Classical
Consider a finite number of outcomes

Apsume each outcome is equally likely
# number of ways A can occur
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Example: A and B play a fair game 3 times, what is the probability B wins
ejpactly 2 games?
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2. Frequengy/Counts (empirical, “based off of samples or data™)

Affter observing a sample situation (of a “large” sample size) expect that
the actual probability of an event to be modeled by the sample

“Long-run” observations

Example: Suppose a pharmacist stays late to work overtime 30 days out of

200 days, the probability that this pharmacist works overtime is likely to
be...?
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3. Axiomatic

* Formal

* Define probability as a function acting on a set

* This function must possess certain properties

e Suppose S is a sample space associated with an experiment. To every
event A in S (A is a subset of S), we assign a number, P(A), called the
probability of A, so that the following axioms hold:
Axiom 1: P(A)=0.
Axiom2: P(S)=1.
Axiom 3: If A1, A2, A3, ... form a sequence of pairwise mutually
exclusive events in S (thatis, A; N A, =@ if i #j), then
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4. Subjective
* Probability is based on personal opinion

* Example: What do you feel is the chance that the senate will pass a reform

on Healthcare this year? / Wiather 7
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Prior to introducing the notion of probability, there are some terms that need to be
defined. These are:

1. Random experiment: A random experiment is a process that produces one of

many possible outcomes. In addition, outcomes are unpredictable. -5 /F° b opan
e Ewml; eve b L‘L‘]
2. Sample space, or (S): A sample space, denoted by S, is a set that lists all the e‘?“‘ ‘\7
outcomes produced by a random experiment. Often each outcome is referred to as 7 hovala
a ‘sample point’ or an ‘element’ /——;" ‘
There can be different ways of exhibiting the sample space
* A coin is tossed twice...
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3. Event: An event is a subset of the sample space, which consists of elements that D N uo(*”

share a common characteristic. That is, if A represents an event, then A & S. o
*  When waiting for a bus, consider how long you could be waiting for...
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* Let A be the event you wait for at least 10 minutes. ..
A=3 loexe 50| whwre XI5 Fime M
ot

A=[lo, 0°$

t/l‘z\ /m”‘“/gg

Set Theory and Probability
Consider two events, A and B, where A € S, B S S <
Containment/Subset:
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Union of A and B - A U B: The union of events A and B - denoted by (A U B) - is a subset
of the sample space which consists of elements found in A or elements found in B or
elements found in BOTH A and B. A Venn diagram of (A U B) is to be drawn in the
space below.
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Intersection of A and B - A N B: The intersection of events A and B - denoted by
(A N B) - is asubset of S, which consists of elements found in BOTH A, and B. The
Vefn diagram is given below.
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Complement of A - A€ or A: The complement of event A, A¢, or A, is a subset of the
sample space consisting of all elements in S, which are not found in A. In short, A° can
X be thought of as “‘not A” or “everything but A”. The Venn diagram of A€ is given by:
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Mutually Exclusive Events: Two events, A and B, are said to be mutually exclusive when

the joint intersection of A and B is an empty, or a null, set. Therefore, A and B are
mutually exclusive events when (A 1 B) = @. A and A° are mutually exclusive events
since there are no common elements shared between A and A°. ( DIs Q bl + )
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Recall the Axioms of probability

Axiom 1: P(A)=0. \
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Axiom 2: P(S)=1.
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Axiom 3: If A1, A2, A3, ... form a sequence of pairwise mutually exclusive events in S
(thatis, A, N A;=@if i #j), then v ® N
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Some Rules of Probability o Addit—=
From the Venn Diagrams developed the previous pages; we can derive the following
probability formulae.
Law of Cofnplement: The probability of A not occurring, or P(A€), is given by:
P(A%)=1-P(A).
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Total Law of Probability (Simplified): The probability of A is given by:
P(A) =P(A N B) + P(A NB°)
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Addition Law: The probability of A or B is given by:

P(A U B)=P(A) + P(B) - P(AﬂB)‘ (AAB‘)* P{A/)Gw P(A /)B>
I . Pl

D + @) o) - Plang )+ PUED 5

Thn PUAALE) - F/Ams\v‘m’”ﬁ’*'0//”’8)“0/'40/’5)
Anf 2 of Thom

S HRWEEY PR gy , a6 AH08)- /AVB)

DeMorgan’s Laws: 6f'ml fo ¢ side Brckets
(i) P(A° U B®)= P(A N B)¢ (i) P(A° N B°)= P(A U B)¢
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Dlstnbutlve La;ws Let A, B, and C be events such that A,B,C C S.
(i) PIANBUC)= P((A NBYU(ANCQC))
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Notice that these properties can be extended to any finite collectlon (or countably infinite _
collection) of sets bran
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Exercise 2.1

Suppose a family contains two children of different ages, and we are interested in
the gender of these children. Let F denote that a child is female and M that the child
is male and let a pair such as FM denote that the older child is female and the
younger is male. There are four points in the set S of possible observations:

S = {FF, FM, MF, MM}.

Let A denote the subset of possibilities containing no males; B, the subset containing
two males; and C, the subset containing at least one male.
List the elements of A,B,C,ANB,AUB,ANC,AUC,BNnC,BuUC, and Cn Be.

#Using Software (R)
#The following computer code will answer this question, if you study it carefully you may learn how
#to apply the software in multiple situations.

library(prob)
#this includes the probability library in the program

family=function (times)
#family is the name of the function it could be changed to whatever you like

temp <- list()
for (i in I:times) {
temp[[l]] <- C(IIF“, "Mu)
#"F","M",... are the female and male options of each child they can be changed to other #outcomes
}
res <- expand.grid(temp, KEEP.OUT.ATTRS = FALSE)
names(res) <- c(paste(rep("child", times), 1:times, sep =""))
# “child” is the name of the column
return(res)

}

#this sets up the sample space

S=family(2)

A=S]1,]

B=S[4,]

C=S[2:4,]

A #lists the elements in event A

B #lists the elements in event B

C #lists the elements in event C

intersect(A ,B) #lists the elements in this intersection
union(A ,B) #lists the elements in this union
intersect(A ,C) #lists the elements in this intersection
union(A,C) #lists the elements in this union
intersect(B,C) #lists the elements in this intersection
union(B,C) #lists the elements in this union
setdiff(C,B) # lists the elements in C but not in B

#Note: The complement of A can be found by: setdiff(S,A)



