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Assignment 1. Solutions

1. For each of the following statements use a truth table to determine whether it is a tautology,
a contradiction, or a contingency.

(a) ((PVT)/\(QVT))H((p/\q)VT)

Solution: Tautology.

a b ¢
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(b) (p@g) A (p®—9q)
Solution: Contradiction.
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(©) (p=(a=m) < (p=(arn)

Solution: Contingency.
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(@) (pA(~g—>-p)) >4

Solution: Tautology.
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2. For each of the following logical equivalences state whether it is valid or invalid. If invalid then
give a counterexample (e.g., based on a truth table). If valid then give an algebraic proof using
logical equivalences from Tables 6, 7, and 8 from Section 1.3 of textbook.

(a) (p=r)A(g=71) = (prg) >

Solution: Invalid.
Ifp=T,q=F, and r = F' then the LHS is False, while the RHS is True.

b)) (p=q)v(p—7) =(pvq) —r

Solution: Invalid.
Ifp=T,q=T, and r = F then the LHS is True, while the RHS is False.

() (((pVCI)/\(p—’T)/\(q*T))»r) =T

Solution: Valid.

((Gva) A=) Ala=>7)) 7
(v A=) Alg=n)vr
(~(Gva) A1) valg—n))vr
(v v=p—>r)v-(g=n))vr

((-@va)v=(=pvr)v-(-gvr))vr

)

)

)

)
(A =~0) v (=p A=) v (=g A=) v
(Convisnmvian)e
((wn=a)v ((pA-r)v(gn-r))vr
(Con s s )
((-pn-g)v (prg))vr)vr

((~pr-a)v(prg)) v (-rvr)

((~pA-q)v(prg))vT
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Assumption

Law for conditional

De Morgan

De Morgan

Law for conditional, twice

De Morgan, trice

Double negation, twice

Associativity

Distributivity

Associativity

Associativity

Excluded middle

Domination



@ (k=0 nala=m))>@-n)=T

Solution: Valid.

We shall instead prove ﬂ(((p >q)r(g—>1)) > (p- r)) =
The claim then follows since —=A = F if and only if A=T.
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Table 7, law 5
Table 7, law 5
commutativity
associativity
associativity

law for conditional
distributivity
excluded middle
identity

law for conditional
associativity
distributivity
excluded middle
identity
commutativity
associativity

associativity
excluded middle

domination



3. Which of the following conditions is necessary for the natural number n to be divisible by 6.
The natural numbers are N ={0,1,2,...,}.

(a) n is divisible by 3.
(b) n is divisible by 9.
(c) n is divisible by 12.
(d) n=24

(e) n? is divisible by 3.

(f)

f) n is even and divisible by 3.

Solution:

Necessary means If n is divisible by 6, then condition. Conditions (a), (e), and (f) are necessary.
We have

(a) If n is divisible by 6, then n is divisible by 3.
(e) If n is divisible by 6, then n? is divisible by 3.
(f) If n is divisible by 6, then n is even and divisible by 3.

Sufficient means If condition, then n is divisible by 6. Conditions (c), (d), and (f) are sufficient.
We have

(c) If n is divisible by 12, then n is divisible by 6.
(d) If n =24, then n is divisible by 6.
(f) If n is even and divisible by 3, then n is divisible by 6.

Note that (f) is both necessary and sufficient, meaning that

n is divisible by 6 if and only if (iff ) n is even and divisible by 3



4. A set of propositions is consistent if there is an assignment of truth values to each of the variables
in the propositions that makes each proposition true. Is the following set of propositions
consistent?

(a
(b

) If the file system is not locked, then new messages will be queued.
)

(¢) If new messages are not queued, then they will be sent to the message buffer.
)
)

If the file system is not locked, then the system is functioning normally, and conversely.

(d) If the file system is not locked, then new messages will be sent to the message buffer.

(e) New messages will not be sent to the message buffer.

Solution:

Let us define the following propositions:

FL =4 The file system is locked.
NQ =40¢ New messages will be queued.
EF'N =40¢ The system is functioning normally.

N B =4.¢ New messages will be sent to the message buffer.

We can now formalize propositions (a) — (e):

) -FL > NQ
) -FL < FN

¢) -NQ > NB
) -FL > NB
) -NB

The set (a) — (e) of propositions (the conjunction of the proposition in the set) is indeed
satisfiable. A satisfying truth assignment is

FL=True, NQ=True, FN = False, NB = False



5. Suppose the domain of the propositional function P(x,y) consists of pairs x and y, where x
=1,2,0or 3, and y = 1, 2, or 3. Write out the propositions below using disjunctions and
conjunctions only.

(a) dx P(x,3)
Solution: P(1,3)v P(2,3) v P(3,3)
(b) Yy -P(2,y)

Solution: -P(2,1) A =P(2,2) A=P(2,3)

(¢) Va 3y P(x,y)
Solution:

Va 3y P(z,y)
= (wPAw)A(PEY)A(PGY))
(P11 v PO,2)v P(1,3))
A (P@E1)vP(2,2)vP(2,3))
(

P(3,1)v P(3,2) v P(3,3))

(d) 3zVy-P(z,y)
Solution:

Iz Vy-P(z,y)

= (Vy—-P(l,y))V(VyﬁP(Q,y))\/<VyﬁP(3ay))

(-P(1,1) A=P(1,2) A=P(1,3))
V (ﬂP(z 1) A=P(2,2) A=P(2, 3))
(

V. (~P(3,1) A=P(3,2) A ~P(3,3))



6. Let the domain for z and z’ be the set of all students in this class and the domain for y be
the set of all countries in the world. Let P(x,y) denote student x has visited country y and
Q(z,y) denote student x has a friend in country y. Express each of the following using logical
operations and quantifiers, and the propositional functions P(z,y) and Q(z,y).

(a) Carlos has visited Bulgaria.

Solution: P(Carlos, Bulgaria)

(b) Ewvery student in this class has visited the United States.

Solution: Yz P(x,UnitedStates)

(c) FEvery student in this class has visited some country in the world.

Solution: Yz 3y P(x,y)

(d) There is no country that every student in this class has visited.

Solution: Yy 3z -P(z,y). Equivalently —.(HyVa:P(x,y))

(e) There are two students in this class, who between them, have a friend in every country in
the world.

Solution: Jx 3z’ (x ' AVy[Q(x,y) v Q(x',y)])

(f) Nobody in this class has visited a country in which they did not have a friend.

Solution: Vz Vy (P(q:, y) - Q(:c,y))

Equivalent solution: ﬁ[Ha: Jy (P(:c, y) A =Q(z, y))]



7. For each part in the previous question, form the negation of the statement so that all negation
symbols occur immediately in front of predicates. For example:

_,(vx(P(x) /\Q(x))) = Elx(—.((P(x) /\Q(x))) = Elx((ﬁP(x)) v (—Q(x)))

(a) Solution: ~P(Carlos, Bulgaria)

Carlos has not visited Bulgaria

(b) Solution: —-(Vm P(m,UnitedStates)) = Jx (—lP(x,Um'tedStates))

There is a student in this class who has not visited the United States

(c) Solution: - (Vx [Ely P(a;,y)]) = Jx ﬁ[ﬂy P(x,y)] = Jx Yy [ﬁP(aj,y)]

There is a student in this class who has not visited any country

(d) Solution:

- (Vy [Elm ﬁP(x,y)]) =
Jy ﬁ[ﬂxﬂP(x,y)]
Jy Yz ﬁ[ﬂP(x,y)]

Jy Vx [ﬁﬁP(x, y)]
Jy Vo P(z,y)

There is a country that every student in this class has visited



(e) Solution:

[Elx (Ely (:meywz[@(x v Q(y, 2 ]))] =

Va (33/ (aziy/\VZ[Q(w 2)vQ(y,z2) )]

Vo :Vy (93 =yvV ﬁ( [Q(m 2)VvQ(y,2)

)
W [y ~(z # y 1 ¥:[ Qe 9) v Q. )] )
J)
)

Yz :Vy(w=yv32( [ Q(z,2) v Q(y,2) )]

Vo :vy (gg =yv Hz(ﬁQ(I, z) A=Q(y, Z)))]

There are no two students in this class, who between them, have a friend in every country
in the world.

(f) Solution:

~[va vy (P(zy) > Q)]

3z [~(vy (P(.y) > Q.0)))]

32 [3y (-(P(z.9) » Q1)) )]

(-
Ia EIy( (ﬁP(x y) v Q(z, y)))]
( ]

Ja ay =P (z,y) A =Q(z, y))

32 3y (P(e,9) 7 ~Q(x,9))]

Somebody in this class has visited a country in which he/she doesn’t have a friend.

10



8. Negate the following statements and transform the negation so that negation symbols imme-
diately precede predicates. (See example in Question 7.)

(a) JzIy (P(a:,y)) v VaVy (Q(a:,y))
Solution:

ﬁ[ax Jy (P(a:, y)) V Va ¥y (Q(lv y))]

323y (P@.y) )| A [V vy (Q(.v) ]

Va Yy <—|P(x, y)) A 3z 3y (_‘Q(xa y))

(b) ¥avy(Qz,y) < Qy, 7))
Solution:

| v vy (Qe.y) < Qy.2))]

3 3y [~(Q(z.) < Q(y. )]
i

303y [ (@) ~ Q. 0) A Q) ~ Q)]

3z 3y }(Q(g:,y) - Q(y,2)) V =(Qy,z) - Q(x, y))]

3z 3y }(ﬁQ(x, vV Q(y,x)) V ~(-Q(y,z) v Q(x, y))]
= 303y[(~Q.1) A Q1. 0)) V (~-Qy.2) A -Q(a.y)]

= drdy (Q(x,y) A ﬁQ(y,x)) V (Q(%I) A —Q(x,y))]

3 3y[Q(x.4) © Q(y. )]

(c) VyEIxEIz(T(m,y, Z) A Q(x,y))
Solution:

ﬁ[vy 3z 3z (T(x, y,2) A Q(, y))]

JyVaVz —|(T(1:, y,2) AQ(x, y))

Iy vz (-T(2,y,2) v -Q(x,y))
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