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26. a) By the definition given in the text, Ky does not have enough vertices to be bipartite (the sets in a partition
have to be nonempty). Clearly Ks is bipartite. There is a triangle in K, for n > 2, s0 those complete graphs

are not bipartite. {See Exercise 23.)

b) First we need n = 3 for C,, to be defined. If n is even, then C, is bipartite, since we can take one part
to be every other vertex. If n is odd, then €, is not bipartite.

c) Every wheel contains triangles, so no W, is bipartite.

d) €, is bipartite for all m = 1, since we can divide the vertices into these two classes: those bit strings with
an odd number of 1's, and those bit strings with an even number of 1's.

68. a) There are 10 nonisomorphic directed graphs with 2 vertices. To see this, first consider graphs that have
no edges from one vertex to the other. There are 3 such graphs, depending on whether they have no, one, or
two loops. Similarly there are 3 in which there iz an edge from each vertex to the other. Finally, there are 4
graphs that have exactly one edge between the vertices, because now the vertices are distinguished, and there
can be or fail to be a loop at each vertex.
b) A detailed discussion of the number of directed graphs with 3 vertices would be rather long, so we will
just give the answer, namely 104, There are some useful pictures relevant to this problem (and part () as
well) in the appendix to Graph Theory by Frank Harary { Addison-Wesley, 1969).

c) The answer is 3069,

12 c) The underlying undirected graph is clearly not connected (one component consists of the triangle), so this

graph is neither strongly nor weakly connected.

20. The graph & has a simple closed path containing exactly the vertices of degree 3, namely wjusuguzuy. The
graph H has no simple closed path containing exactly the vertices of degree 3. Therefore the two graphs are

not isomorphic.

28. a) Since the degrees of the vertices are all m and n, this graph has an Euler circuit if and only if both of the
positive integers m and n are even.
b} All the graphs listed in part (a) have an Euler circuit, which is also an Euler path. In addition, the graphs
K3, for odd n (and K, 3 for odd m) have exactly 2 vertices of odd degree, so they have an Fuler path but
not an Euler cireuit. Also, K ; obviously has an Euler path. All other complete bipartite graphs have too

many vertices of odd degree.

14. Euler’s formula says that v — e 4+ r = 2. We are given € = 30 and r = 20. Therefore v =2 —r 4 ¢

2-20+4+30=12.

18. If we add k— 1 edges, we can make the graph connected, create no new regions, and still avoid edge crossings.
(We just add an edge from one vertex in one component, incident to the unbounded region, to one vertex in
each of the other components.) For this new graph, Euler's formula tells us that v— (e+ & —1)+r = 2. This
simplifies algebraically to r=e—v+k+ 1.
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10. Since vertices b, ¢, h, and ¢ form a Ky, at least 4 colors are required. A coloring using only 4 colors (and
we can get this by trial and error, without much difficulty) is to let a and ¢ be red; b, d, and f, blue; g
and i, green; and e and k, yellow.

18. We draw the graph in which two vertices (representing locations) are adjacent if the locations are within 150

miles of each other.

Clearly three colors are necessary and sufficient to color this graph, say red for vertices 4, 2, and 6; blue for
3 and 5; and yellow for 1. Thus three channels are necessary and sufficient.

36. First let us prove some general results. In a complete graph, each vertex is adjacent to every other vertex, so
each vertex must get its own set of & different colors. Therefore if there are n vertices, kn colors are clearly
necessary and sufficient. Thus y (K,) = kn. In a bipartite graph, every vertex in one part can get the same
set of &k colors, and every vertex in the other part can get the same set of E colors (a disjoint set from the
colors assigned to the vertices in the first part). Therefore 2k colors are sufficient, and clearly 2k colors are
required if there is at least one edge. Let us now look at the specific graphs.

a) For this complete graph situation we have k=2 and n = 3, s0 2.3 = & colors are necessary and sufficient.
b) Asin part (a), the answer is kn, which here is 2-4 = 8.

¢) Call the vertex in the middle of the wheel m, and call the vertices around the rim, in order, a, b, ¢, and 4.
Since m, a, and b form a triangle, we need at least 6 colors. Assign colors 1 and 2 to m, 3 and 4 to a, and
5and 6 to b. Then we can also assign 3 and 4 to ¢, and 5 and 6 to d, completing a 2-tuple coloring with 6
colors. Therefore ya(Wji) = 6.

d) First we show that 4 colors are not sufficient. If we had only colors 1 through 4, then as we went around
the cycle we would have to assign, say, | and 2 to the first vertex, 3 and 4 to the second, | and 2 to the third,
and 3 and 4 to the fourth. This gives us no colors for the final vertex. To see that 5 colors are sufficient, we
simply give the coloring: In order around the cycle the colors are {1,2}, {3,4}, {1,5}, {2,4}, and {3 5}.
Therefore ya(Cs) = 5.

€) By our general result on bipartite graphs, the answer is 2k =2.2 =4,

f) By our general result on complete graphs, the answer is kn=3-5 = 15.

g) We claim that the answer is 8. To see that eight colors suffice, we can color the vertices as follows in
order around the cycle: {1,2,3}, {4,5,6}, {1,2,7}, {3,6,8}, and {4,5,7}. Showing that seven colors are not
sufficient is harder. Assume that a coloring with seven colors exists. Without loss of generality, color the first
vertex {1,2,3} and color the second vertex {4,5,6}. If the third vertex is colored {1,2,3}, then the fourth

and fifth vertices would need to use six colors different from 1, 2, and 3, for a total of nine colors. Therefore

without loss of generality, assume that the third vertex is colored {1,2,7}. But now the other two vertices
cannot have colors 1 or 2, and they must have six different colors, so eight colors would be required in all.
This is & contradiction, so there is in fact no coloring with just seven colors.

h) By our general result on bipartite graphs, the answer is 2k =2-3 = 6.
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