CVG2181 — Winter 201 9
Assignment #2 — Solutions

QUESTION 1

a)
f(x)=(-r)" h(x), f(r)=0 we have to prove that u(r)=0

f(x)
u(x) =
=
(o) = (x = 1)"h(x) __ x-nh®
" m(x—-r)"1h(x) + (x —r)™h'(x) mh(x) + (x —r)h'(x)
(r—r)h(r) 0 X h(r)
- u(r) = = =
mh(r)+ (r—r)h/(r) mxh(@)+0xh'(r)
b)
We have to prove that u'(r) + 0
So
wx) = [A(x) + (x — )R’ ()][mh(x) + (x —M)A'(W)]  [(x —)h@®)][mh'(x) + K'(x) + (x —)h" (x)]
- [mh(x) + (x — )k’ (x)]? [mh(x) + (x — )k’ ()]
w(r) = [A(r) + (r — A’ X)][mh() + r =K' ()]  [(r —h@)][mh'(r) + h'(r) + (r —)h" ()]
- [mh(r) + (r — r)h’' (x)]? [mh(r) + (r — r)h'(1)]?
W) = [A(r) + (OR' (X)][mh(r) + r =K' ()] [(0)hX)][mh’(r) + K'(r) + (r — )" (r)]
- [mh(r) + (0)h'(x)]? [mh(r) + (0)h'(1)]?
.. h 1
(T) = m = E *0
QUESTION 2
3

=52 - () -2
a)



f(x) vs hir
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First iteration
X] = 0
X = 2

po-{2] ¢ -+
r r

f(x,)=3(0) - (0) —2.4
=-24

f(x,)=302) -(2) -24
= 16

The Regula Falsi method:




S
[ = fx)] )] ‘

X3 =Xy —

1.6
B T A
=12

fx)=31.2) -(1.2) 24
=0.192

Because f(x3) > 0, x5 replaces x,
Second iteration

X = 0

X = 1.2

fx) =-24
fxs) = 0.192

0492
[0.192 — (=2.4)]
=1.1111

x3=

(1.2-0)

fe)=3(1111) —(1.1111) - 2.4
=0-0.0681

Because f(x3) < 0, x3 replaces x;
Third iteration

x;=1.1111

X2 = 1.2

ftx) =- 0.0681
fxs) = 0.192

~ 0.192
[0.192 — (—0.0681)]

=1.2 - (0.7382)(0.0889)
=1.1344

x3=

(1.2 -1.1111)

f(xy)=3(1.1344)" - (1.1344)’ - 2.4
=0.00077

Because f(x3) > 0, x5 replaces x,



Fourth iteration
x;=1.1111
x>=1.1344

ftxy) = - 0.0681
fix2) = 0.00077

0.00077
[0.0.00077 — (~0.0681)]
=1.1344 — (0.01118)(0.0233)
=1.1341

x, =1.1344 —

(1.1344 - 1.1111)

f(xy)=3(1.1341)° —(1.1341)’ —2.4
=0.000111
Because f(x3) < 0, x3 replaces x;

The root is therefore between 1.1341 and 1.1344.

c)
If the root of an equation is x*, Then the actual error of the i'" iteration of a numerical method is:
Ei =x"— X;

The relationship between these successive terms can be expressed as follows:
Eipq =k X (E)T

Where r is the convergence rate. For the iteration i, we write:
__ In(E) —In(E;-)
In(E;_1) — In(E;_,)

Iteration x* Xi = X3 E;
2 1.13413785 1.1111 0.02304
3 1.13413785 1.1344 0.000262
4 1.13413785 1.1341 0.00003785

. _ In(0.00003785) — In(0.000262)
In(0.000262) — In(0.02304)

 —1.9347135
— 4.4766426

=0.432




QUESTION 3
a)

-1.2

b)
First iteration

x3 replaces x;.
Second iteration

x3 replaces x;.
Third iteration

x3 replaces x,.
Fourth iteration

fx)=t3—et

Question 3

X +x, 0+1
X3 = > =5 =0.5

F(x3) = 0.53 — 795 = —0.48153

f(x3) - f(xq) = (=0.48153)(=1) > 0

Xy +x, 0541
Xy =——— = = 0.75

F(x3) = 0.75% — =075 = —0.05049

f(x3) - f(xq) = (=0.05049)(=1) > 0

X +x, 075+1
Xy =——F— = = 0.875

f(x;) = 0.8753 — ¢~0875 = 0.25306

£(x3) - f(xy) = (0.25036)(—0.05049) < 0

xy +x, 0.75+ 0.875
Xg =——F— = > = 0.8125

£(x3) = 0.81253 — ¢=08125 = 009263




fx3) - f(x1) = (0.09263)(—0.05049) < 0
x3 replaces x,.

The root is therefore between [0.75. 0.8125].

The error of the last iteration:
i-1

X;: — X
100% ———
X

L0 0.8125 — 0.875 - o
> os12s 777

c)

First iteration

x;=0;f(x) =-1
x, = 1; f(xy) = 0.63212

o = 0 — f(x2)
: 2 f(xz) = f(xq)

0.63212
- 3212 =D (1-0) = 0.6127
F(x3) = 0.61273 — e706127 = _(.31188

x3 and x; have the same sign, thus x; is replaced by x.

(x2 — x1)

x3:

Second iteration

x; = 0.6127; f(x;) = —0.31188
x, = 1; f(x,) = 0.63212

063212 (1 -0.6127) = 0.74066
0.63212 — (—0.31188) ' e

f(x3) = 0.74663 — 07466 = —(0,0705
x3 and x; have the same sign then x; is replaced by x3.

x3:1

Third iteration
x; = 0.74066; f (x;) = —0.0705
x, = 1; f(xy) = 0.63212

063212 (1 —0.74066) = 0.76668
0.63212 — (—0.0705) ' e

f(x3) = 0.766683 — ¢~0-76668 = —_(.0139
x3 and x; have the same sign, thus x_1 is replaced by x.

x3:1

Fourth iteration

x; = 0.76668; f(x;) = —0.0139



x, = 1; f(x,) = 0.63212

063212 (1 -0.76668) = 0.7717
0.63212 — (—0.0139) ' e

f(x3) = 0.77173 — 707717 = _2,663 x 1073

x3:1

The root is between [0.7717, 1].

The error of the last iteration:
i-1

X — X
100% ———

X
Loovs 87717 = 0.76668 _ s
o777 T 7

d)

f(xo) =f(0)=-1
flx) = f(1) =0.63212

o — f(x1)
! f(xo) = f(xq)

x, = 0.6127
£(x) = 0.63212
f(x;) = —0.31188

(x0 — x1)

x2:

First iteration (see part c)

Second iteration

x, = 0.6127 —

—031188 (1—0.6127) = 0.74066
0.63212 — (—0.31188) ' o
f(xo) = £(0.6127) = —0.31188
f(x;) = £(0.74066) = —0.07049

Third iteration

x, = 0.74066 —

—0.07049 (0.6127 — 0.74066) = 0.77803
—0.31188 — (—0.07049) * ' S

£(xo) = £(0.74066) = —0.07049
f(x,) = £(0.77803) = 0.011654

Fourth iteration

x, = 0.77803 —

0.011654
—0.07049 — (0.011654)

(0.74066 — 0.77803) = 0.77273

f(x;) =f(0.77273) = —3.487 x 10~*

The error of the last iteration:
Xi — Xj-1
100% —

Xi



Lo0y, 277273 - 077803
° 0.77273 = —U.b0b%

Yo = x _f(x1)
2T f(xy)

f'(t) =3t +et

f(x) = f(0.1) = —0.903837
f'(xy) = 0.934837

o1 —0.903837 | 066839
X2 =5 0.934837

Second iteration

f(x;) = f(1.066839) = 0.870123
f'(x,) = 3.758531
x, = 0.835333
Third iteration
f(x;) = £(0.835333) = 0.14915
f'(xy) = 2.527074
x, = 0.776312
Fourth iteration

f(x;) = f(0.776312) = 0.007753
f'(x,) = 2.268082
x, = 0.772894
The root is approximated by 0.772894.

The error of the last iteration:
Xi—1

x. —
100% ————

X;
Loy, 772894 0.776312 0445
0 0.772894 = TUATA

f)

First candidate

3
Vet
t=Velg®) ="
Second candidate

t=-3In(t) g'(x) = —%

Third candidate
et e t(t+2)
= 9=
Fourth candidate
A “+t « is added on each side of the equation to get:
t3+t=et+t



t=et—t34+t g(x)=—et—-3t2+1
The convergence criterion is |g ' (t)| < | in the region that the root is searched. Because the
iteration starts with t = 0, note that the first or the fourth candidate is valid.

Using the first candidate:

Iteration | to t1
1 0 1
2 1| 0.716531
31 0.716531 | 0.787538
4| 0.787538 | 0.769117
g)
Summary
Part Root Relative error
B [0.75, 0.8125] -7.69%
C [0.7717, 1] 0.65%
D 0.77273 -0.69%
E 0.772894 -0.44%

The root of the function is approximately x = 0.772882739147897.
It can be concluded that Newton-Raphson's method seems to converge the fastest.




