MAT1322 CAaLcULUS II ELIZABETH MALTAIS

13. Taylor & Maclaurin Series

o0

o We've seen that a power series f(z) = Z ¢n(z — a)" may represent a function f(z) on its
n=0
interval of convergence, but is this representation unique?

o Are the coefficients, the ¢;’s, special in some way?
That is, are the ¢;’s predetermined by f(x) ?

o The answer to these questions is ‘yes” and here’s why:

TAYLOR & MACLAURIN SERIES: A NEW WAY TO CONSIDER POWER SERIES

Suppose we have a power series representation for f(z) on its interval of convergence centred

flz) = ch(x —a)"=cytei(r—a)+celr—a)’+elz—a)+...
n=0

What is f(a ‘F(a CO+C‘(ﬂ—a>‘l’C2_(a"a)rL+m = Cp

Whatis f'(a) ? W@” ‘P(X) C, + &CZCX'O\) +3c3(x—a)7-+ Llc,_} (X—a)g 1
=>f)@)= ¢

MO Well, £'(x) = Qg + 2:3C50¢-0) +3-Hey (k-0 + U.5.co (k-0

= fo=a,  =>c=E0
Whatis [ (a n 2
" Well, £"(x) = 2:3¢5 + &3Ycy(X-0) + 345 (X-a)+ ...
-‘fﬂ>_Fl\l<a‘)=Q.3C3 = 3 = 'Fl\|<a\
3

In general, we see the pattern:

80 = 2.3 (-2-Dn)e, =>|cn= NG

* These notes are solely for the personal use of students registered in MAT1322. n °
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Thus, the coefficients of the power series representation are determined by the function f(x)
and the centre a, hence they are unique to f.

Flx) Zw“ ’(a ) ()"

“-—

What we get is

> Thinking of the power series representation for f(x) in this way, we call this series the
Taylor series of f centred at a.

> In the special case when the centre is a = 0, it’s called the Maclaurin series of f

f6)= Zﬁ"‘@

ChecK its coefficients in Yhenew light

. ) . 1
Example 13.1. What is the Maclaurin series for f(z) = T2 ? . {f':]go) where £(x) = l’l—x )
We a\reao\\{ Know 'H'\L POW?,r Seres You will see +hat £°0) =n! forall n>0.
N |
repmsmmmvx for 1= centred at O: =" F0)=1
F0==(-") =0~ =F0=|
F1x)=-20-X(1) = 20X => £"(0)=2
n F(x)==32(-X ) = 300 =>5"(0)=32
l"X ZX (‘FDV' ‘Xl< 1‘) {'(j)(x)=—'{-3-2-(l—x)'5(—l)=L}-&ZG-X)’S=>f‘")(o)='-}-3‘2
| : g !
Cﬂnis‘\sw Mada\mn sefies for 1= mgenl, £)= ! en=Tpf?h = Bi=1

Example 13.2. Determine the Maclaurin series for f(.f) e’

fx)=e* ==f0)=1

-P(X)=Cx = _F’(O) =1 - .
X = <+ _vh
'F”(X)=CX=—> Fll(o) =1 e YZ’O Nl X
: d 3, 4
' = XX pexty
IR VR B e TR TS T
m | g d
Ratio Test dim | A =dm | X" [xn|_ x| — g)oo
Tt o | | =it [ X = i =0 <L forallx e




In particular, if x = 1, we get another definition for the number e
= Ly L+ L L4
C= 2 T aET e T e Tt

other definitions for e that you may recall:
e is the number such ¥hat :ﬁf@o etol =g

o fri+4]

1
Exercise 13.3. Use a Maclaurin series to estimate / e~ dx  to within an error of 0.001
0

+his isan

I oo :
o S (onxzn _ e S | U S N demaing
‘S‘ €"dx 2. ax C+Z n'(Znﬂ) %on!(ﬂ\ﬂ) EEO%TQ

0 n=0
By A\krnaﬁvg Series Esﬁmaﬂon'ﬂ\eo rem
lermor| = |S-Sn (£ bnet =2 Solvefor nwhen by < 0.00]

See Stewart

age 768-9
rggo lution




_ F)=SinX = $(0)=
Example 13.4. Determine the Maclaurin series for f(ZU) = SlIl(LL" ) Px)= cos(x) =>F(0) = 1

Flx)=-sin(x) =>f'(0) =
£1(x)=—cos(x) =>£"(0) = -1
FYx)= sin(x) =% ) =0

> the Maclaurin Series for Sin®) is  4his patn repeats infinly

§
st = SEoln = Otxro- £ 40+ HO- K+

N=0
| 5,5 X1, x1_ X = (1)
Sosinf) = x5+ XKy X - Jpke = 2, HIXC
. 5. . qo H n=o (an'l—’)!
Ratio Tesh:
Lim, | Gy | _ i, [T AOED ey X2 _
o0 3: N> | " (a+0#1) [/ (ant)l _Y@OW =0 < Lrallx (R=c0)

Now, we can differentiate this to get the Maclaurin series for f(J?) = COS(QS‘)

cosx) = 2 [5ng] = g 2( D?_ﬁ\) ;% >(<2”’)1

°° . 2 X g_ s — = G_anzn

Example 13.5. How would we estimate /o 1 cos(z?)dxr  to within an error of 10~7 ?
‘(’cos(xz)olx = j‘ EM‘ —Cc+S S Enny it ] 20 |)"

0 , N=0 (2n)! neo@M! (4nt]) =3 @n)n)
We can usetne ASET (verfy +his!) We see+hat bs = war ® 133107 < Jo7

o ! ~ | L ~
.Kocos(xz)dx.v |- 5is torle — &g Tarfy = 09045245l




THE BINOMIAL SERIES

Let’s work out the Maclaurin series for| f(x) = (1 4 )"
) =(1+x)e = f0)=|
)=%k(+¢ = £0)=%
£ = Rlg-1) (k2 = £'0) = k-1
T ()= l-)%-2)(1+x)e3 = £"(0)=%-)£-2)

FO) =k -~ R-n+)(-XF" = PO = e~ th-n)

2o the Maclaurin series for £(x)=(1+x)k is

(14+x)k = i%(&—l}---(&—ml)xn
n=0 n!

T-rh‘ns is called #he Binomial Series

ForkelK and ne Z,n>1, we denote by (ﬁ) the binomial coefficient
(‘k) - *E-)~&-n+1) and (’ﬁ) =1
i ©

n

= the Binomial SerieS con be writen as ([+x)f< — Z (;kl )Xh

N=0
Ratio Test
Lim, QAntr — dim ”k(‘k—l) &—(ﬂ-\-l)-l—l)xm' 70((& ’) (‘k YH'DXH Mx, = lxl
N=»co [T, h-%ool (VH—DI > | N+|

Thus, 4he binomial series (1+X)® converaes if \xl<1 and diverges i lX]>[ (R:l)
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Example 13.6. Find the Maclaurin series for v/1 + x or ( [-l- X)Vi SO “k = I /9\
For N>, we have

(1) = BEED-ne) (éx"é'x'?,"'(%’gaﬂl

N n!

_ BT 0e-ang _ erEs)-an-3)
|

n! nl!

Also, (’O/2> =1 and ('/lz):%— =1

o0 ’ n
o \|4+X =Z(2)Xh" l-l-x-l—E(D 3)-(qn-3)
) n=o =a an\

Example 13.7. Find the Maclaurin series for

G or (@+x)> sok=-3
e have (2 X)3=(a(1+ £))* = 2*(1+ £

for N>2, we have

_3) _ (B)E3-D(=3-n+l) = (3)(-4) (n—a _ B ) ne2) _ E () (02)
(h) n! 12 :BeHf+ oer +[) 2

(—g)=| and (F)=-3

e~ =32 (R = 2ok X

io( 0" (n+1)(n+2) «n
N=0 ar\'l"'l
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THE LIST OF SERIES YOU NEED TO KNOW

——'~ = ix"‘ = |+X +X+ %>+ (R-—-l)

2/ \n aAnt)
= SE"X 3., x5 _ X R=1)
= =X-X 4+ X2_X 4
arC'l'Gﬂ()() =5 antl 3 e 5
SO
X = H)“Xm' — —ﬁ _XE.—-_)Q + ... K=
3 X + : |
i=s N+l 2 3 Yy
o0
f =S (B)an = et kit REDED o (7-)
+X —a ]l 2]
h=0 :
STUDY GUIDE
(11 The List of Series You Need to Know 1
> £(n)(g
O Taylor Series for f(z) ata | f(x) = Z / n'( )(m —a)"
n=0 )
e o f70)
O Maclaurin Series for f(z) |f(z)= Z R
n=0 ’
Exer. (Stewart, 8th ed.) §11.10 pg. 771:  3,5,7,9,11, 15, 16, 21, 25, 27, 29, 31, 33, 35, 37, 45, 47, 49,

51, 53, 55, 57,59, 61, 63, 65, 67
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