MAT1322 CALCULUS II ELIZABETH MALTAIS

7. The Integral Test & The Comparison Test

o Determining whether an infinite series ) -, a,, converges or diverges amounts to
determining the limit of the sequence of its partial sums lim,,_, sy,.

¢ In order to determine lim,,_,., 5,, we may need to find an expression for the nth partial
sum s, (e.g. telescoping series, geometric series).

o To find and expression for the nth partial sum can be quite challenging, so we’d like
another way to determine whether a series converges or diverges.

THE INTEGRAL TEST

As some of you have already remarked, series seem related to improper integrals.

Note 2%) 7 Sl:;(x)dx but they are related...

Example 7.1. the harmonic series:

A
9 +the graphof-f(n)= L (ne Ay,
¢ The ] i 1¢ = .1
v | harmonic sequence is 35§ = 1,37 %>
har monic T ? .
SE%W?J\CQ, | ! | >
S The harmonic series is
/\‘ .
=% Lompadedy Lo
\
area  replesents | X
Fhe sum of +he \\{K 44— the seri¢s esembles a Rolzmahh Sum
harmonic series ﬁh’ﬂ%ﬁ approXimation of j. —l>-<-d)(
2 3 4 7 !
-1 USing rectargles of hejght £(n)=1
S * width AX=1 -
How does Z 1 compare with / 1 dx ? and ’Cﬁ“endpomis
1 1z

Well, Ln Sjolxdx and we already Know that gjo—‘idx diverges

M M3

-‘ﬁ diverges 1vo.

* These notes are solely for the personal use of students registered in MAT1322.
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The Integral Test
Suppose f is a continuous, positive, decreasing function on [1, o), and let a,, = f(n).

Then

Thus,

o0

o If / f(x)dz is convergent, then Zan is convergent.
1

n=1

o If / f(z)dx is divergent, then Zan is divergent.

n=1

Consequences for p series

Convergent if p>1.

The -p series :Zj _r‘?dx is
divergent i€ p< 1

(jusi' like ST;'(—? dX)

[e.9]

Example 7.2. Does Z ﬁ converge?  ToKe 'F(X) =
n=2
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* X;ﬁzdx cohverges - By the Tintegral Test; so tvo does Z X %n)z
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Example 7.3. Does Z

n=1

converge?
n?+1 &

Let £(x)= X—,_—l- Then £(x)is positive and continuous on [I ,00).

Ts £ decreasing P
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s0 Yes, £(x) Is decreasing
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Alternatively, we might have observed +hat
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?smce §7Ldx diverges, Sotoo does X
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COMPARISON TEST
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Example 7.4. Does Z

————  converge?
— n?2+Tn+1 &

- 3 ke L
First, T 1S reughly liKe = So we suspect it converges..
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The Comparison Test
Suppose that > a, and ) b, are series with positive terms.

(i) If >° b, is convergent and a,, < b, for all n, then ) a,, is convergent. (or‘ for all n=n o)
L J

(ii) If > b, is divergent and a,, > b, for all n, then ) a,, is divergent.
L

(or for all n=n,)

Ink
Example 7.5. Does Zn— converge7

For all k>3, Wkelhave O< < J/%k because | <fnk = € <k

‘tn‘s oKay that finife ¥mahy Jerms do not Satisty fhe inequalily...

: . S = Ink
Since the harmonic Series 2 7 diverges, sotoo will = g
='—] ‘é.—:
oo
Thus, by +he ComparisonTest, ;. also diverges.
STUDY GUIDE
0 The Integral Test U p series U The Comparison Test

Exercises §11.3 pg. 725: 3,5,7,9,11,13,15,17, 19, 21, 23, 25, 29
(Stewart, 8thed.) §11.4pg.731: 1,3,5,7,9,11,13,15,17,19, 21, 23, 25, 27,29, 31, 37
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