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10.

Ratio & Root Tests & General Strategies for Testing Series

Series Methods/Tests so far:

O

O

O

O

O

Find explicit formula for nth partial sum S,,. Then > a;, = ILm Sh.
Test for Divergence: if lim an # 0, then ) a, is divergent.

If ) a, is a geometric series with common ratio 7, then it converges to 2. if |r| < 1 and diverges
if [r| > 1.

Integral Test: if f(x) is a continuous, positive and (eventually) decreasing function on the infinite
[e.e]
interval of interest, then the series Z f(n) is convergent if and only if the improper integral

[ f(z)dx is convergent. B

oo oo
. 1. . 1, .. .
p-series: g 1 " is convergent if p > 1 and E 1 - is divergent if p < 1.
n= n—=

Comparison Test: Suppose ) _ a,, and ) b, are series with positive terms. If 0 < > b, < > a, and
we know ) a,, is convergent, then ) _ b,, must also be convergent. If 0 < »"b,, < > a, and we
know ) b, is divergent, then ) | a,, must also be divergent.

a
Limit Comparison Test: Suppose > a,, and 3 b, are series with positive terms. If lim — = ¢ for
n—oo n

some positive real number ¢ > 0, then ) a,, and ) b, are either both convergent or both
divergent.

AST: Suppose Y ay, is an alternating series and b,, = |ay|. If b,+1 < b, for all n > ng and
ILm b, =0, then }_ a,, is convergent.

Absolute convergence: if ) |ay| is convergent, then ) | a,, must also be convergent.

THE RATIO TEST

IE Om \ @ﬂ\ Land L<1, JrheV\ZOn is absolutely convergent

N—>c0 | Qn =|

.o . w
i TC fm \ Ant1 \: L and L>1., then n};lan is divergent:

N—=>c0 | Qn

i TF fim \ Anti. \: 1 ,then +the Ratio Test is inconclusive.

N—>c0 | Qn

* These notes are solely for the personal use of students registered in MAT1322.
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(and tharefore Convergent).



10"
Example 10.1. Z

n=1

Let ne Z,n>0. hen “nfactorial” , denoted n! , is defined
fecursively oS follows: O] = 1
forn>1, nl=nh-1)]
hence nl=nf-1)(n-2)-~ 2)(1)

For this series, an = 10" and ay,, = 0™
nl (mi)l

10™'nl
n—>oo 10" (h+1)]

”#”” 10n}
(nH)n«L

— Mm 10

N—>c0 Nt

=0 <1

Ratio Test: Aim \0“”/(n+l
N—>c0 | 10"/l

o
)

o"
S 2,7 is absolulely converaent- by Virtye of +he Ratio Test

=|

non N AN
Example 10.2. Z 1) 2 ~~ Op = ("‘l) 2‘& Oﬂﬂd Ont| = — _l) QY\H

= n 1
Rodio Test: (D
2 it | AR | i AP —
n=es k(l /x| Nee J (nﬂ)’-\ nN—e0 N*+2n+] —2>d

5. S0 is. dvergent by virtue of the Ratio Tesk
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THE ROOT TEST

- T A Nlan] =L < L, then 20n is absoluiely convergent
(and tharefore convergenJr).
e fimo N

OO .
N—>c0 on| = L>1, Jrhennzzlan is divergent:

TF fim " lon| = 1, then+he Root Test is inconclusive.

N—>e2
n n
Example 10.3. Z (?n i i) Qy\ :(?7%:}%)
Root Test s \/'an\ y@%oo ?723 =5<1

Root Test: B
h-%ooﬁ Y\';30° \“ :Y\ZT“T)S"I = y%—?:o ('y%ﬁ) =23 >1

. —2n

o 5h
S h% (T\-l-—l) is divergent by Virtue of the Root Test
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Example 10.4 iLﬂ Qn = n
P L n oy (2n+ 1)
Root Test:
n ntl
Ajim. “‘ — fim n- Why is dim nfs = 1 T
N—>oo la'\] N> (Q\V\H)h ¥ s RSN ) '
_ i W = G 0"
_ Aom N[DD_ o dn(n®)
~ hosoo \ @nt)" =l €
= b . (- i
n-s co Ant| _
e“‘m 1
—_— ,@Wy\, n { 0
— (nooo Jﬁ) (}?K’a’go .’,Lm—\) = =1
\\ 11N
2 z
= {5: < _'1. 2. g(—g%\ is absolutely convergent b\/ virtue of#he Root Test

STRATEGY FOR TESTING SERIES

Keep in mind all the tests that are available and the conditions needed to apply each test.

Example 10.5. Zn% 0n = %,! involes factorial = Ratio TeSfmiﬁh‘r work
m=1
" Lim —N
im0t = Lom ‘(ml)!/(““) et
oo\ n! /m"
n—co | Qan n- -
= <1
::M (n"'l)'nh
n—oo WI—'
B nh
" hoos ()" o S is absolutely
m=
Nn_
V\-l—l) convergent by virtue ofF
= en—)oo _17\
nt! \/ntl-n 4he Ralio Test.
i, ( n 2( tnﬂ)‘)
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>n < all derms roisedfo power n* ondit is not a geomettic Sefies
=> Koot Test might work.

Example 10.6. Z ( 1
n

Root Test: n =
ﬁ?ﬂ“’m n\i lanl = Y{‘L_”;’Loo \(\nﬂ)
. h \N
- ()
—lvm, en’em'(h-l-l)
n->o00
;‘M (V\+l
= e -0 =
+1 -
" oy i
=e e s Z(m) is absoluiely
= e'r%’-’»"‘oo:n% conwergent by virtue of
'« the Root Test.
Example 10.7. ike—“ —fR=xe is easily Inesrated
b= —> Tinteqral Testmight work (i applicable)

Trieqral Test: Let £ = xe*’

—fim L.+ 2=
tooo 9\8 e

= ;—{lé (hence convergertt)

fx)is con’rinw)us/and Pos'\hve.‘/g‘or all %
Fx)=e* (1-2d <0 forall x> &

= fx i decrequS on [1,00)

s Sne™™ s convergent by virue
n=1

of The Integral Test.

Moreover...
S XC-deX < Ry < S‘d)?( e-x'zdx
n+1 n
by +he Remdinder Estimate fheorem. -




> n— : 2 . . . N
Example 108. 3 (" ;;m (n) <—-nis isan alfernating Series

=> AST might work .
by = Sirt(n)
nN— nz

Let ‘F()— SW\Z(X)

Then F(x)= asinb)cos(x)-x"-xsin“(x)  _ RSin(X)[XCOi@f)—aSlh(X)]
X! x> -

But Hhete is no ¥, for which £x) £ O for all x=X»

= 'F(x) IS hever e\[en‘h‘q“y decreaslng
=> part () of AST is not Sotisfied ()

Consider =, |an| instead.

We have
2 = 1
N () Slf\ O’\) < 2
o< 2 |at Z 2 —
o
Since nZ—. T is convergent (s a p-sefies withp=2> 1), we see
ok i sy i convergent™ by Virtue of fhe Comparison Test:
n=1 n*

oo L \W-lo 2
Z(I)“n—?n 0 s absolutely convergent | hence convement.
n=1

STUDY GUIDE

O Ratio Test U Root Test [J General strategies for testing series

(Stewart, 8thed.) §11.6 pg. 742: 1,3,5,7,9,11,13,15,17,19, 21, 23, 25, 27, 29, 31, 35, 37
§11.7 pg. 746: 1,3,5,7,9,11,13,15,17,19, 21, 23, 25,27, 29, 31, 33, 35, 37
6




