
MAT1322E CALCULUS II ELIZABETH MALTAIS

10. Ratio & Root Tests & General Strategies for Testing Series

Series Methods/Tests so far:

⇤ Find explicit formula for nth partial sum Sn. Then
P

ak = lim
n!1

Sn.

⇤ Test for Divergence: if lim
n!1

an 6= 0, then
P

an is divergent.

⇤ If
P

an is a geometric series with common ratio r, then it converges to a
1�r if |r| < 1 and diverges

if |r| � 1.

⇤ Integral Test: if f(x) is a continuous, positive and (eventually) decreasing function on the infinite

interval of interest, then the series
1X

n=a

f(n) is convergent if and only if the improper integral
R1
a f(x)dx is convergent.

⇤ p-series:
1X

n=1

1

n

p
is convergent if p > 1 and

1X

n=1

1

n

p
is divergent if p  1.

⇤ Comparison Test: Suppose
P

an and
P

bn are series with positive terms. If 0 

P
bn 

P
an and

we know
P

an is convergent, then
P

bn must also be convergent. If 0 

P
bn 

P
an and we

know
P

bn is divergent, then
P

an must also be divergent.

⇤ Limit Comparison Test: Suppose
P

an and
P

bn are series with positive terms. If lim
n!1

an

bn
= c for

some positive real number c > 0, then
P

an and
P

bn are either both convergent or both
divergent.

⇤ AST: Suppose
P

an is an alternating series and bn = |an|. If bn+1  bn for all n � n0 and
lim
n!1

bn = 0, then
P

an is convergent.

⇤ Absolute convergence: if
P

|an| is convergent, then
P

an must also be convergent.

THE RATIO TEST

i.

ii.

iii.

⇤ These notes are solely for the personal use of students registered in MAT1322.
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If ftfna | Any I =L and L < 1
,

then Ewan is absolutely convergent
( and therefore convergent) .

If nkfnal any I =L and L > 1
,

then Ewan is divergent.

If nkfnal any 1=1,
then the Ratio Test is inconclusive

.



Example 10.1.

1X

n=1

10n

n!

Example 10.2.

1X

n=1

(�1)n2n

n2

2

Let he ZL
,

n > 0
. Then "

n factorial "

,
denoted n !

,
is defined

recursively as follows : OH
.

= 1

for n > 1
,

n !  = na - 1) B

hence n ! = Nn - 1)(n - 2) no (2)(1)

For this series
, an =

10µL and an ,
= IONI

( ht 1) µ

Ratio test : nhjma

HY.hu#t=nhInooYonthnngM=nhjma10nN=

(ntDn*

= him 10
n → anti

= 0 < 1

.% n§Pt0÷h is absolutely convergent by virtue of the Ratio Test
.

→ an = HLZI and an + ,
= AMIN '

( nt 1)
2

Ratio Test :

Fao MIFFLINf- Fiona taffy f- him.nu?n#=2 > I

&•§IHh¥
"

is divergent by virtue of the Ratio Test



THE ROOT TEST

i.

ii.

iii.

Example 10.3.

1X

n=1

✓
5n+ 3

7n+ 4

◆n

1X

n=1

✓
�2n

n+ 1

◆5n

3

If Link # =L < 1
,

then Ewan is absolutely convergent
( and therefore convergent) .

If Link # = L > 1
,

then Ewan is divergent.

If Lingo # = 1
,

then the Root Test is inconclusive
.

an

=Hnnt÷Dn
Root Test : nlignanvlanl =

high
Efhtfty= F < 1

%§gGnn#y
"

is absolutely convergent by virtue of the Root Test
.

an = (hfny)
5h

Root Test :

nbsnorifa = ftp.T#FI=nhjma (http = 32 > 1

% §t
,
(hf#5

"

is divergent by virtue of the Root Test
.



Example 10.4.

1X

n=1

nn+1

(2n+ 1)n

STRATEGY FOR TESTING SERIES

Keep in mind all the tests that are available and the conditions needed to apply each test.

Example 10.5.

1X

m=1

m!

mm

4

ntl

an=n(2hH)n

Root Test :

nkjmahfaf = nhgn.tn#InT

wnyisnusnanrn

- 1 ?

hkjmanfnanlignantn

= nhjm

.tt#T.nusn.emlnH=ekmalnndg=nhjmanFi
. #-)

a÷i*enma¥
=( Lisman) . (nlmsnaoznht) =eo=1

.

I ÷
= tz < 1 : .FI#fIp is absolutely convergent by virtue of the Root Test

.

← an = NInri involves factorial ⇒ Ratio Test might Work

nhsm.FI/=nhjmafntnpYnfntI/.=enhfnonhF

=E
'

< 1

venin'It¥ |= him nnn→xFtD "

g. Enjmnmmm is absolutely

= e
ftp.lnhh# convergent by virtue of

Tn

e÷÷ @
nhgn.tn#)fYh+TI

the Ratio Test
.

Fz



Example 10.6.

1X
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n
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Example 10.7.

1X

n=1

ke�k2

5

← all terms raised to power n2 and it is not  a geometric series

⇒ Root Test might work .

Root Test :

nhsmata - him

.FI#Y=nhjma(ntf)n=nkjmaenbnhI)=enEshf*ng

e÷÷ @
high ("¥#Yn¥#

. End
,

#
"

is absolutelyTZ 0  6

=ehtTa¥ convergent by virtue of

= e
'

< 1 the

Root
Test

.

← fK)=×E×2 is easily integrated
*u

⇒ Integral Test might Work ( if applicable)

Integral Test : Let fly =×E×2 of (× ) is continuous
✓

and positive
"

for all x.

of ' ( × ) = e
# (1-2×2) < 0 foray X > fz

⇒ f ( × ) is decreasing
✓

on [1
, a)

the'×2dx = ftfnaf,t×e*d×
,

.£nen2
is convergent by virtue

n= ,

= ftp.ftzexif.t of the Integral Test
.

= ftp.atetz + £e Moreover
...

=£e ( hence convergent,
|n¥'e*d× f Rn < fnQe*2d×

by the Remainder Estimate Theorem ...



Example 10.8.

1X

n=1

(�1)n�1 sin2(n)

n2

STUDY GUIDE

⇤ Ratio Test ⇤ Root Test ⇤ General strategies for testing series

(Stewart, 8th ed.) §11.6 pg. 742: 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 35, 37
§11.7 pg. 746: 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31, 33, 35, 37

6

← this is an alternating series

⇒ AST might work .

bn =
sing

n2

Let fkj =

SINK )

×=
.

Then f ' 1×1=2 sinkkosktx '
- Hsin 4×1

=

2 sink ) fxcosk ) - 2sin( xD
xp =

But there is no Xofor which ftx) < 0 for all × > xo

=> ftx ) is never eventually decreasing

⇒ part t) of AST is not satisfied @

Consider Elanl instead .

We have

a.tangency =I sine e It
n =L

since n§
,

ntz is convergent ( it's a p - series with p=2 > 1) ,
we see

that § µMnbzn2-H| is convergent by virtue of the Comparison Test

to # tMnEdlM is absolutely convergent ,
hence convergent.


