MAT1322E CALCULUS II ELIZABETH MALTAIS

9. Alternating Series & More Series Tests

o So far, several of the series tests we have require the terms of the series to be positive (e.g.
integral test, comparison test, limit comparison test

o Now, we consider series with negative terms, specifically, so-called alternating series.

ALTERNATING SERIES

A series Y a, in which consecutive terms have opposite signs is called an alternating series.
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Suppose > a, is an alternating series. For all n, if we define b,, = |a,|, then the nth term of the

alternating series is of the form _ -1
an =C1)" bn or  an=)"bn

ST _ e | ]
Fﬁrgl%l we have an_—h)_ and bn=Jag|= %

ALTERNATING SERIES TEST ( AST)

If the alternating series Z(—l)”’lbn =by —by+b3—by+bs—bg+... (whereb, > 0 forall

n=1

n) satisfies

bh-H bh For a
and ii. _/61/)’)1 bh then the series is convergent.

* These notes are solely for the personal use of students registered in MAT1322.
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What hoppens
L 4he portial SUMS S, ,5, ,Ss,- Will oscillate around +he actual
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T analternati n?g series 2 ()" bn is convergent by vidue of the AST,

Sg=b|—b, b,
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Series
1) Recal| that-£(x)= ¢ 5  decreasing function on (4,09
% by =f(nt) é-F(n) =bn for all N>1.¢
) fim by, = —dm w O«

h'—300 nLH N->00 | 'l"Lr.

o0 Z(_zLJrT IS convergem— by viftue ot-the AST
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However, We see that »r%i_/g\ooa = fm A DNE

N->oo 5N+l

2. +his series is divergent by virtue of the Testfor Divergence.

ALTERNATING SERIES ESTIMATION THEOREM ( A SET)

If b, > 0and s = > (—1)""'b, is the sum of an alternating series that satisfies
i. by <, and ii. lim b, =0

n—oo
then
‘Rn‘ = |3 - Snl < bn+1

Example 9.4. Z ( k') How many terms do we need so that |error| = |S — S,| = |R,| < 0.01?
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Example 9.5. Find the sum of Z (=1) to within 0.005. bn = -Fl)—z >O

n2
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) bh| :(n'j_—l)z < —Vl)—fbn forall n @

i) lim bn =y'\6_0;noo ';%‘2_:0@

N—>cQ
00 rg(’%‘__' IS convergent by Virtue of+the AS.T.
=

Moreover, |Rn|= lS—Sn‘ < brl by Viftue of the ASET

Ex lRG\::\b-;-’b%'\’bq“bw'l--..{::] 77‘_1—--%-2 'l‘qu——Té—)-z-]—..-J < 1

Tn order{or Sh 1o be within 0.005 of the Sum S=n2=| (’r?:_‘
I sufficesto have bnt) £ 0005

=>solve for nsuchthat  bpy £ 0005 = =

200
=> <005 = =
=300 < (nH)*
= H.42[.. & h+l
=IH <n

— - | —
Now Sy = | =+ = fh+ =12 = 08 and b= 75 = 0007

Thus, |s—sy|< bis= 0000 (<0.005)
Equivalently, Sy-bs < S< Sy+be
so 084.-0.000 < S =< 08Y.. +0.000
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ABSOLUTE VS. CONDITIONAL CONVERGENCE

o A series >~ a, is called absolutely convergent if the series of absolute values
S | |an| is convergent.

Ex ni: (;r:%"_ s absolutely convergent an| = —r;z

Theorem.  I€ o series Z0p Is absolufely Convergent, then it-is convergent:

Pt Forall n, we have O an+ || <Qlon)
TF S0n is absoluely convergent, +hen Z.[am| is convergent:
Consequently, >8/an| == [an |is olso convergent:
By the Comparison Test; it-follows Fhat 3an+ lan]) is convergent

Now, Zan =Z(an+ |an|)—Zan] is Yhe difference oo Convergent Series,
hence Z0n must be convergentfvo.

o A series > | a, is called conditionally convergent if the series of absolute values
> lan] is divergent while the series itself Y | a, is convergent.

Example 9.6. Discuss the convergence of the alternating harmonic series. Is it divergent? If not,
is it absolutely convergent, or is it conditionally convergent?

?GDH & is convergent by yirtue of-the AliematingSeries Test
=

(V3

hi (¥he harmonc series)
which we Know is dlvergertt
(p-series, p=1)

but+the series of its absolute values is

>
]

2 " 15 conditionally convergent
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Example 9.7. Is Z %
n

n=1

2 I h IS Convergent by irtue of +he AbematingSeries Test (\/ern‘\gr this 1)

divergent? Is it absolutely or conditionally convergent?

butthe series of its absolude values is gnﬁ | is divergent by victne of The Tnfegral Test:
(See Example 7.3)

SSE'n g Conditionally Convergent-
n=i

nz+)

Example 9.8. Show that the series Z 5111(3 ) is convergent. NO“'e Q = 5‘%(?'1)

Hhis is not-an alternading sefies, but its yerms are not- all positive.

« e cannot opply AST »We cannst apply The Tntegral Test
-we cannot apply Compowison Test

'? ‘We Cannot apply Limid- Comparison Tes

o
Consider4he series =, [5"‘(3“) & this series has positive 4erms.

n=0
We have oo 5 3 o |
N h
0<% ‘s'mg('?'\) foral N2l oo %l] l 2-;:°§'

cince 3. 5 5 a geometric series with [r(=|§] <1, it convergent
n=0

2, °§° l is converasz by Compayison.
n=0

25'” is absolutely convemedl hence iS convergent. /{'
n=o

STUDY GUIDE

[0 Alternating Series Test O Alternating Series Estimation Theorem
[ Absolutely Convergent U Conditionally Convergent
Exercises ¢11.5pg. 736: 1,3,5,7,9,11,13,15,17,19, 23, 25, 27,29

(Stewart, 8thed.)  §11.6 pg. 742: 1,3,5,31,33,37,51
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