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Part I
Algebra and Geometry



A major theme of linear algebra is how to generalize ideas in geometry to higher
dimensions, by interpreting geometric ideas algebraically. At the same time, one
finds that thinking about an algebraic problem geometrically gives insights into the
algebra.

We begin our exploration of these themes with a study of the complex numbers,
and then a review of some high school geometry (with an eye to extending some of
ideas there to higher dimensions).



Chapter 1
Complex Numbers

In brief, one might say that algebra is the study of solutions of polynomial
equations. Linear algebra is then the study of solutions to linear equations. (It gets
interesting when you allow multiple variables and multiple equations, but we’ll get
to that later.)

For today, let’s look at an application of Algebra, as a “welcome back to algebra”
for everyone after a long summer away, and as a heads up to our Engineers
(particularly Electrical Engineers) and Physicists who will soon be using complex
numbers all the time.

1.1 Defining the Complex Numbers

The history of the complex numbers is very interesting: it does not begin, as one
might think, with the equation
2 +1=0,

but rather with cubic equations! Everyone was certain that 22 41 = 0 has no
solutions — just look at the graph of y = 2% 41, they’d argue.' However every
cubic equation (with real coefficients) does indeed have at least one real solution -
and imaginary numbers (they were called ‘impossible’ numbers for some time)
were invented to obtain formulae for the real roots of cubics.

Nevertheless, let us denote one solution of 22 41 = 0 by i, for “imaginary”
(notation thanks to Euler, 1777):

i2=-1 or i=+—1

Now we define for a negative real number a,

! Indeed, in ancient times one would have said that  + 1 = 0 has no solutions either, since negative
numbers don’t represent quantities.

2 Search the web for “the history of complex numbers”.
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Va:= (/[a)i.

This may seem a bit fussy, but if we simply try to apply the normal rules of
algebra, such as in:

V=9=19-(-1)=V9-vV-1=3i,

we obtain the correct answer, but much caution is needed at the third equality.’
Stick with the fussy definition for now!

(Please note that here, as in Calculus, we adhere to the convention that for real a,
Va? = |a|, that is, the answer is the one positive square root, and not a choice of
them.)

Now ¢ alone is not quite enough. Consider the equation

2?4+ 4x+8=0.
By the quadratic formula, its roots are the two numbers

—44+/16—32
r=—
2

1 1
= -2+ V- 16= -2+ (4i) = 22

Let’s check that this makes sense: Plug z = (—2 + 2i) into the quadratic equation
and simplify:

(—2+20)? +4(—2+2i)+8 = (4—4i —4i +4i®) + (—8+8i) +8 =4+ 4i2 =0

where in the last step we remembered that i> = —1. Similarly we can check that
—2 — 21 is also a root.

With these thoughts (and the quadratic formula) in mind, we make the following
definition.

Definition 1.1. The set of complex numbers is the set
C={a+bi:a,beR}.

(Read this as: “the set of all things of the form a + b where a and b are real
numbers”.)
When we write

z=a+bieC

(read as: z (or a + bi) belongs to C), then a is called the real part of z (denoted
Re(z)) and b is called the imaginary part of z (denoted I'm(z)). Note that Re(z)
and I'm(z) are real numbers!

3 A real course in Complex Analysis is needed here, otherwise one can get into trouble: e.g. 9 =
V81 =/(=9)(—9) # /=9 v/—9 = 3i3i = —9. Indeed, the rule for positive real numbers a, b
that (correctly) states: v/ab = \/a+/b does not hold in general. This may seem like a nuisance but
is actually the source of lots of interesting math: search the web for “Riemann surfaces and the
square root”.
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When Re(z) = 0 then z = bi and we say z is purely imaginary; when I'm(z) =0
then z = a is real. Thus R C C (read as: R is a subset of C).

The real numbers were drawn as the real number line; the complex numbers are
drawn as the complex plane as we shall soon see.
So notice that given any quadratic equation az? + bx + ¢ = 0, with real coefficients

a, b, c, the roots are
—b Y b% —4ac
r=—=L—7—.
2a 2a

If b2 — 4ac > 0, the roots are real, otherwise, they are complex numbers. So now
EVERY quadratic equation has two roots (counting a double root as two, now and
always).

1.2 Algebra of the Complex Numbers

e Equality: a+bi=c+di < a=cand b=d;
e Addition: (a+bi)+ (c+di) = (a+c)+ (b+d)i
e Multiplication: (a+ bi)(c+di) = (ac — bd) + (ad + bc)i

In fact, complex numbers satisfy all the same properties as R except there is no
ordering (that is, “z > y” doesn’t make sense).
What about division?

Problem:

Solution:

Solve (4 + 3i)z = 1, if possible; that is, what do we mean by

1

?
4+ 30

(PLEASE PLEASE remember that 515 # 4 + 3!!1!)
The idea: remember that 7 is a square root — so use the standard trick of algebra
called rationalizing the denominator.
So
(a+bi)(a—bi)=a®—(bi)®> =a®+ b

As a and b are real, a? + b2 2 0, unless both a and b are zero. So for z = a + b, let

e Z = a— bi, the complex conjugate of z
e |z| = Va?+ b2, the absolute value, or modulus, of z

(Note: z = 0 if and only if (iff) |z| = 0; and we CAN compare moduli of complex
numbers: |i| = |1| > |0]. Also note that we used complex conjugates in the
quadratic formula; this is familiar!)
Now we have

2Z=|z|2

SO
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or

Excellent! So

1 1 4-—3i _4—3i_4—3i_i_iz_
44+3; \4+43i)\4-3i) 42432 25 25 25°

O
Problem: Simplify
3+2
—2+4
Solution: ~ Multiply by 1 = =2=1%:
3+21 3+2i —2—4i (342i)(-2—4i) 2-166 1 4.
= . = = = — — —1.
—2+4i —2+4i —2—4i 4+8i—8 — 1642 20 10 5
This is what we wanted: the answer is in a form that we recognize as a complex
number.
O

Some other properties (easy to prove):

Lemma 1.1 (Properties of Complex Numbers). Complex conjugation has the
following properties. Suppose that z,w € C and c € R.

1 z
o — =
z |z
o ztw=zZ+4+w
® CZ=2cCZ.
e ZW=ZW
o z/w=Z/w

Z=1(eg:3+21=3—-2i=3+2i)

zZ=zifzecR

Z = —z iff 2 is purely imaginary

|z| e Rand |z| >0

2| = =]

|2w] = [2] w]

|2/w] = |z|/[w]

|z 4+ w| < |z| +|w]| (‘Triangle inequality’)

If a is a real number then |a+ 0i| is the absolute value of a. (So we just write
z = a rather than z = a + 01, there’s no problem.)
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Essentially what this is saying is that in any expression for a complex number z,
the expression for Z is given by replacing each occurence of the symbol “i” with
“—1i”; you don’t have to simplify it first.

Proof. (You can discuss these with me, or with the TA in the DGD. Proving such
things is important because it shows you WHY something is true, and that in turn
makes it hard to forget, or remember falsely.)

(2) Suppose z and w are complex numbers.

That means z = a + bi for some real numbers a and b, and w = ¢+ di for some real
numbers ¢ and d.

Then z4+w = (a+c¢)+ (b+d)isoz+w = (a+c)— (b+d)i.

On the other hand, Z = a — b7 and W = ¢ — di, so that
Z+w=(a+c)+(-b—d)i=(a+c)— (b+d)i.

Hence the two sides are equal, which completes the proof.

We prove another one, and leave the rest as exercises. (For the triangle inequality,
it’s easier to use geometry, below; and for the multiplicative property, it’s easier to
use polar form.)

(10) Suppose z is a complex number. Then

lz| =V2zz

whereas
Z|=VzZZ=Vzz=V2z=|z]

by all that we’ve established before. So the two are equal. a



8 1 Complex Numbers

1.3 Geometry of the complex numbers

Imz
3+41
4 p----------- .
) i
T ! ‘RCf
i 3
—2 =3 t--mmm--- -3

Each complex number is written as a + bi with a and b real numbers. To picture
this, think of a + b as the point (a,b) in the zy-plane. Then a + b4 is a point in the
plane, which in this context we call the complex plane. The horizontal axis is called
the real axis and the vertical axis is called the imaginary axis.

Addition of two complex numbers is the same as the addition of two vectors in the
plane. The negation of a complex number is just the negation of the corresponding
vector. Multiplication by real numbers is just scalar multiplication, but
multiplication by complex numbers is a combination of rotation and scaling (try it
out!).

Complex conjugation is just the reflection of the vector through the real axis. So if
z=a+bithenz=a—bi.

The modulus of z is just the length of the vector representing z. (Recall that the
length of the vector from the origin to (a,b) is Va2 +2.)



1.4 Polar Form of Complex Numbers
1.4 Polar Form of Complex Numbers

These are also called “polar coordinates” and show up in Calculus II, for the real
plane.

Im

re'® = r(cos(8)+isin(6))

Re

Soif z=xz+yi € C then
x y .
- = 0), = =sin(0
. cos(0), . sin(f)

and

Therefore:
z=z+yi =rcos(0)+irsin(f) = r(cos(d) +isin(0)).

(Note that § = arg(z) (argument of z) is not uniquely determined, since
0" =0+ 2nm,n € Z, also works. We usually pick —7 < 6 < 7 and write
0 = Arg(z), the principal argument of z.)

In 1748, Euler proved
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(power series) so in fact by comparing power series with trig functions we get,
surprisingly, ‘
"% = cos(#) +isin(f).

So modern notation is: the polar form of the complex number z is

z=re¥.

Example 1.1. See the diagram below and check that 2i = 203, —j=e i3,
—1=¢",and 1 +i=+/2¢'1

Re

We have

. Y
o e =y iffr =1 and = 0’ 4+ 2n7, some n € Z.
o et =pei0
|e?®| =1 for any 6

1.5 Multiplying complex numbers in polar form

Note that if z = ret? and w = se!?® then

= (r(cos(f) +isin(0))) (s(cos(¢) +isin(¢))
— (15) ((cos(0) cos(6) —sin(8) sin(@)) + i(cos(8) sin(6) + sin(9) cos(4)))
=rs(cos(0+ @) +isin(6+ ¢))

= rse'(0+9)
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That is: it’s like the usual multiplication with exponents. (Same for division.)

Problem:

Solution:

Compute
1
141
From before, we have ¢ = ¢'s and 1+i = \/ﬁei% SO
i €'z 1

= —67'

1+i  V2di 2

SN

(check, using the long method!)

1.6 The Fundamental Theorem of Algebra

We noted above that every quadratic polynomial with real coefficients has two
roots, and in fact if one root was complex and not real, then so was the other, and
the two roots are complex conjugates.

Conversely, given a complex number z, one polynomial with roots z and Z is

(x—2)(x—2) =22 — (2+2)x+2Z.

Is this a polynomial with real coefficients? YES! Write z = a+ib, then 2 +7Z = 2a,
which is real; and 2% is real (as we proved earlier).

So: every real polynomial has complex roots, and every complex number is the
root of some real polynomial.

That said, if you take two complex numbers z and w which are not conjugate, then
(z — z)(x — w) will just be some random quadratic polynomial with complex
coefficients. Which begs the question: if you take all quadratic polynomials with
complex coefficients, and use the quadratic formula to solve them, what extra
numbers (like ¢) do you need this time?

Answer: NONE. The complex numbers are the top of the heap, and all you’ll ever
need:

Theorem 1.1 (Fundamental Theorem of Algebra). Every polynomial with
coefficients in the complex numbers factors completely into linear factors of the
form ax + b, with a,b € C.
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1.7 Some musings about the meaning of the Fundamental
Theorem of Algebra

This answers a really big nagging problem of algebra: shouldn’t every quadratic
have 2 roots, and every cubic 3 (allowing multiple roots)? But the quadratic z2 + 2
didn’t have any roots over the reals.

In Calculus, we accept this by sketching the graph of y = z2 +2 and saying,
“Look, it doesn’t intersect the x-axis. That explains it.”

“Explains what, exactly?” an algebraist responds. “You’re still missing two roots.”
In algebra, we are looking for unifying themes, things that are common across all
problems of a particular type. We look for wonderful universal solutions. The
complex numbers are one example of a universal solution: we added v/—1 and
suddenly all problems were solved: 2 + 2 has two roots, and ix” + 322 — (4 +1)
has 7 roots.

(Well, one might admit, not all problems are completely solved. The Fundamental
Theorem of Algebra doesn’t say ANYTHING about FINDING the roots. It just
says that they exist. We end up going back to Calculus for help in finding them.)
For the rest of this course, we will be considering LINEAR algebra, which is a
particular branch of algebra where, it turns out, there are fantastically universal
solutions to absolutely everything (not just “existence”, but actually ways of
finding solutions!).

Problems

Those marked with a = have solutions at the back of the book. Try them yourself
first.

11>
Express the following complex numbers in Cartesian form: a + b1, with a,b € R.

a) (2+14)(2+2i)
1
b)
8+3i
5—3i
& 54531
V2—V/2i
(14 2i)(2+51)
344i
1—i 2+i
21—

c)

e)

f)
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1
& 1= HB—2)
1.2.*Find the polar form of the following complex numbers: (i.e., either as re*? or
as r(cosf +isind), with r > 0 and —7 < 6 < )

a) 3v/3—3i
b) 3v3—3i
V2+iv2
1—+/3i
—1+i
54 5v/3i
V2-V2i
3+3/3i
—2+2i

c)

d)

€)

1.3. Find the modulus of each of the complex numbers in questions 1 & 2.

(Remember that |zw| = |z||w]| and that if w # 0, then ‘i’ = ||i|
w w

1.4.%If z is a complex number,

(i) Is it possible that z = z?

(ii) Is it possible that |Z| > |z|?

(iii) Is it possible that z = 227

Give examples to illustrate your affirmative answers, and explanations if you say
the statement is always false.

1.5. For budding algebraists...
Show that there is no ‘proper’ ordering on the complex numbers, that is, there is no
binary relation > with the property that if z > 0 and y > z then xy > 2.






Chapter 2
Vector Geometry

Much of the material in this chapter may be review from high school, but it allows
us to set the stage for the upcoming chapters.

2.1 Vectors in R"

Vector comes from the Latin vehere, which means to carry, or to convey; abstractly
we think of the vector as taking us along the arrow that we represent it with. For
example, we use vectors in Physics to indicate the magnitude and direction of a
force.

Let’s use our understanding of the geometry and algebra of vectors in low
dimensions (2 and 3) to develop some ideas about the geometry and algebra in
higher dimensions.

Algebra Geometry
R, real numbers, scalars real line
R? = {(z,y)|z,y € R}, vectors u = (x,y) plane

R3 = {(x,y,2)|z,y,z € R}, vectors u = (z,y, 2) 3-space
(why not keep going?)

R* = {(x1,72,73,74)|2; € R}, vectors X = (x1,2,23,24)
Hamilton (1843): extended C to hamiltonians space-time

neZ,n>0:R"={(x1,x2, - ,2n)|z; € R}
X = (21, ,Tn) n-space

15
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Notation

We have several different notations which we use for writing vectors, which we use
interchangeably:

o x=(1,2,3,4)
1

® X — 2
3
4

T o
e X— [1 23 4] , where the exponent T stands for tranpose. (Transposition
means turning rows into columns (and vice versa).)

The vertical notation (also referred to as matrix form) is the easiest to read but the
first one is easier to write.

(The reason for the vertical vector notation comes from matrix multiplication,
which we’ll get to later.)

2.2 Manipulation of vectors in R"

The algebraic rules for R™ extend directly from the algebraic rules for R? and R3:

e Equality: (z1, - ,2n) = (Y1, ,Yn) S x; =y; foralli € {1,--- ,n}. (n
particular, (z1, -+ ,2p) # (Y1, ,ym) if n £ m.)

e Addition: <$1,"' 7mn)+(y1’"' 7yn) = (1'1 + Y1, axn+yn)
e Zero vector: 0 = (0,0,---,0) e R™
e Negative: if x = (21, ,x,) then —x = (—z1,- -+, —2p)
e Multiplication by a scalar: let ¢ € R be a scalar, then
(1, ,xn) = (cx1, -+ ,cTp)

Note that we don’t have any way of multiplying two vectors; the closest we can get
to that is the dot product, which gives a scalar as an answer, or the cross product,
which only!. There’s even a way to have ‘multi-products’ of n — 1 vectors in R™,
and get an answer in R"™. Once you’ve seen the determinant later, you’ll know
exactly what to do if you look again at the definition of the cross product. works in
R3.

There are geometric interpretations of each of the above algebraic rules, which we
can draw in 2 (and 3, if you draw well) dimensions.

e Equality: two vectors are equal if they have the same magnitude and direction
e Addition: parallelogram rule, or head-to-tail rule

e Zero vector: the vector with zero length

e Negative: the same arrow with head and tail exchanged

! However, there are ways generalize the cross product in R™ for every n, but the product doesn’t
live in R™! Search the web for ‘exterior algebra wiki’.
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e Scalar multiple: scale the vector by |c|, and change direction if ¢ < 0; or: two
vectors are parallel if and only if they are scalar multiples of one another.

2.3 Linear combinations (Important Concept!)

The only operations we have are: vector addition, and scalar multiplication. We are
going to be interested in the question: If I already have the vectors uy, uz, -, uy
(that is, m vectors in R"™), can I produce another vector by scaling each vector and
adding them together, in some way?

By analogy: Say uy is parallel to Bank Street pointing north and u, is parallel to
Laurier Ave, pointing east; then I can get anywhere downtown by going in the
direction of uy (or its negative) for a little way, and then taking direction u, (or its
negative) for a little way. But I can’t get underground, or into the air, by following
those directions. I’'m stuck on the plane which is the ground.

Algebraically, this all comes down to the following definition.

Definition 2.1. If k1, ko, - -, k;,, € R are scalars, and ug,up,--- ,uy, € R™ are
vectors, then
kiug +koup + - - + kppuy

is called a linear combination of uy,uz,- - , Up.

Example 1: Let u; = (1,2,3) and up = (1,0,0).
Then x = (17,4,6) is a linear combination of uy and uy because

17
41 =2 +15
6

W N =
OO =

Buty = (0,1,0) is not a linear combination of uy and u, because the equation

0 1 1
1| =a|2]+b|0 2.1
0 3 0
would imply
0 [a b
1{ =12a]|+ |0
0 |3a 0
[a+0b
=1\ 2a
| 3a
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So that
0=a+b, 1=2a, and 0=3q;

but the second and third equations are contradictory, so there cannot be a solution
to (2.1). Thus y isn’t a linear combination of u; and u,.
O

2.4 Properties of vector addition and scalar multiplication

Note that all the usual algebraic properties of addition and scalar multiplication
hold, whether our vectors have 2 components or n components. That is, let
u,v,w € R" and let ¢,¢’ € R; then we have:

u+0=u

u+(—u)=0
(u+v)+w=u+(v+w)
utv=v-+u
c(u+v)=cu+cv
(c+cu=cu+cua
(cc)u=c(c'n)

lu=u

Bear these properties in mind, as they are the key to generalizing to vector spaces
beyond R™.

2.5 More geometry: the Dot Product in R"

The dot product (also called an inner product) gives us an algebraic way to
describe some interesting geometric properties: length of a vector, and angle
between two vectors.
Recall the dot product from R3:
Letu = (x1,72,23) and v = (y1,¥2,y3) be two vectors in R, Then their dot
product is

u-v==x1y1 +Tay2 +2r3ys.

Note that this is a scalar.

Once we have the dot product, we define:

o |lul| =+/2? +2%+22 = \/u-u, the length or norm of u;
o |lu—v| is the distance between u and v.

We can see that this is correct, by drawing a cube with main diagonal u and noting
that the length of the main diagonal is given by the square root of the sum of the
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squares of the lengths of the sides by repeated applications of the Pythagorean
theorem.
So, let’s generalize this to R":

Definition 2.2. Let u = (x1,... ,z,) and v = (y1,... ,yn) be vectors in R™. Then
their dot product is defined to be

WV=21y1 4+ TpYn

and the norm of u is defined to be

Jull = Varu=/e? + - +a?

We sometimes call R™, equipped with the dot product, Euclidean n-space.?

Example 2: Letu=(1,2,—-1,0,1),v=(1,3,2,1,1). Then
uv=146-240+1=6

and |[v]|=v1+9+4+1+1=+16=4.

Note that for any vector u € R":
lu|=0<u=0

(because the norm is still the sum of real squares, and so is never zero unless each
component is).

2.6 Orthogonality

Recall that in R? and R2, we have that
u-v=0< uand v are orthogonal ( or ‘perpendicular’).

Definition 2.3. Let u,v € R”. Then u and v are said to be orthogonal if u-v = 0.

Example 3: The vectors (1,2,—2,1) and (4,1,3,0) of R* are orthogonal (perpendicular), since

17 [4
2| |1
Sl |5 =4+2-6+0=0.
1] o

2 As opposed to, for example, "Minkowski spacetime’, where the ‘lengths’ of vectors can be imag-
inary! Search the web for ‘minkowski space wiki’.
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O

2.7 Angles between vectors in R"

Now saying that two vectors are orthogonal is another way of saying that they meet
at a 90° angle. We can determine the angle between vectors in R? and R?; can that
be generalized as well? We need to know one fact:

Theorem 2.1 (Cauchy-Schwarz Inequality). Ifu,v € R", then
- v| < fJul] [|v]|

The proof is straightforward.
Applying this to |[u+v||? = (u+v) - (u+v) yields

[[u+v]| < flul[+[}v]]

which is the triangle inequality (which looks the same as the one we noted for C in
our first class).

Definition 2.4. If u,v € R" and u,v # 0, then the angle 6 between u and v is
defined to be the number 8 which satisfies:

u-v
o cosf=———
([all {lv]]

e 0K

(The first condition makes sense because of the Cauchy-Schwarz inequality, since
this inequality implies that the number on the right hand side is always between —1
and 1. The second condition guarantees uniqueness of 6. )

Example 4: The angle between u = (0,0,3,4,5) and v=(—1,1,—1,1,2) is 6, where

cos(0) = wv _ U —E
[ull Iv]  v50v8 20

We find 6 = arccos(11/20)4

Of particular interest:

e Two non-zero vectors u, v are orthogonal if the angle between them is 7 (or
90°). Now cos(%) = 0, so by our formula, the numerator u - v has to be zero.
That’s where the orthogonality condition came from.

3 For = € R, consider the quadratic function q(x) = ||u + zv]||2. Expand the right hand side as
(u+ zv) - (u+ xv), compute the discriminant ‘b2 — 4ac’, which (as g(x) > 0 for all ) must
satisfy b2 — 4ac < 0. Simplifying this, one obtains the desired inequality.

4 With the help of a calculator —which you’ll never need in this course —, 6 ~ 0.988432 ~ 56.6°.



2.8 Orthogonal Projections onto lines in R™ 21

e Two vectors u and v are parallel if the angle between them is either 0° or 7.
Now cos(0) =1 and cos(7) = —1, so in this case u- v = =£||u|| ||v]| attains its
maximum value (in absolute terms).

2.8 Orthogonal Projections onto lines in R"

The idea of the orthogonal projection is: given two nonzero vectors u and v, then
the projection of v onto u, denoted

projy(v)
is the unique vector which satisfies

e proj,(v) is parallel to u (so a scalar multiple of u)
e v—proj,(v) is orthogonal to u (so gives dot product zero).

vV —proj,(v)

projy(v)

Fig. 2.1 Orthogonal projection of v on u.

As aresult, we have decomposed v as a sum

v = (projy(v)) + (v —projy(v))
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of something parallel to u and something perpendicular to u, as in our picture.
So how do we find proj,(v)? It turns out to be easy. Using either trigonometry, or
just solving directly from the above two conditions, you get:

_ v-u
proj,(v) = Wu.

(Careful: the quotient is just a scalar. To remember this: if you are projecting onto
u your answer is always a multiple of u, which is also the term that appears in the
denominator.)

Example 5: Let u = (1,0,0) and v = (2,3,4). Write v as a sum of two vectors, one parallel to u
and one orthogonal to u. (Presumably you could guess the answer to this one, but
let’s see what the formula does.) We calculate:

rojy (v) = V-uu_ 24040
P T Rt T e 02

1 2
of =10
0 0
and v — proj, (v) = (2,3,4) — (2,0,0) = (0, 3,4), so our decomposition is
2 2 0
v= (3| =|0|+ |3
4 0 4

and it’s clear that the first is parallel to u while the second is orthogonal to u — and
that this is the only possible pair of vectors that satisfy this.

O
Example 6: Letu = (1,1) and v = (2,3). Then
. v-u 2+3 1 5
poits) = e o] [
is the projection of (2,3) onto (1,1).
O

Orthogonal projection is used in UMTS (Universal Mobile Telecommunications
System) to correct fuzziness and errors in signals and produce more reliable
communications.

Another way of talking about orthogonal projection is to say that we are finding the
closest point to v on the line from the origin in direction u. So our next goal is to
talk about lines and planes.
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Problems

Those marked with a x have solutions at the back of the book. Try them yourself
first.

2.1. Write down the zero vector in R, R3 and R5.
2.2. Prove that u+ (v+w) = (u+v) +w for any u,v,w € R3.

2351 A=(1, 2, 3), B=(-5, =2, 5), C=(-2, 8, —10) and D is the
midpoint of AB, find the coordinates of the midpoint of C'D.

2.4. Solve the following problems using the dot product.

a) Find all values of k such that (k, k, 1) and (k, 5, 6) are orthogonal.
b)*Find the angle between the vectors (0, 3, —3) and (-2, 2, —1).
oIf A=(2,4,1), B=(3,0,9)and C = (1, 4, 0), find the angle ZBAC.

2.5.7Solve the following problems.

a) Ifu=(2, 1, 3) and v = (3, 3, 3) find proj, u.
b) If u= (3, 3, 6) and v = (2, —1, 1) find || proj, u||.






Chapter 3
Lines and Planes

In the last chapter we discussed the algebra and geometry of vectors in R? and R?,
and extended all the notions of vector addition, scalar multiplication, the dot
product, angles and orthogonality to R".

Now, let’s consider lines and planes in R2 and R3. We’ll see that while some ideas
generalize easily to R"”, others take more work; in fact, working out what, exactly,
a reasonable analogue of a line or a plane in R™ is one of our goals in this course.

3.1 Describing Lines

A line in R? or R3 is completely determined by specifying its direction and a point
on the line. Since we prefer working with vectors, replace the point by its position
vector.

Fig. 3.1 Vector parametric form for L

So a line L going through the tip of vg and such that d is a vector parallel to the
direction of L can be described as the set

L ={vo+td|t e R}.

That is, any point v on the line L can be written as v = vq + td for some ¢.

25
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Example 7: Consider the line y = 3z + 2 in R?. We can get a parametric equation for this line
by letting = ¢ be the parameter and solving for y; this gives z =t and y = 3¢t 4 2.
In vector form, this is

bl B3
(e

Note: Another way to get a parametric equation for this line: it goes through the
points (0,2) and (_72 ,0), for example. So a direction vector is

az [0 _[-2/3] _[2/3
T2 0o | |2
We can take vo = (0,2). So we get

(g es)

NOTICE that our answer is not unique! It depends on our choices. BOTH of our
answers are completely correct (check with a sketch!).

so the line is

CAUTION!! We often use the variable ¢ for the parameter. But if you are
comparing two different lines, you must use different letters to represent
parameters on different lines!

Example 8: Find the point of intersection of L = {¢(1,2)|t € R} and
L' ={(0,1)+t(3,0)|t € R}.
WRONG METHOD: Set ¢(1,2) = (0,1) +¢(3,0) and solve for ¢.
This doesn’t give an answer for ¢; but that’s only because the two lines don’t arrive
at the point of intersection at the same time ¢. The lines still intersect!
CORRECT METHOD: Find parameters s and ¢ such that ¢(1,2) = (0,1) + s(3,0).
This gives t = £ and s = %, and the point of intersection is thus (3,1).

O

The form
L={vo+tdt R}

for a line in R™ is called the vector form or parametric form.In R? (but NOT R?),
you can describe a line by an equation like ax 4 by = ¢; this is called the
point-normal or Cartesian form.

You can also expand the parametric form in coordinates: if vo = (a,b,c) and

d = (d1,d2,ds) then our line is the set of all v = (x1,2z2,x3) such that
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r1 =a-+tdy
T9 =b—+tds
r3 =c+tds

for some t € R.

3.2 About the Geometry of Lines

There is only one line in R: all of R.

Given two distinct lines in R?, they are either parallel or they intersect.

Given two distinct lines in R3, they could be parallel, or they could intersect, or
they could be skew. In the first two cases, they are contained in a unique plane; in
the third case there is no plane containing both of them (but you can find two
parallel planes such that each contains one of the lines).

3.3 Describing Planes in R?

Recall that planes in R? are described by an equation in point-normal or Cartesian
form. That is, a plane is described as the set of all points (z,y, z) such that

ar+by+cz=d

where n = (a,b,c) is a normal vector to the plane and d € R.
How did we get this equation? Look below. If v is some point on the plane, then v
is on the plan iff (v—vp) -n=0:

Fig. 3.2 The cartesian equation of a plane: point-normal form

So the plane through vy with normal vector n is
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W={veR?(v-vo)-n=0}.

Example 9: The plane through vo = (1,0,3) with normal vector n = (—1,1,2) is

W={veR3(v-vy) n=0}
={(z,y,2)[((z,9,2) = (1,0,3)) - (-1,1,2) = 0}
={(z,y,2)| = (@—1)+(y—0)+2(z —3) =0}

={(z,y,2)| -~z +y+22 =5}

(Note that the coefficients in the Cartesian equation give you a normal vector.)

O
The normal vector is handy for many things.
Problem: Find the distance from the point P = (1,2, 3) to the plane W with Cartesian
equation 3z —4z = —1.
Solution: Let A be any point on the plane, say A = (1,0,1), and Q be the (unknown) closest
P n
N
proj,(A-P) \

N

Fig. 3.3 Finding the distance of P to the plane W.

point on the plane to P. As the diagram suggests', we want the length of the
projection of A — P onto the normal vector.
So

! And here’s a proof, for the properly skeptical reader: if Q' is any other point on W, ||P — Q' ||? =
IP—Q+Q— Q|2 = [P~ QI +]|Q - Q'|]? (because P— Q and Q — @' are perpendicular,
so the Pythagorean theorem applies). Hence |P — Q'||? > |P — Q||2.
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[P — Q| = [lproj, (P — A
= [lprojs,0,—4)(0,2,2)||
0+0-—8

= || — —4
Iy 0.9
8
=—1(3,0,—4
52 113,0,-)]
8 8
25 g )

Let’s tackle a more straightforward problem: the intersection of two planes.

Problem:
Solution:

Find the intersection of the planes t+y+z=3andx —y — 2 = 2.

We need to find all (z,y, z) which satisfy both equations. Subtracting the second
equation from the first yields 2y 42z =1ory = % — z; then from the first we have
z=3— (4 —2)— 2= 35.But 2 can be anything; in fact we can take z to our
parameter (and so now call it £):

) 1 . y
q‘_ 27 y_ 2 ) Z_
which in vector form is the line
5/2 0
L=< [1/2|+t|-1||teR
0 1

3.4 Geometry of Planes in R?

We define the “angle” between two planes to be the angle between their normal
vectors. It equals the angle of the “wedge” that they make (although proving that
takes some thought).

Now, to compare with the case of lines:

The only plane in R? is all of R?.

Given two distinct planes in R?, they are either parallel or they intersect.

Makes you wonder about R*, doesn’t it?

That said, we don’t have a good way to describe a plane in R (yet). A parametric
equation in one variable gives a line, in any R™. But something fishy is happening
with the normal forms:
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n Equation in R™ Resulting Geometric Object
1 ar=1» point

2 axr+by=c line

3 ar+by+cz=d plane

4 ari+bro+crst+dryg=e 77

Idea: one equation is cutting down one degree of freedom (later: dimension), so the
result is always an object of dimension n — 1 (which is called a hyperplane in
dimensions bigger than 3).

Our answer will eventually be: Since intersecting two planes in R? (usually) gives
you a line, intersecting two hyperplanes in R* should give you a plane.

This is something we’ll be coming back to over the next few weeks.

But for now: let’s get back to solid ground (or rather, R?) and discuss how to
produce normal vectors to planes fairly easily.

3.5 Cross products in R?

Let’s use the notation:
1 0 X
1= 10, g=11], k=|0
0 0

Then (z,y,2) = 21+ yJ + zk.

In the following, we also use notation from the determinant which for now is just
very convenient.

The cross product of u = (z,y,2) and v = (z',y',2’) is a new vector, denoted

u X v, which is calculated as follows:

1 j ok
uxXv=\xr y z
.f/ y/ Z/
= (y2' = ¢z, — (22 —2'2), 2y’ —a'y)
_(ly 2| |T 2| |z y
- ylzla xlzlax/y/
Problem: Find (1,2,3) x (4,5,6).
Solution: Write this as a determinant (or at least on top of each other) and then solve:

=(12—15,—(6—12),5—8) = (—3,6,—3).

[T
Ut DN oo
DD W I
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O
Problem: Find (4,5,6) x (1,2,3).
Solution: Same process:
17k
456|=(15-12,—(12—-6),8—5) = (3,—6,3)
123
HA! We got the NEGATIVE.
O
Notice, though, that
(1,2,3)-(3,-6,3) =3—-12+9=0, (4,5,6)-(3,—-6,3)=12—-30+18=0.
None of this was just luck.
Theorem 3.1 (Properties of the Cross Product). Let u,v,w € R3. Then
e UXV=-VXu
e (uxv)-u=0
e (uxv)-v=0
e (UHV)XW=uXWwW+VXW
o |luxv| =|ul||v]sin(d) where 0 < § < 7 is the angle between w and v. This is
in fact the area of the parallelogram with sides u and v.
BUT, usually: u x (v x w) # (u X v) X W; the cross product is neither commutative
nor associative. (Eg: i x (kx k) =0 but (i x k) x k= —i.)
Consequently: if two vectors are parallel, then their cross product is zero.
Otherwise, their cross product is one of the two vectors orthogonal to both u and v
and of length |[ul| ||v||sinf, where 6 is the angle between u and v. The cross
product is used in Physics for measuring torque, for example, and figuring out the
direction of the answer uses the right-hand rule. We also often memorize i X j = k
and its cyclic permutations.
3.6 First application of cross product: finding normal vectors
The cross product gives a normal vector to the plane parallel to two vectors u and v.
Problem: Find an equation of the plane containing the three points A = (1,2,3),
B=(1,0,0) and C' = (0,1,1).
Solution: The vectors BA = (0,2,3) and BC = (—1,1,1) are both parallel to the plane, so a

normal vector to the plane must be orthogonal to each of these. So take their cross
product:
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k

3/ =(-1,-3,2)

1

(Check your answer! This should be orthogonal to BA and BC.)
So an equation for the plane has the form

—x—3y+2z2=d

and plugging in the point B, for example, yields d = —1.

3.7 Second Application: volumes of parallelepipeds (Scalar
Triple Product)

Theorem 3.2 (Volume of a parallelepiped). The volume of the parallelepiped
with sides u, v and w in R3 is
|[(uxv)-w|.

In particular, the order of the vectors doesn’t matter.

We can prove this using more trigonometry: the volume of the parallelepiped is the
area of the base (a parallelogram) times the height; the area of the base is the norm
of the cross product of two of the vectors (|lu x v||), and the height is going to be
|lw|| cos(0) where 6 is the angle between w and a normal vector to the base.

Problem:

Solution:

Find the volume of the parallelepiped with sides u = (1,0,1), v =(1,2,2) and
w = (10,0,0).
We calculate:

i gk

uxv=|101|=(-2,-1,2)

122

S0
(uxv)-w=(-2,-1,2)-(10,0,0) = —20

so the volume is 20.
O

So what does it mean if (u x v) - w = 0? Zero volume of a parallelepiped means it
wasn’t really a parallelepiped at all — the three vectors must all lie in a plane. We
say such vectors are coplanar or linearly dependent (key phrase for later).
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3.8 Final remarks about lines, planes, and higher-dimensional
objects in R"

These are just some thoughts to preview some of the ideas we want to explore over
the next several weeks. We have great ways to describe lines and planes in R? and
R3, but we have an inkling that there must be “2-dimensional” objects in R* which
we can’t describe by either of the two methods described so far (parametric
equations or normal equations).
Or can we?
To get a line, we gave ourselves one parameter (one degree of freedom). If we give
ourselves two parameters, for two different direction vectors, this describes a
plane. That is

W ={vo+sd; +tda|s,t € R}

describes the plane with normal vector d; x d2 and going through the point vg.
We will explore statements like this in the course of understanding subspaces of
general vector spaces.

Problems

3.1. Solve the following problems using the cross and/or dot products.

a)Ifu=(3, -1, 4)and u = (-1, 6, —5), find u X v.

b)*Find all vectors in R3 which are orthogonal to both (—1,1,5) and (2,1,2).

Ofu=(4, -1,7),v=(2,1, 2)and w= (-1, —2, 3), find (u X v) X w.

A fu=(—4,2,7),v=(2,1,2)andw = (1, 2, 3),find u-(vxw).

3.2. Solve the following problems using the appropriate products.

a) Find the area of the parallelogram determined by the vectors « = (1, —1, 0) and
v=(2, =3, 1).

b)*Find the area of the triangle with vertices A = (—1, 5, 0), B= (1, 0, 4) and
C=(1,4,0).

¢) Find the area of the triangle whose vertices are P = (1, 1, —1), @ =(2, 0, 1)
and R= (1, —1, 3).

d)*Find the volume of the parallelepiped determined by
u=(1,1,0),v=(1,0, —1)andw = (1, 1, 1).

e) Find the volume of the parallelepiped determined by
u=(1,-2,3), v=(1,3,1) and w = (2,1,2).
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3.3. Solve the following problems.

a)*Find the point of intersection of the plane with Cartesian equation
2z + 2y — z = 5, and the line with parametric equations
r=4—t, y=13—-6t, z =—T7+4t.

b)*If L is the line passing through (1, 1, 0) and (2, 3, 1), find the point of
intersection of L with the plane with Cartesian equation z+y — 2z = 1.

¢) Find the point where the lines with parametric equations x =t — 1,
y=6—t, z=—4+3tand x = -3 —4¢t, y =6 —2t, z = —5+ 3t intersect.

d)*Do the planes with Cartesian equations 2x — 3y + 4z = 6 and
4z — 6y + 8z = 11 intersect?

e) Find the line of intersection of the planes with Cartesian equations
S5r+Ty—4z=8andz—y = —8.

f)*Find the line of intersection of the planes with Cartesian equations
r+1ly—4z=40and x —y = —8.

3.4. Solve the following problems.
a) Find the distance from the point (0, —5, 2) to the plane with Cartesian equation
20+ 3y+5z=2.

b)*Find the distance from the point (—2, 5, 9) to the plane with Cartesian equation
6+ 2y —3z= -8

¢) Find the distance from the point (5, 4, 7) to the line containing the points
(3, —1,2)and (3, 1, 1).

d)*Find the distance from the point (8, 6, 11) to the line containing the points
(0, 1, 3) and (3, 5, 4).

e) Find angle between the planes with Cartesian equations x — z = 7 and
y—z=234

3.5. Find the scalar and vector parametric forms for the following lines:

a) The line containing (3, —1, 4) and (-1, 5, 1).

b)*The line containing (—5, 0, 1) and which is parallel to the two planes with
Cartesian equations 2z —4y+z=0and z — 3y —2z =1

¢) The line passing through (1, 1, —1) and which is perpendicular to the plane
with Cartesian equation 2z —y 43z =4

3.6. Find a Cartesian equation for each of the following planes:
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a) The plane containing (3,—1,4), (—1,5,1) and (0,2, —2).

b)*The plane parallel to the vector (1,1, —2) and containing the points (1,5,18)
and (4,2,—6)

¢) The plane passing through the points (2,1,—1) and (3,2, 1), and parallel to the
T—axis.

d)*The plane containing the two lines {(t — 1,6 —t,—4+3t) | t € R} and
{(—3—4t,6+2t,7+5¢) |e R}

e) The plane which contains the point (-1, 0, 2) and the line of intersection of the
two planes 3z +2y —z=>5and 2x+y+2z = 1.

f)*The plane containing the point (1,—1,2) and the line
{(4,—1+42t,2+1) | t e R}.

) The plane through the origin parallel to the two vectors (1,1,—1) and (2,3,5).

h)*The plane containing the point (1, —7, 8) which is perpendicular to the line
{(2+2¢t,7—4t,—-3+t | t € R}.

i) The plane containing the point (2, 4, 3) and which is perpendicular to the
planes with Cartesian equations = + 2y — 2z = 1 and 3z — 4y = 2.

3.7. Find a vector parametric form for the planes with Cartesian equations given as
follows. (i.e. find some a € H and two non-zero, non-parallel vectors u,v € R3,
parallel to the plane H. Then H = {a+ su+tv | s,t € R}.)

Ar—y—z2=3

b)*xr—y—22=4

)2x—y+z=>5

d) y+2x=-3

e)r—y+22=0

Dr+tyt+z=-1

3.8.*Let u,v and w be any vectors in R3. Determine which of the following
statements could be false, and give an example to illustrate each of your answers.

MDHu-v=v-u
Quxv=vXu
Bu-(v+w)=v-utw-u
4) (u+2v) xv=uxv

B) (uxv)xw=ux(vxw)
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3.9.*Let u,v and w be vectors in R3. Which of the following statements are
(always) true? Explain your answers, including giving examples to illustrate
statements which could be false.

1) (uxv)-v=0

i) (vxu)-v=-1

(iii) (u x v) - w is the volume of the of the parallelepiped determined by u, v and w.
(@iv) |Ju x v|| = ||u||||v|| cos@ where @ is the angle between u and v

(V) |u-v| = ||u]|||v]| cos® where 6 is the angle between u and v

3.10. Prove the identity u x (v x w) = (u-w)v — (u-v)w for all u,v,w € R3, as
follows: Denote the difference between the left hand side of the identity and the
right hand side by D(u,v,w).

First note that, by properties of the dot and cross products, for all £ € R,
w,v,w,u’ v, w € R3,it’s easy to see that the following identities hold.

(i) D(ku+u',v,w) =k D(u,v,w)+ D(u',v,w)
(i) D(u, kv +v",w) =k D(u,v,w) + D(u,v’,w)
(iii) D(u,v,kw+w') =k D(u,v,w)+ D(u,v,w’)
(iv) Also: D(u,v,w) = —D(u,w,v)

(Properties (i)—(iii) are summarized by saying that “D is linear in each argument”.
More on this when we get to linear transformations.)

Now since every vector in R? is a linear combination of i = (1,0,0),; = (0,1,0)
and k = (0,0,1), by the identities above, it suffices to check that D(u,v,w) = 0
when u is 2,5’ and k, and v and w are one the 6 pairs of two distinct choices from
{%,3, l%} Restricted to these (18) choices, it’s easy to see D(u,v,w) is zero unless
u is v or w, so we really only need to check D(u,u,w) = 0 in the 6 cases where
we {i,],k} and w € {i,7,k} \ {u}. This amounts to 6 easy computations. Having
checked those, you’re done!



Part 11
Vector Spaces



Given that the algebra of R? and R? extended so easily to R™, we ask ourselves:
what other kinds of mathematical objects behave (algebraically speaking) just like
R"™? We formulate this question precisely in the first chapter, and proceed to
uncover many very familiar examples.



Chapter 4
Vector Spaces

So far, we have established that it isn’t too hard to generalize our notion of vectors
to include elements of R™. We still call them vectors even though we can no longer
quite imagine them as arrows in space.

As we worked through vector geometry, we also saw a number of problems
coming up, principally among them: what are the higher-dimensional analogues of
lines and planes? How can you describe them?

We will tackle this problem next, but it turns out that the best way to do this is to
step back and see just how far we can generalize this notion of vector spaces —
was R™ the only set that behaves substantially like R? and R3, or are there many
more mathematical objects out there that, if we look at them in the right way, are
just like vectors, too?

4.1 A first example

So far: we agree that the elements of R, R? and R? are geometric vectors.
We also agree that we can call elements of R™, for n > 4, vectors.
What we are looking for next: non-geometric, non-R" vectors.

Example 10: Spaces of Equations
Consider three equations, which we name E, F2 and E3:

by r—y—z=-1
Ey: 2r—y+2z=1
Es: —x+2y+4z=4

We can create new equations from these ones; for example,

Ey=F,—2F; : y+32=3

39
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or
Ei+FEs @ y+3z=3

So we can even say
FEy—2F1=F1+FE3

and it is legitimate to rewrite this as:
3E1—FEy+E3=0

where “0” stands for the equation “0 = 0”.
Well, what are we really saying here?

We can add two equations to get another equation.

We can multiply an equation by a scalar to get another equation.
There’s a zero equation given by 0 = 0. Let’s call it Ey.
Equations have negatives:

—Ei:i—z4+y+z=1

Why is this the negative? Because now (E1) + (—FE1) = Ejp.
e The usual rules of arithmetic hold:

- B1+Ey=FEsy+ Ey

- BE1+(E2+ E3) = (E1+ E2) + E3
- k(E1+ E2) =kE1+kE>

— (k+1)Ey =kEy +1E;

- (k)Ey = Kk(LEy)

- 1E1=FE;

In other words: these are exactly the properties of R™ that we identified last week!
So even though we have no reasonable way (yet) of writing “equations” as n-tuples
of numbers, algebraically we recognize that they act just like vectors do.

O

Major idea #1 (this chapter): there are lots of different vector spaces besides
R™.

We can specialize this a bit more (which also helps us start to see the value in this
approach):

Consider the space £ of all equations “obtainable from” (also say: generated by or
spanned by) E1, E>,and Ej3:

E= {k’lEl + koFEo + ksFEs | ki € R}.

(This is the set of all linear combinations of those three equations!) In fact, £ itself
acts like a space of vectors (in the sense above, and to be made precise below).
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The kinds of questions you’d want to ask: Is there an equation of the form y = yg
in £2 That is, can we solve for y?' (Or for z, for that matter.)

Example 11: Can we find a,b, 3o € R so that the equation y = yg equals aE; +bE5? Answer:
NO. Why? The coefficient of = in aE'; +bF> is a+ 2b and the coefficient of z in
aFE1 +bFE> is —a+b. The only way these can both be zero is if a and b are zero
(check); but then a E1 + bFEo = Ep, the zero equation. So we can’t get an equation
like y = yo.

O

(We of course want to answer tougher questions than that, but our technique
(Gaussian elimination, Chapter 11) will be based entirely on this idea of taking
linear combinations of equations.)

Stoichiometry is the science of figuring out how to produce a given chemical as a
result of reactions of other, easier to obtain, chemicals. In stoichiometry, you let £
be the set of all known chemical reactions and want to choose a best (linear)
combination of reactions which will result in what you wanted.

Major idea #2: (next two chapters): Subspaces and spanning sets. To answer
particular problems, we typically need to understand the subspace spanned
by some vectors.

4.2 So what do we really need?

Idea: vectors don’t have to be geometric, or even n-tuples. But we want things that
act like our known examples of vectors algebraically. (Please note: we’re going to
ignore the geometry (like the dot product) for quite a while; we’re now just
focussing on the algebra.)

So we need:

e V :asetof “vectors” of some sort
e arule for “adding” two “vectors” (denoted with +)
e arule for “scalar multiplication” of a “vector” by an element c € R

such that all 10 of the following axioms hold:

Closure  (These two axioms guarantee that V' is “big enough”™)
(1) The sum of two vectors should again be a vector. (That is, if u,v € V then
ut+velvl)
(2) Any scalar multiple of a vector should again be a vector. (That is,ifu e V'
andceRthencue V)

! The connection is that: to solve for 3, what you’re honestly doing is taking linear combinations
of equations.
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Existence (These two axioms guarantee that V' has the ‘basics’)
(3) There should be a zero vector 0 in V'; it must satisfy 0 +u=uforallue V.
(4) Every vector in V should have a negative in V. That is, given u € V, there
should exist another vector —u € V such thatu+ (—u) = 0.
Arithmetic properties  (These axioms guarantee that operations behave the way
they did in R™)
For any u,v,w € V and any ¢,d € R:
BG)u+v=v+u
G)u+(v+w)=(ut+v)+w
(7) c(u+v)=ca+cv
8) (c+d)u=cu+du
9) ¢(du) = (cd)u
(10) lu =u.

Definition 4.1. Any set IV with two operations as above, satisfying these 10 axioms
is called a vector space.

Note that even though they are not axioms, it is indeed true that the zero vector is
the result of scaling any vector by 0 € R, and the negative of a vector is given by
multiplying it by —1 € R. See problem 4.14.

4.3 Examples of Vector Spaces

Example 12: R, R2, ..., R" are all vector spaces, with the usual operations.
O
Example 13: £ is a vector space, as is the set of all linear equations in n variables, with the
usual operations.
(]

Example 14: The set V' = {0}, with operations given by the rule 0+0=0,and ¢-0 =0, is a
vector space : the zero vector space. (But the empty set is not a vector space
because it doesn’t contain 0!)

Example 15: The set V = {(z,2z)|x € R}, with the standard operations from R? is a vector
space because:

e CLOSURE (1) Letu,v € V.Then u = (z,2x) for some z € R and v = (y,2y)
for some y € R.Sou+v = (z+y,2x+2y) = (r+y,2(x+y)) and this is in V'
because it is of the form (z,2z) with z =z +y € R.

e CLOSURE (2) Letu = (z,2x) and ¢ € R. Then cu = (cx,¢(22)) = (cx,2(cx))
which is again in V because it has the form (z,2z) with z = cx € R.
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e EXISTENCE (3) The zero vector of R? is (0,0); this lies in V and moreover

since it satisfies 0 +u = u for any u € R?, it certainly satisfies that for the

u € V. So it is a zero vector and it lies in V.

EXISTENCE (4) The negative of u = (z,2x) is (—z, —2z) = (—z,2(—x))
since (z,22) 4+ (—x,2(—2)) = (0,0) and we see that (—x,2(—x)) € V. So it’s
the negative and it lies in V.

ALGEBRAIC PROPERTIES (5)-(10): these are all ok because they all work for
ANY u,v,w in R?, so they certainly work for any vectors u,v,w in V.

So this is a vector space.

Example 16: The set V = {(z,x +2)|z € R}, with the usual operations of R? is NOT A
VECTOR SPACE.
To show that V' is not a vector space, it is enough to give just ONE example of just
ONE axiom that fails even ONCE. (Because being a vector space means that all
those axioms are always true.)
But let’s look at ALL the axioms, just to see how this fails in lots of different ways.

CLOSURE (1) Take (z,x+2) and (y,y + 2). Then their sum is
(z+y,z+y+4) which does NOT have the correct form (z,z + 2), for any z.
That is, when you add two elements in this set, you end up OUTSIDE the set. It
is NOT CLOSED UNDER ADDITION.

CLOSURE (2) Take c € R and u = (z,z+2) € V. Then

c(x,z+2) = (cx,cx+2c¢) so whenever ¢ # 1,cu ¢ V. So V is NOT CLOSED
UNDER SCALAR MULTIPLICATION.

EXISTENCE (3) The zero vector (0,0) is not in V, since you can’t have

(0,0) = (z,2+2) for any z € R.

EXISTENCE (4) The negative of u = (x,z +2) is —u = (—z, —z — 2), which
doesn’tliein V.

ALGEBRAIC PROPERTIES (5)-(10): these are all fine, because the actual
operations are fine; it’s the subset of R2 we chose that was “bad”.

Remember this: a subset of a vector space can’t be a vector space unless it
contains the zero vector. So lines and planes that don’t pass through the
origin are not vector spaces.

Definition 4.2. A matrix is a table of numbers, usually enclosed in square brackets.
It’s size is m X n if it has m rows and n columns. For instance,

123
456

is a 2 x 3 matrix. Two matrices of the same size can be added componentwise, like
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b+ = Lo

and we can scalar multiply them componentwise as well, like

2=l

Example 17: V = My (R) = { {Z Z] la,b,c,d € R 3, with the above operations.
We check the axioms: closure is fine (sum and scalar multiples give you 2 x 2

matrices again); existence: (3) [8 8} € M2(R) and clearly adding this to a matrix

A gives you A back again, and (4) [CCL Z} € Mj2(R) and adding this to [CCL Z]
gives you the zero matrix, so indeed every matrix in Moo (R) has a negative in

Moo (R).
The algebraic properties (5)-(10) are just like in R*; checking them is
straightforward. I include the proof below, using a few different (acceptable)
techniques.

Ul ug

v v
},v: [ 1 2},etc,andletc,d6R.Then
us3 Ug V3 V4

Begin by letting u = [

V1 +ul v2 +u2
U3 + U3 V4 + Ug

_|urtv1 uz tv2
¢ Outv= U3 +v3 U4 +v4
So (5) holds.

e O)u+(v+w)= {

} andv+u= [ } ; these are equal.

U1 u2 + V1 + w1y v+ wo _

U3 U4 U3 +w3 V4 +wy

up + (v +w1) ug + (va +ws) o

l:u3 + (v34+ws) ug+ (v4 +wy) and similarly
~ [(uwr4vr) Fwr (ug+v2) w2

(utv)+w= [(u3+vg)+w3 (g +v4) + w4

e (7

} ; these are equal. So (6) holds.

_|urtvr ug tv2
cutv)=c [U3 43 U4+U4:|
[c(uy +v1) c(ug +v2)
| c(us +v3) c(ug+vq)
o _cul +cvy cug + cvg]

cus + cvs cug + cvg

o _cul Cu9 CU1 CU9
" |cus cuy cU3 CUy

=cu+cv

so this axiom holds.
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e (8

_ Ul ug
(c+d)u=(c+d) |:’U,3 uJ
[(c+d)ur (c+d)ug
e+ d)uz (c+d)ug
_ [eur +duy cuz + dus

|cus +dug cug +dug

[cuq cus duq dug
|cus cuy dus dugy

=cu+du

as required, so this axiom holds.

e (9) Compare the ith component of each side, 1 < i < 4. The ith entry of a(bu) is
a(bu;) and the ith entry of (ab)u is (ab)u;, and these are equal in R. So
a(bu) = (ab)u since each of their entries are equal.

e (10) The ¢ entry of 1u is 1u; = u;, which is the ith entry of u. So lu =u.

So Maa(R) is a vector space.

In fact, M, »,(R), the set of all m x n matrices, when given operations
analogous to those described above, is a vector space, for any m,n > 1.

Our next example is a space of functions. We first establish some notation.
Definition 4.3. Let [a, )] denote the interval {x € R|a < x < b}, and let
Fla,b] ={f|f: [a,b] = R}

be the set of all functions with domain [a, b] with values in R. For f,g € F[a,b], we
have that f = g if and only if f(z) = g(«) for all z € [a,b]. Moreover, we define
f -+ g to be the function which sends z to f(z)+ g(x), that is:

(f +9)(@) = fz) +g(z)
and for any scalar ¢ € R, ¢f is the function taking x to ¢f(x), that is:
(ef)(z) = c(f()).

Geometrically, addition corresponds to vertically adding the graphs of f and g; and
scalar multiplication corresponds to scaling the graph of f by c.

Example 18: Space of functions
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F[a,b] is a vector space with these operations.

Check: closure is good; the zero vector is the zero function which sends every z to
0; the negative of f is the function — f which sends x to — f(x); and the algebraic
operation axioms all hold.

O

Example 19: We could also consider F'(R), the set of all functions from R to R, with the same
operations; this is also a vector space. So for example cos(z) € F(R) and
x+12% € F(R); in fact all polynomial functions are contained in F'(R). But
1 tan(z) ¢ F(R) because they are not defined on all of R.

O

In several of our examples, axioms (5)-(10) were obviously true because they were
true for a larger superset of vectors. What this means is that we will have a shortcut
for checking if a subset of a vector space (with the same operations) is itself a
vector space.

Problems

Remark: In the following examples, explain your answer, which means: if you say
a set closed under some operation, give an explanation (‘proof’) which works in all
cases: don’t choose examples and simply verify it works for your chosen examples.
On the other hand, if you say the set isn’t under some operation, you must give an
example to illustrate your answer.

4.1. Determine whether the following sets are closed under the indicated rule for
addition.

a) {(z,2+2) € R? | € R}; standard addition of vectors in R?

b)*{(z,y) € R? | x — 3y = 0}; standard addition of vectors in R?

¢) {(z,y) € R? | x — 3y = 1}; standard addition of vectors in R?

d)*{(z,y) € R? | zy > 0} ; standard addition of vectors in R?

e) {(z,y,2) € R® | 2+ 2y+ 2 = 0} ; standard addition of vectors in R?
£)*{(z,y,2) € R? | 2 +2y+2z = 1} ; standard addition of vectors in R3

) {(v,y,2,w) €ER* | x —y+ 2 —w = 0}; standard addition of vectors in R*.

h)*{(x,x+2) € R? | x € R}; Non-standard addition:
(z,y)+("y) = (+2",y+y = 2).

i) {(x,y,2) €R3 | 2 +2y+ 2z =1} ; Non-standard addition:

(x,y,z)—i—(a:/,y’,z’) = ($+m/7y+y/,z+z’ - 1)
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4.2, Determine whether each of the following sets is closed under the indicated
rule for multiplication of vectors by scalars.

a) {(z,2+2) € R? | z € R}; standard rule for multiplication of vectors in R? by
scalars.

b)*{(z,y) € R? | z — 3y = 0}; standard rule for multiplication of vectors in R? by
scalars.

¢) {(z,y) € R? | x — 3y = 1}; standard rule for multiplication of vectors in R? by
scalars.

d)*{(z,y) € R? | zy > 0}; standard rule for multiplication of vectors in R? by
scalars.

e) {(z,y,2) € R® | 42y + 2z = 0}; standard rule for multiplication of vectors in
R3 by scalars.

£)*{(z,y,2) € R® | 2+ 2y + 2 = 1}; standard rule for multiplication of vectors in
R3 by scalars.

) {(v,y,2,w) ER* | x —y+ 2 —w = 0}; standard rule for multiplication of
vectors in R* by scalars.

h)*{(z,z +2) € R? | z € R}; Non-standard multiplication of vectors by scalars
kEeR:
k®(x,y) = (kx,ky — 2k + 2).

i) {(z,y,2) €R3 | x4+ 2y+ z = 1} ; Non-standard multiplication of vectors by
scalars k € R:
k®(x,y,2) = (kx,ky, kz—k+1).

4.3. Determine whether the following subsets of F'(R) = {f | f: R — R} are
closed under the standard addition of functions in F'(R). (Recall that F'(R)
consists of all real-valued functions of a real variable; i.e., all functions with
domain R, taking values in R).

a) {f e F(R) | f(2)=0};
b {feFR) | f(2) =1}
o {f e FR) [ f(1)=2}.

D*{f e F(R) | forallz € R, f(z) <0}.

e) {f€ F(R)| Forallz € R, f(—z) = f(x)}

D*{feFR) | Forallz e R, f(—z)=—f(x)}

2) {f € F(R) | f is twice-differentiable, and for all z € R, f”(z) + f(x) =0}
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4.4. Determine whether the following sets are closed under the standard rule for
multiplication of functions by scalars in F'(R).

a) {f € F(R) | f(2) =0}
b*{f € F(R) | f(2) =1}.
o {feF[R) | f(1)=2}.

d*{f e F(R) | Forallz € R, f(z) <0}

e) {f€ F(R)| Forallz € R, f(—z) = f(x)}

D*{feF[R) | Forallz e R, f(—z) =—f(x)}

g) {f € F(R) | f is twice-differentiable, and for all z € R, f”(x) + f(z) =0}

4.5. Determine whether the following sets are closed under the standard operation
of addition of matrices in Mo2(R).

b:c}.

a+d—0}.
ad—bc:O}.
ad:()}.
bc:l}.

4.6. Determine whether the following sets are closed under the standard rule for
multiplication of matrices by scalars in Mg2(R).

a) { {CCL Z} € M22(R) b:c}.

b)*{ {‘c‘ Z] € M2 (R) a+d0}.

w{ﬁﬂeme)

b)*{ {‘c‘ Z] € M3 (R)

o{ﬁﬂeMm®>

@{Eﬂean)
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c) { [‘CL Z} € Ma(R) ad—bc:O}.

d)*{ {CCL Z] € Mys(R) ad()}.

ab bc=1}.

e) { |:C d:| S MQQ(R)

4.7. The following sets have been given the indicated rules for addition of vectors,
and multiplication of objects by real scalars (the so-called ‘vector operations’ ). If
possible, check if there is a zero vector in the subset in each case. If it is possible,
show your choice works in all cases, and if it is not possible, give an example to
illustrate your answer.

(Note: in the last two parts, since the vector operations are not the standard ones,
the zero vector will probably not be the one you’re accustomed to.)

a) {(z,2+2) € R? | z € R}; standard vectors operations in R?.
b)*{(x,y) € R? | 2 — 3y = 0}; standard vectors operations in R?.
¢) {(x,y) € R? | z — 3y = 1}; standard vectors operations in R?.
d)*{(z,y) € R? | zy > 0}; standard vectors operations in R?.

e) {(z,y,2) € R? | 2+ 2y+ 2 = 0}; standard vectors operations in R>.

£)*{(z,y,2) € R® | 2+ 2y + 2 = 1}, standard vectors operations in R3.
) {(x,y,2,w) €ER* | x —y+ 2 —w = 0}; ; standard vectors operations in R*.

h)*{(x,z+2) € R? | x € R}; Non-standard operations:— Addition:
(z,y)+(2',y') = (x+2',y +y' — 2). Multiplication of vectors by scalars k € R:
k® (z,y) = (kx,ky—2k+2).

i) {(z,y,2) €R3 | x+2y+ 2 = 1} ; Non-standard operations:— Addition:
(z,y)+(2',y) = (x+2',y +vy', 2+ 2 —1). Multiplication of vectors by scalars
kEeR k® (z,y,2) = (kx,ky,kz—k+1).

4.8. Explain your answers to the following:

a)*Determine whether the zero function of F'(R) belongs to each of the subsets in
question 3.

b) Determine whether the zero matrix of M22(R) belongs to each of the subsets in
question 5.
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4.9. The following sets have been given the indicated rules for addition of vectors,
and multiplication of objects by real scalars. In each case, If possible, check if
vector in the subset has a ‘negative’ in the subset.

Again, since the vector operations are not the standard ones, the negative of a
vector will probably not be the one you’re accustomed to seeing.

a) {(x,7+2) € R? | x € R}; Non-standard Operations:— Addition:
(x,y)+(2',y') = (x+2',y+y' — 2). Multiplication of vectors by scalars k € R:
kE®(x,y) = (kx,ky — 2k +2).

b)*{(x,y,2) € R | z+2y+ 2 = 1} ; Non-standard Operations:— Addition:

(2, 9+ y) = (@+a’,y+y 2 +2 —1).

Multiplication of vectors by scalars k € R: k® (z,y, 2) = (kz,ky, kz —k+1).

4.10. Explain your answers to the following:

a)*Determine whether the subsets in question 1 (given the operations described in
questions 1 and 2) are vector spaces.

b) Determine whether the subsets of F'(R) in question 3, equipped with the
standard vector operations of F'(R) are vector spaces.

¢) Determine whether the subsets of M22(R) in question 5, equipped with the
standard vector operations of Moo(R) are vector spaces.

4.11. Explain your answers to the following:

a)*Determine whether the subsets of F'(R) in question 3 are vector spaces.

b) Determine whether the zero function of F'(R) belongs to each of the subsets in
question 3.

¢) Determine whether the zero matrix of Mo2(IR) belongs to each of the subsets in
question 5.

4.12. Justify your answers to the following:

a) Equip the set V = R? with the non-standard operations:— Addition:

(z,y)+(@'y) = (@ +a",y+y - 2).
Multiplication of vectors by scalars k € R:
kE® (z,y) = (kz,ky—2k+2).

Check that R?, with these new operations, is indeed a vector space.
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b) Equip the set V = R3 non-standard operations:— Addition:

(2,y,2)F(z"y ) = (@ +a’ y+y/ 4y, 2 +2" - 1).
Multiplication of vectors by scalars k£ € R:
k®(x,y,2) = (kx,ky, kz—k+1).

Check that R?, with these new operations, in indeed a vector space.

In these cases, you will even need to check the arithmetic axioms, as the
operations are weird. For example, the distributive axiom:
k® (utv) = k®u+ ®w is not obviously true!

413.Let E = {“ax+by+cz=d" | a,b,c,d € R} be the set of linear equations
with real coefficients in the variables x, y and z. Equip E with the usual operations
on equations that you learned in high school: addition of equations, denoted here
by “@” and multiplication by scalars, denoted here by “®”, as follows:

“ax+by+cz=d"@“ex+ fy+gz=h"=“(at+e)x+(b+ f)y+(c+g)z=d+h>

and
VEeR, k®“ax+by+cz=d" = “kar+kby+kcz=kd.

Prove that E is a vector space.

4.14. (For the mathematically curious)

a) It is not amongst the axioms for a vector space V' that 0v = 0 for all vectors
v € V. (Here the zero on the left hand side of the equation is the scalar zero,
while the zero on the right hand side of the equation is the zero vector.)
Nevertheless, it is indeed true in every vector space that 0v = 0 for all vectors
veV.
Prove this, using a few of the axioms for a vector space.

b) Neither it is amongst the axioms for a vector space V' that (—1)v = —v for all
vectors v € V', where the ‘(—1)v’ on the left hand side of the equation indicates
the result of multiplication of v by the scalar —1, and the ‘—v’ on the right hand
side of the equation indicates the negative of v — whose existence is guaranteed
by one of the axioms.

Nonetheless, it is indeed true in every vector space that (—1)v = —v for all
vectors v € V.

Prove this, using a few of the axioms for a vector space. You might find part (a)
useful.

c) Let ) = {} denote the empty set. Could it be made into a vector space?
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d) And here’s another interesting vector space: Define V' to be the set of formal
power series. A formal power series is an expression of the form

oo
E anz™ = ag+ a1z +asx® +---

n=0

where the coefficients a,, are real numbers. Define addition by the formula

o0 o0 oo
Z anx” + Z bpa™ = Z (an +bp)z"™
n=0 n=0 n=0

and scalar multiplication by

o0 o
c g anx" = E canx™.
n=0 n=0

Show that this is a vector space.

2 Note that in general these are not functions on IR, since most of the time, if you plug in any non-
zero value for x, the sum makes no sense (technical term: ‘ the series diverges’). The convergent
ones (that is, ones where you can plug in some values of = and it actually makes sense) include
the power series for e®, cos(z) and sin(x), which we glimpsed in our first class. Power series are
terrifically useful tools in Calculus. If you’re lucky, you’ll learn what ‘convergence’ really means
for an infinite series in MAT1325 or MAT2125.



Chapter 5
Subspaces and Spanning Sets

In the last chapter, we established the concept of a vector space, which is a set V'
on which we can perform two operations (addition and scalar multiplication) such
that 10 axioms are satisfied. The result is: a vector space is algebraically
indistinguishable from things like R™ (as far as addition and scalar multiplication
£0).

We met some particularly nice vector spaces:

R* n>1

&, a space of linear equations in 3 variables
F[a,b], functions on the interval [a, b]
F(R), functions on the real line

M xn(R), m X n real matrices

And for each of these, we had to check 10 axioms. But we noticed that sometimes,
the last 6 axioms (the ones dealing purely with algebraic properties) were
“obvious”.

Let’s consider this more carefully.

5.1 Subsets of Vectors Spaces

Suppose V is a vector space,and W C V is a subset of V.

Example 20: Let V = R? (we know it’s a vector space), and let W = {(z,2x)|z € R}. Use the
same operations of addition and scalar multiplication on W as we use in R%. What
do we really need to verify to decide if it’s a vector space?
closure: (1) closure under addition: if (x,2z) and (y,2y) are in W, then
(x,22) + (y,2y) = (x+y,2(z +y)), which is in W because it has the correct form
(2,2z) with z =z +y. YES.

(2) closure under scalar multiplication: if (x,22) € W and ¢ € R then
c(z,2x) = (cx,2(cx)) € W as well. YES.

53
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existence: (3) the zero vector is (0,0), which is in . But we don’t need to bother
checking if 0 4 u = u for each u € T, because we know this is true for all u € R?
already (since V is a vector space and so satisfies axiom (3)). So it’s enough to
know that 0 € /.

(4) if u € W, then we know that —u = (—1)u € W because (2) is true. And again,
we know that the negative has the correct property because we checked it when we
decided that V' was a vector space.

algebraic properties: (5)-(10) All of these properties are known to be true for any
vectors in V; so in particular they are true for any vectors in the smaller set

W C V. So we don’t need to check them again!

We conclude: W is a vector space.

O

Definition 5.1. A subset W of a vector space V' is called a subspace (or subspace
of V) if it is a vector space when given the same operations of addition and scalar
multiplication as V.

Example 21: W = {(z,22)|z € R} is a subspace of R?.
O

Theorem 5.1 (Subspace Test). : If V' is a vector space and W CV, then W is a
subspace of V' if and only if the following 3 conditions hold:

1.0cW.

2. W is closed under addition: for everyu,v € W,u-+v is againin W.

3. W is closed under multiplication by scalars: for everyu € W and r € R, ru is
againin W.

Think of this theorem as giving you a shortcut to working out if certain sets are

vector spaces. We saw in the example above why it comes down to just these three
: 1

axioms.

5.2 Many examples

Now let us apply the subspace test to acquire many more examples of vector
spaces. On the homework and in the suggested exercises, you’ll see many
examples of subsets to which the subspace test does not apply (because the
operations aren’t the same) or where the subspace test fails. Do many examples to
develop your intution about what does and does not constitute a vector space!

! You might wonder why we have to include the first one, though, since Ou = 0 so it ought to
follow from closure under scalar multiplication. It does, but only if the set W is not the empty set.
So if W isn’t empty, then it’s enough to check axioms (2) and (3). BUT as a general rule, (1) is
super-easy to check; and if it fails you know W isn’t a subspace. So it’s a quick way to exclude
certain sets and we always use it.
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Problem:

Solution:

Let T = {u € R®Ju-(1,2,3) = 0}, with the usual operations on R?. Is this a
subspace?
Notice that 7 C R3 and T # R3. In fact, T is the plane with equation

T+2y+32=0.

Since we’re using the usual operations on R3, we apply the subspace test:

1. Is 0 € T'? Yes, since 0 = (0,0,0) satisfies the condition u-(1,2,3) = 0.
2. Is T closed under addition?
Well, suppose u and v are in 7.
That means u- (1,2,3) =0 and v- (1,2,3) = 0.
We need to decide ifu+veT.
That means we need to decide if (u+v)-(1,2,3) = 0.
We calculate: (u+v)-(1,2,3) = (u-(1,2,3))+(v-(1,2,3)) =0+0=0.
Sou+v e T,and we conclude 7T is closed under addition.
3. Is T closed under multiplication by scalars?
LetkeRandueT.
So we have thatu- (1,2,3) = 0.
We want to decide if ku e T'.
That means we need to see if (ku) - (1,2,3) =0.
We calculate: (ku)-(1,2,3) =k(u-(1,2,3)) = k(0) =0.
So ku € T and so T is closed under scalar multiplication.

So YES, T is a subspace of R3.
O

Notice that we could have replaced the vector (1,2, 3) with any vector n, and the
result would have been the same. In fact:

Any plane through the origin in R? is a subspace.

Furthermore, if a plane in R? doesn’t go through the origin, then it fails the first
condition of the subspace test. So we have:

Any plane in R? which doesn’t go through the origin is not a subspace.

Problem:

Solution:

Let v € R™ and set L = {tv|t € R} to be the line in R™ through the origin with
direction vector v (with the usual operations from R™). Is L a subspace?
We apply the subspace test.

1. Yes,0 € L: taket = 0.
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2. If tv and sv are two points in L, then tv+ sv = (¢t + s)v which is again a
multiple of v, so lies in L. So L is closed under addition.

3. Iftve L and k € R then k(tv) = (kt)v, which is a multiple of v, so it lies in L.
Thus L is closed under scalar multiplication.

We conclude that L is a subspace of R"”.

Similarly to above, we deduce:

Any line through the origin in R" is a subspace. Any line in R™ which does
not go through the origin is not a subspace.

Let V = F(R), the vector space of all functions with domain R. Let IP be the set of
all polynomial functions, that is, IP consists of all functions that can be written as

p(x) = ag +ajx+asz®+-+apx™

We first note (it may not seem obvious) that the natural operations of adding two
polynomials, and multiplying a polynomial by a scalar, are exactly the usual
operations on functions F'(R). So P C F'(R) with the same operations, so we can

1. Is 0 € P? Remember that 0, here, is the function which when you plug in any z
you get 0 as an answer. Well, that’s the zero polynomial: p(x) = 0+ 0x + 0z2.
(Or just p(x) = 0, for short.) It’s a polynomial, so 0 € P.

2. Is P closed under addition? Yes: the sum of two polynomials is again a
polynomial (it’s not as though you could get an exponential function or

3. Is P closed under scalar multiplication? Yes: multiplying a polynomial by a

O

Definition 5.2. The transpose of an m x n matrix A is the n x m matrix A7 whose

B ]

Let S = {A € Ma(R)|AT = A} be the set of symmetric 2 x 2 matrices (with the

Problem:
for some n > 0 and a; € R. Is IP a vector space?
Solution:
apply the subspace test. (Phew!)
something like that).
scalar gives another polynomial.
So yes, P is a subspace, so a vector space.
rows are the columns of A. For example,
Problem:
usual operations). Is this a vector space?
Solution:

Since S C Ma2(R), and we’re using the same operations, we can apply the
subspace test.
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But it’s helpful to get more comfortable with this set S, first. Rewrite it as:

Oh, that’s more clear!

hed -]}

_ab_| ac| |ab
lcd|'|bd “led
o ]

_bd_

|a,b,d€]R}

1. By taking a =0,b= 0 and d = 0, we get the zero matrix; so this is in .S.
2. Take two arbitary matrices in .S, and add them:

bl

adbv| lat+d b+V
o d| T o+ d+d

This is again in S, since it matches the required pattern to be in S (that the
(1,2) and (2,1) entries of the matrix are equal). So S is closed under addition.

3. Let kK € R; then

2 ab| |kakb
bd| |kbkd

is again in S, so S is closed under scalar multiplication.

So S is a subspace of Maz2(R).

Problems

5.1. Determine whether each of the following is a subspace of the indicated vector
space. Assume the vector space has the standard operations unless otherwise

indicated.

Remember some useful shortcuts we established in class: (1) every line or plane
through the origin in R? or R? is a subspace; (2) See the Theorem 6.1 in the next
chapter : Every ‘span’ is a subspace: i.e. if W = span{vy,...,v;} for some vectors
v1,...,V in a vector space V', then W is a subspace of V. Once you’ve seen
Theorem 6.1, you only use the subspace test as a last resort!

a) {(2z,7) € R? | x e R}; R2.
b)*{(z,z —3) € R? | z € R}; R2.

¢) {(z,y) €R? | 2y =0}; R2.
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d) {(z,z+2) €R? | x € R}; R,
e)*{(z,y) €R? | x — 3y =0}; R2.

) {(z,y) €ER? | -3y =1}; R2.
*{(z,y) €R? | zy > 0}; R2.

h) {(z,y,2) €R3 | x+2y+2=0}; R3.

*{(2,y,2) €ER3 | o +2y+2=1}; R3.

D {(002) € B | 7z = 0} .
K*{(z,y,2,w) €R? | 2 —y+2z—w=0}; R
D (0,2 0) B | ay = ) s

m) * {(z,7+2) € R? | x € R}; Non-standard operations:—
Addition: (x,y)+(2,y’) = (x +2',y+y — 2). Multiplication of vectors by
scalars k € R: k® (z,y) = (kz,ky — 2k +2).

n) * {(z,y,2) € R® | x+2y+ 2 = 1} ; Non-standard operations:— Addition:

(xay7 Z)‘T‘(Z‘/7y/7 Z/) = (.23 + mlvy +y/72 + Z/ - 1)
Multiplication of vectors by scalars k € R: k® (z,y,2) = (kz,ky,kz —k+1).
5.2. Determine whether each of the following is a subspace of of

FR)={f| f: R — R} with its standard operations. (Here, you’ll need to use the
subspace test.)

) {feFR)|f(2)=0};

b*{feFR) | f(2) =1}

o {feF[R)|f(1)=2}

d*{f e F(R) | forallz e R, f(z) <0}.

e) {fe F(R) | Forallz e R, f(—z) = f(z)}

D*{fe F(R) | Forallz € R, f(—z) =—f(x)}

g) {f € F(R) | f is twice-differentiable, and for all z € R, f”(x) + f(z) =0}
h)*P = {p € F(R) | p is a polynomial function in the variable x}

5.3. Determine whether the following are subspaces of

P={pe€ F(R) | pis a polynomial function in the variable x}, with its standard

operations. (In some parts, you’ll be able to use the fact that everything of the form
span{vi,...,v, } is a subspace.)
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a) {p € P | deg(p) =2}

b)*{p e P | deg(p) <2}

) Pp={peP| deg(p) <n}

d*{pePy | p(1) =0}.

e) {pePy | p(l) =2}

D*{pePs | p(2)p(3) =0}

9 {pePs | p(2) =p(3) =0}

h*{pePy | p(1)+p(-1) = 0}.

5.4. Determine whether the following are subspaces of M22(R), with its standard

operations. (If you’ve read ahead, in some parts, you’ll be able to us the fact that
everything of the form span{v1,...,v,} is a subspace.)

bc}.

a=d=0 & b:—c}.

a+d0}.
bc = }

a) { {‘CL Z} € M3 (R)

b)* {g Z] € Mys(R)

c) L d} € M22(R)

{g Z] € M3 (R)

e) {‘C’Z}EMQQ(R) ad—O}.
f) [‘C‘Z}eMzg(R) ad—bc:O}.

2 Recall that the degree of a polynomial p(z) = anz™ + -+ +a1x + ao, is deg(p) = max{k |
ap # 0}






Chapter 6
The Span of Vectors in a Vector Space

Our goal here is to render finite the infinite! All' subspaces are infinite sets of
vectors. We have a couple of different ways of describing subspaces, for example:

1. W = {things | conditions on things} like
W ={(z,y,2) €ER® | -2y +2 = 0}.

2. U = {things with parameters | parameters are real}, like

S:{[z Z} | a,b,d € R}.

Each of (1) and (2) has it own advantages, but here, we’ll see that you can
completely identify a subspace given in the form of (2) by just giving a finite list of
vectors.

This idea is crucial when it comes time to apply this in the real world: when you
need to communicate a subspace (such as an error-correcting code), it is WAY
easier to just send n vectors and then say: “take their span”, rather than to try to
digitally communicate an infinite set defined by equations and/or parameters.

As an added bonus: we’ll prove another shortcut to testing if something is a vector
space (and this one is fantastically easy).

6.1 Converting sets of form (1) to form (2)

Example 22: Consider W = {(z,y,2) | © — 2y + z = 0}, of the first kind. Then

! but one - {0}

61
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W= {(,5,2) | 2 —2y+2 =0}
{(.Z',y,Z) | x:2y—z}
{(2y—z,y,z) ‘ y,ZER}

which is of the second kind.
O

The idea is just: the “condition” can always be rephrased as one or more equations;
solve the equations in terms of one or more variables. (This is something we’ll
come back to in Chapter 11.)

6.2 Describing (infinite) sets of the form (2) with a finite number
of vectors

Example 23: With W as above:

W:{(2y_z7yvz) ‘ y7Z€R}
= {(2y7y70)+(_21012) | vaGR}
={y(2,1,0)+2(-1,0,1) [ y,z € R}

This shows that W is the set of all linear combinations of (2,1,0) and (—1,0,1).
We give it a special name and notation:

W =span{(2,1,0),(—1,0,1)}
which we read as “W is the span of (2,1,0) and (—1,0,1)”, or “W is the span of

(the set) {(2,1,0),(—1,0,1)}”
O

Example 24: Here’s another:

s={[5a][+>o<}
s e
—snf{ 0] [14] o 1)

m@deR}
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6.3 The definition of span

Let vy, va,---,v,, be vectors in a vector space V.

Definition 6.1. 1.If a1,a9,---,a,, are scalars, then the vector

aivi+agve+---+amVm

is called a linear combination of vi,... ,Vy,.
2. The set of all linear combinations of v1,...,V,, is called the span of
Vi,...,V;m. We have
span{vi,..., Vi, } = {a1vi +aovo+ -+ amVm | a1, ,am € R}.
In this case, {v1,...,Vn, } is called the spanning set for span{vi,... vy, }; or
we say that {vi,...,v,,} spans span{vy,... , v, }.

3. A vector space (or subspace) W is spanned by vi,... ,v,, € W if
W =span{vy,...,V; }. Then we say {vi,...,V,, } spans W.

Example 25: Above, we had W = span{(2,1,0),(—1,0,1)}. Call these two vectors vi and vs;
then W is spanned by v; and va; or {vi,v2} spans W.
O

Example 26: We also found that S was the span of three matrices; call them M7, M2 and Ms3.
So S is spanned by M7y, My and Ms; or the set { M1, Ma, M3} spans S.
O

Example 27: A line in R"™ through the origin has the form L = {¢v | ¢ € R} So in fact
L = span{v}; L is the subspace spanned by the vector v.

Example 28: The vector (1,2) € R? spans the line in direction (1,2). The vector (1,2) is an
element of R? but it does not span all of R? because, for example, the vector (1,3)
can’t be obtained from (1,2) using vector operations (linear combinations).

O

Caution: If a set of vectors lies in R™, that doesn’t mean they span R"”. The
subspace they span is the (usually smaller) subspace of all vectors obtainable
as linear combinations from your finite set.
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6.4 The BIG THEOREM about spans

Theorem 6.1 (Spanned sets are subspaces). Let V' be a vector space.
If{vi,...,Vim} CV, define U =span{vy,... Vi }. Then

1. U is always a subspace of V.

2. If W is any subspace of V which contains all the vectors Vi,...,Vy, then in
fact U C W (that is, W must also contain every vector in their span). So U is
the smallest subspace that contains vi,...,Vpy,.

Proof. To prove (1), we apply the subspace test.

1. Wehave 0 =0v{ +---+0v,, e U

2. fu=a1vi+---+am,Vym and w = b1vy + - - + by, Vo, then
u+w= (a1 +b1)vi+-- 4 (am + bm)Vm; and since this is a linear
combination of vq,---,V,,,itis again in U. So U is closed under addition.

3. Ifu € U is as above, and k € R, then ku = (ka1)vy + -+ (ka ) Vi, , Which is
again in U. So U is closed under scalar multiplication.

Thus U is a subspace of V.
The proof of (2) is a straightfoward” exercise using the closure properties of
subspaces. a

Example 29:

W:{(IL',%{,C—@/) |$7y€R}
={x(1,0,1)+y(0,1,—-1) | z,y € R}
=span{(1,0,1),(0,1,—1)}

Therefore, W is a subspace of R3.

If you notice that your set is the span of some vectors, then (by this theorem)
you automatically know that it is a vector space. You don’t even have to use
the subspace test! Theorem 6.1 guarantees this. (Theorems are great for this
kind of time-saving.)

6.5 Applying Theorem 6.1 to identify more subspaces

Let’s see how this theorem can help us.

2 If you don’t think so, please see me!



Problem:

Solution:
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Let V = F(R) and let f(z) = cos(z), g(x) = sin(x). Set W = span{ f,¢}. This is
a subspace of F'(R), by the theorem.

Let’s ask ourselves two questions:

(a) Issin(z+1) e W?

(b)Is h(z) =1in W?

For (a), we recall some nice trig identities for sums of angles:

sin(xz 4+ 1) = sin(z) cos(1) +sin(1) cos(x) = sin(1) f (z) + cos(1)g(z).

Since sin(1) and cos(1) are just numbers, this is just a linear combination of f and
g.So YES,sin(zx+1) e W.

For (b), we might have no inkling of what to do. The best way to proceed is to get
some clues: plug in a few values of x, and see what happens. That is, suppose
h(z) =af(x)+bg(z) for some scalars a and b. Then we’d have:

Forz=0:h(0)=af(0)+bg(0)=1=a
Fore=n/2:1=a(0)+b(1)=1=b

Excellent so far! So IF it is true that h(x) = af(z) + bg(x) THEN necessarily we
must have ¢ = 1 and b =1, so that h(z) = cos(z) +sin(z). But wait a minute — if
you plug in = 7, the left hand side is 1, but the right hand side is —1. So this isn’t
true; it’s nonsense, a contradiction. Something went wrong. The substitutions are
fine, so it must be that our supposition, our hypothesis (that h is a linear
combination of f and g) must be false. We can then be sure, as we are that 1 £ —1,
that A is not in W.

O

Example 30: The set W = {a(1,0,1) +b(2,1,1) | a,b > 0} is NOT a subspace’. It is also NOT

the span of the vectors (1,0,1) and (2,1,1), because the span is the set of all linear
combinations (not just some). Moral: the parameters have to be allowed to take on
all real numbers.

O

For the next example, we need a definition.

Definition 6.2. Given an n x n (“square”) matrix A, define the trace of A to be the
sum of the elements on its main diagonal, denoted tr(A). Then tr(A) € R. For

example,
ab
tr L d] =a-+d.

Problem:

Show that the set slo = {A € M22(R) | tr(A) =0} is a subspace of Ma2(R).
(This is in fact an example of a Lie algebra *

3 Why not?
4 “Lie” is pronounced “lee”, named after Sophus Lie, a Norwegian mathematician. Lie Algberas,
and Lie Groups — they’re great stuff. No, really — Sophus Lie’s idea of ‘continous symmetry’,
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Using the formula in the definition above, we can rewrite this set as

SZQ{E _”a] |a,b,ceR}.
wewof 2 22 ()

Since sl is the span of some vectors, it is a subspace.

O
Example 31: Consider the set of 2 x 2 diagonal matrices, that is
a0
pi {1 faacsl.
Since
10 00 10 00
Dg—{a {OO} +d[0 J | a,deR}.—Span{{o 0] , {O 1}}

we deduce that Dy is a subspace of Ma2(R).

O

6.6 So what are all the subspaces of R"?

We can answer this geometrically for n = 1,2, 3; and this certainly gives us a sense
of the answer for all vector spaces.

6.6.1 Subspaces of R

Well, {0} is a subspace of R™, for any n; here, {0} is a subspace of R.

If W is a subspace of R which is not the zero subspace, then it contains some
nonzero element, call it . But then, being a subspace, it contains all multiples of x
— and that’s all of R!

now called Lie Groups was a huge boost to mathematics and the ‘Lie Algebra’ idea is a way of
rendering the infinite to the finite, just as we have done with the idea of a spaning set for a subpace.
See the wiki page for Sophus Lie.

There’s a funny but apocryphal story about a reseacher who was studying Lie Algebras, and
who applied for, and received, public funding— after proper peer review and also quite proper
government review. Also quite properly, a member of Canada’s Parliament at the time read part of
the proposal. The Honourable Member then asked in the House of Commons why Canada should
support research into ‘lying’. The meaning of ‘Lie’ Algebras was afterwards explained to him.
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Conclusion: R has only two subspaces: the zero space and the whole thing.

6.6.2 Subspaces of R>

OK, again we get that {0} and R? are subspaces of R?. But we also know that lines
through the origin are subspaces of R2.

Theorem 6.2 (Subspaces of R?). The only subspaces of R? are

o the zero subspace,
e [ines through the origin, and
o all of R2.

Proof. To prove this, start by letting 17/ be an arbitrary subspace of R%. We want to
argue that it has no choice but to be one of the above subspaces.

Suppose W is a subspace of R2.

If it’s not the zero subspace, then it contains at least one nonzero vector, call it v.
Since W is a subspace, it must contain span{v}. (Theorem 6.1, part (2))

Now span{v} is the line through the origin with direction vector v.

So if W # span{v}, it must be bigger; it must contain a vector not on that line, call
itw.

Then v and w are not parallel; they are not collinear.

By (Theorem 6.1, part (2)): W contains span{v,w}.

So we are done if we can show that span{v,w} = R2.

The last step of the proof, as done in class, was entirely geometric. Here’s an
algebraic proof.

Write v = (v1,v2) and w = (w1, ws). Let (x,y) be some arbitrary element of R2.
To show that (z,y) € span{v,w}, we need to show that we can solve the equation

b= )

Y U2 w2

for some a,b € R. This is the same as solving the linear system for a and b:
avy +bwy ==z

ave +bwg =y

Since v and w aren’t multiples of each other, the area of the parallelogram they
generate — |v1we — vowi |- isn’t zero. So v1we —vowi # 0. Then it is easy to
check that:

m _ Swamywn o U1y vad
Y v1w2 — VW1 Vw2 — v2w1

That is, these nasty looking fractions are the values of a and b you’d find by
solving the equation above.

(For example, the first coordinate of the right hand side is
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Wy —ywr vy —ver (zwav1 —ywivy +v1yw1 —vaTWL)

1 1
V1wW2 — v2W1 V1w2 — v2W1 V1w2 —v2W1

which equals the first coordinate of the left hand side.)

We learned: if two nonzero vectors v,w € R2 are not collinear (not parallel)
then span{v,w} = R?!

6.6.3 Subspaces of R>

We know several kinds of subspaces of R3: but in fact, once again, we know them
all!

Theorem 6.3 (Subspaces of R3). The only subspaces of R? are:

the zero subspace,

lines through the origin,
planes through the origin, and
all of R3.

This is something we’ll be able to prove algebraically later, when we have more
tools at our disposal. For now, we can be convinced by a geometric argument,
along the following lines:

Let W be some arbitrary subspace. If it’s not the zero space, then it contains
span{v} for some nonzero vector v € W.If it’s not that line, then it contains
span{v,w} for some w € W which is not collinear with v. Arguing as in R?, we
deduce that this span is a plane through the origin. If W is not equal to this plane,
then it must contain another vector u such that u ¢ span{v, w}. With the help of
another picture, we realize that every vector in all of R? lies in span{v,w,u}, and
so W =R3.

6.7 Final thoughts on spans, and some difficulties

Problem:

Solution:

Show that

span{(0,1,1),(1,0,1)} = span{(1,1,2),(—1,1,0)} (6.1)

Here are two ways of solving this problem. The first one only works in R?, but it’s
nice and short. The second one works in any vector space.



6.7 Final thoughts on spans, and some difficulties 69

(1) We saw above that the span of two non-collinear vectors is a plane through the
origin. We can get a normal vector to the plane using the cross product.

So: the plane spanned by {(0,1,1),(1,0,1)} has normal vector

(0,1,1) x (1,0,1) = (1,1,—1); so it is given by the normal equation z +y —z = 0.
The plane spanned by {(1,1,2),(—1,1,0)} has normal vector

(1,1,2) x (—1,1,0) = (—2,—2,2) so has equation —2z — 2y + 2z = 0. But these
equations describe the same plane! So the two sides of (6.1) are equal.

(2) What if we didn’t have some insight into what these subspaces were
(geometrically speaking)? Well, we can use our big theorem on span. Namely:
Since

(1,1,2) =1(0,1,1)+1(1,0,1)  and  (—1,1,0)=1(0,1,1) —1(1,0,1)

we have that (1,1,2),(—1,1,0) € span{(0,1,1),(1,0,1)}. So by the theorem
6.12),
Span{(17172)7 (_]-a 170)} c Span{(oa 1a ]-)a (Loa 1)}

Conversely, since

1 1 1 1
(07171):5(151a2)+§(717170) and (17071):5(1’172)75(717170)
we have that (0,1,1),(1,0,1) € span{(1,1,2),(—1,1,0)}, so again by the theorem
6.1(2),

Span{(ovlvl)v (17071)} g Span{(]-ala?)v (*la 130)}

But if you have two sets W and U and you know W C U and U C W, then you
must have W = U. Hence we know the spans are equal.

A first issue with spans: it’s not easy to tell if two subspaces are equal, just
based on the spanning sets you’re given.

Problem:
Solution:

Show that span{(0,1,1),(1,0,1)} = span{(0,1,1),(1,0,1),(1,1,2),(~1,1,0)}.
The short answer: from the previous problem we know that all the vectors on the
right hand side lie in the plane 4y — 2z = 0, so their span can’t be any bigger than
that (since the span is the SMALLEST subspace that contains the given vectors).
And it can’t be any smaller than the plane, since you can already get every vector
of that plane via linear combinations of just two of them. So they are equal.

The more complete answer: use the method (2) above. Clearly

(0,1,1),(1,0,1) € span{(0,1,1),(1,0,1),(1,1,2),(—1,1,0)} (since they’re in the
spanning set!), so

Span{(ovlvl)v (17071)} - Span{(ov ]-7]-)7 (17071)7 (]-7 172)7 (_1a 1a0)}
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On the other hand, using the previous example, we have that every one of the 4
vectors on the right hand side lie in the span of (0,1,1) and (1,0,1), so we may
similarly conclude that

span{(0,1,1),(1,0,1),(1,1,2),(—1,1,0)} C span{(0,1,1),(1,0,1)}.

Thus, the subspaces are equal.

A second issue: Having more vectors in a spanning set DOESN’T imply that
the subspace they span is any bigger. You can’t judge the size of a subspace
by just looking at the spanning set.

(Or can you? That’s coming up soon.)

Problems

6.1. Justify your answers to the following:

a) Is the vector (1,2) a linear combination of (1,0) and (1,1)?
b)*Is the vector (1,2) a linear combination of (1,1) and (2,2)?
¢) Is the vector (1,2) a linear combination of (1,0) and (1,1)?
d)*Ts the vector (1,2,2,3) a linear combination of (1,0,1,2) and (0,0,1,1)?
e) Is the vector (1,2,2,4) a linear combination of (1,0,1,2) and (0,0,1,1)?

.12 . . 10 01
* 9
f)*Is the matrix {2 3] a linear combination of [1 2] and {0 J !

2) Is the matrix B ﬂ a linear combination of E g} and [8 ﬂ ?
h)*Is the polynomial 1+ 2% a linear combination of 1+ — 2 and 27

i) Is the polynomial 1+ 22 a linear combination of 1+ and 1 — 22

j)*Is the function sinx a linear combination of the constant function 1 and cosx?

k) Is the function sin? z a linear combination of the constant function 1 and cos? z:?

1)*If u, v and w are any vectors in a vector space V', is u — v a linear combination
of u, v and w?
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m) If u, v and w are any vectors in a vector space V', is w always a linear
combination of u, v ?

6.2. Justify your answers to the following:

a) Does the vector (3,4) belong to span{(1,2)}?

b)*Is (3,4) € span{(1,2)}" true? (Note that this is the same as the previous part,
written using mathematical notation.)

c) Is “(2,4) € span{(1,2)}’ true?

d)*How many vectors belong to span{(1,2)}?

e) Are the subsets {(1,2)} and span{(1,2)} equal?

£)*Is {(1,2)} a subset of span{(1,2)}?

g) If v is a non-zero vector in a vector space, show that there are infinitely many
vectors in span{v}. (Is this true if v = 07?)

h)*Suppose S is a subset of a vector space V. If S = span S, explain why S must
be a subspace of V.

i) * Suppose S is a subset of a vector space V. If S is actually a subspace of V,
show that §' = span S.

Note that to show that .S = span S, you must establish two facts:

(1) If w € S, then w € span.S, and
(ii) If w € span S, then w € S

6.3. Give two distinct finite spanning sets for each of the following subspaces.
a) {(2z,7) €R? | x € R}

0)*{(z,y) ER? | Bz —y =0}

o) {(x,y,2) ER3 | z+y—22=0}

O*{(w,9,2,w) ER? | 2 —y+z—w =0}

e) { {‘CL Z} € M2 (R) b_c}.

ﬂ*{{?Z]eMQQ(R) a=d=0 & b:—c}.
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c d] € M22(R)

a+b+c+d—0}.

k) P2 = {p | p is a polynomial function withdeg(p) < 2}.
D*P,, = {p | pis a polynomial function withdeg(p) < n}.

m) {p € P2 | p(2) = 0}.

n*{p € P3 | p(2) = p(3) =0},

o) {p € P2 | p(1)+p(-1) =0}.

p)*span{sinz,cosx}.

q) span{1,sinz,cosz}.

r)*span{1,sin’z, cos? x}.

s) * {(z,2 —3) € R? | x € R}, equipped with the non-standard operations:—
Addition:
(z,9)+ (") = (@+a',y+y+3).

Multiplication of vectors by scalars k € R:
ko (z,y) = (kz,ky + 3k — 3).

) * {(z,y,2) €R3 | 2+ 2y+ 2 =2}; V = R3, Non-standard operations:—
Addition:

(z,y,2)+(@,y,2) = (@ +a,y+y, 2 +2" - 2).
Multiplication of vectors by scalars k € R: k® (z,y,2) = (kx,ky, kz — 2k +2).

(Hint for parts (m)&(n): Recall the Factor/Remainder theorem from high school: if
p is a polynomial in the variable x of degree at least 1, and p(a) = 0 for some

a € R, then p has a factor of x —a, i.e., p(x) = (x — a)q(x), where q is a
polynomial with deg(q) = deg(p) —1.)

6.4. Justify your answers to the following:

a) Suppose u and v belong to a vector space V. Show carefully that
span{u,v} = span{u,u+v}. That is , you must show two things:
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(i) If w € span{u, v}, then w € span{u,u+ v}, and
(ii) If w € span{u,u+ v}, then w € span{u,v}.

b)*Suppose u and v belong to a vector space V. Show carefully that
span{u,v} = span{u —v,u+ v}. That is , you must show two things:

(i) If w € span{u, v}, then w € span{u —v,u+v}, and

(ii) If w € span{u —v,u+ v}, then w € span{u,v}.
¢) Suppose u € span{v,w}. Show carefully that span{v,w} = span{u,v,w}.
d)*Suppose span{v,w} = span{u,v,w}. Show carefully that u € span{v,w}.
e) Show that 22 ¢ span{1,2}.
f)*Show that z"*+1 ¢ P,,.6
g) * Show that P does not have a finite spanning set. ’

h)* Assume for the moment (we’ll prove it later) that if W is a subspace of V', and
V has a finite spanning set, then so does W.
Use this fact and the previous part to prove that F'(R) does not have a finite
spanning set.

3 Hint: Proceed by contradiction: Suppose x? € span{1,z}. Write down explicitly what this
means, re-write the equation as q(x) = 0, where q(x) is some quadratic polynomial. Now, re-
member: every non-zero polynomial of degree 2 has at most 2 distinct roots. Look again at the
equation q(x) = 0, and ask yourself how many roots this equation tells you that q has. Now find
your contradiction.

S Hint: Generalize the idea in the previous hint, recalling that every non-zero polynomial of degree
n+ 1 has at most n+ 1 distinct roots.

7 Hint: Proceed by contradiction again. Suppose it did, say, P = span{pi,...,pk}, for some
polynomials p1,...,py. Now define n = max{deg(p1),...,deg(py)}. Now show that "1 ¢
span{pi,...,Dk }, using the same argument as in the previous part. But of course 2"t e P, so
there’s your contradiction.






Chapter 7
Linear Dependence and Independence

In the last chapter, we introduced the concept of the span of some vectors. Given
finitely many vectors vy,va,... ,V,,, we define their span to be the set of all linear
combinations of these vectors. We write

span{vy,va,..., v } = {a1vi +agva + -+ am Vi | a; € R}

Thus far, we should agree that:

e span{0} = {0}
e If v =0, then span{v} is the line through the origin in direction v.
e Ifu,v#0and uand v are not parallel, then span{u, v} is a plane (at least: in R?

and R?).

(We also argued that three non-coplanar vectors should span all of R?, but this was
only done verbally, and I don’t expect you to feel convinced of that one, yet.)
Notice the (geometric!) conditions we had to place on our statements. For now,
let’s agree that they are necessary, and then work out what the correct algebraic
version of these conditions should be, so that we can apply it to any vector space.
(We’ll call the condition linear independence and one thing it will guarantee, as
we’ll see, is that if {vy,va,...,V,, } are linearly independent, then
span{vy,va,...,V,, } is strictly bigger than span{vi,va,...,V,,_1} (or the span of
any proper subset).)

7.1 Difficulties with span: Nonuniqueness of spanning sets

The first issue to mention here is not one we’re going to be able to solve; but we
need to discuss it to be aware of the issue.

Example 32: span{(1,2)} = span{(2,4)} since these vectors are parallel and so span the same
line.

75
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O

Example 33: If W = span{(1,0,1),(0,1,0)} and U = span{(1,1,1),(1,—1,1)} then in fact

W =U.Why?

First note that (1,1,1) = (1,0,1)+(0,1,0) and (1,—1,1) = (1,0,1) — (0,1,0).
Now apply the theorem from last time:

The set W = span{(1,0,1),(0,1,0)} is a subspace of R? by theorem (1).
We’ve just shown that (1,1,1) and (1,—1,1) are in W (because they are linear
combinations of a spanning set for W).

Thus by part (2) of the theorem, span{(1,1,1),(1,-1,1)} CW.

SoUCW.

Next, write (1,0,1) = 1(1,1,1)+1(1,~1,1) and

(0,1,0) = £(1,1,1) — 3(1,—1,1), and apply the same argument as above, with the
roles of U and W reversed, to deduce that W C U.

Hence W =U.

Moral: You can’t usually tell if two subspaces are equal just by looking at
their spanning sets! Every vector space (except the zero vector space) has
infinitely many spanning sets.

7.2 Difficulties with span: more vectors in the spanning set
doesn’t mean more vectors in their span

The second issue is more serious, but it is one that we can (and will) repair.

Problem:

Solution:

Show that
span{(1,2)} = span{(0,0),(1,2)} = span{(1,2),(2,4),(3,6)}.
For the first equality, note that:
span{(0,0),(1,2)} ={a(0,0)+b(1,2) | a,be R} ={b(1,2) | be R} =span{(1,2)}.
Also, note that

span{(1,2),(2,4),(3,6)} = {a(1,2) +b(2,4) +¢(3,6) | a,b,c € R}
={a(1,2)+2b(1,2) +3¢(1,2) | a,b,c e R}
={(a+20+3¢)(1,2) | a,b,c e R}
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This set is certainly contained in span{(1,2)}. Now, for any ¢ € R, you could set
a=1t,b=0,c=0,to get ¢(1,2) in this set. So we have

span{(l,Q), (274)7 (376)} = Span{(l,z)}

Moral: The number of elements in the spanning set for a subspace W does
not necessarily tell you how “big” W is.

Geometrically, we see that the problem is that all the vectors are collinear
(meaning, parallel, or all lying on one line). Similar problems would occur in R3 if
we had three coplanar vectors, that is, all lying in a plane. So what is the algebraic
analogue of these statements?

7.3 Algebraic version of “2 vectors are collinear”

Two vectors u and v being collinear, or parallel, means that either they are
multiples of one another or one of them is 0.

So it’s not enough to just say u = kv for some k € R (because maybe v =0 and
then this equation wouldn’t work).

You could go with:

e u=FkLvforsomek €R,or
e v = kufor some k € R.

But here’s a nice compact way to get all the cases at once:

Two vectors u and v are collinear if there exist scalars a,b € R, not both zero,
such that
au+bv=0

Since the coefficients aren’t both zero, you can rearrange this as above.

Example 34: The vectors (1,2,1) and (2,4, 2) are collinear since

2(1,2,1) +(—1)(2,4,2) = (0,0,0).

Example 35: The vectors (1,2,1) and (0,0,0) are collinear since
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0(1,2,1) +3(0,0,0) = (0,0,0)

(note that at least one of the coefficients isn’t zero).

7.4 Algebraic version of “3 vectors are coplanar”

Again, we could think of this as: one of the three vectors is in the span of the other
two. So if the vectors are u, v and w, they are coplanar if

e u=qav+bw for some a,b € R or
e v =qau+ bw for some a,b € R or
e w = qau+ bv for some a,b € R.

(Where again we had to include all three cases just in case one of the vectors is the
Zero vector.)
By the same method as above, this can be simplified to:

Three vectors u, v and w are coplanar (lie in a plane) if there exists scalars
a,b,c € R, not all zero such that

au+bv+cw =0

Example 36: (1,0,1),(0,1,0),(1,1,1) are coplanar because

(1,0,1)+(0,1,0) — (1,1,1) = (0,0,0).

Example 37: (1,1,1),(2,2,2),(0,0,0) are coplanar because

or because
0(1,1,1)+0(2,2,2)+17(0,0,0) = (0,0,0)

(in fact these vectors were even collinear, but let’s be happy with coplanar for now).
O
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7.5 Linear DEPENDENCE: the algebraic generalization of
“collinear”’ and “‘coplanar”

Definition 7.1. Let V' be a vector space and vi,Va,...,V,, € V. Then the set
{v1,v2,...,Vm } is linearly dependent (or say: vi,Va,...,Vy, are linearly
dependent) if and only if there are scalars ay,a2,...,a,n € R, not all zero such that

a1vi+---+amvm =0.

This (and the definition of linear independence, coming up next) are key concepts
for this course. Take the time to note what the definition does not say: it doesn’t
just say that there’s a solution to the dependence equation a1v1 + - -+ am Ve = 0;
it says there is a nontrivial solution to it. That is a huge difference.

7.6 The contrapositive and linear INDEPENDENCE

Rephrasing what we have above, we can say:

e Two vectors u and v are not collinear (equivalently, u and v are not parallel) if
and only if
au+bv=0&a=5b=0

In words: they are not parallel if and only the ONLY solution to the equation
au+bv = 0 is the frivial solution a = b = 0 (which of course is always a
solution).

e Three vectors u, v, w are not coplanar if and only if

au+bv+cew=0&a=b=c=0

In words: they are not coplanar if and only if the ONLY solution to the equation
au+bv +cw = 0 is the trivial solutiona =b=c=0.

Definition 7.2. Let V' be a vector space and vi,va,...,V,, € V. Then the set
{v1,Va,..., Vi } is linearly independent (or say: v1,Va,...,Vy, are linearly
independent) if and only if the only solution to

a1vi+--+amvm =0
is the trivial solution a1 =0, -+, a,, = 0.

Note that if some vectors are not linearly dependent, then they are linearly
independent, and vice versa.

We will abbreviate LI = linearly independent and LD = linearly dependent.



80 7 Linear Dependence and Independence

7.7 Examples

Let’s work with this definition in several examples.

Example 38: {(1,0),(0,1)} is LI because when you try to solve
a(1,0)+5(0,1) = (0,0)

you get
(a>b) = (0’0)

which means a = 0,b = 0. No choice!

Example 39: {(1,1),(1,—1)} is LI because when you try to solve
a(1,1)+b(1,—1) = (0,0)

you get
(a+b,a—b)=(0,0)

which gives a = b and a = —b, which forces a = 0 and b = 0, No choice!

Example 40: {(1,0),(0,1),(1,1)} is LD since when you try to solve
a(1,0)+b(0,1) +¢(1,1) = (0,0)

you notice that e = 1, b =1 and ¢ = —1 works. (In fact, you have infinitely many
nontrivial solutions!) Since we found a nontrivial solution, they are dependent.
(Note that (1,1) € span{(1,0),(0,1)}.)

Example 41: {(1,1,1)} is LI since solving k(1,1,1) = 0 forces k = 0.

~J|110]| |01 (00| |00]]. .
Example 42: { [0 0} , {0 O] , [1 0} , {O J } is LI since when you try to solve

10 01 00 00] [00
@ [0 0}*“2 {00}*“3 L 0]“‘4 [0 1} = {00}

you get, by simplifying the left side,

ap az2| 00
azas| |00

which means all your coefficients a; are forced to be zero.
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10| [00] (1 O 01]. . .
Example 43: { [0 0} , {0 1] , [O _1] , [0 0} } is LD since we notice that

ool -5l [o ) el = 5]

Note that the third matrix was in the span of the first two.

Example 44: {1,z,2%} is LI in P since
a(1)+b(z)+c(z?) =0

means that
a+br+cx?=0

for all real values of x. If ¢ # 0, the left hand side is a is a quadratic polynomial
which can at at most two distinct real roots! So ¢ = 0. Then we have

a+br=0

for all real values of x. But if b # 0, this equation has the single solution z = —%!

So b must be zero. Now we see that « = 0. Hence a = b= ¢ = 0.1

a

Example 45: {4+ 42 + 22,1+ 2,22} is LD in P since
1444z +22) + (—4)(1+2)+(-1)2* =0

is a nontrivial dependence equation. In fact, 4 +4x + 22 € span{1 + x,z2}.

Example 46: {1,sinz,cosz} is LI in F(R) because suppose we have the equation
a(l)+bsin(x) +ccos(z) =0

then, plugging in some values of x gives you:

e r=0:a+c=0
e r=7/2:a+b=0
e r=7m:a—c=0

And we see from this (with a little bit of work) thata =b=c¢=0.

1 Compare this argument with the hints given for problems 6.4 parts (e) and (f).
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Example 47: {1,sin?z,cos? 2} is LD. Why? Since
(=1D)1+4(1)sin?z + (1) cos?x =0, forallz € R,

this is a nontrivial dependence relation. Note that cos? 2 € span{1,sinz}.

7.8 Facts (theorems) about linear independence and linear
dependence

Let’s see how many general facts we can figure out about LI and LD sets. Let V' be
a vector space.

FACT 1: If v € V, then {v} is linearly independent if and only if v # 0.

Proof. if v # 0, then kv = 0 only has solution k£ = 0 (LI); but if v =0, then we
have, for example, 3v =0 (LD). a

FACT 2: If {v1,...,Vp, } is LD, then any set containing {v,...,v,, } is also LD.
Point: you can’t “fix” a dependent set by adding more vectors to it. If 2 vectors are
collinear, then taking a third vector gives you a coplanar set.

Proof. Your set is LD so you have a nontrivial dependence relation
aivi+-+amvm =0

with not all a; = 0. Now consider the bigger set {v1,...,V,;,,u1,...,u;}. Then you
have the equation

a1vi+ -+ amV +0uy +---+0up =0

and not all coefficients are zero. So that means the big set is LD, too. a

FACT 3:If {vy,---, vy, } is LI, then any subset is also LI.

Example 48: If three vectors are not coplanar, then for sure, no pair of them is collinear.
O

Proof. Fact 3 is in fact logically equivalent to Fact 2. Fact 2 says that if you contain
an LD subset, then you are LD. So you can’t be LI and contain an LD subset. a

FACT 4: {0} is LD.
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FACT 5: Any set containing the zero vector is LD.

NOTICE: this means that subspaces are LD! And that’s perfectly OK. We are
only usually interested in whether or not spanning sets are LD or LI.

Proof. Use Fact 4 with Fact 2. a

FACT 6: A set {u,v} is LD if and only if one of the vectors is a multiple of the

other.
. . . b
Proof. If au+ bv = 0 is a nontrivial dependence relation and a # 0, thenu = ——v.
a
Ifb#0thenv=— %u. (And if both are zero, it’s not a nontrivial dependence

relation!) Conversely, if u = cv (or v = au) for some ¢ € R, then u —cv =0 (or
—cu+v =0) is a nontrivial dependence relation. A a

FACT 7: A set with three or more vectors can be LD even though no two vectors
are multiples of one another.

Example 49: {(1,0),(0,1),(1,1)} are coplanar but no two vectors are collinear.

O
FACT 8: (See theorem 8.1 in the next chapter) A set {v1,...,V,, } is LD if and
only if there is at least one vector vi € {Vv1,...,V,,} which is in the span of
{V17 <oy Ve—1,VE+1,--- 7Vm}~
Example 50: (using the above example) (1,1) € span{(1,0),(0,1)}.
O

Caution: Fact 8 doesn’t mean that every vector is a linear combination of the
others. For example, {(1,1),(2,2),(1,3)} is LD BUT

(1,3) ¢ span{(1,1),(2,2)}.

Proof. Suppose {vi,---,Vp,} is LD. So there is some nontrivial dependence
equation
a1vi+- -+ amVv, =0

with not all a; = 0. Let’s say that a; # 0 (we could always renumber the vectors so
that this is the case). Then we can solve for v :
a2 am

Vi=——Vy = Wy,
a1 a1
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which just says v € span{va,---,V,, }. Done.
Now the other direction. Suppose v,,, € span{vy,---,V;,_1}. That means
Vin =b1v1i+-+-+byp—1Vm—1.So we have

bivi+-+bp—1Vm—1+ (_1)Vm =0

and the coefficient of v,, is —1, which is nonzero. Hence this is a nontrivial
dependence relation (it doesn’t even matter if all the b; were zero). Thus the set is
LD. a

Next chapter, we’ll put these ideas together with spanning sets.

Problems

Remarks:

1. A question with an asterisk ‘*’ (or two) indicates a bonus-level question.
2. You must justify all your responses.

7.1. Which of the following sets are linearly independent in the indicated vector
space? (If you say they are, you must prove it using the definition; if you say the set
is dependent, you must give a non-trivial linear dependence relation that supports
your answer. For example, if you say {v1,v2,v3} is dependent, you must write
something like v1 — 2vy +v3 =0, or v1 = 2v9 —v3.)

a) {(1,1),(1,2)}: R?

b)*{(lv 1)3 (23 2)}, R2,

©) {(0,0),(1,1)}; R?

d*{(1,1),(1,2),(1,0)}; R

e) {(1,1,1),(1,0,3)}; R?

£*{(1,1,1),(1,0,3),(0,0,0)}; R?.

o) {(1,1,1),(1,2,3),(2,3,4) }; R?

*{(1,1,1),(1,0,3),(0,3,4)}; R®.

0 {(1,0,0),(0,1,0),(0,0,1),(1,2,3)}; R®

J)*{(O, _3)7 (370)}’ R2~
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k) *2 {(0,-3),(3,0)}; V = R2, but equipped with the non-standard operations:—

Addition:  (z,y)+(2,y") = (x+ 2",y +y+3).
Multiplication of vectors by scalars k € R: kO (z,y) = (kx,ky + 3k —3).
D*{(1,0,0),(2,0,—2)}; R3.
m) *3 {(1,0,0),(2,0,—2)}; V = R3, but equipped with non-standard operations:—

Addition:  (z,y,2)+(z,y,2) = (x+ 2,y +y,z+ 2 —2).

Multiplication of vectors by scalars k € R:  k©®(z,y,2) = (kz, ky, kz—2k+2)

7.2. Which of the following sets are linearly independent in M o2? (If you say they
are, you must prove it using the definition; if you say set is dependent, you must
give a non-trivial linear dependence relation that supports your answer. For
example, if you say {41, A2, A3} is dependent, you must write something like

A1 —2A5+ A3 =0,0r A1 =2A5 — A3))

o {12):[o1]}

{19 [o1]- |5 )

o { o 51 [00]:[10)}
{oo] o)1) o2}

7.3. Which of the following sets are linearly independent in the indicated vector
space ? (If you say they are, you must prove it using the definition; if you say set is
dependent, you must give a non-trivial linear dependence relation that supports
your answer. For example, if you say { f1, f2, f3} is dependent, you must write
something like f1 —2fo+ f3 =0,0r fi =2f2— f3.)

dy*

a) {l,1—x,1-2z}; Py .
b)*{1,1+z,2%2}; Py .
¢) {sinz,cosz}; F(R) .

2 You may be surprised by the correct answer in this example. See me for details.

3 You may not be so surprised by the correct answer in this example if you’ve already done part
(k). See me for details.
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d)*{1,sinz,2cosz}; F(R) .

e) {2,2sin%z,3cos?x}; F(R).

f)*{cos2x,sin® z,cos? z}; F(R).

g) {cos2z,1,sin’z}; F(R).

h)*{sin2z,sinzcosz, }; F(R).

i) {sin(z +1),sinz,cosz, }; F(R).
7.4. Justify your answers to the following:

a) Suppose V is a vector space, and a subset {v1,v2,v3} C V is known to be
linearly independent. Show carefully that {vs,v3} is also linearly independent.

b)*Suppose V' is a vector space, and a subset {v1,...,v;} C V is known to be
linearly independent. Show carefully that {vg, ..., vy} is also linearly
independent.

c) Suppose V is a vector space, and a subset {v1,...,v5} C V is known to be

linearly independent. If S is any subset of V' with S C {v1,...,vx }, show
carefully that S is also linearly independent.

d)*Give an example of a linearly independent subset {v1,v2} in R3, and a vector
v € R3 such that {v,v1,v2} is linearly dependent.

e) Give an example of a linearly independent subset { A, B} in M25(R), and a
matrix C' € M22(R) such that { A, B,C'} is linearly dependent.

f)*Give an example of a linearly independent subset {p,q} in P2, and a
polynomial » € Po such that {p,q,r} is linearly dependent.

g) Give an example of a linearly independent subset { f, ¢} in F'(R), and a function
h € F(R) such that {f,g,h} is linearly dependent.

7.5. Give an example of 3 vectors in u,v,w € R? such that no two of the vectors
are multiples of each other, but {u,v,w} is linearly dependent. Is this possible with
just two vectors?



Chapter 8
Linear independence and spanning sets

Last time, we defined linear independence and linear dependence. A set of vectors
{v1,va, -,V } is linearly independent (LI) if the only solution to the dependence
equation

a1vi+- -+ amvy, =0

is the trivial solution (a; =0, - - -, a,, = 0). The opposite of this is: the set of
vectors is linearly dependent (LD) if there is a nontrivial solution to

a1vi+- -+ amv, =0

meaning, there is a solution to this dependence equation in which not all
coefficients are zero (although some might be). In this case, such an equation (with
some nonzero coefficients) is called a dependence relation on that set.

8.1 Important Results about Linear Independence and Linear
Dependence

We deduced many useful things about LI and LD sets:

. A set {v} consisting of just one vector is LI if and only if v # 0.

. Ifaset Sis LD, then any set containing S is also LD.

. If aset S is LI, then any subset of S is also LI.

. {0} isLD.

. Any set containing the zero vector is LD.

. A set with two vectors is LD if and only if one of the vectors is a multiple of
the other.

7. A set with three or more vectors could be LD even if no two vectors are

multiples of one another.

AN B W

We concluded last time with the following very important statement:

87
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Theorem 8.1 (Relation between linear dependence and spanning). A set
{v1,-*+,Vin} is LD if and only if there is at least one vector vy, which is in the span
of the rest.

Caution: This theorem doesn’t mean that every vector is a linear combination
of the others. For example, {(1,1),(2,2), (1,3)} is LD but

(1,3) ¢ span{(1,1),(2,2)}.

Proof. We have to show both directions of the “if and only if”.
First, suppose {v1,- -, Vm } is LD. So there is some nontrivial dependence equation

aivi+--+amVm =0

with not all a; = 0. Let’s say that a; # 0 (we could always renumber the vectors so
that this is the case). Then we can solve for v :

—a —a
V1:72V2+...+ nLvm
al al
which just says vq € span{va,---,v,, }. Done.
Now the other direction. Suppose vy, € span{vy,---,v,_1 }. That means

Vp=b1vi+--+by_1Vn_1.S0 we have
bivi+- +byp_1Vp—1+ (_1)Vn =0

and the coefficient of v,, is —1, which is nonzero. Hence this is a nontrivial
dependence relation (it doesn’t even matter if all the b; were zero). Thus the set is
LD. a

8.2 Consequence: Any linearly dependent spanning set can be
reduced

This is how we’re going to solve our problem!

Example 51: Let W = span{(1,0,0), (0,1,0),(1,1,0)}. Since
(1,1,0) = (1,0,0) 4+ (0,1,0) € span{(1,0,0),(0,1,0)}, and obviously (1,0,0) and
(0,1,0) are also in span{(1,0,0),(0,1,0)}, it follows (from Thm 2, last time) that
the span of these three vectors is contained in span{(1,0,0),(0,1,0)}. So we
deduce that
W = span{(1,0,0),(0,1,0)}.

(Notice the skipped step: we have W C span{(1,0,0),(0,1,0)} by our argument
but we had span{(1,0,0),(0,1,0)} C W as well (since the spanning set of the left
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side is a subset of the spanning set on the right side), and that’s why we have
equality.)

This example illustrates the following general theorem: .
Theorem 8.2 (Reducing spanning sets). Suppose W = span{vi, -+ vy, }.
Ifvi € span{va, -+ ,V,;, } then
W = span{va,--- , Vi }.
Proof. Tt is clear that span{va,---, vy, } CW.
Now suppose Vi = bovo + -+ b, Vi . f w = a1 vy + - - -+ am Vi, € W, then
w=(a1bg+a2)va+ -+ (a1by + am )V, € span{va, -+, vy, }.
Hence, W C span{va,---,Vv,, }, and so equality holds. O
Using the notation of the theorem above, note that vy € span{va,---,v,,} implies

(by theorem 8.1) that {vy,va, -+ ,Vy, } is LD.

In other words: We can DECREASE the size of any LINEARLY
DEPENDENT spanning set.

Further, if {va,---,v,, } is dependent (say, vo € span{vs,---,v,, }), then
W =span{vy,---,Vpy} = span{va,---, v, } =span{vs, -+, v, }.

And you can keep doing this until what you’re left with is a linearly independent
spanning set for .

8.3 Another consequence: finding bigger linearly independent
sets

We certainly have an inkling, now, that if you want a linearly independent set, you
can’t take too many vectors. (But how many can you take? Good question; we’ll
come back to this.) For now we have:

Theorem 8.3 (Enlarging linearly independent sets). Suppose {vi,---,vp,}isa
LI subset of a subspace W . For any v e W, we have

{v,vi,-,Vm}is LI = v & span{vi, -+ ,vp, }.

Proof. This is almost like our theorem 8.1 (contrast and compare!). So it has a
similar proof.
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Suppose the new larger set is LI. Then by the previous theorem, NO element of
{v,v1, -+ ,V;n } can be a linear combination of the rest. In particular, v can’t be a
linear combination of the rest. That’s the same as saying that v ¢ span{vy,---,Vy, }.
Conversely, suppose v & span{vy,---,Vy, }. Let’s show that {v,vq,---,v,, } is LL.
Namely, if we consider the dependence equation:

aovV+a1vi+---+am vy, =0.

We want to decide if this could have any nontrivial solutions.

Well, if ag # 0, then we know (previous proof) that we could solve for v in terms
of the other vectors, but our hypothesis is that this is not the case. So for sure we
know that ag = 0.

But then what we have left is

aivi+-+amvm =0

which is a dependence equation for the set {vy,-,V,, }. This set is LI, so all these
a; must be zero.

Hence the only solution is the trivial one, which shows that {v,vy,---,v,, } is

LI. a

In other words: we can INCREASE the size of any LINEARLY
INDEPENDENT set so long as it does NOT already span our vector space.

8.4 Examples

Let’s see how to apply theorem 8.3.

Example 52: The set {22,1+2x} C P3 is LI, and 2 ¢ span{x?,1+2x} — see the hints given
for problems 6.4 parts (e) and (f), or example 44 on P. 81. Thus, {x3,x2, 142} is
LI

O

01 |10
00|00
containing this one that is LI, last time). Moreover,

o] e foo] ool

. , 00| |abd
since you can’t solve [1 0} = {0 0} . Thus

Example 53: The set { { is LI (since we showed that there is a bigger set
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o] ool [

is LI.

It can be hard work to find an element v that is not in the span of your LI set! Next
chapter we’ll start with some more thoughts on this.

Problems

8.1. Justify your answers to the following: (the setting is a general vector space V).

a) Suppose u € span{v,w}. Show carefully that {u,v,w} is linearly dependent.
b)*Suppose u € span{v,w}. Show carefully that span{v,w} = span{u,v,w}.
¢) Suppose span{v,w} = span{u,v,w}. Show carefully that u € span{v,w}.

d)*Suppose span{v,w} = span{u,v,w}. Show carefully that {u,v,w} is linearly
dependent.

e) Suppose span{u,v} = span{w,x}. Show carefully that {u,v,w} and {u,v,x}
are both linearly dependent.

f)*Suppose {v,w} is linearly independent, and that u ¢ span{v,w}. Show
carefully that {u,v,w} is linearly independent.

g) Suppose {v,w} is linearly independent, and that u ¢ span{v,w}. Show
carefully that span{v,w} # span{u,v,w}.

h)*Suppose span{v,w} # span{u,v,w}. Show carefully that u ¢ span{v,w}.

8.2. Justify your answers to the following:

a) Suppose that u, v, w are non-zero vectors in R* such that
u-v=1u-w=0v-w=0.Prove that {u,v,w} is linearly independent.

b)*Suppose two polynomials {p,q} satisfy p # 0 and deg(p) < deg(q). Show
carefully that {p, ¢} is linearly independent.

¢) Suppose a set of polynomials {p1,...,py} satisfies 0 # p; and
deg(p1) < deg(p2) < --- < deg(px). Show carefully that {p1,...,pr} is
linearly independent.

d) * Suppose f,g € F(R) are differentiable functions and that fg’ — f’g is not the
zero function. Prove carefully that { f,g} is linearly independent.!

! Hint: Proceed by contradiction.
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e) Use the previous part of this question to give another proof (i.e., other the one
seen in class) that {sinx,cosz} is linearly independent.

£)** Suppose {u,v,w} are three vectors in R3 such that u - v x w # 0. Prove
carefully that {u,v,w} is linearly independent.?

2 A geometric argument involving ‘volume’ is not sufficient. Hint: Instead, first recall that {u,v,w}
is linearly independent iff none of the vectors is a linear combination of the others. Now proceed by
contradiction, and reduce the number of cases to check from 3 to 1 by recalling from high school
that for any three vectors vy, v, v3 € R3 we know that v1 - v2 X v3 = v3 - V1 X Vg = V3 - U3 X V1.



Chapter 9
Basis and Dimension

See
Last time, we showed that:

e Any spanning set which is linearly dependent can be reduced (without changing
its span), by removing a vector which is in the span of the rest.

e Any linearly independent set in W which doesn’t span W can be made into a
larger linearly independent set in W, by throwing in a vector which is not in the
span of the set.

Example 54: The set {(1,2,1,1),(1,3,5,6)} is LI (since there are two vectors and neither is a
multiple of the other). Let’s find a bigger LI set containing these two vectors.
To find something not in their span, write it out:

a+b
|a,beR » = 2;j53bb | a,beR

a+6b

span +0b

— = N
D Ot W =
— = N
S Ot W

So we want to choose a vector (x1,x2,x3,24) Which can’t be expressed in this
way. Well, we don’t need to try hard, actually: what about (1,0,0,0)? Then we’d
have

a+b=1,2a+3b=0,a+5b=0,a+6b=0

the last two equations give b = 0, so the first equation gives a = 1, but then the
second equation fails.

Conclusion: {(1,2,1,1),(1,3,5,6),(1,0,0,0)} is LI.

O

Remark 9.1. Generally speaking, if your set doesn’t span the whole space, then if
you pick a vector at random, chances are it won’t be in the span of your set. (Think
of a line or plane in R3: there are FAR MORE points NOT on the line or plane than
are actually on the line or plane.)

93
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Problem:

Solution:

The set {(1,0),(0,1)} is LI, as we saw before in example 38. Can we find v € R?
so that {(1,0),(0,1),v} is LI?

NO! We know that span{(1,0), (0,1)} = R? since every (z,y) € R? can be
expressed as x(1,0) +y(0,1). So there are no vectors v that satisfy the required
condition of not being in the span of our set.

O

In fact, we know that any two non-zero non-collinear (in other words, LI) vectors in
R? span all of R?, so we can never make such a set bigger. We can rephrase this as:

FACT : Any set of 3 or more vectors in R? is LD.

Proof. Suppose S is a subset of R? with 3 or more vectors. Let vi,vo € S.

If these are LD, we’re done (by our facts).

Otherwise, we know they span RZ, as we saw in the proof of theorem 6.2 — and
noted afterwards.

So if vs € S is a third vector, it satisfies v3 € span{vy,va}.

But that means {v1,vs2,vs} is a LD subset of S.

So S'isLD. ad

In other words: any LI set in R? has at most two vectors; and any spanning
set of R? has at least two vectors. So EVERY linearly independent spanning
set has exactly two vectors. WOW!

9.1 The BIG theorem relating LI sets to spanning sets

So what we know so far is: if .S is a spanning set, then any bigger set (containing
S) has to be LD. And if instead S is a linearly independent set, then no proper
subset could span the whole space. In fact,a MUCH stronger result is true:

Theorem 9.1 (LI sets are never bigger than spanning sets). If a vector space V
can be spanned by n vectors, then any linearly independent subset has at most n
vectors.

Equivalently: if V has a subset of m linearly independent vectors, then any
spanning set has at least m vectors.

In other words:

the size of any linearly independent set in V' < the size of any spanning set of V'



9.2 The critical balance: a basis of a vector space 95

The proof of this theorem is interesting; we’ll prove a special case later on, when V'
is a subspace of R", and this can be used to see it in general. See me, or take
MAT2141!

Let’s apply this theorem in some examples.

Example 55: We know that R? is spanned by 3 vectors (eg: (1,0,0),(0,1,0),(0,0,1)). So any
set in R3 with 4 or more vectors is LD!

O
Example 56: We saw that M 2(RR) is spanned by 4 vectors. So any set of 5 or more 2 x 2
matrices is LD!
O
Example 57: The set of diagonal 2 x 2 matrices is spanned by two vectors, so any set of 3 or
more diagonal 2 x 2 matrices is LD.
O

Example 58: let 1V be a plane through the origin in R3. Then it is spanned by 2 vectors, so any
3 or more vectors in W are LD. (But of course you can always find a set of 3
vectors in R3 that are LI — you just can’t find a set of 3 vectors that all lie in the
subspace W that are LI.)

O

Well, this last example wasn’t really news (it amounts to saying that any 3 coplanar
vectors are linearly dependent, which is where we started before), except to say:

The theorem applies to any vector space, including SUBSPACES:; it talks
about the maximum number of linearly independent vectors IN THE
SUBSPACE.

9.2 The critical balance: a basis of a vector space

Definition 9.1. A set {vy,va, -, v, } of vectors in V is called a basis of V if:

1. {v1,v2, -+ ,V;, } in linearly independent, AND
2.{v1,va,-*+,Vy, } spans V.

Different ways to think about a basis:

e It’s a linearly independent spanning set of V.
e It’s a biggest possible linearly independent set in V.
e It’s a smallest possible spanning set of V.
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Example 59: {(1,0),(0,1)} is a basis of R2.

|
Example 60: {1, 2,22} is a basis of Ps.
O
10f |01] |00] [0O0f] . .
Example 61: { [O O} , {O O] , [1 0} , [O J } is a basis of My 2(R).
O

Example 62: {(1,0)} is not a basis for R?, because it does not span R2. (It is a basis for U, the
line which is the z-axis in R2.)

(]
Example 63: {(1,0),(0,1),(1,1)} is not a basis for R?, because it is LD.

O
Theorem 9.2 (All bases have the same size). If {v1, - ,v,, } and {w1, -+ ,wy}
are two bases for a vector space V, then m = k.
Proof. Since {v1,--+,V,,} spans V,and {w1,-- ,wy} is LI, we know that m > k
(big theorem).
Since {wy,---,wy} spans V and {vy,---,v,, } is LI, we also know that k > m (big
theorem).
Som=k. a

In other words: all bases of V have the SAME number of vectors.

9.3 Dimension of a vector space

Definition 9.2. If V' has a finite basis {v1,---,v,}, then the dimension of V is n,
the number of vectors in this basis. We write

dim(V)=n

and also can say that V' is finite-dimensional. If V doesn’t have a finite basis, then
V' is infinite dimensional.

Remark 9.2. We will mainly focus on finite dimensional vector spaces in this
course. To do interesting things with infinite-dimensional spaces takes the next step
after Calculus: analysis (MAT2125).
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Example 64: dim(R?) = 2, because we found a basis with 2 elements.

Example 65: dim(P2) = 3, because we found a basis with 3 elements.

Example 66: dim(M; 2(R)) = 4, because we found a basis with 4 elements.

Example 67: The set {(1,0,---,0),(0,1,---,0),---,(0,0,---,1)} of vectors in R™ is linearly
independent and spans R™ (check!) and so dim(R"™) = n.
O

Example 68: The set {1,2,22,--- 2™} is linearly independent — generalize the proof (found in
the second example, P. 81) that {1, z,22} is linearly independent. It also spans P,,
(check!) and so dim(P,) =n+1.

O

Example 69: Consider the set of m x n matrices {Eij | 1<i<m,1<j<n} where E;j is the
matrix with zeros everywhere except for a 1 in the (¢, j)th position. These are
linearly independent since

D _aijBij
4,J

is the matrix with (, j)th entry a;j. Hence if this sum is zero, each entry is zero,
and so the dependence equation has only the trivial solution. They span M, »(R)
since an arbitrary matrix can be written in the above form, with a;; equal to its

(1, 7)th coefficient for each 4, ;.

So this is a basis; and counting its elements we deduce that dim(M,, »(R)) = mn.

O
Example 70: The vector space P is infinite dimensional, because for any n, the set
{1,2,22,--- 2™} is linearly independent — generalize the proof (found in the
second example, P. 81) that {1, 2,22} is linearly independent. Since a basis must
be larger than any linearly independent set, this shows that you couldn’t possibly
find a finite basis.
O
Example 71: The vector space F'(R) is also infinite dimensional, by the same argument.
O

We can also consider bases and dimensions of subspaces.

Example 72: Consider L = {A € M3 2(R) | Tr(A) = 0}. We saw this is equal to

s ([t 2] abecx) s [} 0] 1.1}
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so it is a subspace and we have a spanning set { M1, Ma, M3}. Is this spanning set
linearly independent? We check:

a b 00
alMy -‘r—b]VIQ-I-CMg:O@ |:C _a:| = l:O O:|

which means @ = b = ¢ = 0. So { M7, M2, M3} is linearly independent and also
spans L. This means it’s a basis of L. So dim(L) = 3.

Find a basis for W = span{1,sin(z),cos(x)}, a subspace of F'(R).
We note right away that {1,sin(z),cos(x)} is a spanning set for . Is it linearly
independent? YES, as we verified a while ago. Therefore it is a basis for W and

Problem:
Solution:
dim(W) = 3.
Problem: Find a basis for U = {(x,y,2) | t +2=0}
Solution: First we find a spanning set.

U={(z,y,—x) | x,y € R} =span{(1,0,-1),(0,1,0)}

So {(1,0,—1),(0,1,0)} spans U and it is linearly independent (since it consists of
two vectors which are not multiples of one another) so it is a basis. Thus
dim(U) =2.

Problems

1. A question with an asterisk ‘*’ (or two) indicates a bonus-level question.
2. You must justify all your responses.

9.1. Give two distinct bases for each of the following subspaces, and hence give the
dimension of each subspace.

a) {(2z,7) €R? | x €R}

b)*{(z,y) € R? | 3z —y =0}

o) {(z,y,2) €ER® | z+y—22=0}

D {(z,y,2z,w) ER* | x —y+2—w =0}

e) { {ZL Z} € M22(R) b:c}.
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ﬂ*{{ZZ]EMzz(R) a+d=0}.
g) { [g 2} € M22(R) a,beR}.
h)*{ [_Ob _Ob} € M23(R) beR}.

a+b+c+d=0}.

D{EﬂeMmﬁ)
)Py

k) {pePy | p(2) = 0}.
D*{p € Ps | p(2) =p(3) = 0}.
m) {p Py | p(1)+p(—1) =0}.
n)*span{sinz,cosz}.

o) span{l,sinz,cosz}.
p)*span{1,sin?z, cos?z}.

Q) * {(z,2 —3) € R? | z € R}, equipped with the non-standard operations:—
Addition:

(z,y)+("y) = (x+2",y+y+3).

Multiplication of vectors by scalars k& € R:

ko (z,y) = (kz,ky + 3k — 3).

1) * {(z,y,2) €R3 | x4+ 2y+2z = 2}; V = R3, Non-standard operations:—
Addition: (x,y,2)+(2",y',2') = (x + 2,y +y, 2z + 2’ — 2). Multiplication of
vectors by scalars k € R: k© (z,y,2) = (kx, ky, kz — 2k + 2).

(Hint for parts (k)&(1): Recall the Factor/Remainder theorem from high school: if
p is a polynomial in the variable x of degree at least 1, and p(a) = 0 for some

a € R, then p has a factor of x — a, i.e., p(x) = (x — a)q(z), where q is a
polynomial with deg(q) = deg(p) —1.)

9.2. Determine whether the following sets are bases of the indicated vector spaces.
a) {(1,2)}; (R?)

b)*{(132)a(72774)}; (R2)
9) {(1>2>7(374)}; (RQ)-
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d)*{(1,2),(3,4),(0,0)}; (R?).

e) {(1,2,3),(4,8,6)}; (R?).
£)*{(1,2,3),(4,8,7)}; (R3).

9 {(1,2,3),(4,8,7),(3,6,4) }; R?).
h)*{(1,0,1,0),(0,1,0,1)}; (R%).

([ [ e
[ B 1 o

o {38 B [ [ o

D {1,1—xz,1-2z}; (Po).
m)*{1,1+x,22}; (P2).

n) {sinz,cosz}; (F(R)).
o)*{1,sinx,2cosz}; (F(R)).

p) {2,2sinz,3cos?z}; (F(R)).

Q) ** {(1,0),(0,0)}; V = R?, Non-standard operations:— Addition:
(x,y)+(2',y') = (x + 2,y +y—2). Multiplication of vectors by scalars k € R:
E® (z,y) = (kx,ky —2k+2).

1) ** {(1,3),(2,4)}; V = R?, Non-standard operations:— Addition:
(z,9)+(2',y') = (x+ 2,y +y — 2). Multiplication of vectors by scalars k € R:
k® (z,y) = (kx,ky —2k+2).

93.Let f(z) =1+, g(x) = x+22 and h(z) = v+ 22 + 2> be polynomials in P
and define W = span{ f,g,h}.

a) Show that f, g and h are linearly independent.
b) Find a basis for W and the dimension of .

¢) If j(z) = 1 — 2% + 23 show that j € W,
d) What is dimspan{ f,g,h,j}?

94.LetU = {(z,y,2,w) ER* | z —y+2—w=0}.
a) Find a basis for U and hence determine dim U .

b) Extend your basis in (a) to a basis of R%.

9.5. Consider the vector space F'[0,2] ={f | f:[0,2] — R}. (Give it the same
and let

1
operations as F'(R).) Suppose f(z) =z, g(z)= 1

W =span{f,g}.
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a) Show that {f,g} is linearly independent.
b) Find dim V.

¢) If h(z) = 22, show that h ¢ .

d) What is the dimension of span{ f,g,h}?

96.Let E = {“ax+by+cz=d" | a,b,c,d € R} be the set of linear equations
with real coefficients in the variables x, y and z. Equip E with the usual operations
on equations that you learned in high school: addition of equations, denoted here
by “@®” and multiplication by scalars, denoted here by “®”, as follows:

“ax+by+cz=d"@“ex+ fy+gz=h"=“(at+e)z+(b+ f)y+(c+g)z=d+h"

and
VEeR, k®“ax+by+cz=d" = “kar+kby+kcz=kd".

In an earlier exercise, you showed that with these operations, E' is a vector space.
Find a basis for £/ and hence find dim F.






Chapter 10
Dimension Theorems

In the previous chapter, we saw the important inequality:

the size of any linearly independent set in V' < the size of any spanning set of V/

We used this result to deduce that

e any linearly independent spanning set of a vectors space V' (which we called a
basis of V') has the same number of elements.

We called the number n of elements in a basis for V' the dimension of V', denoted
dim(V).

We also found bases for many of our favourite vector spaces, and started to see
how to find bases of other, more complicated, subspaces.

From the definition of dimension, we can now improve our inequality:

the size of any LI setin V < dimV < the size of any spanning set of V'

10.1 Every subspace of a finite-dimensional space has a finite
basis

In the past chapters, we have shown that:

103
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o If {vy,---,vp,} is a LI subset of V, then there are vectors Vy, 41, -+ ,Vp in V.
such that {v1,--, Vs, Vin41, -+, Vp } is a basis for V' (that is, every linearly
independent subset of V' can be extended to a basis of V');

e Conversely, we saw that if S = {vy,---,v;} is a spanning set of V, then there is
a subset of .S which is a basis of V' (that is, every spanning set can be reduced to
a basis of V).

Remark 10.1. If you were in an infinite-dimensional space, the process of adding
more vectors to your LI set might never stop, since it could happen that you can’t
span your subspace with a finite number of vectors. Hence our restriction. See also
MAT2141.

This means that in theory at least, you can always find a basis for any subspace:
either start with a spanning set and cut it down, or else start taking nonzero vectors
from your set and forming larger and larger LI sets.

A problem: this is computationally intensive. (We’ll come back to it soon!)

10.2 A shortcut to checking if a set is a basis

Theorem 10.1 (Shortcut to deciding if a set is a basis). Let V' be a vector sapce
and suppose that we know that dim(V') = n (and n < co). Then:

1. Any LI set {v1,--- ,vn } of n vectors in V is a basis of V (that is, it also
necessarily spans V'!);

2. Any spanning set {v1,--- ,Vyp} of V consisting of exactly n vectors is a basis of
V' (that is, it is also necessarily LI!);

So this theorem says that if you already know the dimension of V', you have a
shortcut to finding a basis: just find an LI or a spanning set with the right number
of elements.

Proof. 1. Suppose that {vy,---,v,} CV is LI and suppose instead that
{v1,-++,V, } didn’t span V. Then that would mean we could find v € V', such
that {v,vy,---,v, } is LI (¢f results last week about extending LI sets). But
then we’d have a set with n+ 1 LI elements in V', even though dim(V) =n
means V' can be spanned by just n elements. This contradicts our important
inequality, so can’t be true. Thus our set must already span V', and hence be a
basis.

2. Suppose now that span{vy,---,v,} =V but that {vy,---, v, } is NOT LI.
Since it is LD, we can remove at least one “redundant” vector without
changing the span. That is, there is a subset S C {v1,---,V,} with less than n
elements such that span(S) = span{vy,---,v,} = V. But then we’d have a
spanning set for V' with fewer than n elements, contradicting our important
inequality. So that can’t be true; the spanning set must have been LI, and hence
a basis.

O
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Show that {(2,2,2),(7,1,—11)} is a basis for U = {(z,y,2)|2x — 3y + z = 0}.
We see this is a plane through the origin, hence a 2-dimensional space. We verify

2(2)—3(2)42=0 and  2(7)—3(1)+(=11)=0.

Moreover, since there are just two vectors, and they are not multiples of one

So by the theorem, {(2,2,2),(7,1,—11)} is in fact a basis for U.

Problem:
Solution:
that both of the vectors given lie in U, since
another, we see they are linearly independent. So:
e we have 2 vectors
e they lie in a 2-dimensional space
o they are linearly independent
Problem: Extend {(2,2,2),(7,1,—11)} to a basis for R3.
Solution:

We know that dim(R3) = 3; so if we can find one more vector v so that
{v,(2,2,2),(7,1,—11)} is LI, we can deduce by the theorem that this new set is a
basis for R3.

Now recall that since {(2,2,2),(7,1,—11)} is LI, the larger set
{v,(2,2,2),(7,1,—11)} is LI if and only if v ¢ span{(2,2,2),(7,1,—11)}. That is,
if and only if v ¢ U. So pick any v = (z,y, z) which does not satisfy the condition
for being in U, such as v = (1,0,0).

Then {(1,0,0),(2,2,2),(7,1,—11)} is a basis for R3.

Caution: we get this “shortcut” for checking that a set is a basis for V only if
you know the dimension of V.

So what kinds of clues help us to figure out the dimension of a space?

10.3 Dimension of subspaces of V/

Theorem 10.2 (Dimensions of subspaces). Suppose that dim(V') = n and that W
is a subspace of V. Then

1.0 < dim(W) < dim(V)
2. dim(W) =dim(V) ifand only if W = V.
3. dim(W) =0 if and only if W = {0}.
Proof. 1. Start with a basis of W3 it has dim(W) elements (which is > 0!). Then
this is a LI set in W C V, so by our important inequality, dim(W) < dim(V)
since V' is spanned by dim(V') elements.
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2. Suppose dim(W) = dim(V') = n.If W # V, then that means there is a vector
v € V, such that v ¢ W.But then if {vq,---,v,,} is a basis for W, we would
deduce that {v,vy,---,v,} isa LI setin V with n+ 1 elements, which
contradicts the important inequality for V. So this is impossible; we must have
V C W. (And we started with W C V' so we conclude W =V))

3. If dim(W) = 0, and W contains a non-zero vector then by the important
inequality we have a contradiction, since then dim(W) > 1. Thus
dimW = 0= W = {0}.If on the other hand W = {0}, then we shall take it
as a convention that dim (W) = 0.!

O

This theorem has some great consequences!

Example 73: Any subspace of R3 has dimension 0, 1,2 or 3, by Theorem part (1). These
correspond to: the zero space (Theorem part (3)), lines (we proved this long ago),
planes (ditto), and all of R? (Theorem part (2)).

O
Example 74: Any 4-dimensional subspace of May2(R) is all of Mayx2(R).

O
Example 75: Any 2-dimensional subspace of U = {(z,y,2)|22 —3y+2z =0} isall of U.

O

This last example illustrates an important idea:

If U is a subspace of V' such that dim(U) = m, then any subspace of V'
which is contained in U is a subspace of U and so has dimension at most m.

That is, we don’t have to apply the theorem to just our favourite “big” vector
spaces V.
10.4 What subspaces and dimension have given us

At the beginning of the course, we talked about lines and planes in R? and R? and
wondered what their generalizations to R™ should be.

! There are two other ways to define the dimension of a vector space: (a) take it to be the size of the
largest linearly independent set, or (b) the size of the smallest spanning set. These are equivalent
to our definition for dim(W) > 1, and if we use (a), for W = {0}, it’s clear that the largest subset
of W that is linearly independent is the empty set, which of course has size 0. One can reconcile
this with (b) if we all agree that that the span of the empty set is {0}. If this sounds too weird to
you, stick with (a).
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We proposed the general concept of vector spaces, of which subspaces of R™ are
an example, and deduced that lines and planes through the origin were subspaces
of R? and R?, and (besides the zero space and the whole space) these were all
subspaces of R? and R3.

So we agreed that “subspaces” provide the correct higher-dimensional analogue of
“lines and planes” (at least, the ones that go through the origin).

Now we have learned that every subspace has a basis, and that if .S is a basis for U,
then U = span(SS). In other words, we can describe every subspace of every vector
space using parametric equations which are like “higher-dimensional analogues” of
the parametric equation for a line.

Furthermore, we have learned how to measure the size of a subspace (namely, by
its dimension), and thereby can classify all the possible subspaces of any vector
space by their dimension. (For example, in R™ we have subspaces of every
dimension up to and including n, in IP,, we have subspaces of every dimension up
to and including n+ 1, and in M, x, (R) we have subspaces of every dimension
up to and including mn.)

So the first step in taking geometry to higher dimensions is behind us.

10.5 What bases of subspaces give us, Part I

So what is a basis good for? Last chapter, we alluded to one very important
application: namely, you know that any plane through the origin in R? is “basically
the same” as R? — it looks the same, and geometrically it is the same kind of
object, but algebraically, it’s quite a challenge!

Problem:

Solution:

Consider the plane U = {(z,y,2)|z — 4y +z = 0} in R3. Show that
{(2/3,1/3,2/3),(1/v2,0,-1/V2)}

is a basis for U, and that moreover these basis vectors are orthogonal and have
norm one. (We will call such a special basis an orthonormal basis when we get to
Chapter 19.)

As before, we see that it suffices to verify that these two vectors (a) lie in U and
(b) are LI, since dim(U) = 2. So they form a basis. Next, we calculate their dot
product (and get zero) so they are orthogonal. Finally, we calculate their norms,
and deduce that each has norm equal to 1.

(Recall that ||(z,y,2)|| = V22 + 32 +22.)

O

What makes such a basis special is that these are exactly the properties that make
the standard basis special! So this is “like” a standard basis of U.

So as an application: Suppose you have an image in R? (say, a photograph whose
lower left corner is at the origin, and whose upper right corner is at the point
(640,480), so that each integer coordinate pair corresponds to a pixel.). Then you
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can map this image onto the plane U by thinking of
(a,b) eR* < a[2/3,1/3,2/3] +b[1/v/2,0,-1/v/2]

So for example if you want to colour the picture, then you have a colour for each
integer coordinate pair (a,b) and this tells you which (z,y, z) you should colour in
R3 to make it look like your picture is on this plane. a
This opens up more questions, though: how did I get such a nice basis for U? Can I
do that in different vector spaces and higher dimensions? We’ll see part of the
answer in this course, and you’ll do more of it later on.

10.6 What bases of subspaces are good for, Part 11
An even more startling and wonderful application of bases is as follows.
First we need a

Definition 10.1. An ordered basis {vi,---,vn} is the set {vy,---,v,} with the
given order of the vectors.

Example 76: The ordered basis {(1,0),(0,1)} of R? is not the same ordered basis as
{(0,1),(1,0)}2. The apparent order matters.

Theorem 10.3 (Coordinates).
Suppose B = {v1,---, vy} is an ordered basis for a vector space V . Then for every
v € V, there are unique scalars x1,--- ,x, € R so that

V=x1V1+ - +TpVp.

We call the n-tuple (x1,x2, ... ,Ty) the coordinates of v relative to the ordered
basis B.

Proof. This isn’t hard to prove: Since B spans V/, you can certainly write any
vector as a linear combination of elements of B. For uniqueness, we suppose we
have two such expressions and prove they are the same, as follows:

Suppose v=1x1Vi + -+ x5V, and Vv =y1Vy + - - - + Y V5. Subtract these two
expressions; the answer is v — v = 0. So we have

(w1 —y)vi+- 4 (Tn—Yn)Vn =0

but B is LI, so each of these coefficients must be zero, which says x; = y; for all <.
Uniqueness follows. a

2 Even though, as sets, {(1,0),(0,1)} = {(0,1),(1,0)}, since both sides have exactly the vectors
in them. See me if you find this confusing.
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We can use this to identify n-dimensional vector spaces with R™, just like we
identified that plane U with R2, above.

The idea is:
Vv — R™
v=x1vi+- - x,Vy —— (T1,22,...,2Ty)
. . 10[ |{01] |[00O| (00O
For example, choosing the ordered basis B = { {0 ()] , [O 0} , L O] , [O J } (the

so-called ‘standard ordered’ basis) of Ma2(RR), we have:
Moo (R) — R4

b — @b

. 10 01| (00 .
Or, choosing B = { [O _1] , [O O} , [1 O} } as an ordered basis for sly, we have

sly «—— R3

{a b } —— (a,b,0)

c—a
Another example: choosing the standard ordered basis {1, 2,22} for P we have

Py « - RS
a+bx+cx? — (a,b,c)

Caution: note that the order of your basis matters! If we’d picked

B = {22,2,1} as our ordered basis for Py, we’d get coordinates (c,b, a)
instead of (a, b, ), which has the potential for a great deal of confusion.
Hence: always be a bit cautious to keep the order in mind.

Problems

10.1. Find the coordinates of the following vectors v with respect to the given
ordered bases B of the indicated vector space V:

a)yv=(1,0); B={(1,2),(2,-1)}; V=R2?
b)y*v = (1,0,1); B={(1,1,0),(1,-1,0),(0,0,1)}; V=R3
o) v=(1,3,-3); B:{(I,0,0),(O,—l,l),}; V:{wGRS ‘ U)(O,]_,].):O}

o= 8] s ([ BB vetaemawazo
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eyv=1-2+32% B={l=z,1+z,1+2%}; V=P

f)*v =sin(x+2); B = {sinz,cosz}; V =span{sinz,cosz}

10.2. a) * Suppose V is a vector space, with dim V' = 3, and that W and U are
both two-dimensional subspaces of V. Prove carefully that U NV # {0}

b) * Suppose V is a vector space, with dim V' =n > 0, and that W and U are
subspaces of V' with dimU +dim V' > n. Prove carefully that UN'V # {0}



Part 111
Solving Linear Systems



We have seen how to solve a number of important problems, at least theoretically;
but the calculations needed to get to the solution — solving linear systems —
seems overwhelming. What we need is a practical, efficient, reliable means to solve
these linear systems, one that will minimize the calculations we are required to
carry out and the amount of writing we need to do; one that will allow us to deduce
not just whether or not there is a solution, but also if there are lots of solutions (eg
nontrivial solutions).

This is the goal and purpose of Gauss-Jordan elimination (commonly called: row
reduction).



Chapter 11
Solving systems of linear equations

We have seen many different kinds of linear systems showing up in different
contexts in our course. They arise in problems like: finding intersections of planes
in R3; solving for a vector as a linear combination of other vectors; or checking if a
set of vectors is linearly independent. But they also occur in a million other
contexts, from balancing chemical equations to modelling physical systems. And
while the linear systems we’ve been looking at in this course tend to be fairly
small, in practice there are physical models that include thousands of variables and
thousands of equations — systems that would be IMPOSSIBLE to solve were it
not for the fantastic fact that they are linear. Linear algebra gives incredibly
powerful tools for solving linear systems.

Here, we want to (a) decide what the goal of a good method for solving linear
systems should be, (b) establish the notation of augmented matrices which we use
in row reduction and (c) start to learn the process of row reduction.

11.1 Linear systems

By a linear system, we mean a collection of, say, m linear equations in, say, n
variables, that we want to solve simultaneously. By “simultaneously”, we mean: a
solution to a linear system is an assignment of values to each of the variables which
makes ALL of the equations hold.

Example 77:

T, + 222 +x4=1

25— 3y — 1 (11.1)

is a linear system with m = 2 equations and n = 4 unknowns (or variables). We
identify also the coefficients of the system, and the right hand side (RHS), or
constant terms.

113
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Then (1,0,0,0) is NOT a solution to this linear system, because it doesn’t satisfy
the second equation.
And (0,0,0,1) IS a solution to this linear system, because it satisfies BOTH

equations.
O

Definition 11.1. The general solution to a linear system is the set of all solutions.

Example 78: We claim that
S={(1-2s—t,s,t—1,t)|s,t R}

is the general solution to the linear system (11.1).
To show this, we check two things:
I: Check that (1 —2s —t¢,s,t — 1,t) is a solution to (11.1) for every s,t € R:

(1-2s—t)+2(s)+t=1 v
t—1—(t)=-1 v

II: Check that EVERY solution to (11.1) is in .S: Well, use the first equation to write
r1=1—2x9—14
and the second equation to write
r3=—142x4.
Thus, (z1,22,%3,24) is a solution to (11.1) if and only if
(x1,22,23,24) = (1 —2m9 — g, 29, — 1+ 24,24).

Changing the names of x> to s and x4 to ¢, we recognize that this is exactly the set
S above.

We say that s, are the parameters of the general solution. Note that since the
solution set S has parameters, the system (11.1) has infinitely many solutions, since
every different value of s € R gives a different solution.!

O
Let’s look at some other examples, to get a sense of (a) what the possible kinds of
general solutions are, and (b) what makes a system “easy” to solve.

Example 79:

! The same holds for ¢, of course. So there is a ‘doubly-infinite’ family of solutions. We have been
more precise about this ‘doubly-infinite’ business in a similar context business before when we
spoke of ‘dimension’ in Chapter 9. But beware: the set of solutions here is not a subspace and so
we can’t — in this course— speak of its dimension.
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x1+2x0+3x3 =4
To+T3=>5
£C3=1

This is a 3 x 3 system (meaning, 3 equations and 3 unknowns); it could correspond
to the intersection of 3 planes. This system has a unique solution: (—7,4,1) (as you
can check by back-substitution).

O

Example 80:

r+y=1
204+2y=1
is a 2 x 2 system with no solutions at all. We could say the general solution is the

empty set S = ().
O

Definition 11.2. e A linear system that has NO SOLUTIONS is called
inconsistent.
e A linear system that has AT LEAST ONE solution is called consistent.

Sometimes, it’s easy to see that a system is consistent. For example, consider

T1+x0—23=0

2x1 —ro+x3 =0.
It’s clear that (0,0,0) is a solution, because all the constant terms are zero.

Definition 11.3. e A linear system in which all the constants on the right hand
side are zeros is called homogeneous.

e A linear system in which at least one of the constants on the right hand side is
nonzero is called inhomogeneous.

Homogeneous linear systems are ALWAYS consistent, since 0 = (0,0,--- ,0)
is always a solution (called the trivial solution).

So homogeneous systems have all zeros on the RHS; what about when there are all
zeros on the LHS?

Definition 11.4. A linear equation in which all the coefficients are zero is called
degenerate, that is, it looks like

O0x1+0x9+---+0x, =0
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for some b € R. Note that if b # 0, then this equation has no solution! (If b = 0, this
equation has every vector in R™ as a solution.)

Any linear system containing a degenerate inhomogeneous equation is
inconsistent.

Now the amazing thing is: the three examples above list all possible types of
behaviours of the solution set.

Theorem 11.1 (Types of general solutions). Any linear system with real (or
complex) coefficients has either

1. a unique solution
2. no solution, or
3. infinitely many solutions.

To see how remarkable that is, consider how very NOT TRUE it is for
NON-LINEAR systems: 22 = 64 has exactly two solutions;
(x —2)(x —1)(x+1)(x —2) = 0 has exactly 4 solutions.

11.2 Solving Linear Systems

The idea of our method for solving linear systems is: we start with a linear system,
whose solution is “hard to see”’; then we apply an algorithm (called row reduction
or Gaussian elimination or Gauss-Jordan elimination) to change the linear system
into a new one which has exactly the same general solution, but where that solution
set is really “easy to see.”

Also, we want a practical solution: an algorithm where you’re less likely to lose or
forget an equation, or where you mis-write some variables, or make mistakes in
recopying things.

So let’s begin with an example of solving a system very methodically, being
careful about not losing equations:

Example 81: Solve the linear system

r+y+22=3
rT—y+z=2
y—z=1

Let’s add (—1)x Eq(1) to Eq(2), to eliminate the x; but we’ll recopy the other two
equations to keep track:
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r+y+22=3
—2y—z=-1
y—z=1

Next, we tackle the y variable. I can’t use the first equation to solve for y, because
that’s the only equation with an z in it. So in fact, let me swap the second and third
equations:

r+y+22=3
y—z=1
—2y—z=-1

and now add 2x Eq(2) to Eq(3):

r+y+22=3
y—z=1
—3z=1

Finally, multiply Eq(3) by —+:

r+y+22=3
y—z=1
z=-1/3
Wonderful! At this point, I can see that z = —1/3, and I know that I can plug this

into Eq(2) to deduce that y = 2/3, and then plug both into Eq(1) to deduce that
x = 3. (Check that this is a solution!)

First reality check: what operations did we perform?

e Add a multiple of one row fo another row.
e Interchange two rows.
e Multiply a row by a nonzero scalar.

Each of these steps can be reversed, and that ensures that we are not changing the
general solution. (In contrast, if we ever multiplied a row/equation by zero, that’s
an irreversible process, and it amounts to deleting one of the equations, which we
agree would change your general solution.)

These are called elementary row operations and they are exactly the three
operations you can do to a linear system without changing the general
solution. (What you’re doing instead is turning the system itself into a
simpler system.)
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Second reality check: Did we really need all those variables and = signs?
Let’s replace the linear system above with its augmented matrix:

11 23
1-11 |2
01 —1]1

So the part on the left is called the coefficient matrix and consists of all the
coefficients of the original linear system. If there were m equations and n
unknowns then the coefficient matrix is of size m x n. Each column of the
coefficient matrix corresponds to one variable of the linear system (in this case, z,
Yy or 2).

The line represents the equals sign, and helps to separate the last column. The last
column contains all the constant terms from all the equations in the system.

Now let’s perform the elementary row operations as before, but this time to the
augmented matrix:

11 23 11 23 11 23
1-11 |2 - 0-2-1]-1 - 01 —-1]1
01 —1[1] Batfe—Relg g | feolfslg 5 1)
112 |3 112 3
~ 01-1]1 ~ 01-1] 1

2Ry+R3—R3 |00 -3|1| —2R3—R3[00 1 |-1/3
Notice:

e At each step, the augmented matrix here corresponded exactly to the modified
linear system we had created before.

e This last matrix corresponds to the last step of our calculation, at the moment
that we realized we could solve our linear system for a unique solution. And this
last matrix has a special “shape” which we will call REF (row echelon form),
below.

o We write ~ rather than = because the matrices are definitely not EQUAL to
each other. Rather, we use the symbol ~ for “equivalent” (later: “ row
equivalent”) — meaning, the two linear systems corresponding to these matrices
have the same general solution.

e It’s helpful to write down the operation next to the row you will modify,
particularly if you need to “debug” a calculation.

Now, we still have some questions to answer:

e Not every system will end up with a unique solution (as we saw); what is REF in
general? How do I know what I'm aiming for when I solve using row reduction?

e How do I read my solution off from REF?

e Are there any more shortcuts?
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11.3 Row Echelon Form (REF) and Reduced Row Echelon Form
(RREF)

Definition 11.5. A matrix (augmented or not) is in row echelon form or REF if

(1)  All zero rows are at the bottom.
(2) The first nonzero entry in each row is a 1 (called a leading one or a pivot).
(3) Eachleading 1 is to the right of the leading 1s in the rows above.

If, in addition, the matrix satisfies
(4) Each leading 1 is the only nonzero entry in its column

then the matrix is said to be in reduced row echelon form or RREF .

Example 82: The matrix
12345]|5
0011210

is in REF because it satisfies (1)-(3). It is not in RREF because the entry above the
leading 1 in the second row is a 3 instead of a zero.

O
Example 83: The matrix
123
01]8
00]0
000
is also in REF but not RREF.
O

Basically: from the REF we’ll always be able to tell if the system is inconsistent, or
has a unique solution, or has infinitely many solutions. From the RREF we will be
able to just read off the solution directly.

Example 84: Suppose you have row reduced and obtain the following RREF:

100]a
010]b
001] ¢

Then the linear system corresponding to this augmented matrix is * = a, y = b and
z = c. In other words, the solution to this linear system is unique and is given by

IS NSRS
Il
o o9
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O

Example 85: Suppose you have row reduced and you got to the following REF:

1a0b|d
001elf
0000]g

Then there are two cases:

If g # 0, then the last row corresponds to a degenerate equation, and so the system
is inconsistent.

If g = 0, then this system is in RREF, and to get the general solution, we set the
non-leading variables, that is, the variables corresponding to columns of the
coefficient matrix which don’t have a leading 1, equal to parameters. Here, set

x9 = s and x4 = t; then we deduce (by writing out the equations corresponding to
this matrix):

r1=—as—bt+d, x9=3s, wx3=f—et, xy4=t
So our general solution is
{(—as—bt+d,s, f—et,t)]|s,t €R}.

O

Rows of zeros are completely accidental; they happen whenever you started off
with one or more completely redundant equations. In particular, please note that
having infinitely many solutions is related to having non-leading variables, not to
the nonzero rows.

Example 86: Suppose our RREF is

1a00]c
0010|d
0001 e

Then we have only one nonleading variable: x2 = s, so our solution is

{(c—as,s,d,e)| s € R}

Problems

11.1. Find the augmented matrix of the following linear systems.

a)
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r +y+ 2z2=0
-9z -2y +52=0
—r 4+ y +32=0
—Tx —2y+32=0

b)*
T + w =1
T +z+ w =0
rT+y+z =-3
r+y —2w= 2
c)
— 2x3 + Txs =12

2x1 + 4x9 — 10x3 + 624 + 1225 =28
2x1 + 4x9 — bxgy + 614 — Dy =—1

11.2. a) Find x and y so that the matrix [i :ﬂ is in reduced row-echelon form.

b)*Find all (z,y) so that the matrix E 2 é} is in reduced row-echelon form.

aldbdO
¢) Find all (a,b, ¢) so that the matrix |0 00 1 1| isin reduced row-echelon form.
0000c¢






Chapter 12
Solving systems of linear equations, continued

Last time, we introduced the notion of the augmented matrix of a linear system,
and defined the three elementary row operations that we may perform:

e Add a multiple of one row 7o another row.
e Interchange two rows.
e Multiply a row by a nonzero scalar.

Definition 12.1. We say that two linear systems are equivalent if they have the
same general solution.

Theorem 12.1 (Equivalence of linear systems under row reduction). If an
elementary row operation is performed on the augmented matrix of a linear
system, the resulting linear system is equivalent to the original one.

Hence we make the following definition:

Definition 12.2. Two matrices A is row-equivalent to B, written A ~ B, if B can
be obtained from A by a finite sequence of elementary row operations.

(See problem 12.3 for interesting properties of this relation.)

So how does this help? Here, we’ll show how to row reduce ANY linear system to
RREF, and also show how to read the general solution from the RREF.

Recall: A matrix (augmented or not) is in row echelon form or REF if

(1)  All zero rows are at the bottom.
(2) The first nonzero entry in each row is a 1 (called a leading one or a pivot).
(3) Each leading 1 is to the right of the leading 1s in the rows above.

If, in addition, the matrix satisfies
(4) Each leading 1 is the only nonzero entry in its column
then the matrix is said to be in reduced row echelon form or RREF.

Theorem 12.2 (Uniqueness of the RREF).
Every matrix is row equivalent to a unique matrix in RREF.

(But matrices in just REF are not unique.)

123
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12.1 Reading the solution from RREF

Example 87: Suppose you have row reduced and you got to the following RREF:

100]a
010|b
001]c

Then the linear system corresponding to this augmented matrix is * = a, y = b and
z = c. In other words, the solution to this linear system is unique and is given by

IS ISR
I
SIS

Example 88: Suppose you have row reduced and you got to the following REF:

1a0b|d
001lelf
0000]g

Then there are two cases:

If g # 0, then the last row corresponds to a degenerate equation, and so the system
is inconsistent.

If g = 0, then this system is in RREEF, and to get the general solution, we set the
non-leading variables, that is, the variables corresponding to columns of the
coefficient matrix which don’t have a leading 1, equal to parameters. Here, set

2 = s and x4 = t; then we deduce (by writing out the equations corresponding to
this matrix):

r1=—as—bt+d, x2=s, x3=f—€t, x4=1
So our general solution is
{(—as—bt+d,s, f—et,t)]| st R}

O

Rows of zeros are completely accidental; they happen whenever you started off
with one or more completely redundant equations. In particular, please note that
having infinitely many solutions is related to having non-leading variables, not to
the nonzero rows.

Example 89: Suppose our RREF is
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1a00] ¢
0010|d
0001]e

Then we have only one nonleading variable: x2 = s, so our solution is

{(c—as,s,d,e) | s e R}

The general rule for reading off the type of general solution from the REF:

e If your system contains a degenerate equation with a non-zero right hand side,
then it is inconsistent. So if the augmented matrix contains a row like

[00---0]b]

with b # 0, then STOP! The system is inconsistent; the general solution is the
empty set.
e Otherwise, look at the columns of the coefficient matrix.

— If every column has a leading 1, then there is a unique solution.
— If there is a column which does not have a leading 1, then you have infinitely
many solutions.

The general rule for writing down the general solution of a consistent system from
the RREF:

o If there is a unique solution, then this is the vector in the augmented column.
e Otherwise, identify all your variables as leading or non-leading.

— Each leading varible corresponds to one row of the augmented matrix; write
down the equation for this row. Solve for the leading variable in terms of the
non-leading variables (by putting them all on the right hand side).

— Set each non-leading variable equal to a different parameter, and substitute
these into the equations for the leading variables as well.

— Write down the general solution; do NOT forget to include ALL of your
variables. (Eg: 1 = 2 — s and z3 = 3 is not a general solution because you
haven’t said what x5 is.)

Example 90: Suppose the RREF of our system is

100203
001104
000010

This system is
r1+2x4=3, x3+x4=4, z5=0;

it is consistent. The leading variables are x1, x3 and x5 and the non-leading
variables are x5 and z4. So we set
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To =S8, T4 =1
and thus conclude that
1 3—2x4 3—2t
9 9 S
3| =|4—xyg | = |41
T4 T4 t
xTs 0 0

So the general solution (written in parametric vector form) is

3 0 )
0 1 0
Al +s|0| +t|-1||steRr
0 0 1
0 0 0

12.2 Reducing systems to REF and RREF: Gaussian elimination

Let’s write down the process for Gaussian elimination. It can be applied to any
matrix C', and stops at a matrix C' which is in RREF.

Step 1 If the matrix C is zero, stop.

Step 2 Locate the left-most nonzero column, and interchange the top row with
another, if necessary, to bring a non-zero entry to the first row of this column.

Step3  Scale the first row, as necessary, to get a leading 1.

Step4  If necessary, annihilate the rest of the column BELOW using this leading
1 as a pivot. That is, if a; is the entry in this column of Row ¢, then add —a; Ry
to R;, and put the result back in the i row.

Step5  This completes the operations (for now) with the first row. If there was
only one row in your matrix, at this stage, stop. Otherwise, ignore the first row
(but don’t lose it!) and go back to step 1.

When this stops, the matrix you have will be in REF. Now proceed with the
following steps to put the matrix in RREF:

Step 6  If the right most leading 1 is in row 1, stop.

Step 7 Start with the right most leading 1 — this will be in the last non-zero row.
Use it to annihilate every entry above it in its column. That is, if a; # 0 is the
entry in this column in row ¢, then add —a; times this row to R;, and put the
result back in the i™ row.

Step 8  Cover up the row you used and go to step 6.
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Example 91:
00-2 2
, . 113 -1
Let’s run this on C' = 112 0
110 2

Step 1  The matrix is not zero, so we proceed.
Step 2 The left-most nonzero column is column 1, but we need tp get a non-zero
entry in row 1, so let’s interchange rows 1 and 2:

00-2 2 D13 -1
113 -1|Ri <R | 00-2 2
112 0 ~ 112 0
110 2 110 2

Step 3 There’s no need to rescale: we already have a leading 1 in row 1.
Step4  We need to clear the column below our leading one: we subtract the first
row from rows 3 and 4:

113 -1 113 -1
002 o | atRs—=Rsl,, 5 o
112 0 00-1 1
110 2| BtRa=Ralgy 54

Step S  We ignore the first row and go to Step 1.

Step 1  Even ignoring the original first row, the matrix is not zero.

Step 2 The left-most non zero column now (remember: we ignore row 1) is
column 3, and there is a non-zero entry (2) in the second row (which is the first
row of the matrix left when we ignore the first row of the whole matrix), so
there’s nothing to do now.

Step 3 Let’s divide row 2 by -2 to get a leading one in the second row.

113 -1 113 -1
00-2 2 |-1Ry >Ry |00 D -1
00-11 ~ 00-11
00-3 3 00-3 3

Step 4 Now we need to clear column 3 below our new leading one:

113 -1 Ryt Ry — R 113 -1
00 @ 1| gt " 2 {0011
00-1 1 2 N4 41000 0
00-3 3 000 0

Step5 Now we ignore the first two rows, and go to Step 1
Step 1 Well if we we ignore the first two rows, the matrix we see is zero, so we
stop this part and proceed to Step 6
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Step 6  The right most leading 1 is in row 2, so we proceed to Step 7
Step 7 We use the leading one in row two to clear its column above it:

113 -1 110 2
000 —-1| 3R2+R;1—R;1 |001 -1
000 O ~ 000 O
000 O 000 O

Step 8  We cover up row 2 and go back to Step 6
Step 6  Ignoring row 2, now the right-most leading 1 is in row 1! So we stop. The
matrix is now in RREF.

We’re not machines, of course, and we could see at the end of Step 7 that the
matrix was in RREF, so there was no need to have done Steps 8 and 6, but we did it
above to illustrate the algorithm.

12.3 Using the Gaussian algorithm to solve a linear system

Now let’s see how we use this to solve a linear system with augmented matrix
[A]b]. The idea is that we apply the row operations in the algorithm above to the
rows of the whole augmented matrix, but with the aim of getting the coefficient
matrix into RREF - then we’ll stop. The coefficient matrix will be in RREF — the
augmented matrix might not be, but it doesn’t matter.

Once the coefficient matrix is in RREF, the general solution can be found as
follows:

1. Decide if the system is consistent or not. If consistent:
2. Assign parameters to non-leading variables.
3. Solve for leading variables in terms of parameters.

Let’s illustrate this with an example. Remember: our goal is to get the coefficient
matrix into RREF, but we apply each and every row operation to the rows of the
whole augmented matrix. All decisions in the algorithm will only depend on the
coefficient side.

Example 92: We begin with the following augmented matrix:

01234
12345
23456

Step 1  It’s not the zero matrix!
Step 2 It’s the first column (but sometimes it isn’t!). The top row has a zero,
which can’t be a pivot. So interchange R; and R», for example:
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01234 12345
1234578201934
23456 23456

Step 3 There’s already a leading 1. Move on.
Step 4  We just need to zero off the 2 in R3:

®234|5 ~ 12 3 45
01234 01 2 34
2 345|6| —2R,+Rs— R3 [0—1-2-3| —4

Step5 We’re done with the first row. Back to Step 1, just considering Rs and R3:

Step 1  It’s not the zero matrix. On we go.

Step 2 The first non-zero column (ignoring row 1) is in column 2. And the entry
in the “top row” (which is Rs this time) is nonzero, so no row interchanges
needed.

Step 3 It’s already a leading 1.

Step 4  We just need to zero off the -1 in R3:

12 3 415 ~ 123415
0D 2 3|4 01234
0—1-2-3|—4|Ry+R3—R3 (00000

Step5 We’re done using the second row. Back to Step 1, just considering R3:

Step 1  It’s the zero matrix (ignoring rows 1 and 2), so we proceed to Step 6.
And yes, indeed, the coefficient matrix is in REF (coincidentally, so is the whole
augmented matrix). We see that we will have infinitely many solutions (since
the system is consistent and we have non-leading variables).
To write down the solution, we continue to RREF:

Step 6  The right most leading 1 is not in row 1, so on we go.

Step 7  The right-most leading 1 is in column 2. Annihilate the 2 above it:

1234]5 10-1-2]|-3
o234 ety gy
0000]0 000 010

Step 8  We cover up the second row, and go to step 6.

Step 6  Stop! — the right most leading 1 is in row 1.
The coefficient matrix is in RREF.! After some experience, you’ll notice after
step 7 that RREF had been reached.

The nonleading variables are x3 and x4, so let 3 = s, x4 = t. Then
r1=x3+2x4—3=-3+s+2tand x9 =4 —2x3 — 3x4 =4 — 25— 3t. Thus the
general solution is

! Coincidentally, so is the augmented matrix. This will always occur for consistent systems.



130 12 Solving systems of linear equations, continued

r1=—3+s+2t

$2:4—28—3t
r3 =S
T4 =1

with s,t € R.

12.4 Key concept: the rank of a matrix

So we’ve stated the theorem that says that the RREF of a matrix exists and is
unique. The existence is obvious from our algorithm; uniqueness takes some extra
work to see, but also follows from our algorithm. Since the RREF is unique, this
means in particular that the number of leading 1s in the RREF of a matrix doesn’t
depend on any choices made in the row reduction. This number is very important
to us!

Definition 12.3. The rank of a matrix A, denoted rank(A), is the number of
leading ones (‘pivots’) in any REF of A.

Example 93: The rank of [(1) ? g} is 2.

Problems

12.1. Find the reduced row-echelon form of the following matrices:

1003
a) [0015
0104

1012
0112

023
¢) (101
010

1 2 -1-1
2 4 -1 3
-3-61 —

o
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1111
o) 001 -1
112 0
110 2

1-110
0111
*
D 1243
1021

101 3
o) [12-1-1
01-2 5

131

12.2. Find the general solutions to the linear systems whose augmented matrices

are given below.

(0110
000
10-110
01210

000 |1
000 |0

b)*

1003 3
o |0102]-5
0011|—1
0000] 0

120307
d*00100]1
00001]2

100-10]10
0101 1]1
91001 1 1] 4
0000 0] 0

12.3.If A, and C are matrices of the same sise, explain why the following

statements are true:

a) A~ A
b) If A~ Bthen B~ A

c)If A~Band B~ C,then A~ C






Chapter 13
Applications and Examples of Solving Linear
Systems

13.1 The rank of a matrix, and its importance.

In the last chapter, we defined the rank of a matrix.

Definition 13.1. The rank of a matrix A, denoted rank(A), is the number of
leading one (‘pivots’) in any REF of A.

Example 94: Since {1 4 1} ~ [1 41 } ~ F 4 1] , each of these matrices has rank 2.

230 [0-5-2] |01%2
O
The rank doesn’t change when you do elementary row operations, it just
becomes easier to see.
100
Example 95: The matrix |0 1 0| has rank 3.
001
O

Note that the rank of a matrix can never exceed the number of rows or columns of
the matrix, since each the leading one lies in a different row and column than all
the others.

We also mentioned last time that you could see whether a system is consistent or
inconsistent from the rank of A versus the rank of [A|b]. Namely, suppose you
reduce A in [A|b] to RREF. Then either you get

0---01]0
0---01]0

133
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(where the top (x) part means rows with leading ones in the coefficient matrix part)
(a consistent system) or you get

0 -~0|a1
.§|
0 -~0|a1€
0---0]0
TR I
_0...0|()_

where a; # 0. (Which tells you you have an inconsistent system). You can spot the
difference by comparing the ranks of the coefficient matrix and of the augmented
matrix: in the first case, rank(A) = rank([Ab]) since all the leading 1s occured in
the coefficient matrix part, and none in the augmented column. In the second case,
rank([A|b]) = rank(A) + 1, since the non-zero entry a; in the last column will lead
to a (single) new leading 1.

So:
° rank(A) < rank([A|b]) < rank(A)+1

... and where equality holds tells you whether or not your system is consistent.

Example 96: In a homogeneous linear system, you can never get a nonzero entry in the
augmented column (it’s all zeros) so certainly you can never have a leading 1 there.
Thus rank(A) = rank([A|0]), and the system is consistent. (We knew that already.)

O

In summary: suppose [A|b] is the augmented matrix of a linear system. Then:

e The system is inconsistent if and only if rank(A) < rank([A|d]).

e The system has a unique solution if and only if rank(A) = rank([A|b]) and
rank(A) =# columns of A.

e The system has infinitely many solutions if and only if rank(A) = rank([A|b])
and rank(A4) <# columns of A.

13.2 Application I: Solving network and traffic flow problems

Let’s consider several different applications of linear systems and our Gaussian

elimination method. The first is a common application of linear systems to solving
traffic flow/network problems. The idea is that you can model the internal flow of a
network just by understanding its inputs and outputs and how traffic is restricted in
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between. You don’t expect a unique solution or even finitely many (in theory, of
course) because there may be loops — see problem 13 .4, for example.

Example 97: The diagram in Figure 1 represents a network of one-way streets.

— A — B —
300 T 100
xr2 T z3 )
— D — C —
300 T4 200
!
300

Fig. 13.1 Traffic flow diagram

The total flow in is 600 (cars per hour, say) while the total flow out is 600. Good;
let us take that as our hypothesis for all the intersections as well: flow in = flow out.
(Kirchhoff’s first law).

We have labeled with x1, z2, z3, x4 the street segment on which we don’t know
the flow of traffic. So let us set up the flows by writing down the equation for each
intersection (starting at the northwest and working clockwise):
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Intersection Flowin = Flow out
A 300+ 22 = x
B 21 = x3+100
C T3+ T4 = 200+ 300
D 300 = wx2+14

This is the linear system

x1 —x2 = 300
r1—x3 =100
x3+ x4 = 500
T2+ x4 = 300

with augmented matrix
1-1 0 0300
10 —-10]100
00 1 1]500
01 0 1]300

This reduces to
1001600

0101]300
0011]500
0000] 0

So our solution is
x1 600 —s
z2| |300—s

z3| |B00—s
T4 S

for any s € R.

Note that since the streets are one-way, each x; > 0, for 1 <14 < 4. When you
implement these constraints, you find that 0 < s < 300. So for example, the
maximum flow along AB is 300 cars per hour (when the flow along D A is zero).
One could also ask: if DA is blocked for roadwork, what is the effect on traffic?
Well, z2 = 0 means s = 300; we see that (z1,z2,x3,24) = (300,0,200,300),
which is fine.

In contrast, what if BC'is blocked for roadwork? Here, x3 = 0 means s = 500,
which gives (x1,22,23,24) = (100,—200,0,500) — we would have to allow
two-way traffic on the street D A to accommodate the traffic.

In other words: one uses the general solution to the model to easily work out
various scenarios in traffic flow (without having to solve the system all over
again!).
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13.3 Application II: testing scenarios

Problem:

Solution:

Find all values of & for which the following linear system has (a) no solution, (b) a
unique solution, and (c) infinitely many solutions.

kx+y+z=1
r+ky+z=1
r+y+kz=1

This is a linear system in the variables x,y, z. (It is not linear in k,x,y, z. So this is
one way to tackle a special kind of nonlinear system with linear algebra.)
Let’s use row reduction. The augmented matrix is

k111
1k1]1
11k]|1

Now be careful! We can’t divide by k, because we don’t know if it’s zero or not. So
either we split into two cases right now (k = 0 and k # 0) or else we use a different
row to give us our leading 1.

1k1]1 ~ 1 k 1 ] 1
Ri1 — R k11|1 —kR1+ Ro — Rs 01—k21—k|1—k‘
11k|1] —Ri+R3s—R3 |01-k k—1| O

Now we have no choice: there are variables in both entries from which we need to
choose our leading 1.
Case 1: k = 1. Then our matrix is

1111
000]0
0000

which is in RREF and has infinitely many solutions. So (c) includes the case k = 1.
Case 2: k # 1. That means k — 1 # 0 so we can divide by it:

1 1k 11 1k 11
jﬁ?i?ouku1&H&01,4m
=R 770800 1 ~110 01+k 1 |1

And now continue row reducing:

1k 1 |1

01 —1 |0
7(1+]€)R2+R3—>R3 002+/€|1

~
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For the third column: if £ = —2, then we cannot get a leading 1 in the third
column; in fact, if £ = —2 then the system is inconsistent.

Otherwise, we can divide R3 by 2+ k to get a leading 1 in the third column; and
then we deduce that we have a unique solution.

Conclusion: if £ = 1, infinitely many solutions. if kK = —2, no solution. if k£ # 1 and
k # —2 then there is a unique solution.

O

Notice how you get a unique solution “most of the time” — this coincides with the
idea that if you take three random planes in R3 then most of the time they should
intersect in a single point.

13.4 Application III: solving vector equations

Problem:
Solution:

Does the set {(1,2,3),(4,5,6),(7,8,9)} span R3?
We need to answer the question: given an arbitrary vector (x,y,z) € R3, do there
exist scalars a1, a2, as such that

1 4 7 T
a1 |2 +ao |5 +as |8 = |y|?
6 9 z

When you equate components on each side, we obtain

a1 +4as+Ta3 ==z
2a1 +5a9+8a3z =1y
3a1 +6as+9a3 =z

which corresponds to the augmented matrix

147z
258y
3692

Notice how the columns of this matrix correspond to the vectors in our linear
system!
We row reduce this linear system, and get

147] x
012] —(y—2x)/3
000] z—2y+z
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So: the linear system is consistent if and only if x — 2y 4 z = 0. But this says that
the span of the given three vectors is only a plane in R? and not all of R? (and this
method even gave us the equation of that plane!).

O

Notice also that by setting (z,y, z) = (0,0,0) in the preceding example, you could
deduce that the dependence equation has infinitely many solutions, and thus that
these three vectors are linearly dependent.

Problems

13.1. a) Find the rank of each matrix in question 12.1.

b)*Find the ranks of the coefficient matrices and the ranks of the augmented
matrices corresponding to the linear systems in question 12.2.

13.2. Suppose a,c € R and consider the following linear system in the variables
x,y and z:

T +y+ az =2

2c +y + 2az =3

3x+y+3az=c

Note that the general solution of this system may depend on the values of a and c.
Let [ A|b] denote the augmented matrix of the system above.

a) For all values of a and ¢, find

(i) rank A
(ii) rank[ A | b]

b)*Find all values of a and c so that this system has

(i) a unique solution,
(i) infinitely many solutions, or

(iii) no solutions.

¢) In case b (ii) above, give the general solution, and its complete geometric
description.

13.3. Consider the network of streets with intersections A, B, C and D below. The
arrows indicate the direction of traffic flow along the one-way streets, and the
numbers refer to the exact number of cars observed to enter or leave A B,C and D
during one minute. Each z; denotes the unknown number of cars which passed
along the indicated streets during the same period.
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a) Write down the linear system which describes the the traffic flow, together with
all the constraints on the variables x;,7 =1,...,5. (Do not perform any
operations on your equations: this is done for you in (b).)

b) The reduced row-echelon form of the augmented matrix from part (a) is

100-10]10
010 1 1]1
001 1 1]4
000 0 0] 0

Give the general solution. (Ignore the constraints at this point.)

¢) If AC were closed due to roadwork, find all possible traffic flows,
using your results from (b).

13.4. Consider the network of streets with intersections A, B, C, D and E below.
The arrows indicate the direction of traffic flow along the one-way streets, and the
numbers refer to the exact number of cars observed to enter or leave A, B, C,D
and E during one minute. Each x; denotes the unknown number of cars which
passed along the indicated streets during the same period.

TE)O
B
2O
6
60 A C 70
N\ L

z2
E<=—D

10% &0
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a) Write down a system of linear equations which describes the the traffic flow,
together with all the constraints on the variables x;,7 =1,...,6.

b)*The reduced row-echelon form of the augmented matrix of the system in part
(a) is
1000-11] 60
0100-11]-40
0010-11] 20
0001-10]—-50
0000 00| O

Give the general solution. (Ignore the constraints from (a) at this point.)

¢) If ED were closed due to roadwork, find the minimum flow along AC', using
your results from (b).

13.5. State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

a) Every non-homogeneous system of 3 equations in 2 unknowns is inconsistent.
b)*Every non-homogeneous system of 3 equations in 2 unknowns is consistent.

¢) Every non-homogeneous system of 2 equations in 3 unknowns has infinitely
many solutions.

d)*Every system of 2 equations in 2 unknowns has a unique solution.

e) If there is a row of zeroes in the augmented matrix of a linear system, the system
will have infinitely many solutions.

£)*If there is a column of zeroes in the coefficient matrix of a consistent linear
system, the system will have infinitely many solutions.

g) If a consistent linear system has infinitely many solutions, there must be a row
of zeroes in the reduced augmented matrix (i.e. when the augmented matrix has
been reduced so that the coefficient matrix is in RREF.)

h)*If a consistent linear system has infinitely many solutions, there must be a
column of zeroes in the reduced coefficient matrix (i.e. when the augmented
matrix has been reduced so that the coefficient matrix is in RREF.)

1) If the augmented matrix of a homogeneous linear system of 3 equations in 5
unknowns has rank 2, there are 4 parameters in the general solution.

j)*If a homogeneous linear system has a unique solution, it must have the same
number of equations as unknowns.






Chapter 14
Matrix Multiplication

We have seen how to use matrices to solve linear systems. We have also seen
essentially two completely different views of an augmented matrix: in the first, the
columns represented the coefficients of the variables of a linear system; in the
second (our last application) the columns corresponded to vectors in R"*. To really
establish the link between these two points of view (which will in turn yield
powerful tools to answer the questions we raised about vector spaces in the first
part of this course), we need to introduce the notion of matrix multiplication.

That said, matrix multiplication shows up as a key tool in a number of other very
concrete applications: not just in linear systems. You see them showing up:

in probability, as transition matrices of Markov processes;
in economics, as part of the Leontief input/output model;
in geometry

in quantum theory

for solving linear systems

for vector spaces, for keeping track of linear combinations

A large part of why they are so versatile is that there are many different ways of
thinking of a matrix:

as a table of numbers

as a collection of row vectors

as a collection of column vectors

as “generalized numbers”: things you can add and multiply!

14.1 How to multiply matrices

Matrix multiplication is a generalization of the usual multiplication of numbers;
the idea being to multiply across many variables at the same time.

143
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Example 98: To calculate your weekly expenditures on salaries, you calculate, for each
employee,
(dollars/hour) x (hours/week) = dollars/week

and then add up over all employees.
Suppose now you have much more information to keep track of:

o The hourly wages of several employees at different jobs. Rows correspond to
cashier and stockroom; columns correspond to Ali, Bob and Cho; entries
represent the hourly wage of that person in that job:

1210 14
W= [8 8 10]

e The hours worked each week. Rows correspond to Ali, Bob and Cho; columns

correspond to Week 1 and Week 2; entries are hours worked by that person that

week:
10 0

H=1010
5 10

Then we could calculate total salary spent at each job each week. Rows are jobs
(cashier, stockroom), columns are weeks (Week 1, Week 2) and entries are total
cost for that job that week:

- 10 0
C=WH = 182 180 ﬁﬂ 10 10
- 5 10

[12%x104+10x10+14x512x0+10x 10+ 14 x 10
8x104+8x10+10x5 8x0+8x10+10x10

_ [290 240
210 180

This says that $290 were spend on cashiers in Week 1, and $240 were spent on
cashiers in Week 2, for example.
Remarks:

e We organized things so that the rows of the answer correspond to the rows of
the first matrix; the columns of the answer correspond to the columns of the
second matrix; and the variable over which we summed (here, the employees)
corresponded to both the columns of the first and the rows of the second, in the
same order.

e Note that we calculated the entry in row ¢ and column j of the product by taking
the dot product of row ¢ of the first matrix and column j of the second matrix.

O

This example helps to illustrate why we choose to define matrix multiplication in a
way that at first seems quite strange.
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Definition 14.1. If A is an m x n matrix and B is an n X p matrix, then their
product AB is the m x p matrix whose (%, 7) entry is the dot product of the ith row
of A with the jth column of B.

So,if A = [a;j], and B = [b;;] then AB = [¢;;] where

Cij = g aibr; = [ai1 a2 -+ ain)
k=1
bn;

In particular, “AB” only makes sense if the number of columns of A equals the
number of rows of B.

Example 99:
X
123 | zH+2y+3z | |1 2 3
{456} v _{4x+5y+6z]_x{4}+y[5}+z[6}

That is, this kind of matrix product can be thought of as a shorthand for a linear
system or as an expression of a linear combination.

O
Example 100:
ab
[1 2 3] cdl| = [a+20+3e b+2d+3f] =1 [a b] +2 [c d] +3 [e f]
ef
So in this way, this matrix product gives a linear combination of the rows of the
matrix.
O

14.2 Some strange properties of matrix multiplication

First, note something odd:

Example 101: Let A = :1))421 and B = igg .Then A is of size 2 x 2, B is of size 2 x 3, so

the product is of size 2 x 3 and equals

12][123] [9 1215
AB = [34} [456] - {19 2633]
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but BA is not defined, because the number of columns of B is not the same as the
number of rows of A.

O
SO sometimes you can calculate AB but BA is not defined!
Even worse:
) |12 |01
Example 102: Let A = [3 4} and B = [1 0} . Then
12((01 21
an=[33 |1o] = i3]
but
01|12 34
pa= 1) 33 = 13
Note that AB # BA.
O
SO even when you ARE allowed to calculate both AB and BA, it can
happen (it usually happens) that AB # BA!
In other words: the product is not commutative.
1 4
Example 103: Let A= |2| and B = |5| be two column matrices (or call them vectors).
3 6
Remember the transpose operation (definition 5.2), which swaps rows and
columns. Then
e AB is not defined.
e BAisnot defined. _
4
o AT B= [1 2 3] 5 = [32} = 32!, which is just the dot product of the two
6
vectors. o
1
e BT A= [4 5 6] 2| =32 is the same (Which is good, since we already knew
3

that the dot product doesn’t depend on the order of the matrices.)

1 We always identify the 1 x 1 matrix [a] with its single (scalar) entry a.
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1 4 5 6
e ABT = |2|[456] = |8 10 12| is not at all anything to do with the dot
3 121518
product! We call it the tensor product.
O
There are even stranger things about matrix multiplication
Example 104: Let C = 1l and D = 12 . Then
-1 1 12
1 —1] |12 00
en= 47300
So C'D = 0 but neither C' nor D was the zero matrix.
O
It can happen that AB = 0 but neither A nor B is zero.
4 -1 10 12
Example 105: Let A = [1 1 ] ,B= [7 _J and C = {3 6] . Then
4-1](12 12
AC= L 1} [36} - {48}
and
1012 12
po= ;5 [a)= %
That is: AC = BC but A # B!
O

It can happen that AC' = BC' but C # 0 and A # B. In other words, we can’t
cancel out C, even if C # 0.

14.3 Some good properties of matrix multiplication

First note that the transpose operation on matrices satisfies

e (A+B)T =AT4+ BT
o (kA)T = kAT for ascalar k
° (AT)T =A
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We also define a special matrix, called the identity matrix (although there’s actually
one for every n):

1000
100

10 0100

b‘kJ’h_gé?’h_oom

0001

And we still have the zero matrix (one for each possible size):

00

00 000
02><2:|:00]7 02x3={000], O3x2=100
00

Let’s list some properties of the matrix product.

Theorem 14.1 (Properties of the matrix product). Let A, B and C be matrices
and let k be a scalar. Then, whenever defined, we have

1. (AB)C = A(BC) (Associativity)

2. A(B+C)=AB+ AC (Distributivity on the right)

3. (B+C)A=BA+CA (Distributivity on the left)
4.k(AB) = (kA)B = A(kB)

5. (AB)T = BT AT (NOTE the reversal of order!)

6. Al=Aand IB = B.

7. If Ais m xn, then AOpxp = Omxp and Ogxm A = 0gxn.-

Proof. (1) Write A = [a;;], B = [b;;], and C = [c;;]. Suppose A is m x n, B is
n X p and C'is of size p X q. Then the ijth entry of (AB)C is

n

p
> O airbr)ey

=1 k=1

iy

whereas the ijth entry of A(BC) is

n p
> aw(d ] bricyy)
=1

k=1

and these two sums are equal.

(2)-(4): exercise.

(5) Note first that the change of order was necessary: if A is m xn and B is n X p,
then AB is defined but A7 BT probably isn’t. Now the ijth entry of AB is the dot
product of the ith row of A with the jth column of B; so this is the jith entry of
(AB)T'. Now the jith entry of BT AT is the dot product of the jth row of B”
(which is the jth column of B) with the ith column of AT (which is the ith row of
A). Since the order of vectors in a dot product doesn’t matter, it follows that these
are equal.



14.4 Some really amazing things about matrix multiplication 149

(6)-(7) exercise. O

Example 106:
{abc} (1)(1)8 _{abc]
de f 001 de f

10{jabec| Jabe

Ol||def| |def
So the size of the identity matrix you need to play the role of 1 in a matrix product
depends on the size of A and the side you are multiplying on.

and

O
These properties let us do lots of algebraic manipulations with matrices which are
very similar to what we do with real numbers.

Problem:  Simplify the expression (A+ B)(C' + D).
Solution: ~ We have (A+ B)(C + D) = (A+ B)C+ (A+ B)D by distributivity on the right;
and then this equals AC'+ BC + AD + BD by distributivity on the left.

O
But we have to be careful!

Problem: Simplify (A+ B)(A — B).
Solution:  This becomes A? + BA— AB — B2 1t is NOT A2 — B? since it is very likely that

AB # BA.
O
Problem: Simplify AC = BC.
Solution: There’s nothing to simplify; we could write this as AC'— BC' =0 or
(A— B)C = 0, but we cannot conclude that A = B or C' = 0, since we’ve seen
already that we can get the zero matrix as the product of two nonzero matrices.
O

BEWARE: these operations let you do most simple algebraic operations, but
they DON’T let you CANCEL (multiplicatively) or DIVIDE. Look ahead to
matrix inversion in chapter 18 to solve this problem.

14.4 Some really amazing things about matrix multiplication

There are some really amazing things about matrix multiplication as well. The
following is an application of the Cayley-Hamilton Theorem, for example.
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Suppose A is a 2 x 2 matrix; such a matrix is called square and has the property
that you can define A2 = AA and A% = AAA etc. (If A is not square, A2 is not
defined.) So for example if
12
A=)

e-Bb-E

43— 120152 _ 1910
20| 124 10 4
etc. Now recall tr(A) was the trace of A, which is the sum of the diagonal entries.

So here, tr(A) = 1. Also det(A) is ad — be, which here equals —4. The
characteristic polynomial of A is

then

and

22 —tr(A)x +det(A).

If we plug in A for x (and put in an identity matrix at the end so that everything
becomes a matrix), we get

527127410700

24 20 01| |00
This always happens for 2 x 2 matrices, and there’s a generalization for all square
matrices. See definition 22.2 for the characteristic polynomial of an general square
matrix.

There is also block multiplication which can sometimes simplify your calculations
by letting you treat submatrices as numbers.

Example 107: Suppose
10000
01000
A=1(00100
00001
00000

Break this up this into “blocks” by setting

100
B=1010 C:{g(ﬂ
001

and then thinking of A as
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where the zero matrix in the (1,2) position is 3 x 2, and that in the (2,1) position is
a 2 x 3 zero.

2
Then A% = {g g] {g g] = [% 002} . In fact,

which is nice, because
Blo0 _ I?}oo — I3

since I3 is just the identity matrix; and
C*=0
B O]

so C100 = () as well. So in fact A0 = {O 0

14.5 Back to linear systems

Thinking in terms of blocks —which in the following are just columns — helps us
switch between different points of view of linear systems.
The following equations are all equivalent:

e The linear system:

r+2y+3z2=4
r—y+z=2
y—32=0

e The matrix equation Az = b where

12 3 x 4
A=|1-11|,z=|y|,b= |2
01 -3 z 0

that is,

o The vector equation
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1 2 3 4
z |l +y|-1|+2z] 1| =|2
0 1 -3 0

Furthermore, all of these can be solved by row reducing the augmented matrix

12 3 |4]
(A= {1-1 1 |2]|.
01 —3]0]

In terms of block multiplication, we can understand this by writing
A= [Cl () 63]
where ¢; is the ith column of A, and then multiplying

T
Ax = [cl co 03} y| =xer +yco + zc3
z

(where we can switch the order because x,y, z are just scalars). This is true for any
size of matrix A: if A =[eq cg -+ ¢p] then Az = 2161 + 23¢9+ - - + Zpcp, which
is indeed a linear combination of the columns of A.

FACT Az is a linear combination of the columns of A (with coefficients given by
the column vector x).
This gives us a new perspective on our criteria for solving linear systems!

FACT Az = b is consistent if and only if b is a linear combination of the columns
of A.

FACT Az = 0 has a unique solution if and only if the columns of A are linearly
independent

One proves these facts by going between the various interpretations of the matrix
product. For instance, if the system corresponding to Az = b is consistent, then this
means there is an x for which the corresponding linear combination of columns of
A yields b, which is simply saying that b is in the span of the columns of A.

Definition 14.2. Suppose A = [c1 c2...cp] is an m x n matrix with columns ¢;.
Set Col(A) = span{ci,ca,...,cyn}. This is a subspace of R™, called the column
space of A.

FACT Col(A) = R™ if and only if the columns of A span R™, if and only if
Ax = bis consistent for all b € R™, if and only if there is no zero row in the RREF
of A.
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These things all follow from the definitions, although the last part of the
equivalence is not entirely obvious, though one direction is easy.?

FACT The columns of A are linearly independent if and only if Az =0 has a
unique solution, if and only if there is a leading one in every column of an REF of
A, if and only if rank(A) equals the number of columns of A.

This again is just putting everything together.

Finally, we deduce something we proved in greater generality before:

FACT If A is an n X n matrix, then the columns of A form a basis for R™ if and
only if they are linearly independent, if and only if rank(A) = n, if and only if
Col(A) =R", if and only if the columns of A span R™ if and only if no REF of A
has a zero row.

Problems

Remarks:

1. A question with an asterisk ‘*’ (or two) indicates a bonus-level question.
2. You must justify all your responses.

2 Suppose that there are no zero rows in A, the RREF of A. Then Az = b will of course be
consistent for all b € R™. To prove the converse, we prove that if the the last row in the RREF %1
of A is zero, then there is a b € R™ with Az = b inconsistent: so suppose last row in the RREF A
of A is zero. Construct a b € R™ with a 1 in that row — so the system [1~4|l~)] is inconsistent. Now
reverse the row operations that took A to A — do them on [A]b] and you’ll obtain a system [A|b]
that is inconsistent; that is, you’ll have found a b € R™ with Az = b inconsistent.



154 14 Matrix Multiplication

Matrix Multiplication

. . 12| |ab
14.1. a) Find the matrix product [3 6} [c d} .

b)*Write the matrix product [:1)) 2] {Z} as a linear combination of the columns of

12
i
¢) Write the matrix product [1 2] [CCL Z} as a linear combination of the rows of
[a b
b-[t]

d)*Find the matrix product {Z} [c d} .

e) Find the matrix product [c d] {Z] .

f)*If A = [c1 c2 c3] is an m x 3 matrix written in block column form, and

2

x= |1/ is a column vector in R3, express Az as a linear combination of ¢1,¢o
4

and c3.

1212 —4 00
g) Show that [3 6] [1 2] = [O O]

0 ],thenA2= [00].

1
* 1 —
h)*Show that if A = {0 0 00

i) Show that if A = {8 (1)} ,and B = [(1) 8} then AB # BA.
101
- . . 011 .
)If Cis am x 4 matrix and D = 100 , express the columns of C'D in terms
000
of the columns of C.
101
011 . . .
k) If A= 100 and B is a 3 X n matrix , express the rows of AB in terms of the
000
rows of B

. 12| |abd 00
* —_—
D*Find all (a, b, c¢) so that [3 6} L a} = {0 O]'
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100 -3 2015

0130
001 0
000 1

m) Compute

14.2. Show the formula A2 —tr(A) A+ det(A)I = 0 holds for any 2 x 2 matrix A.

14.3. State whether each of the following is (always) true, or is (possibly) false. In
this question, A and B are matrices for which the indicated products exist.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

a) (A+B)?=A%2+2AB+ B2
B)*C(A+B)=CA+CB

¢) (A+B)g= A+ B

d)*AB = BA

&) (AB)C = A(BC)

£)*If A2 = 0 for a square matrix A, then A = 0.

14.4. * Suppose A is a symmetric n x n matrix, i.e., A = At. Show that if v and w
are any vectors in R™, then (Av) -w = v - (Aw) .3

Applications to Linear Systems

14.5. Write the matrix equation which is equivalent to each of the following linear
systems.

a)
r +y+ 2z2=0
—9r — 2y +52=0
-z + vy +32=0
—7r —2y+32=0
b)*
T + w =1
T +z4+ w =0
r+y+z = -3
4y — 2w =

3 Hint: Remember that if we write vectors as columns, then the dot product z - y is the same as the
matrix product x*y. Write the dot products as matrix products and expand.
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9)
— 213 + Txs =12

2x1 + 4x2 — 1023 + 624 + 1225 =28
2x1 + 4x9 — bxgy + 614 — Dy =—1

14.6. Write the matrix equation of the linear system corresponding to each of the
augmented matrices given below.

yJorfo
Hloolo

10-1]0
0120
*

%00 0 |1
000 |0
1003 3

o |0102]-5
0011]-1
0000] 0
120307

d*[00100]1
000012
100-10]10

N

“loo1 114
0000 0] 0

14.7. State whether each of the following is (always) true, or is (possibly) false.
The matrices are assumed to be square.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

a) If [A|b] is the augmented matrix of a linear system, then rank A > rank[A |b] is
possible.

b)*If [A]|b] is the augmented matrix of a linear system, then rank A < rank[A|b]
is possible.

c) If [A|b] is the augmented matrix of a linear system, and rank A = rank[A |b],
then the system is consistent.
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d)*If [A|b] is the augmented matrix of a linear system, and rank A = rank[A |b],
then the system is consistent.

e) If [A|b] is the augmented matrix of a linear system, and rank A = rank[A |b],
then the vector b is a linear combination of the columns of A.

f)*If A is an m x n matrix and Ax = 0 has a unique solution for z € R™, then the
columns of A are linearly independent.
g) If A is an m x n matrix and Az = 0 has a unique solution for x € R", then the

rows of A are linearly independent.
h)*If A is an m x n matrix and Az = 0 has infinitely many solutions for z € R",
then the columns of A are linearly dependent.

i) If A is an m x n matrix and Az = 0 has infinitely many solutions for z € R,
then the rows of A are linearly dependent.

j)*If Ais a 6 x 5 matrix and rank A = 5, then Az = 0 implies = 0 for x € R?

k) If A is a 6 x 5 matrix and rank A = 5, then Ax = b is consistent for every
be RS,

D)*If Ais a5 x 6 matrix and rank A = 5, then Ax = b is consistent for every
beRS.

m) If Ais a5 x 6 matrix and rank A = 5, then Az = 0 implies = = 0 for 2 € RS.
n)*If A is a 3 x 2 matrix and rank A = 1, then Az = 0 implies = = 0 for 2 € R2.
0) The columns of a 19 x 24 matrix are always linearly dependent.

p)*The rows of a 19 x 24 matrix are always linearly dependent.






Chapter 15
Vector spaces associated to Matrices

Last time, we established that the matrix equation Ax = b could be equally viewed
as a system of linear equations as an expression of b as a linear combination of the

columns of A. This allows us to translate and relate concrete facts about systems of
linear equations to the abstract world of vector spaces.

Here we introduce and discuss 3 very useful vector spaces associated to any matrix.

15.1 Column space, row space and nullspace

Let A be an m X n matrix.

Definition 15.1. The column space of A (also called the image of A, in which case
it is denoted im(A)) is

Col(A) = span{cy,c2, - ,¢cpn}

where {¢1,¢2,- -+, ¢, } are the columns of A, viewed as vectors in R™.

Recall that if x € R"™, then AX is a linear combination of the columns of A. So we
may write

Col(A) = {Ax | x e R"}

Since Col(A) is given as the span of some vectors in R™, it is a subspace of R™.
Although for most applications, column vectors are the key, there is no reason we
couldn’t also consider row vectors.

Definition 15.2. The row space of A is
Row(A) = span{ry,ra,---,rm}

where {ry,ra, - ,ry} are the rows of A (typically transposed to make them into
n x 1 matrices), viewed as vectors in R™.

159
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Again, Row(A) is a subspace, but this time of R"™.
Looking at matrices in a completely different way — that is, as the coefficient
matrix of a linear system — yields an equally important subspace.

Definition 15.3. The nulispace of A (also known as the kernel of A, and in that
case denoted ker(A)) is

Null(A) = {x e R" | Ax =0};

that is, the nullspace is the general solution to the homogeneous linear system
given by Ax = 0.

Lemma 15.1. Null(A) is a subspace of R™.

Proof. First note that A is the coefficient matrix of the linear system, and it has
size m X n. Thus the linear system has m equations and n variables, meaning that
the solution consists of vectors with n components. Hence Null(A) C R"™.

We now need to verify that Null(A) is a subspace of R™, and we use the subspace
test.

1. First: is 0 € Null(A)? Well, a vector x is in Null(A) if and only if Ax = 0.
Thus since A0 = 0, we deduce that 0 € Null(A).

2. Is Null(A) closed under vector addition? Well, let x and y be two elements of
Null(A). That means Ax = 0 and Ay = 0. We need to decide if their sum x+y
lies in Null(A), meaning, we need to compute A(x+y).

Now by distributivity of the matrix product, A(x+y) = Ax+ Ay, and each of
these is 0 by the above. So we deduce

Ax+y)=Ax+Ay=0+0=0,

and so Null(A) is closed under addition.

3. Is Null(A) closed under scalar multiplication? Let x € Null(A); this means
Ax = 0. Let k be any scalar. Is kx € Null(A)? That is, is it true that
A(kx) = 0? We compute, using the axioms of matrix multiplication:

A(kx) = k(Ax) =k(0) =0

so indeed, A(kx) = 0 and thus Null(A) is closed under scalar multiplication.

Since Null(A) passes the subspace test, it is a subspace (of R™). a

There is a fourth vector space we could naturally associate to A: the nullspace of
AT . But it has no name of its own; we’ll use it when we talk about orthogonal
complements of subspaces, later on.

Please note that these vector spaces are generally distinct from one another!

So we have some interesting vector spaces: our next step is to determine their
dimension. We begin with Null(A) and will return to Col(A) in a few chapters.
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15.2 Finding a basis for Null(A)

123 -3
Problem: Find a basis for Null(A4), where A= [011 —2].
101 1
Solution: Since Null(A) is the general solution to the linear system Ax = 0, our first step is
to solve that linear system. So we write down the augmented matrix and row
reduce to RREF:
123-3]0 ~ 12 3 -3|0|] 2Re+R3—R3 [101 1 |0
011-210 01 1 -=2|0 ~ 011-210

101 1 |0| —Ry+R3—R3|[0-2-2 4 |0| —2Ry+R; — Ry [000 0 |0

which is in RREF.

The general solution comes by setting the nonleading variables equal to a
parameter (x3 = r, x4 = t) and solving for the leading variables in terms of the
nonleading variables (so x1 = —x3 —x4 = —r —t and x9 = —x3+ 224 = —1r +21).
Written in vector form (since we’re interested in vectors) this is

—r—t
Null(A) = _T:Qt |rteR
t
1 1
1 2
=371 1 +t 0 |r,teR
0 1
1 -1
“1| |2
= span L1l o
0| |1

Since these vectors span Null(A), and since the set

-1 -1
-1 2
11’10
0 1
is linearly independent (just look at the two entries in these vectors — the ones
corresponding to our nonleading variables!), we deduce that this is a basis for
Null(A).
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The vectors in the spanning set that we obtain by writing down the solution from
the RREF form has a special name: they are the basic solutions. This name
certainly suggests they ought to form a basis.

Theorem 15.1 (Basic solutions form a basis for Null(A)).
The spanning set of Null(A) obtained from the RREF of [A|0] (in other words, the
set of basic solutions of Ax =0) is a basis for Null(A).

Proof. By definition, this is a spanning set, so it only remains to prove linear
independence. Let {vy,---, v} be the set of basic solutions. By construction, the
number of basic solutions &k equals the number of parameters in the general
solution, and this equals the number of non-leading variables. Now note that for
each non-leading variable x,,,, there is a unique vector v; which has a nonzero
entry in row n;. (This is by construction, since row n; corresponds in our general
solution to the equation x,,, = r;, a parameter; in particular only one parameter and
thus only one basic solution contributes to this variable.)

Suppose that v; is the basic vector corresponding to setting the parameter for x
equal to 1 and the rest equal to zero.

Consider now the dependence equation

rivi+rove+-- v =0

By what we said above, for each ¢ =1,2--- | k, the n;th row on the LHS has value
ri, which must equal the n;th element on the RHS, which is zero. So we deduce
that 1 = ro = --- = ry = 0. Thus the set of basic solutions is linearly independent,
and hence a basis. O

Corollary 15.1 (Rank-Nullity Theorem).
The dimension of the nullspace of A is equal to the number of nonleading variables
of A. That is,

dimNull(A) +rank(4) =n

where n is the number of columns of A.
Proof. The dimension of a space is the number of vectors in a basis for that space,
so dimNull(A) is equal to the number of nonleading variables of A. Recall that the

rank of A equals the number of leading variables, and n is the number of variables
in total; so the number of nonleading variables equals 1 —rank(A). O

15.3 What all this tells us about solutions to inhomogeneous
systems

Problem:

Solve Ax = b, where



15.3 What all this tells us about solutions to inhomogeneous systems 163

123 -3
A=|011-2| and b=[1034]
101 1
Solution: We row reduce the resulting augmented matrix:
123-3|10 ~ 12 3 -3]10
011-2]3 01 1 -2]|3

1011 |4|-Ri+R3—R3|0-2-2 4 |—-6

2Re+R3—R3 (101 1 |4
~ 011-2]3
—2R9+R; —R1 [000 0 |O
which is in RREF. Note that we used the SAME operations as before, when we

solved the corresponding homogeneous system!
So our general solution is

4—r—t 4 -1 -1
3—r+2t RE -1 2
, |rteR = ol T [Tt o |r,teR
t 0 0 1

The thing to notice is that the general solution to the inhomogeneous equation is
given by adding a particular solution of the inhomogeneous system to the general
solution of the homogeneous system. Geometrically, this means we take the
subspace Null(A) and translate it away from the origin to produce the solution set
to the inhomogeneous system. (And the vector by which we translate it is just a
(any) particular solution to the system.)

We can state this as a theorem.

Theorem 15.2 (Inhomogeneous systems and nullspace).
Suppose that Ax = b is a consistent linear system.

1. If X =V is a solution to the system AX = b, and X = u is any solution to the
associated homogeneous system Ax = 0, then v+ u is a solution to Ax =b.

2. If v and w are two solutions to the system AX = b, then X =V — W is a solution
to the homogeneous system Ax = 0.

These two statements together ensure that the general solution to the
inhomogeneous system is given exactly by v plus the solutions to the homogeneous
system.

Proof. (1) We have Av=band Au=0s0 A(v+u)=Av+Au=b+0=hb.
(2) We have Av=band Aw=bso A(v—w)=Av—Aw=b—-b=0
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The value of the theorem is in giving us a picture of the solution set of an
inhomogeneous system — in particular, if a homogeneous system has a unique
solution, so does any consistent inhomogeneous system with the same coefficient
matrix; and if a homogeneous system has infinitely many solutions, indexed by &
basic solutions, then any consistent inhomogeneous system with the same
coefficient matrix will also have k parameters in its solution.

But unless you happen to stumble across a particular solution (by guessing, or
advance knowledge) of your inhomogeneous system, this theorem doesn’t help you
solve the system. In particular, if b ¢ Col(A), there won’t be a solution at all, and
knowing the nullspace is of no help whatsoever.

15.4 Summary of facts relating to consistency of a linear system:

Let A be an m X n matrix.
A linear system Ax = b is consistent if and only if:

e Db is a linear combination of the columns of A, iff
e beCol(A)iff
e rank[A|b] =rank A.

Theorem 15.3. Let A be an m x n matrix and x € R™. The following statements
are equivalent for a system with matrix equation Ax = b.

1. The equation Ax = b is be consistent for all choices of b € R™
2. rank(A) = m,

3. There are no zero rows in the RREF of A,

4. Every b € R™ is a linear combination of the columns of A,
5.Col(A) =R™,

6. dim(Col(A)) =m.

Proof. There are several ways to do this. We will prove (1) = (2) = 3)= 4) =
(5) <= (6) and (5)= (1). This will achieve a proof of the equivalence of the
statements (1) — (6).

(1) = (2): Suppose Ax = b is consistent for all b € R™, but that rank A < m. So
the last row in the RREF A of A must be zero.

Choose a b € R™ with a 1 as its last entry — so the system [A[b] is inconsistent.
Now reverse the row operations that took A to A —do them on [A[b] — and we
obtain a system [A|b] that we know is inconsistent; that is, we’ve found ab € R™
with Ax = b inconsistent. This is a contradiction, so rank A = m.

(2) = (3): As A is an m X n matrix, this is obvious.

(3) = (4): If there are no zero rows in the RREF of A, Ax = b is consistent for
every b € R™, and so every b € R™ is a linear combination of the columns of A.
(4) = (5): If every b € R™ is a linear combination of the columns of A then the
columns of A span all of R, so C'ol(A) = R™ (Of course we always have
Col(A) CR™ — it’s the equality here that is interesting.)
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(5) < (6): We know that a subspace of R has dimension m iff it’s the whole

space.
(5) = (1): Since every b € R™ is in Col(A), every b € R™is a linear combination
of the columns of A, and so Ax = b is consistent for every b € R™. O

15.5 Summary of facts relating to the number of solutions of a
consistent linear system

Theorem 15.4. Let A be an m x n matrix, and b € R™. The following statements
are equivalent for a consistent system with matrix equation AX =b:

. The system Ax = b has a unique solution,

. Every variable is a leading variable,

. There is a leading 1 in every column of the RREF of A,

. The associated homogeneous sysytem AX = 0 has a unique solution,
. The columns of A are linearly independent,

. Null(A) = {0},

.dim(Null(4)) =0,

.rank(A) =n.

o N OV AW~

Proof. (1) = (2): If the solution is unique, there cannot be any parameters and so
every variable is a leading variable.

(2) = (3): Leading variables are the variables with a leading 1 in their column in
an RREF of A, so this is clear.

(3) = (4): If there’s a leading one in very column of the RREF of A, there are no
parameters in the general solution to Ax = 0, so the solution is unique.

(4) = (5): The linear system Ax = 0 is the same as the vector equation

r1€1 +2z2c2+ - +xpcy =0,

where the ¢; are the columns of A. This vector equation has a unique solution if
and only if the vectors {c1,c¢a,... ¢, } are linearly independent.

(5) = (6): Null(A) is the general solution to Ax = 0, so this consists of the unique
solution which is the trivial solution.

(6) = (7): Recall again our theorem about the dimensions of subspaces; Null(A) is
the zero subspace if and only if its dimension is zero.

(7) = (8): This is a direct consequence of the Rank-Nullity Theorem, theorem 15.1
(8) = (1): If rank A = n, then there are no parameters in the general solution to

Ax = b, so the solution is unique. a
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15.6 Application

We’ve seen subspaces of R™ defined in two kinds of ways:

1. Tt is given as the nullspace of some matrix A,i.e. W = Null(A) or
2. Itis given as the span of some vectors, i.e. W = span{vy,..., vy}

We already know how to convert a description of type (1) into type (2): simply find
a basis of Null(A). But how can we convert a description of type (2) into type (1)?
Hang on — why would we want to?

Well, suppose we’re given some vectors uy,...,u; and we’re asked “Are the
vectors uy,...,ug in W?” If we have a description of W in form (1), all we need to
do is compute Auy,..., Aug and see if we get zero in each case. That’s pretty easy.
If, on the other hand, we only know W in the second form, we’d have to solve the
k linear systems [vl Vo | uj] for 1 <j < k! That’s more effort — especially if
m>1.

Let’s look at a couple of examples first.

Example 108: Let W = span{(1,1,2)}. Let’s find a matrix A such that W = Null A.
Well, (x,y,z) € W iff the system with augmented matrix

is consistent. But we know this system is equivalent (after row reduction) to the
system whose augmented matrix is

1] =z
0| y—=
0] z—2x

Now we know that this system is consistent iff z —y = 0 and 2x — 2 = 0. So

W ={(z,y,2) €ER3 | —y =0and 2z — z = 0}

1-10

Thus if A = {2 0 —

1] ,then NullA =W.
O

That was a pretty simple example, and it wouldn’t have been difficult to decide if a
vector is a multiple of (1,1,2). Nevertheless, we did end up expressing the line W
as the intersection of two planes!

Let’s try an example that’s a bit more interesting.

Example 109: Define a subspace W of R* by

W =span{(1,0,0,1),(1,1,1,0),(2,1,-1,1)}
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We’ll proceed as before: make W the column space of a matrix, i.e.

11 2
011
01-1
101

W = Col

So (z,y,z,w) € W iff the system with augmented matrix

is consistent. So we row reduce (and we don’t need to go all the way) and find that
this system is equivalent to

112 =
01 1 | Yy
00-2| =z—y
000 | —z+ytw

Now we can see that this is consistent iff z —y —w =0, i.e.
W ={(z,y,2z,w) | xt—y—w=0}.

So W = Null [1 —-10 —1] . Figuring out if a vector is in W is now a piece of cake
— just one equation to check!

Problems

15.1. Find a basis for the kernel (or ‘nullspace’) of the following matrices:
01
dit
b)* [1 2 -1 3]
0 1003
0102
100-10
010 11

001 11
00000

d)*
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~12 2
e |2 -1 2
2 2 -1

-4 2 2
H*| 2 —4 2
2 2 -4

111
g |111
111

15.2. For each of the following subspaces W, find a matrix A such that
W = Null A.

1. W =span{(1,2,3),(1,0,1)}

2. W =span{(1,0,1,0),(1,1,1,0)}

3. W =span{(1,0,1,0),(1,1,1,0),(1,1,1,1)}



Chapter 16

Finding bases for subspaces of R": the row and
column space algorithms

Here we aim to solve the following 3 problems about finding bases for subspaces
of R™. The solutions to each will involve the Gaussian algorithm at some stage.

1. Given a spanning set {w1,...,W,, } for a subspace W, find any basis for W.

2. Given a spanning set {w1,..., Wy, } for a subspace W, find a basis for W
which is a subset of {w1,...,Wy, }, i.., the basis should only contain vectors
from {w1,..., W, }.

3. Given a linearly independent set {uy,...,u;} in R™, extend it to a basis of R™,
i.e., find vectors ug1,...,u, such that {uy,...,ug, ugyq,...,u,} is a basis of
R™.

The key ideas in the solutions to these problems will be to find bases for the row
and column space of a matrix. Let’s start with the row space, as it’s pretty
straightforward.

16.1 Finding a basis for the row space: the row space algorithm

When we row reduce a matrix, you may have noticed that the new rows are linear
combinations of the old ones. In section ?? we mentioned that each elementary row
operation can be reversed, and indeed by an elementary row operation of the same
kind. So this means that the old rows are linear combinations of the new rows as
well. This has a very beautiful and useful consequence:

Proposition 16.1 (The row space is invariant under row equivalence). If A is
row equivalent to B then Row(A) = Row(B). That is, the spans of their rows are
exactly the same subspace of R™.

Proof. Remember that “row equivalent” means that you can get from A to B by a
sequence of elementary row operations. The 3 elementary row operations are:

169
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1. Add a multiple of one row to another.
2. Multiply a row by a nonzero scalar.
3. Interchange two rows.

Replace the word “row” with “row vector”; it is clear that (2) and (3) do not change
the span of the row vectors involved. To see that (1) doesn’t change the span
amounts to showing that

span{u,v} = span{u,cu+v}

for any two vectors u and v. (Compare this with problem 6.4). Since none of the
individual operations change the span of the row vectors, the row spaces of A and
B are the same. O

What’s so great about this? Well, for one thing a matrix in RREF has lots of zeros
about, so it might be easier to spot a basis. Let A be any matrix and A its RREF.

Given that Row(A) = Row(A), a basis for Row(A) will also be a basis for
Row(A)!

Problem:

Solution:

Find a basis for Row(A), where A is the matrix

O~ N~
—_ |
[N} NJl\D

| 1w
»Jkooo
— = s W

By definition,
Row(A) =span{(1,2,2,3),(2,-2,-8,4),(1,1,0,1),(0,2,4,1)}

But again, we don’t know if this spanning set is linearly independent or not.
Let’s apply proposition 16.1.
We row reduce A to RREF and get:

10-20

01 20

00 01

0000

The proposition says that Row(A) = Row(A). Well, Row(A) is spanned by the
rows of A — but it’s perfectly obvious we can ignore the zero row, so we have

Row(A) = span{(1,0,-2,0),(0,1,2,0),(0,0,0,1)}

Even better: just like the basic solutions to Null(A), these vectors are obviously
linearly independent because of the positions of the leading ones.
Conclusion : The nonzero rows of A form a basis for Row(A).
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And what a fantastic basis! Lots of zeros! It’s easy to see that, for example,
(3,2,—2,5) is in the Row(A) and that (1,1,1,1) is not, because of the nice ones
and zeros. (Try it!)

Remark 16.1. Having found a basis for the row space here, let’s take a look:
did this help with finding a basis for the column space? Unfortunately, not:
look at the column spaces of A and A. They are not the same at all: for

2
_12 (the second column of A) is certainly in

2

Col(A),but it isn’t in C’Nol(fl), since —take a look— the fourth component
of every vector in Col(A) will have to be 0. And that’s simply not the case
for cs.

example, the vector cg =

However, let’s record our result for the row space:

Theorem 16.1 (Basis for Row(A): The row space algorithm). The nonzero rows
in any REF of A form a basis for Row(A), and so dim Row(A) = rank A.

If you take the RREF, you get a “standard basis” for your subspace Row(A).

N.B. You have to take the rows of an REF of A, not the rows of A.

11 10
Example 110: Let A= |2 2|, its RREF is A= 10 1/|.The first two rows of A give a basis for
01 00

Row(A) = Row(A). But the first two rows of A do not. And the nonzero rows of
A also do not. (check). The problem with going back to A is that you would need
to keep track of row interchanges.

O

This solves our first problem on P. 169! Given a spanning set for a subspace W,
assemble a matrix A with the vectors as the rows of A, so that W = Row(A). Now
apply the row space algorithm to obtain a basis for Row(A) = W.

Example 111: Find any basis for

W = Span{(172a2a3)’ (2a_27 _874)7(171705 1)5 (072547 1)}
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Well, let’s just assemble a matrix A for which W = Row(A), apply the row space
algorithm and get a basis for Row(A), which will of course be a basis for W. This
was done in the first problem on P.170.
So

{(1,0,-2,0),(0,1,2,0),(0,0,0,1)}

is a basis for W.

N.B. Note that none of these vectors is in our original spanning set, so this doesn’t
help with problem (2) on P. 169. We’ll need another tool for that.

O

The row space algorithm also helps solve problem (3) on P. 169: Given a linearly
independent set {uy,...,u;} in R™, to extend it to a basis of R”, i.e., find vectors
Ugi1,..., Uy, such that {uy,...,ug, up41,...,u,} is a basis of R™, we proceed as
follows: Assemble an n X n matrix A whose first k& rows are u,...,u;, and leave
ug

Uy
Ugp41

the n — k unknown vectors as symbols i.e. A = . We know that the rows of

U,
A will be a basis of R” iff rank A = n. So we row reduce just the part of A we
know: rows 1 to k, and see which columns the leading ones are in. We then choose
vectors Uy 1,. .., U, from the standard basis of R™ to make sure there’s a leading
one in every column. Let’s see this in two examples:

Example 112: Extend the linearly independent set {(0,1,1)} to a basis of R3. Since

dim R? = 3, we’ll need two more vectors.
011 01

Set A= uo = uy |.Since we have 1 leading one visible, if we set
us us
uy = (1,0,0) and uz = (0,0,1), then
011 oo
A=[100|~ |0 D1
001 00Q@

The it is clear that with these choices, rank A = 3, so dim Row(A) = 3, and a basis
for Row(A) = R3 will be {(0,1,1),(1,0,0),(0,0,1)}.

Let’s try an example in R%.

Example 113:
Extend {(1,2,3,4),(2,4,7,8)} to a basis of R,
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12 3 4
24 7 8
So we set A = u . Now row reduce as much as we can:
3
uy
12 34 D234
A 24 78| -2R1+Rys— R |0 0O
o us ~ us
L1V} L1V}

So we can see two leading ones — in columns 1 and 3, so if we set ug = (0,1,0,0)
and ugy = (0,0,0,1), then

1234 D234 D2 34
A_|2478] _[00@O|R2>R5|0 DO 0
~ 10100 0100 ~ 00@®O0

0001 0001 000Q®

It is now clear that rank A = 4, so the desired extension is

{(1727374)7 (2747 778)7 (07170?0)7(070?07]‘)}
O

Let’s tackle problem (2). For this we’ll need a new tool — which we can fashion out
of things we already know.

16.2 Finding a basis for the column space: the column space
algorithm

We noted before that row reduction really messes up the column space of a matrix:
if A row reduces to A, then it’s generally' the case that Col(A) # Col(A).2

We could always find a basis for Col(A) by finding a basis for Row(A?), but
here’s another way that obtains a very special kind of basis: one that is a subset of
the columns!

Here’s the idea: given a matrix A = [¢1 -++ ¢, in block column form, we’ll try to
collect, from left to right, the greatest number of those columns that are linearly
independent, discarding any that are not. As you will see, we will be able to decide
which columns to keep and which to discard simply by looking at the RREF of A!
Let’s start with an example. Before we do, we recall two important facts that will
turn out to be extremely useful:

' We’ll see later that they are the same for invertible square matrices. See chapter 18.
2 Although it will turn out that they will have the same dimension for all matrices.
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1. Section 8.3, P.89: If {vy,... vy} is linearly in dependent, then
Vi+1 € span{vy,...vg },iff {v1,... v, Vi1 } is still linearly independent, and

2. Section 15.4,P. 164: If [v1 ... vj, | v] is the augmented matrix of a linear
system (in block column form), then v € span{vy,... vy} iff

rank [vi ... Vi, | V] =rank [vi ... vg].

Problem:

Find a basis for Col(A), where

12 23
2-2-84
A_1101
02 41

We’ll try to collect, from left to right, the greatest number of those columns that are
linearly independent, discarding any that are not.

Write A = [cl co C3 04] in block column form. Now it’s clear that as ¢ # 0, the
set {c1} is linearly independent. But will it span C'ol(A)? Well, let’s see if

c2 € span{cy }. It’s obvious that it isn’t, but let’s look at this in another way that
will turn out to be helpful: We know that ¢y € span{c; } iff the linear system with
augmented matrix

1] 2
2| -2
el =[]
0| 2

is consistent, iff rank [cl | 02] =rank [cl] . When we row reduce this, it reduces to
the first two columns of A, of course:

1] 2 1] 0
2| -2 0] D
11| 7 (o]o
0] 2 0] 0

The presence of the second leading one in column 2 of A prevents this system
from being consistent. That is, rank [01 | Cg} > rank [cl] . So,

co ¢ span{c; },

and hence {c1,ca} is linearly independent: span{cy,ca} is genuinely larger than
span{cy }. So we keep ¢; and cs.

Ok, so let’s see if {c1,ca} spans Col(A). Well if it does, then c3 € span{cy,ca}.
We know that this is true iff [c1 ¢2 | ¢3] is the augmented matrix of a consistent
system iff rank [cl co | 03] =rank [cl 62] . Now
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122 10| -2
2-2]-8 01] 2
[6182|C3]:11|0 ~loo]| o0
024 00] 0

This is the augmented matrix of a consistent system:
rank [c1 ¢z | c3] =rank [c1 c2] this time —no new leading one in column three
of A — so it is true that

¢ € span{cy,cat.

Hence span{c;,c2} = span{cy,c2,c3}, so we won’t keep cs, as {c1,c2,c3} has
the same span as {c1,ca} but {c1,c2,c3} is not independent.

So now we ask: is ¢4 € span{cy,ce}? Since span{cy,ca} = span{cy,ca,c3}, this
is the same question as: “is ¢4 € span{cy,ca,c3}?”3 It will be iff the linear system
corresponding to [c1 ¢z ¢3 | c4] is consistent iff

rank [cl co 3 | 04] =rank [017C2,03:|.We]1,

12 23] [to-2]0
2-2-8[4] 0120
erezesfea] = |7 11| T oo 0 |®
02 41| |o00 |0

This is the augmented matrix of an inconsistent system:
rank [cl c2 c3 | 04] > rank [01,02,03] because of the
third leading one in column 4 of A. So indeed,

c4 ¢ span{cy,ca}

So we know that {c1,c2,c4} is independent, and that
span{cy,ca,ca} = span{ci,ca,c3,c4} = Col(A). So were’ done! {c1,c2,cq4} is a
basis for C'ol(A).

O

Look carefully at this example: we kept only those columns of A where there
were leading ones in A.

This always works. Keeping in mind that the columns where the leading ones sit
don’t change when we go from REF to RREF, we can state the theorem as:

Theorem 16.2 (Basis for Col(A): the column space algorithm). Let A be an
m x n matrix. Then a basis for Col(A) consists of those columns of A which give
rise to leading ones in an REF of A. Hence dim C'ol(A) =rank A.

3 You ‘may ask: “Why do this?” — “why put c3 back in?” Because we can read the answer directly
from A. Read on.
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Proof. Suppose A = [uj ug---uy,] is written in block column form. To choose a
subset of the columns of A which are a basis for A, we proceed as follows.

e Start with {u; }. If it’s zero, then throw it away; it can’t be part of a basis.
Otherwise, keep it.

e Next consider {u;,uz}. If uy € span{u; }, then the set {u;,uz} is LD and
span{uy,us} is just span{u; } — so discard ug. Otherwise, keep it.

e Next consider {uy,uz,us}. If us € span{uy,us}, then as above it is redundant
and we throw it away; otherwise keep it.

e Continue in this way, deciding at each step whether to keep the vector or throw
it out, until you’ve covered all the vectors.

Now: what we’re left with will be linearly independent and will span the column
space. Why? We checked linear independence at each step; and we only removed
vectors which were linear combinations of ones we kept, so the span didn’t change.
Finally: how do you decide which to keep and which to discard? Say we want to
decide if ug is in span{u; }. We do this by row reducing the augmented matrix

[u; |uz]. But these are just the first two columns of A; so we don’t actually have to
row reduce again — just look at the first two columns of the RREF of A. If the
second column has a leading 1, then the system is inconsistent, and so we deduce
NO, uy ¢ span{u; }. Otherwise, there is no leading 1, so the system is consistent,
which means YES ug € span{u; } and should be thrown out.

This works at every step: we want to decide if uy € span{uy,---,u;_1},so
consider the RREF of the matrix

[upug -+ up_q |uyg

But since this is just the first & columns of A, we already know its RREF (the first
k columns of the RREF of A). The system is consistent (meaning: we should throw
out uy) exactly when the rank of the coefficient matrix equals the rank of the
augmented matrix; in other words, exactly when there is NO leading 1 in the kth
column. The system is inconsistent (meaning: we should keep uy) exactly when
the rank of the coefficient matrix is smaller than the rank of the augmented matrix,
which happens exactly when there IS a leading 1 in the kth column.

We conclude: we will throw out (eliminate, discard) u; exactly if there is NO
LEADING 1 in column ¢ of the RREF of A. In other words: the vectors we keep
are the ones which give rise to leading ones. a

Corollary 16.1. For any matrix A:
dim Row(A) = dim Col(A) = dim Col(AT) = rank(AT) = dim Row(AT),
and all are equal to rank(A).

Proof. Remember: the rank is the number of leading ones in the RREF of A, and
Row(A) = Col(AT). Now use theorems 16.1 and 16.2 and you have it! O
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This is amazing fact number one for first year linear algebra: just think about it. No
matter matter what size the matrix, the maximum number of independent rows —
dim Row(A) — is exactly the same as the maximum number of independent
columns — dim Col(A)! This is not obvious at all..., but it is true.

Example 114: Given that the matrix

21 937
A=(3-11112
11 514
has RREF
3 0401
A=0 D10 2
0001
we deduce that a basis for Col(A)* is
2 1 3
3, -1], 1
-1 1 1
O
WARNING: The leading columns of the RREF of A usually do NOT form a
basis for C'ol(A) — you have to go back to the original matrix A.
111 (@11
Example 115: If A = |22 2| then the RREFof Ais A= | 0 00].Clearly {(1,2,1)} isa
111 000
basis for C'ol(A), whereas the first column of A, (1,0,0), s not even in Col(A).
(But {(1,0,0)} is a basis for Col(A).)
O

We can now solve problem (2) on P. 169. Given a spanning set for a subspace U
from which we wish to extract a basis, assemble a matrix A with the given vectors
as columns, so U = Col A, and then use the column space algorithm to find a basis
of C'olA = U it will consist of some of the columns of A, and so it will indeed
consist of some of the given spanning vectors.

Example 116: Let U = span{(1,2,1,0),(2,—2,1,2),(2,—8,0,4),(3,4,1,1) }. Find a basis for
U which is a subset of the given spanning set.
Solution: Let’s assemble a matrix A whose columns are the given vectors. So

4 This means that Col(A) = R3!
5 If you prefer to write this vector as a column vector, feel free to do so.
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12 23
2-2-84
A_ll()l
02 41

We know (see the examples on P. 170 and P. 174) that
—2

@
|0
A=19
0

co@®P o

0
0
@
0

O O N

The leading ones occur in columns 1, 2 and 4, so a basis for Col(A) =U is

{(1727170)7 (27727172)7 (3747171)}

16.3 Summary: two methods to obtain a basis

So we have two distinct ways to get a basis from a spanning set. Say
W = span{vy,va,---, Vi }. Then either:

Vi
1. Write the vectors as the rows of a matrix B= | "2 |.So W = Row(B).Row

Vi
reduce, and take the nonzero rows of the RREF for your basis.
2. Write the vectors as the columns of a matrix A = [vy va --- Vg]. So
W = Col(A).Row reduce, and take the column vectors in A which give rise
to leading ones in the RREF.

Use the first if you want a nice basis for IV that’s easy to work with. Use the
second if the vectors you have in hand are special to you and you just want to
throw out the redundant ones.

The point: this works even if the subspace of which you’re trying to get a basis
didn’t start off its life as the column space or row space of a matrix. Anytime you
have a spanning set, you can apply this method. (And if your vectors are things like
polynomials or matrices or functions: write them in coordinates relative to a
‘standard’ basis, then apply these methods.)

Remark 16.2. Before we leave this for now, let’s make a final observation regarding
the nullspace of a matrix A and its rowspace. It’s a kind of ‘geometric
interpretation’ of the rank-nullity theorem, corollary15.1:
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dimNull(A) +rank(4) =n
We can now write this as
dimNull(A) +dim Row(A) =n

1
Write A = in block row form. Then
I'm

veENullA < Av=0

T1
<~ | - |v=0
_rm
_’1“1-V 0
= Dl =
[T *V 0

That is, v € Null A iff v is orthogonal to each and every row of A. So v will be
orthogonal to any and all linear combinations of rows of A, and so indeed

v € Null A iff v is orthogonal to each and every element of Row(A)! We’ll come
back to this idea in chapter 20.

To end the chapter, we now present another way to see that the column space
algorithm works.

Problem:

Solution:

Find a basis for Col(A), where

12 23

2-2-84

A= 11 01

02 41

By definition,

1 2 2 3
2 —2 -8 4
Col(A) = span Ll ol lh
0 2 4 1

The point of this problem is: we don’t know if this spanning set is linearly
independent or not.

But we just saw that to check for linear independence, we need to row reduce A.
So let’s do that; we get that the RREF of A is
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10-20
01 20
0001
0000

(check!).

By theorem 15.5, P. 165, the fact that Ax = 0 does not have a unique solution
implies that columns are not linearly independent, and do not form a basis for
C'ol(A).But we have even more information than that: we know all the possible
dependence relations on the set of columns!

Let’s reason this out. First:

Null(4) = {x = (a1,a2,a3,a4) | Ax =0}
= {(a1,a2,a3,a4) | a1c1 +azez +azez +ascq = 0}

Now given the above RREF, we know that
Null(4) = {(2r,—2r,7,0) | r € R}

In other words, ALL solutions to the dependence equation on the columns of
A = [e; ¢2 ¢3 ¢4] have the form

(2r)e1 + (—2r)eg +re3 +0cy = 0.
In particular, set = 1 and solve for ¢3 to get

c3 = —2¢1 +2¢o

1 2 2

o P ) -8
which implies that ¢3 € span{cy,c2}. (Check! —2 1 +2 =10l yes!)

0 2 4

By what we talked about earlier in the course, this means:
Col(A) = span{cy,c2,¢c4}

Are these linearly independent? Yes! Two ways to see this:

1. We know ALL dependence relations on these 4 vectors. If these 3 remaining
vectors were linearly dependent, we could find a nontrivial equation like

bie1 +baca +bses =0

but then (b1,b2,0,b4) would lie in Null(A), and the only vector in Null(A)
with third component O is the zero vector. Hence no nontrivial relation exists.
2. Alternately: imagine checking that these are linearly independent. You put
them as the columns of a matrix and row reduce. But all we’re doing is
covering up column 3 of the matrix A as we row reduce, and all the steps
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would be the same — because the elements in a non-leading column are never
involved in steps that change the matrix during row reduction. That means row
reducing the matrix with just these 3 columns gives exactly the same answer as
row reducing A and just crossing out or ignoring column 3 at every step. The
result: each of these 3 columns gave a leading 1, and thus they are linearly
independent.

So we have found a basis for Col(A):

O = DN =
—

O

Theorem 16.3 (Basis for C'ol(A)- a reprise). Let A be an m X n matrix. Then a
basis for Col(A) consists of those columns of A which give rise to leading ones in
an REF of A.

Proof (Idea of proof). One has to see that the example generalizes to any number
of non-leading variables.
Let the columns of A be v1,va,---,Vv,. Any nontrivial solution to

a1vi+---+apvy, =0

is given by a vector (a1,---,a,) € Null(A). In particular, each basic solution gives
one dependence relation on these vectors. Now recall that in each basic solution,
all but the last nonzero entry comes from the equation for a leading variable, and
the last nonzero entry is a 1 and corresponds to a non-leading variable.

That means: the nontrivial dependence relation has a column vector corresponding
to a non-leading variable with coefficient 1, so we can solve for it in terms of the
other column vectors occuring in this basic solution.

In other words: each basic solution lets us solve for one vector (corresponding to a
non-leading variable) in terms of vectors which correspond to leading variables.
Hence every vector which corresponds to a non-leading variable is in the span of
those corresponding to leading variables, which means the vectors corresponding
to non-leading variables can be discarded.

Finally, we note that the remaining vectors cannot have any nontrivial dependence
relation on them, since every nontrivial dependence relation involves one of the
non-leading variables. So they are linearly independent and span C'ol(A), so form
a basis. ad
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Problems

Remarks:

1. A question with an asterisk ‘*’ (or two) indicates a bonus-level question.
2. You must justify all your responses.

16.1. Find a basis for the row space and column space for each of the matrices
below, and check that dimrow A = dimcol A in each case.

1107
a) |[0015
0119

L1012
®) k112

123
o 101
033
1 2 —-1-1
d |2 4 -1 3
-3-61 -7
1111
o 0120
1120
1102

1-110
0111
*

D11 9 43
1021
101 3

o [12-1-1
01-25

16.2. Find a basis of the desired type for the given subspace in each case. (Use
your work from the previous question where useful.)

a) U =span{(1,1,0),(2,0,3),(3,1,3)}: the basis must be a subset of
{(17170)7(27073)’(37173)}'

b)*W =span{(1,2,-1,-1),(2,4,-1,3),(—3,—6,1,—7)}: any basis suffices.
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¢) X =span{(1,0,1,1),(1,1,1,1),(1,2,2,0),(1,0,0,2) }: the basis must be a
subset of the given spanning set.

d)*Y =span{(1,0,1,1),(-1,1,2,0),(1,1,4,2),(0,1,3,1)}: the basis must be a
subset of the given spanning set.

e) V =span{(1,0,1,3),(1,2,—-1,-1),(0,1,—2,5)}: any basis suffices.

16.3. Extend each of the bases you obtained in problem16.2 to a basis of R",
where the vectors are from n = 3 for part (a) and n = 4 for each of the other parts.
( Solutions are given for parts (b)*and (d)*.)

16.4. State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

a) For all matrices A, dimrow A + dimker A = dimcol A
b)*For some matrices A, dimrow A + dimker A = dimcol A

¢) For all matrices A, dimrow A + dimker A = m, where m is the number of rows
of A.

d)*For all matrices A, dimrow A+ dimker A = n, where n is the number of
columns of A.

e) For all m x n matrices A,
dim{Az | x € R"} +dim{z € R™ | Az =0} =rank A.

f)*For all m x n matrices A, dim{Az | z € R"} +dim{z € R" | Az =0} =m.
) For all m x n matrices A, dim{Az | z € R"} +dim{z € R"” | Az =0} =n.

h)*For all m x n matrices A, the dot product of every vector in ker A with any of
the rows of A is zero.

i) * If A and B are two matrices such that AB is defined, then
dimrow (AB) < dimrow (B).

j) * If A and B are two matrices such that AB is defined, then
dimcol (AB) < dimcol (A).

k) * If A and B are two matrices such that AB is defined, then rank AB < rank A,
and rank AB < rank B






Chapter 17
Bases and invertible matrices

Let A be an m X n matrix. We have now established techniques for finding bases of

e Null(A), the nullspace of A, which is a subspace of R™;
e (Col(A), the column space of A, which is a subspace of R™;
e Row(A), the row space of A, which is a subspace of R".

Along the way, we determined that
dim(Null(A)) + rank(A) = n;
this is called the rank-nullity theorem. But since
rank(A) = dim(Col(A)) = dim(Row(A)),

we could equally rephrase this as

dim(Null(A)) +dim(Col(A)) = n,
which expresses a “conservation of dimension” of matrix multiplication, since
Null(A) = {x| Ax =0} and Col(A) = im(A) = {Ax | x € R"}; We can therefor
write this equation as

dim(Null(A)) 4+ dim(Row(A)) = n.

which is particularly interesting in light of the fact (check!) that every vector in the
rowspace of A is orthogonal to every vector in the nullspace of A — so these
spaces are orthogonal complements, coming up soon in chapter 20.

185
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17.1 Finding bases for general vector spaces

We mentioned last time that the algorithms for finding bases for C'ol(A) and
Row(A) can be used to find a basis for any subspace W of R", if we start with a
spanning set of WW. But in fact it works for any subspace of any vector space.

Problem:

Solution:

Find a basis for the subspace W of P3 spanned by
{34z +42% + 223 2+ 40 + 622 + 823, 1+ 3z + 422 + 623, —1 + 22 + 2 + 423}

Begin by writing down these vectors in coordinates relative to the standard basis
{1,222, 23}:

u; =

By our previous discussion about coordinates, we see that if we are able to find a
basis for
U = span{uj,uz,us,uy}

(which is a subspace of R*), then this basis will be the set of coordinate vectors of
a basis for W.
Let’s use the rowspace algorithm, so that our result is a nice basis.

3142 1010
2 468 0112
A=17 346| 7~ E= 0000
~1214 0000

By our algorithm last time, we conclude that {(1,0,1,0),(0,1,1,2)} is a basis for
U.

So, going back to the polynomial expressions, we deduce that

{1+ 22,2+ 224223} is a basis for W.

Check! These polynomials are certainly linearly independent; we next need to
check that each of the 4 polynomials above is a linear combination of these two.
But this isn’t hard: look at the coefficients of 1 and x:

a(142?) +b(x+ 2% +223) = a+bx+ (a+b)x? + 2ba>.

So it’s easy to see when something is (or isn’t) a linear combination of these; we
don’t need to do any work to find a and b. (Now do the check.)
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17.2 Enlarging linearly independent sets to bases

Another problem that we have considered before: what if you have a linearly
independent set, and you want to extend it to a basis for your space? Where this
arises most often is the following type of example, so we give a solution in that
case.

Problem:

Solution:

The set {(1,2,3,1),(1,2,3,2)} is a basis for a subspace of R*. Extend this to a
basis for R%.

We need to find vectors that are not linear combinations of these. There are lots of
techniques we could try (recall that even random guessing works well!) but here’s a
nice useful one.

Put the vectors in the rows of matrix.

1231
A= {1232}
and reduce to REF:
n— 1231
0001

We see that we are missing pivots (leading ones) in the second and third columns.
So the two vectors we will add to our set are

(0,1,0,0) and (0,0,1,0).

Let’s see if {(1,2,3,1),(1,2,3,2),(0,1,0,0),(0,0,1,0)} spans R* (and thus a
basis for R* since these are 4 vectors and dim(R*) = 4):

1231 1231 1231
1232 0001 0100
0100~ |o100| T o010
0010 0010 0001

So there’s a leading 1 in every row, meaning dim(Row(B)) = 4. Hence the rows
of B are a basis for R%.

The point: we are just exactly adding the missing leading 1s!

O

So: row reduction (surprisingly!) gave us some easy techniques for getting bases of
subspaces — better techniques than what we’d decided on theoretically a few
weeks ago! Moreover, by working in coordinates relative to a standard basis, all
these techniques apply to any subspace of any vector space (by turning all vectors
into elements of R"™ for some n).
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17.3 More about bases

We’ve spent a lot of time talking about the rowspace and columnspace of a matrix,
and have characterizations of those matrices that are great in the sense that every
consistent system has a unique solution (equivalently, its columns are linearly
independent); and characterizations of matrices that are great in the sense that
every system is consistent (equivalently, that its columns span R""). What can we
say about a matrix which has BOTH of these great properties?

Well, right off the bat: it has to be square. (Look back at the characterizations to
convince yourself of this — compare the ranks.) So the following theorem is about
square matrices.

Theorem 17.1. Let A be an n x n matrix. Then the following are all equivalent:

.rank(A) =n.

. rank(AT) =n.

. Every linear system AXx =b has a unique solution.
.The RREF of Ais I.

. Null(A) = {0}.

.Col(A) =R".

. Row(A) =R".

. The columns of A are linearly independent.
. The rows of A are linearly independent.
10. The columns of A form a basis for R™.

11. The rows of A form a basis for R™.

Proof. We just have to put our two theorems from before together. The nice
statement (3) about getting consistency and uniquness together. Statement (4) is
just pointing out that the RREF of a square matrix with a leading one in every row
and column is just exactly the identity matrix. The last two are just using the
definition of a basis. ad

O Co N OV AW~

So matrices which satisfy the conditions of this theorem are quite special: our next
goal is to show that they are beyond special, they are fantastic: they are invertible.

Problems

17.1. Extend the given linearly independent set of R™ to a basis of R™. (Use your
work from question 17.1 where useful.)

a) {(1,1,0,7),(0,0,1,5),(0,1,1,9)} (R

b)*{(1,0,1),(0,1,1)} (R?)

0 {(1,0,1,3),(1,2,—1,-1),(0,1,-2,5)} (R

d)*{(1,0,1,3)} (RY)



Chapter 18
Matrix Inverses

Throughout this chapter, A is assumed to be a square 7 X n matrix.

18.1 Matrix multiplication: definition of an inverse

We’ve seen previously that there is profit in looking at an equation like Ax =b in
several different ways. By looking at the entries, it becomes a linear system; by
looking at the column vectors, it becomes a vector equation. But what about
looking at it just as an algebraic expression, that is, comparing

Ax=b with az =057

The nice thing about a scalar equation like az = b (a,x,b € R) is that if a # 0, then
x = b/a. Can we “divide” by a matrix A to get the same kind of thing?

Hmmm: a major obstacle here: it is hard enough to multiply by matrices; how can
you “undo” that operation?

Well, let’s rephrase things a bit: we can think of z = b/a as x = a~1b; that is,
multiply by the inverse, instead of divide. So now our goal is just to find out what
“A~1”is. That is, we are looking for a matrix A~ 50 that whenever we have

Ax=Db

we can deduce
x=A"'b.

For real numbers, the property of the inverse is that a~'a = 1; so that’s what we’re
looking for here. So our first definition is just going to say what we’re looking for
in an inverse — but it won’t tell us how to find it! We still have to work that part
out.

189
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Recall that I, is the n X n identity matrix; the square matrix with 1s down the
diagonal and Os everywhere else. The key property of the identity matrix is that it
acts just like the number 1 in terms of matrix multiplication: BI = B and IB = B.

Definition 18.1. If A is an n x n matrix and B is an n X n matrix such that
AB=BA=1

then B is called an inverse of A and we write B = A~1. In this case, A is called
invertible.

Example 117: Consider I,,. Then I = I,, since I,,I,, = I,,. (Good: 1! = 1in R.)

11
23

3 —1
-2 1

-4 -

-]y

Example 118: Let A = [ } and B = [ ] . Then

and

so this proves that B = A~! — and that A= B~!. (Good: if b= 1/a then a = 1/b
inR.)
O

18.2 Finding the inverse of a 2 x 2 matrix

Lemma 18.1 (Inverse of a 2 x 2 matrix). Suppose A = [i Z} . Then if

ad—bc#0,
1 d —b
A T ad—be |—c a |’

If ad—bc = 0, then A is not invertible.

Proof (Idea of proof). Write B for this alleged inverse of A. By multiplying out,
you can see that AB = BA = I,s0 in fact yes, B = AL

Showing that if ad — bc = 0 then A is not invertible is more work (exercise); you
can generalize the following example to get the proof.

(You could have found this formula from that surprise equation we had a while
back (Cayley-Hamilton theorem): A% —tr(A)A+det(A)I =0.) O
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11
[1 1
ways. (Certainly ad —bc =1 —1 =0, so the lemma says that A should not be
invertible.)

Example 119: The matrix A = is NOT INVERTIBLE. We can show this in a couple of

1. First way: directly. Suppose B = [Ccl Z} were an inverse of A. Then

11| |ab| _|a+cb+d " 10
11| |ed| |a+cb+d 01
for any choice of a, b, c,d € R. So no inverse exists.
2. Second way: let x = (1,—1). Then

- B[]

Now, suppose to the contrary that A~! were to exist. Then we could multiply
the equation Ax = 0 on the left by A~! to get

A Ax = A7 10.

The left side simplifies to Iox, which in turn simplifies to x; whereas the right
side simplifies to 0. But then that says x = 0, which is FALSE. So our
assumption (that A~! existed) must have been wrong; we deduce that A is not
invertible.

a

This example gives us our first glimpse of the connection with those
extra-wonderful matrices from before: If A is invertible, then Ax = 0 has a unique
solution.

We have deduced:

Lemma 18.2 (Inverses and solutions of linear systems). Suppose A is an
invertible n X n matrix. Then any linear system Ax =b

1. is consistent, and
2. has a unique solution.

Proof. Note that A(A~'b) = (AA~1)b=I,b=b,s0x= A~ 'bis a solution to
the system; thus the system is consistent.
If y is some other solution, meaning Ay = b. Multiply on the left by A~1; this
gives

A Ay=A""1p

and again we deduce (from A~ A = I,, this time) that y = A~ 'b. So the solution
is unique. o
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In particular, this means A satisfies all the criteria of the theorem of last time,
because this shows that every linear system with coefficient matrix A has a unique
solution.

However, do remember that all this is contingent on A being invertible; and
certainly not all square matrices are invertible.

18.3 Algebraic properties of inverses

Proposition 18.1 (Properties of the inverse).
If k # 0 is a scalar, p is an integer and A and C are invertible n x n matrices, then
so are

1. A7  (and (A=1)~1 = A)

2. AP (and (AP)~1 = (A~1)P)

3. AT (and (AT)~1 = (A~ 1H)T)

4. kA (and (kA)~'=$A™1)

5. AC (and (AC)~' =C~1A~! — NOTE ORDER)

Furthermore, if AC'is invertible, then so are A and C.

Proof (Partial proof). Remember that to show a matrix is invertible, you need to
find its inverse. Here, we’ve already given you the inverse, so all that you have to
do is show that the matrix times the alleged inverse equals the identity.

So for example, (AT)(A~HT = (A=1A)T (by properties of products and
transposes) and this is 1 T (since A is invertible) which is I. Same argument for
(A=HT(AT) =1.So AT is invertible and its inverse is the transpose of the
inverse of A.

Also: note that (AC)(C~tA™1) = A(CC~ 1AL = ATA=' = AA~1 =I; 50 we
have the correct formula for the inverse of AC'. You see why we had to reverse the
order to make this work!

For the last statement: just note that A~1 = C'(AC) ™! (by multiplying by A) and
C—1=(A0)"1A. O

(ATB)—IAT — (B—I(AT)—I)AT — B—l((AT)—1>AT) — B—l

Problem:  Simplify (AT B)~1AT.
Solution:

Problem:  Simplify (A+ B)~!.
Solution:

TOUGH LUCK. This can’t be simplified, even when A and B are numbers.
(Think of (2+3)~! # 1 + 1) You can’t even expect A+ B to be invertible; for
instance, suppose A = — B!
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18.4 Finding the inverse: general case

We saw last time that if A = CCL Z then A is invertible if and only if

det(A) = ad—bc # 0, in which case

1 d —b
A7t = .
det(A) {—c a ]
(And if A is a 1 x 1 matrix, then A is just a real number like A = [a], so
A"t =11l ifa#0)
There exist formulae for n x n inverses, but they’re not very efficient (as we’ll
eventually see); instead of looking for a formula, let’s see how what we know about

inverses has actually given us all we need to be able to calculate them.
Remember that to find the inverse of A, if it exists, we want to solve

AB=1,

for the unknown matrix B (which will be A1, if all goes well).

Write B and I as collections of column vectors: B = [vq V3 --- v, ] and
I, =[e; es --- €,]. Note that e; is the ith standard basis vector of R™.
Now multiply:

AB=[Avy Avy --- Av,|=[e1e2 --- e, =1,
which gives a bunch of matrix equations to solve:
Avi =eq, Avo =eg, .-+, Av, = e,.

The theorem says that if A is invertible, then each of these matrix equations will be
consistent and have a unique solution. And those solutions are exactly the columns
of B!

Great! To get the inverse of A, we have to row reduce each of the augmented

matrices
[Ale1], [Ale2] -, [Ales];

and since each of these will give a unique solution, the RREFs will look like
[LIval, Ilval, -+, [I|vn]-

The final moment of brilliance: We would do EXACTLY THE SAME row
operations for each of these linear systems, so why don’t we just augment
[Alejes---e,] = [A|I]? Then the RREF will be [I|B] = [I|A~1].

Problem:

Use this method to find the inverse of
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112
125
225

A:

So we’re trying to solve AB = I3 for B. Write B = [v1 v3 v3]. Then
AB = [Avy Avy Avs]
and we want this to be equal to
I3 = [e1 e e]

To solve the three linear systems Av; = e; at once, we set up a super-augmented

matrix
1121100

125[010
225[001

We will row reduce this and read off the matrix B from the RREF (if A ~ I3).

[Ale1 ex e3] =

112100
[A|Is]~ 013|110
001]-201
110] 5 0-2 100] 0 -1 1
~ (010 5 1-3]~|010] 5 1 -3
001]-20 1 001]-20 1

Oh, wonderful! The coefficient matrix reduced to I3, which means that every linear
system has a unique solution, and furthermore, that solution is now in the
corresponding augmented column. That is to say,

0 -1 1
V1 = 5 ,Vo = 1 ,V3 = -3
-2 0 1
Let’s check! Set
0 —-11
B=|5 1 -3
-2 0 1
and multiply:
[112] [0 -1 1] [100]
AB=1125 5 1 =3 =010
2251 (-2 0 1 001]
and ~ _ ~ _
0 —-11 112 100
BA=1|5 1 =-3| (125 010
-2 0 1 225] 1001]
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YES! This is an inverse of A — and in fact, we’ve shown it’s the only inverse of A.
So

0 —1 1
Al=15 1 -3
20 1

O

Now note that this method tells you exactly when A is invertible! For suppose A is
nxn.

If A does NOT row reduce to the identity matrix in RREF, then rank(A) < n and
then we know that Ax = b won’t have a unique solution, so in particular, A can’t
be invertible.

On the other hand, if A DOES row reduce to I,,, then this method gives a matrix B
such that AB = I,,. BUT WAIT! How do we know that this matrix also satisfies
BA=1,?

Lemma 18.3 (One-sided inverses are two-sided inverses). If A and B are n X n
matrices such that AB = I,,, then BA =1,

Proof. First let’s show that rank(B) = n. Namely, suppose Bx = 0. Then

A(Bx) =A0=0
(AB)x=Ix=x

but these must be equal, so x = 0. Thus we deduce that Null(B) = {0} and so
rank(B) = n.

OK, that means we could apply our algorithm to B: [B|I] ~ --- ~ [I|C] and get a
matrix C such that BC = 1.

So we have
ABC)=AI=A
(AB)C=IC=C
and these are equal (A = C'). So in fact BA = I, as required. O

We have proven the following theorem.

Theorem 18.1 (Finding matrix inverses). Suppose A is an n x n matrix. If the
rank of A is n, then A is invertible and A~ can be computed by the algorithm
above, that is, by row reducing

[AL] ~ -~ [I]ATT].

Furthermore, if rank(A) < n, then A is not invertible.
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18.5 Examples

Problem: Find A~ if it exists, where
123
A= (001
004
Solution: We see directly that A does not have full rank; there can be no leading one in the
second column. Hence A is not invertible.
O
Problem: Find A1, if it exists, where
123
A=1011
001
Solution: This is already in REF and we can see that rank(A) = 3. So we proceed with our
algorithm )
1231100 100|1-2-3
[AI]=1011]010|~[010]|0 1 -1
0011001 001]0 0 1
1 -2 3]
Andso A~1=]0 1 —1| (CHECK!).
00 1
- 0
Problem: Find A~ if it exists, where
220
A=|11 2
1-13
Solution: We can’t tell what rank(A) is, off-hand, so we simply proceed to the algorithm. (If

at any point we were to see than the rank is too low, we would stop and announce
that the matrix isn’t invertible.)

220100
[Al]=]112]010
1-13/001

112010 11 21(010
~1220/100[~ |00 —4]1-20
1-13]001 0-21]0-11
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11 2010 10%|0%%
~0—21|0—11N01,%|0?,%
00 —4|1-20 001 ]-120
5 3 1
100] 5 =% 3
~010|—%%_%
001|—-7 5 O
So 5 3 1
s 12| p|° 64
ATl = | 3 o3| =g|1 6
-7 3 0 -2 4 0
(check!)

18.6 Summary: another condition for our big theorem

We knew last time that being invertible meant that A had full rank; but this method
shows the converse is also true. So our big theorem has gotten even bigger:

Theorem 18.2 (Invertible Matrix Theorem). Let A be an n x n matrix. Then the
following statements are all equivalent (that is, either all true about A or all false
about A):

O Co NN OV i A W~

11

.rank(A) =n.

. Ax = 0 has only the trivial solution.

. Ax = b is consistent for all b € R™.

. Every linear system Ax =b has a unique solution.
.The RREF of Ais I.

. Null(A) ={0}.

.Col(A) =R".

. Row(A) =R".

rank(AT) =n

10.

The columns of A are linearly independent.

. The rows of A are linearly independent.
12.
13.
14.
15.
16.
17.

The columns of A span R™.

The rows of A span R™.

The columns of A form a basis for R™.
The rows of A form a basis for R™.

A is invertible.

AT is invertible.

Example 120: Every statement of the theorem is true for
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220
A=|11 2
1-13
because we have just seen that it is invertible.
O
Example 121: Every statement of the theorem is false for
123
A=1456
789
(CHECKY).
O
Problems

18.1. Find the inverse of each of the following matrices, or give reasons if it not

invertible.
11-1
a) (01 1
00 1
11 0
b)* [0 -1 -2
02 3
122
c) 131
132
1 z
*
o 4]
111
e) [121
232

18.2. State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.
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a) If A is invertible and AB = 0 then B =0

b)*If A% = 0 for a square matrix A, then A is not invertible.

¢) If A2 =0 for an n x n matrix A, then rank A < n.

d)*If A is invertible then the RRE form of A has a row of zeros.

e) If A is an invertible n x n matrix then Ax = b is consistent for every b € R™.

f)*If A is a non-invertible n X n matrix then Az = b is inconsistent for every
beR".

g) If A is a non-invertible n x n matrix then Az = 0 has a unique solution.

h)*If an n x n matrix A satisfies A3 — 342+ I,, = 0, then A is invertible and
A1 =3A- 42






Part IV
Orthogonality



We now return to some geometric ideas that we haven’t touched on since defining
abstract vector spaces. Although we only specifically work with the dot product of
vectors in R™ in the following chapters, everything that is covered is applicable to
any finite dimensional vector space equipped with an inner product.



Chapter 19

Orthogonality, Orthogonal Projections and the
Gram-Schmidt Algorithm

So far, in all our generalizations of vectors spaces from R? and R?, we have not
used the geometry of the dot product. In this section, we want to see what that extra
geometry gives us, in the case of R".

In fact, one can add the extra geometry of an inner product to any vector space; on
spaces of (continuous) functions with domain [a, b], for example, the “correct”
replacement to the dot product of vectors is the following inner product of
functions:

b
(f.g) = / f(@)g(x) dx

This is a topic that you get to explore in second year analysis. One can also give a
natural inner product to spaces of matrices M, , by the formula

(A,B) =tr(ABT)

The dot product and the above inner products have a number of extremely nice
properties; but there are other bilinear forms that encode different geometries (such
as space-time) more accurately. You can explore this topic in more detail in 3rd
year applied linear algebra.

19.1 Orthogonality

Recall that two vectors u,v € R™ are said to be orthogonal if their dot product u - v
is zero. The dot product satisfies:

e u-u >0 andis equal to zero iffu =0

e u-v=v-u(symmetry)

e (au+bv)-(cw) =acu-w+bev-w for all a,b,c € R and u,v,w € R” and
similarly

e (au)- (bv+cw) = abu- v+ acu - w (bilinearity).

203
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Example 122: The vectors (1,—1,0,1) and (1,1,1,0) in R* are orthogonal, since

(1,-1,0,1)-(1,1,1,0) =1-14+(=1)-14+0-141-0=1—1=0.

O

Note that the standard basis of R3, namely {(1,0,0),(0,1,0),(0,0,1)} (or
{e1,e2,e3}) consists of vectors that are all pairwise orthogonal: that is, e; - e; = 0
fori # j.

We’d like to generalize this idea, since this basis has (at least) one very convenient
property: for any v € R3, it’s easy to find a,b and ¢ such that v = ae; + bes + ces:
we all know thata =v-e;,b=v-es and c=v-e3.

19.2 Orthogonal sets of vectors

Definition 19.1. A set of vectors {v1,---,v,, } in R™ is called orthogonal if
Vi V; = 0

forall 1 <¢ < j <m,andv; # 0 forall 1 <7< m.Thatis, every pair of vectors is
orthogonal and no vector is zero.

Note: If an orthogonal set consists of vectors all of which have length 1, we call the
set orthonormal. Indeed, if {v1,---,v,,} is orthogonal, then {ﬁ, cees H:—ZH} is
orthonormal.

Example 123: The standard basis of R™ is an orthogonal set. (It’s also orthonormal.)

Example 124: {(1,0,0),(0,1,0),(1,0,1)} is NOT ORTHOGONAL even though two of the
products are zero — since the first and third vectors aren’t orthogonal, this is not an
orthogonal set.

O
Orthogonal sets of vectors also enjoy a general Pythagorean property: if
{v1, -+ ,Vm } is orthogonal, then
Vi 4 vot A vm|? = v+ V2|2 + - + | Ven |2 )

Prove this for yourself, remembering that [|v|? = v-v.
Even better, (and just like the standard basis of R™) every orthogonal set is linearly
independent:

Theorem 19.1 (Linear independence of orthogonal sets). Any orthogonal set of
vectors is linearly independent.
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Proof. Let {vy,---,v,, } be an orthogonal set and suppose there are scalars
ai,...am, such that
a1vi+- -+ amvm =0.

Take the dot product of both sides with v;; the answer has to be zero because the
right hand side is vy - 0 = 0. But on the left hand side, we get

vi-(@1vi+- 4 amVm) =a1vy-vi +a20+ -+ a0

since v1 -v; = 0 for all j > 1. Since vy - v1 # 0 (since we assumed vi # 0) we
deduce that a1 = 0. Continuing in this way with each of the vectors gives a; =0
for all 4, so this set is indeed linearly independent. ad

This is a marvelous and wonderful fact! It gives us

e Any orthogonal set of vectors in R has at most n elements.
e Any orthogonal set of n vectors in R" is a basis for R", called an orthogonal
basis.

Furthermore, the proof gave us a very easy way to calculate the coordinates of a
vector relative to an orthogonal basis.

Theorem 19.2 (The Expansion Theorem: Coordinates relative to an
orthogonal basis). Suppose {w1,---, Wy, } is an orthogonal basis for a subspace
W of R". Then any vector w € W can be written as

[[wall [[wa]| [[Won |

The coefficients of wy, ..., w,, obtained above — the coordinates of w relative the
the ordered basis {w1,..., Wy, } — are sometimes also called the Fourier coefficients
of w relative to that orthogonal basis.

The really exciting fact here: normally, to write w as a linear combination of the
elements of a basis, you have to row reduce a matrix. Here, there’s a simple
formula that gives you the answer!

Proof. Since {wy,---, W, } is a basis of W, we know that there are scalars
ai,- - ,ay such that
W=a1W1+- - +apWp

Now take the dot product of both sides with w;; then as in the proof of Theorem
19.1 above, this gives zero on every term except the 7th on the right, so we deduce

W, W=a;W; W;

or
W; W W; W

g WiW Wi W
owiew w2

as required. a
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Problem:
Solution:

Express (1,6,7) as a linear combination of (1,2,1), (1,0,—1) and (1,—1,1).
We notice that those last three vectors are orthogonal, and hence form a basis for
R3. Therefore the theorem applies, and we deduce

1 1 1 1
20 —6 2
6| = —6 2| + —2 0|+ g -1
7 1 -1
which (you’ll notice) is true.

a

Example 125: Let W = {(x,y,2,w) € R* | x —y — 2 +w = 0}. We know W is a subspace of

R*, and that dim W = 3, because W = Null([1 —1 —1 1]),and [1 —1 —1 1] has
rank 1. Remember the Rank-Nullity Theorem: 15.1:

dimW = dimNull([l -1-1 1]) :4—rank([1 -1-1 1]) =3
Now consider the 3 vectors! wy = (1,1,1,1),wg = (1,—1,1,—1) and
ws = (1,1,—1,—1).1t’s easy to check they are in W, and it’s also easy to check
that {w1,ws, W3} is an orthogonal set, and hence is linearly independent. Since we
have 3 linearly independent vectors in the subspace W of dimension 3,
{w1,w2, w3} is an orthogonal basis for .
Now w = (1,2,3,4) € W (you can check this). Let’s use our theorem to write it as
a linear combination of wi,wo and ws.

It’s a simple calculation!
W-Wq 10 5

w42

w-wy =2 1
w2~ 4~ 2
W - W3 _—4_

Iwsl? 4

So we can conclude (don’t you just love theorems!):

5 1
W= _W] — Wy — W3.
oW1 W2 —Ws
(You can check this is true directly if you wish.)
Compare and contrast this with the way you solve this problem if you didn’t
happen to notice we have an orthogonal basis:

! Don’t worry about how we found these. They are not the basic solutions we would find using the
standard method for finding a basis of a nullspace. We’ll discuss that later.
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11 1|17 [r1 1]1 101 ] 3
NNWWMWF:1—11|2FV0—20|1FV010|7%
11 1|3 00 —2]2 00-2] 2
1-1-1]4] [0-2-2]3 00-2] 2

100 37 [ro00] 32

_|otol—3| _[0100]—3

001]—1 0010 —1

000] 0] [0001] O

which gives the same answer, but took more effort.

Point: if you have an orthogonal basis, some calculations are much easier.
But if you don’t then you have to use the “old” techniques.

19.3 Orthogonal projection: a useful formula may have more
than one use...

Now let’s look again at the right hand side of the equation (xx) in the Expansion
theorem 19.2. It makes perfect sense even if w ¢ W/
“So what?”, you might say. Well, look at the very first term in that sum:

()
WewL
w2

We recognize this as the same expression for the projection of the vector w onto wy
that we saw in the context of R3 way back in section 2.8 on page 22. The other
terms are also projections of the same vector w onto the other vectors wa, ..., Wy,.
So the expression on the right hand side of the equation (x%) on P. 205 is a sum of
the projections of w onto the (orthogonal) vectors wi, ..., w,,, which are a basis of
the subspace W. So it’s not completely outrageous to think of this expression as the
orthogonal projection of w onto the subspace W'.

So let’s run with the ball!

Definition 19.2 (Orthogonal projection onto a subspace). Let W be a subspace
of R” and {w1,Wa,... ,W,, } an orthogonal basis for . Then for any v € R™, the
orthogonal projection of v onto W is defined by

VW VW
projW(V):< 1)w1+---+(—m)wm

[Iwa > W |2
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Here’s a diagram (since most of us are low dimensional beings) illustrating this
idea in ‘three’ dimensions— seen in just two, here, of course.

Fig.19.1 The orthogonal projection of v onto the subspace W.

Now your enquiring mind may have at least two thoughts at this point. In no
particular order, they may be:

1. Does every subspace have an orthogonal basis? The formula needs one!
2. What if I compute this projection with 2 different orthogonal bases? Surely I’ll
get different answers! All the numbers in the sum will be different...

We’ll answer the second question first — it doesn’t matter> which orthogonal basis
you use! But not before an example.

Example 126: Let’s look again at W = {(z,y,z,w) € R* | x —y — z+w = 0}. We know the 3

Solution:

vectors wi = (1,1,1,1),ws = (1,—1,1,—1) and w3 = (1,1,—1,—1) form an
orthogonal basis for W .3

Now v = (1,2,3,5) ¢ W: check it! Let’s use the projection formula to find the
orthogonal projection of v onto W, and do a bit of checking.

We begin by calculating:
V-Wq 11

lwal|> 4

2 Amazing fact from linear algebra number 3

3 Don’t worry about how we found these. We’ll discuss that later, in answer to the first question
above.
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v-wyg 3
[Iwall2 4
V-W3  —5
lIwsl> 4
and conclude
projy (v) = %Wl - ZWQ - Zws = 3(379,13, 19)

If you check, you’ll see that %(3, 9,13,19) € W: simply show it satsifies
r—y—z+w=0.

N.B. You must not rescale this answer! This is a very, very common error at
this stage. Rescaling an orthogonal basis is fine, but the projection is a fixed
answer.

Moreover, as figure 19.1, and indeed the properties of v —projy, (v) in R? (see
section 2.8 on page 21, and figure 2.1, P. 21) all suggest,

v —projy (v) = (1,—1,—1,1) is indeed orthogonal to every vector in IW: look
again at the equation defining W': it says (z,y, z,w) € W iff

O=2x—y—z+w=(2,y,z,w)-(1,—-1,—-1,1)!

So every vector in W is orthogonal to v — projy, (V).

This always happens. And as both figures 2.1 and 19.1 also suggest, this
makes projy (V) the closest vector in W to v.

Another way to say this is that projy, (v) is the best approximation to v by
vectors in W

Let’s show that this is true:

Theorem 19.3 (The Best Approximation Theorem). Let W be a subspace of R™
and let v € R™. Then,

1. projy, (v) e W,

2.v—projy(v) is orthogonal to every vector in W,

3. projyy (v) is best approximation to v by vectors in W, and

4. The vector projyy (V) is the only vector in R™ which satisfies (1) and (2).

(Property 4 says that the orthogonal projection is unigely characterized by the two
properties (1) and (2).)

Proof. Part (1) is easy: look at the formula 19.2. The vector projy; (V) is a linear
combination of vectors in the (subspace) W and so must belong to W'.

For (2), let’s think: how could we show a vector is orthogonal to every vector in
W? There are infinitely many vectors in (most) subspaces! But that’s one thing
bases are very good for — rendering finite the infinite !
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So suppose {w1, -+, Wy, } is the orthogonal basis for W we used to define the
projection. Every u € W is a linear combination of wy,--- ,W,,,i.e.,

Uu=a1Wi+--+amWm

for some scalars a, ..., am, . So if (v —projy, (v)) -w; =0 for 1 <4 <m, then (
denoting projy;- (v) by w in the following)

(v—w)u=(v—w) - (@1wW1+ -+ amWn)
=a1((v—w)-wi)+---+ar(v—w) W)
=a1(0)+---+a1(0)
=0.

So, it suffices* to show that (v—w)-w; =0for 1 <i<m.So we calculate:

VoW VWi,
’ [[w1l[? Wi |27
:V'Wi_v.—‘vgwl'wi_"'_v.—‘v’nz‘vm'wi
[[wll [[Won |
V-W; H.vﬁgwi-wl
i

(since all the other dot products between w; and w; are zero); and this last term
gives

VW, 9
=v-w; — ———||w;||“=0.
wae ™
This is true for every ¢ = 1,2,--- ,m so we conclude that v—w is orthogonal to

every vector in W, as required. This shows that (2) is true.
To show that (3) holds, denote, as before w = projy (v). To prove this is the
closest vector in W to v, let w' € W be any other vector in W. Then

v =w[[* = [[(v—w)+ (w—w)|?

But since v — w is orthogonal to every vector in W,and w—w’ € W (W is a
subspace and both w and w’ belomg to W), the two vectors v —w and w —w’ are
orthogonal! So by the Pythagorean theorem % on P. 204, we have

v =w'[* = [[(v=w)*+[|(w = W) < (v = w)[|?,
since 0 < ||(w —w')||? is always true. Thus we’ve shown (3) is true.

The last part (4) is also straightforward. Now suppose two vectors w, w’ satisfy the
properties (1) and (2) above, namely:

4 Note that we did not use any property of {W1,- -, W, } except that it spanned W, so the same
computation shows that a vector is orthogonal to every vector in a subspace W iff it is orthogonal
to any spanning set of W.
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e wwcW
e v—wand v—w are both orthogonal to every vector in V.

Then, w —w’ € W since W, being a subspace, is closed under subtraction. But
look:
w—w=v-w)—(v-w).

Now the sum — or difference — of two vectors which are both orthogonal to every
vector in W will again be orthogonal to every vector in W .> This means that the
vector w — w’ is orthogonal to every vector in W, including w — w’ itself! But the
only vector orthogonal to itself is the zero vector: sow —w' =0, ie.,w=w'.
This shows that there is only one vector with the properties (1) and (2) above,

namely projy (v).

Note that property (3) above of the orthogonal projection is extremely useful, in
many areas. It is a huge part of the mathematical foundation for modern signal
processing. It is used in almost all quantitative methods for ‘best’ curve fitting for
data. We present an example of this in section 20.4.

The basic idea it that we have often a ‘favourite’ subspace of vectors W (in a
vector space of signals, for example), and another vector that we can’t be sure
belongs to our subspace, but we only wish to deal with vectors in W, so we project
our vector onto W and deal with that instead.

For example, in a simplified view of signal processing, on your cellphone, for
example, when you take a picture and want to send it to a friend, the picture is
captured and stored and treated as a vector in a large dimensional space (R™ for
some very large n). But instead of sending all the data involved, it will be
(orthogonally) projected onto a much smaller subspace — with an orthogonal basis
peculiar to the protocol being used — and then only the relatively small number (the
dimension of W) of Fourier coefficients will be transmitted. At the other end, your
friend will receive the Fourier coefficients, and knowing which protocol you used,
will use the same orthogonal basis, and rebuild the projection using the the Fourier
coefficients, getting an approximation (better or worse, depending on dim W) of
the picture you sent.

Part (4) above seems innocuous until you recall that the definition 19.2, P.207
looked like it depended on a choice of orthogonal basis. So what Part (4) is saying
is that the apparently different formulae one gets when uses different orthogonal
bases to compute the projection all give exactly the same answer!

5 T don’t know about you, but I’'m getting tired of writing ‘is orthogonal to every vector in W, so
soon we will save ourslves some bother and give a name to the collection of all vectors orthogonal
to every vector in W. We’ll call it WL — see Chapter 20.
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194 Finding orthogonal bases: The Gram-Schmidt algorithm

So far, we’ve implicitly assumed that every subspace W of R™ has an orthogonal
basis. Is is true? Yes, and even better, there’s a simple algorithm that will take any
basis of W as input and output an orthogonal basis of W.

Suppose {uy,---,u,,} is any basis for . We want to find an orthogonal basis for
w.

The geometric idea is quite simple: start with your first vector u; . Then take

ug — projy, (ug) to get something which is orthogonal to u; but — crucially — lies
in the span of u; and us. We then keep subtracting off projections onto the span of
the preceding vectors we obtain and the result is an orthogonal basis for .

Theorem 19.4 (Gram-Schmidt Algorithm). Let {uy,--- ,u,,} be any basis for
U. Define

w1 =uy and Vi = span{w}
W2 = U2 — Projy, Uz and Vo = span{wi,wa}
W3 = U3 — projy, u3 and V3 = span{wi,wz, w3 }

Win = Wy, —DPIOjy, Wy and Vi, = span{wi,--+ , Wy, }
Then W =V, and {w1,- -+ ,Wy, } is an orthogonal basis for W .

Written out in more detail: define

® Wi =u,
® W2 =1U2 —Projy, Wz,
® W3 =us3— prOl]Wl us — pl“O‘]W2 us,
® ---
_ m—1 .
® Wy =Wy — ;0 Projy, Upm.
Then {w1,--- ,Wn, } is an orthogonal basis for U.

Finally, one could scale each of the vectors w; by dividing by their norm to
produce an orthonormal basis for W .

Notice that at each step, the vectors in the spanning set for V; are orthogonal, so
that means it’s easy to calculate the projection onto Vj. And in fact,

Vi = spanf{uy,--- ,uy}; that is, the span of the first k vectors of the set is the same
as the span of the first k& vectors of the original spanning set.

Indeed, one could begin with just a spanning set {uy,...,u,} for U, and apply the
Gram-Schmidt Algorithm as above: then the non-zero vectors in {w1,--- ,wy }
would be an orthogonal basis for U - see problem 19.6 in the exercises.

Example 127: Let’s perform the Gram-Schmidt algorithm on the the set

{(1,0,0,1),(1,1,1,0),(2,1,—1,1)}
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(You can check that this is a basis for the subspace W =
span{(1,0,0,1),(1,1,1,0),(2,1,—1,1)} = {(z,y,z,w) €R* | z —y —w = 0}.9)
Well, we start with

W1 = (1,070,1)

and then

Wo =U9 — prOjW1 uo
u ll2-W1w
=W =795 W1
w12

1 1 1
= (1,1,1,0) = 5(1,0,0,1) = (

-, 1,1,—-).

2 b B 2 )

(Before going on, it’s always a good idea to check that w; - wo = 0! It OK here.)
So in this example, there’s just one more step:

W3 = us us-wip ) 113'W2W2
(w2 [[wal|?
3 19 1
=(2,1,-1.1)— =(1,0,0,1) — 2(=.1,1,—=
(777)2(aa7)%(2aa72)
3 3 111 1
=(2,1,—-1,1 0,0,2)—(—,=, =, ——
( Ly ) ) (27 9 72) (1075753 10)
2
=2(1,2,-3,-1)
5

Then we can see that {wy, w2, w3} is indeed orthogonal — and it’s always a good
idea to check this.” Also, by looking at our calculations more carefully, we can see
that indeed, each successive element is in the span of the original vectors. The
resulting orthogonal basis is

1 2
{(1,0,0,1), 5(1,2,2,-1), £(1,2,-3,~1)}

Remark 19.1. We often choose to simplify our calculations when using the formula
in Theorem 19.4 by scaling the w; by something convenient to avoid fractions:
since

{(1,0,0,1),(1,2,2,—1),(1,2,—3,—1)}

is just as good an orthogonal set as the one above, and might be easier to work with
if you had to calculate another projection.

6 We saw how to do this at the end of chapter 15.

7 If you can, it’s also a very good idea to check that your vectors {w1,w2,ws} belong to W—
which of course they should! In this case that’s easy, as we have a simple description of W —
namely, W = {(z,y,z,w) € R* | z —y —w = 0}.
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Finally, if one really wants an orthonormal basis, we have to divide each of these
vectors by their norm. Since [|(1,0,0,1)|| = v/2, [|(1,2,2,~1)|| = V10, and
II(1,2,—3,—1)|| = v/15, we obtain the orthonormal basis:

1 1
{g(l,0,0, 1), \{—_00(1,2,2,—1), \{—_55(1,2, -3,-1)}

(Check this!)

Example 128: Calculate the best approximation to v = (1,2,3,4) in W, where
W= Span{(laoaoa 1),(1,1,1,0),(2,1,-1, 1)} = {(x7ya2,w) eR? |z—y—w= O}

Let’s use the preceding exercise. We already know that an orthogonal basis for W
is
{(170»(); 1)7 (172a 23 _1)7 (1727 _37 _1)}

(call these ny, ng and n3, say) so therefore

. vem V-ny v-n3
Proju (V) = ™ T g 22 ¥ flag ™

5 7 8
=-(1 H+-—(1,2,2,-1)— —(1,2,-3,-1
2( 70707 )+10( k) ) ) ) 15( ) ) 37 )
1
==(8,1,3,7).
3( ) ) ) )
If you can, check that your answer actually belongs to W: here it’s easy since we

have a simple description of W3
O

Problems

19.1. In each case, find the Fourier coefficients of the vector v with respect to the
given orthogonal basis B of the indicated vector space .

a)v=(1,2,3),B=1{(1,0,1),(~1,0,1),(0,1,0)}, W = R3.
b)*rU = (17273)’82 {(1a233)a(_5747_1)7(1717_1)}7 W= RS'
c)v=(1,2,3),B={(1,0,1),(-1,2,1)},

W ={(z,y,2) €ER3 | z+y—2=0}.

8 If you have the time, you should also check that (1,2,3,4) — %(8, 1,3,7) = %(—5,5,0,5) is
orthogonal to everything in W, and it is, since %(—5, 5,0,5).(z,y,z,w) = —g

whenever (z,y, z,w) € W!

(z—y—w)=0



19.4 Finding orthogonal bases: The Gram-Schmidt algorithm 215
dy*v = (4,-5,0), B={(—1,0,5),(10,13,2)},

W ={(z,y,2) €R? | 5z —4y+2=0}.
&) v=(1,1,1,1), B={(1,0,1,1),(0,1,0,0),(0,0,1,—1)},

WZ{($,Z./,Z,U]) ER4 | x—w:O}

f)*v = (1,0,1,2), B={(1,0,1,1),(0,1,0,0),(0,0,1,—1),(1,0,0,—1)}, W = R*,

19.2. Find the formula for the orthogonal projection onto the subspaces in parts c),
d)*and e) above.

19.3. Apply the Gram-Schmidt algorithm to each of the following linearly
independent sets (to obtain an orthogonal set), and check that your resulting set of
vectors is orthogonal.

a) {(1,1,0),(2,0,3)}

b)*{(1,0,0,1),(0,1,0,—1),(0,0,1,—-1)}

o) {(1,1,1,1),(0,1,0,0),(0,0,1,—1)}

d*{(1,1,0),(1,0,2),(1,2,1)}

19.4. Find an orthogonal basis for each of the following subspaces, and check that
your basis is orthogonal. (First, find a basis in the standard way, and then apply the
Gram-Schmidt algorithm.)

) W ={(z,y,2) €R3 | z4+y+2=0}

b)*U = {(z,y,2,w) ER* | z+y—w =0}

¢) X ={(z,y,2,w) €ER* | z+y—w=0and 2 +y =0}

1 2 —-1-1
d)*V=ker| 2 4 -1 3
-3—-6 1 —7

19.5. Find the best approximation to each of the given vectors v from the given
subspace W.

ayv=(1,1,1),W={(z,y,2) €ER® | x+y—2 =0}

by*v=(1,1,1),W = {(z,y,2) € R? | bz —4y+2 =0}
ov=(1,1,1,2),W = {(z,y,z,w) €R* | 2 —w =0}
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19.6. State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

a) Every orthogonal set is linearly independent.
b)*Every linearly independent set is orthogonal.

¢) When finding the orthogonal projection of a vector v onto a subspace W,
plugging any basis of W into the formula in definition19.2 on P. 207 will work.

d)*When finding the orthogonal projection of a vector v onto a subspace W, once
the answer is obtained, it’s OK to re-scale the answer to eliminate fractions.

e) When applying the Gram-Schmidt algorithm to a basis, at each step, it’s OK to
re-scale the vector obtained to eliminate fractions.

f)*When finding the orthogonal projection of a vector v onto a subspace W, using
different orthogonal bases of W in the formula in definition19.2 on P. 207 can
give different answers.

) If projy (v) denotes the orthogonal projection of a vector v onto a subspace W,
then v — projyy (v) is always orthogonal to every vector in V.

h)*To check that a vector, say u, is orthogonal to every vector in W, it suffices to
check that u is orthogonal to every vector in any basis of W.

i) ** If you apply the the Gram-Schmidt algorithm to a spanning set {w1,...,wm }
of a subspace W, rather than a basis of I/, and if you obtain a zero vector at
step k, that means wy, € span{w1,...,Wk_1}-.

J) ** If you apply the the Gram-Schmidt algorithm to a spanning set {w1,...,wm }
of a subspace W, rather than a basis of W, and discard any zero vectors that
appear in the process, you will in the end still obtain an orthogonal basis for W.



Chapter 20
Orthogonal Complements and Applications

20.1 Orthogonal Complements

You will recall that one of two important properties of the orthogonal projection
projy (v) onto a subspace W was that v — projyy, (v) was orthogonal to every
vector in that subspace. This suggests the following definition.

Definition 20.1. Let U be a subspace of R™. The orthogonal complement of U is
the set, denoted U (pronounced: ‘U-perp’) defined by

Ut ={veR" |u-v=0 forallue U}

Example 129:
Let U = span{(1,0,3),(0,1,2)}. We know that U is the plane through the origin
with normal (1,0,3) x (0,1,2) = (—3,—2,1).
So a vector is orthogonal to U iff it is parallel to (—3,—2,1). Thus,

Ut =span{(-3,-2,1)}.

Of course U+ is the line through the origin with direction vector (—3,—2,1).

Example 130: Let U be the subspace of R* defined by
U= Span{(l, _17 07 _1)}

Since we already noted that a vector is orthogonal to every vector in a subspace iff
it is orthogonal to a basis of the subspace (see the proof of Theorem 19.3, P.209) a
vector (x,y, z,w) € UL iff

217
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Fig. 20.1 The plane U and its orthogonal complement.

(x7y7zaw) : (17_1)07_1) =r—Yy-w= 0.
That is, in this case,

UL :{<.’E,y,Z,UI) ER4 | x—y—w:O}

You will recognize this subspace as W on P. 212 from the last two examples in the
previous chapter.
O

What about T from the example just above?

Example 131: Let W = {(x,y,2,w) € R* | x —y —w = 0}.

We know that v € W iff v is orthogonal to any basis of W . Well, we’ve lots of
those: e.g., from the example on P. 214: we know that

{Vl = (1303031)3"2 = (13 13 130)3"3 = (23 13713 1)}

is a basis of W, so we just need to find all v such that

vi-v=0 ()
vo-v=0
v3-v=0

We’ve seen this sort of thing before! Remember the remark 16.2 on page 1787 It
said, in part, that for a matrix A, v € Null A iff v is orthogonal to every row of A
That’s what we’re staring at above in (*). If we set (in block row form)

Vi
A= Vo
V3
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So solving the system in (x) is equivalent to finding Null A! Let’s do it:

10 0 1 100 1
NullA= {11 1 0| =Null {010 —1| ={(—s,s,0,5) | s € R}
21-11 001 0

So the set of basic solutions — just one in this case — namely {(—1,1,0,1)} isa
basis for Null A = . But this subspace is our original U .
So U+ =W and W+ = U, or said differently, (U+)+ = U! Is this always true?

Indeed it is, and more is true as well:

Theorem 20.1 (Properties of the orthogonal complement). Let U be a subspace
of R™. Then:

1. U"L is a subspace of R"
2.(UHYt=U
3. dim(U) +dim(U~+) = n.

When two subspaces U and V' satisfy U = V* (or equivalently, V = U") then we
say they are orthogonal complements.

Proof. (1) We apply the subspace test. We have
Ut ={veR"|u-v=0 forallue U}

(a) Since the zero vector is orthogonal to every vector in U (it’s orthogonal to
everything!), 0 € U~ good.
(b) Suppose v,w € UL. That meansu-v=0andu-w=0.Isv+we U+? We
calculate

u-(v+w)=u-v+u-w=0+0=0

good
(c) Suppose v € U+t and k € R. That means u - v = 0. We calculate

u-(kv) =ku-v=£%(0)=0

so indeed kv € U,

Thus U+ is a subspace.

Let’s prove (3) next. Let {uy,... ,u} be a basis for U. Create the matrix A whose
rows are these vectors (transposed!). Then the set of all vectors v which are
orthogonal to U is exactly the set of vectors v such that Av = 0 (using the argument
of the example above). Hence U = Null(A). By the rank-nullity theorem,

dim(Row(A)) +dim(Null(A)) = n < dim(U) + dim(U~+) = n.

Finally, to prove (2): Let V = U; this is a subspace by (1) and its dimension is
n —dim(U) by (2). We want to conclude that U = V. Since every vector in U is
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indeed orthogonal to every vector in V', it is true that U C VL. Furthermore, by (2),
we have that dim(V+) =n — (n — dim(U)) = dim(U). So U is a subspace of V*
but has the same dimension as V1 it must be all of V1. (This is the theorem about
how a subspace that isn’t the whole space must have a strictly smaller dimension.)
O

Problem:

Solution:

Let A be any matrix. Show that Row(A) and Null(A) are orthogonal
complements, as are C'ol(A) and Null(AT).

This is a reprise of our example above, in general. Suppose A is an m X n matrix.
Recall that Null A = {x € R™ | Ax = 0}. But by definition of the multiplication of
matrices, this is exactly saying that that dot product of each row of A with x, gives
0.So

Null(4) = {x € R" | x is orthogonal to every row of A}

Since the rows of A span Row(A), by the footnote 4 on P. 210, x € Null A iff x is
orthogonal to every vector in Row(A) i.e. Null(4) = Row(A)*, as required.

To see that Null(AT) = Col(A)*, substiute AT for A in Null(A ) Row(A)* to
obtain Null(A”) = Row(AT)+ and note that C'ol(A) = Row(AT).

O

20.2 Orthogonal projection - an encore

Let’s use what we know about orthogonal complements to find another way to
compute the orthogonal projection. Don’t be put off by the first example. It is easy
— we could have done it in high school, but the method we use will be quite
different, and will lead to the new way to compute the orthogonal projection.

Problem:

Solution:

Find the projection of b = (1,2,3) on the subspace U spanned by {(1,1,1)}.
We’re looking for a point v € U such that b—v € U~ Think of U = Col(A)

1
where A= |1|.Then U+ = Null(AT).

1
An element of U is the same thing as an element of C'ol(A), which can be written
as v = Ax for some z (in this silly case, z € R). To say thatb—v=b — Az is in
U+ = Null(AT) means that

AT(b—Az)=0

or
AT Az = ATb.
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1
Now ATA=(1,1,1)-(1,1,1) =3;and ATb=[1 1 1] |2| =650z =2.Our
3
answer is
2
projy(b)=v=Ax = |2
2
which coincides with our known formula from before:
1 2
. (132v3)(1a1a1)
prOJ(1’171)((172,3)) = —2 ]. - 2
a
But we’ve just found another way to calculate the projection onto any subspace of

R™:

Theorem 20.2 (Second method to calculate the projection). Let U be a subspace
of R™ and let A be a matrix such that Col(A) = U. Then proj; (b) is the vector
AX where X is any solution to the system

AT Ax = ATb.

To prove it, just apply the argument in the example above.
Note that because we know that proj; (b) always exists, the system A7 Ax = ATb
will always be consistent!

20.3 Application: Best approximations to solutions of
inconsistent systems

Corollary 20.1 (Best Approximation to a Solution). Suppose that Ax =b is
inconsistent. Then the best approximation to a solution of this system is any vector

z which solves
ATAz=ATp

That is, such a z minimizes || Az —bl||.

Proof. Minimizing || Az —b|| over all z € R™ means finding the closest vector in
Col(A) to b, since Col(A) is exactly the set of vectors of the form Az. So Az will
be have to be proj-,; 4 (b). This is found exactly as in the theorem above. ad

Problem:

Find the best approximation to a solution for the inconsistent system Ax =b
where b = (1,2,1,2) and
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101
010
A= 001
000
Let’s apply the corollary. We calculate
1000 (1) ? (1) 101
ATA=10100 001l =010
1010 000 102
and _
- |1
1000 9 1
ATpb=10100 1| =12
1010] 2| 2
So we need to solve _ _
101 | 1
010 |y| = |2
102] |#] |2
which we do by row reducing the augmented matrix
1011 (10010
0102 ~~[010]2
10212 00111

which has unique solution (0,2,1). So we claim that

w4
\
oo

1

gives the best possible approximation to a solution to the system Ax = b; we have

101
010
001
000

_= N O

which isn’t quite b but is fairly close.

O~ N =

To be really convinced this is the best, consider any other v = (x,y, z); then

Av = (z+z,

SO

y,2,0)
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101,2,1,2) = (& +2,5,2,0)[> = (1= (2 +2))? + (2~ y)* + (1~ 2)* +2°

and the answer we found makes the first three terms 0, which clearly gives the
minimum possible value (4) for the total distance squared.

204 Application: Least-Squares Best Fitting Line or Curve

Problem:

Solution:

Suppose you collect the following data

x|y
2[18
-108.1
0[3.8
1[3.1
2161

These data points don’t exactly lie on a parabola, but you think that’s experimental
error; what is the best fitting quadratic function through these points?

This doesn’t seem to be a linear problem, at first. Let’s rephrase this as a problem
in linear algebra!

We want to find a quadratic polynomial

y=a+bz+caz?

so that when we plug in one of the x-values above, we get “close” to the y value
we measured.

Well, what we’re really saying is: solve for a,b, c (or at least, try to) in the
following linear system:

a+b(—2)+c(—2)?> =18

a+b(—1)+c(-1)>=8.1

a+b(0)+c(0)*> =338

a+b(1)+c(1)?>=3.1

a+b(2)+c(2)*=6.1

This is the matrix equation Ax = b where

1-24 18
1-11 8.1
A=|1 0 0], b= |38
111 3.1
124 6.1
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You can check that this is inconsistent.
So: we know from above that we should solve instead

AT Ax = ATp
where
5 0 10 39.1
ATA=10100 and ATb=|-288
10 0 34 107.6

which gives (after a bit of row reduction, and maybe the help of a calculator)

3.62 a
x=[—288 = [b
2.1 c

meaning our quadratic polynomial is
y=(3.62) — (2.88)z 4 (2.1)z?

(You’d need a graphing calculator to see if this is really the best possible fit.)
a

In what sense was this the “best answer”? We minimized the distance between Ax
and b. Recall that if x = (a, b, ¢) then Ax is the y-values for the points on the curve
a+bx + cx? at the given x-values in the table (or, in the second column of A). Call
these (y—2,9—1,%0,Y1,Yy2). And b is the measured values in the table; call these

(v 9,9y 1,90, Y1, y5). So we’ve minimized

14X =B = (y—2 =y 2)* + (y—1 = y"1)* + (o —40)* + (y1 —y1)* + (y2 — v2)°
that is, we’ve found the least squares best fit: the curve that minimizes the sum of

the squares of the differences in y-values.

This is the de facto standard for fitting curves to experimental data.

Summary of method:

1. Given: data points (z;,y;),i=1,---,n.
2. Goal: to find the best polynomial of degree m fitting these data points, say

p(x)=ap+arx+--+apz™

3. Set
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1 @y 23 - 2
1 a9 23 - 2
A= and

4. Solve (AT A)x = (AT'b) for the vector x = (ag, a1, --

your best-fitting polynomial.

Problems

20.1. Suppose U is a subspace of R™.

225

Y1
b= ¥

Yn

,am,) of coefficients of

a) Show that UNU+ = {v € R" | v € Uand v € U} = {0}.

b) ! Show that if v € R™ is any vector, then there are vectors u € U and w € U+

such that v = v+ w.

¢) Show that if v = u+w and v = o’ +w’, with u,w’ € U and w,w’ € U=, then

u=uand w=w'.

! Hint: look carefully at the seemingly useless equation v = projy; (v) +v — projg (v).






Part V

Determinants, Eigen-everything and
Diagonalization



We are almost ready to see one of the most useful and applicable parts of linear
algebra: the eigenvalues and eigenvectors of square matrices. To this end, we need
to first develop an important tool: the determinant of a square matrix.



Chapter 21
Determinants

We are about to change gears, and rather dramatically at that. Our goal: to uncover
the basis for R™ — when it exists — that is best or ideally adapted to
multiplication by a given n x n matrix. This is called a basis of eigenvectors (of the
matrix), from the German prefix “eigen” meaning “my own”. Eigen-something
means “my own something”, so eigenvectors of a matrix are the vectors that are
special for that matrix. We will see that multiplication of an eigenvector of a matrix
by that matrix gives! another eigenvector in the same direction.

To get there, though, we first need to master the calculation of the determinant of a
square matrix — and see why it’s such an interesting number to calculate.

There is a formula®

21.1 The determinant of a square matrix

Let A be an n X n matrix.
When n = 1, det[a] = a.
When n = 2, we have previously discussed the determinant; recall that

! Except in one case: when the eigenvalue is zero. See section 22.1.

2 1t generalizes the formula we saw in 18.1 for a 2 x 2 matrix. For the moment, see the wiki
pages for ‘Invertible matrix’ and ‘Adjugate matrix’ for the inverse of an invertible n X n square
matrix you might see in a later course that uses the matrix of cofactors (where the cofactors are the
terms (—1)¢*7 det(A;;) that appeared in our formulae for the determinant). As such, it’s really
inefficient for large matrices unless they are quite sparse (meaning: have lots of zeros).

There’s also a formula called Cramer’s rule, for the solution to Ax = b when A is invertible,
and that was historically how mathematicians solved systems of linear equations. In practice one
uses Gaussian elimination for any problem involving systems larger that 3 x 3, but even for 3 x 3
systems, using Cramer’s rule involves computing four 3 X 3 determinants. You’ll see later in this
chapter why that’s best avoided!

It’s interesting that determinants were discovered long before row reduction (in the western
world) and determinants were the main route to results in linear algebra until around 1900.

229
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R

and it’s important for two things:

e algebraically: it’s the denominator in the formula for the inverse of [CCL Z} —in

fact A is invertible if and only if det(A) # 0; and
e geometrically: its absolute value is the area of the parallelogram with sides
defined by the vectors which are the rows of A.

When n = 3, we use the same type of formula as for the cross product:

abec
det |d e f| = adet {e f] —bdet {d f} +cdet [d e]
ghi h i g1 gh

=a(ei— fh) —b(di— fg)+c(dh—eg)

Note that the end result is again simply a number, a scalar. The above formula is
called the Laplace or cofactor expansion along the first row. Its importance
includes:

e in Algebra: we’ll soon show that det(A) # 0 if and only if A is invertible (and,
although we won’t do it this term, there does exist a formula for the inverse of a
matrix with denominator det(A)); and

e in Geometry: recall the scalar triple product of vectors u- (v x w), whose
absolute value is the volume of the parallelipiped with sides defined by u, v, w.
Note that det(A) equals the scalar triple product of the row vectors of A.

For n > 4, the formula is recursive, meaning, you need to calculate determinants of
smaller matrices, which in turn are calculated in terms of even smaller matrices,
until finally the matrices are 2 X 2 and we can write down the answer.

Definition 21.1. Let A = (a;;) (meaning: the (¢, j) entry of A is denoted a;;). Then
det A=aj;det(A11) —aradet(As)+---+ (—1)1+”a1n det(A1p)

where A;; is the (n — 1) x (n — 1) matrix obtained from A by deleting row 4 and
column j.

Example 132: Let’s calculate det(A) where

2345
1001
0101
0010

Well, the formula says this is
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001 101 101 100
det A=2det [101| —3det |001| +4det [011| —5det|010
010 010 000 001

Now to calculate each of the smaller ones, we use the formula again (although to
save time and effort, let’s not write down the subdeterminants when we’re just
going to multiply the term by 0):

001] 10
det (101 :O(~)—0(-)+1det[ ]:1(1—0):1
01
010
101 01 00
det [001| =1det |2 —0()+1det |20 = 10— 1)+ 10— 0) = —1
10 01
010 -
101
det [011 _1mmBé}m)+1mmBé]_o
000
100 r
det [010 :1&mk1}—0+0:1
001

so our final answer is
det(A) =2(1)—3(=1)4+4(0)—5(1)=0

which is rather interesting. Do notice that the matrix A is not
invertible:equivalently, has linearly dependent rows (1 = 2R9 + 3R3 +4Ry); has
linearly dependent columns (Cy = C7 4 C2 + C'3); has nontrivial nullspace; has
rank less than 4, erc.).

Now, this formula is all well and good, but utterly torturous. To calculate the
determinant of a 3 x 3 matrix there are 6 = 3! products of 3 terms, so 2 * 3!
products (just counting the hard part, multiplying). For a 4 x 4 matrix, it’s
3 x4 x 6= 34! =72 products that you have to add together. So for a 10 x 10
matrix, there are

9% 10! = 32,659,200

terms. For a 100 x 100 matrix, you’re looking at around 9 x 10 terms. Have fun
seeing how long this would take to calculate if you used the current® fastest
computer (Sunway TaihuLight), which can do an absolutely astonishing 93 x 1
calculations per second. (Hint: there are only about 7 x 107 seconds in a year....)
Luckily (and remarkably) there are some wonderful shortcuts.

015

3 As of June 2016.
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21.2 First shortcut: expansion along ANY column or row

Theorem 21.1 (Cofactor expansion along any row or column). Ler A = (a;;).
Then the determinant can be calculated via the cofactor expansion along row ¢, for
any i:

det(A) = (—1)i+1a¢1 det(Ail) + (—1)”2@1’2 det(Aig) +- (—1)i+nain det(Ain)
and similarly, the determinant equals the cofactor expansion along column j, for

any j:

det(A) = (1) ayjdet(A1;)+(—1)* ag; det(Agj) +-- -+ (—1)" T ay; det(Anj).

Tip: the signs you need to use (that is, the factors (—1)?*7 in the cofactor
expansion) are given by:

-t =t
o

Example 133: Calculate
234
det (103
204

‘We could do this on the first row:

det(A) = 2det {8 i] —3det B Z] +ddet E 8} —2(0)—3(4—6)+4(0) = 6

or, how about we pick the row or column with the most zeros? Like column 2:

13

det(A) = —3det [2 4

]+0—0:6

which is certainly faster.
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Moral: choose the row or column with the most zeros to do your cofactor
expansion.

This theorem gives us a couple of immediate consequences:

Proposition 21.1 (Quick properties of the determinant). Let A be ann xn
matrix.

1. If A has a row or column of zeros, then det(A) = 0.
2. det(A) = det(AT)

Proof. (1) Do the cofactor expansion along that row or column; all the terms are
Zero.

(2) Doing the expansion along row 1 of A is the same calculation as doing the
expansion along column 1 of A”, and by the theorem you get the same answer. [

Example 134: Calculate

2
0
det |0
0

-371 3

0112 -8

det A = 2det 00-291
000 3

112 -8

=2(—3)det |0 —2 21
00 3

—22

which is simply the product of the diagonal entries!

Proposition 21.2 (Determinant of triangular matrices). The determinant of a
triangular matrix is the product of the diagonal entries.

Hmm... notice that every matrix in RREF is triangular, so this proposition applies.
Thinking about the possibilities, we conclude: if A is in RREF then either
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e A has rank n and the determinant is one;
e A has rank less than n and the determinant is zero.

Very nice. Except: does this dash our hopes of being able to calculate the
determinant using row reduction?

21.3 Second Shortcut: Using row reduction to calculate the
determinant

It turns out you can use row reduction, as long as you keep track of your steps. The
miracle is that our favourite, most useful, row reduction step doesn’t change the
determinant at all!

Theorem 21.2 (Effect of row reduction on the determinant). Ler A be ann xn
matrix and suppose you do an elementary row operation and the answer is the
matrix B. Then:

1. If the row operation was interchange two rows then det(B) = —det(A).

2. If the row operation was multiply a row by r then det(B) = rdet(A).

3. If the row operation was add a multiple of one row to another then
det(B) = det(A).

Remark 21.1. The theorem above remains true if ‘row’ is replaced by ‘column’.

Problem:

Solution:

Calculate det(A) where
2135
1231
0123
0314

A:

Let’s row reduce A and keep track of our operations:

2135 1231 12 3 1
1231|R1>R2(2135 _2R1N+R2 0-3-3 3
0123 ~ |o123 01 2 3
0314 0314 PR 5 5
R2R3[123 1 123 1 123 1

~ 012 3 |—-R24+R3[|01 2 3 ~ 012 3
—1R3 (011-1 ~ 00—-1—-4|R3+R4(00—-1—4

—§R4 001 1 001 1 00 0 -3

OK: now let’s see what our operations did. The last matrix R has determinant 3 (by
multiplying the diagonal entries). The only operations that changed this value are
row interchanges (each at a cost of —1) and scaling rows (each at a cost of the
factor you multiplied by). So:
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1

det(R) = (~1)(~3)(~5)(~ 1) det(4)

which gives
det(A) = 15det(R) = 45.

You can check this by cofactor expansion.

Point: if you’ve row reduced and kept track of your operations, then the
determinant can be computed with no extra work.

214 Properties of determinants

Theorem 21.3 (Properties of the determinant). Let A and B be n X n matrices.
Then

1. det(rA) =r"det(A)

2. det(AB) = det(A)det(B)

3. det(A) =0 if and only if A is not invertible
4. If A is invertible then det(A™') = dotl(A)

Proof. (1) Multiplying the whole matrix by » means multiplying each of the n rows
of A by r; and each of these costs a factor of r. (Geometrically: the n-dimensional
volume of a box goes up by a factor of ™ if you scale every edge by a factor of r.)
(2) This takes some effort to prove, but isn’t beyond us at all

(3) We’ve just seen that row reducing can change the value of the determinant by a
nonzero factor. So det(A) = 0 if and only if det(R) = 0, where R is the RREF of
A. And as we’ve remarked previously: det(R) either has leading 1s in every row
and column (so A is invertible and det(R) = 1) or else is triangular with a zero on
the diagonal (so A is not invertible and det(R) = 0).

(4) If A is invertible then AA~! = I so by part (2), we have

det(A)det(A™1) =det() = 1. O

Problems

Remarks:

1. A question with an asterisk “*’ (or two) indicates a bonus-level question.

4 Take a few minutes to read this: http://www.courseweb.uottawa.ca/mat1341a/detAB pdf
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2. You must justify all your responses.

21.1. Find the determinant of each of the following matrices. Use appropriate row
and/or column operations where useful: the definition is the tool of last resort!

2 -1
2[5 o]

2-13
b*[3 0 -5

11 2

111
c) 123
011

34-1
d)*110 3
25—4

0100
o) 2000
0030
0004

A—60 0
o 0 X\ 3
0 4\+4

200000
010000
000100

21000003
001000
000030

A2 2
hy | 2 -\ 2
2 2 -\

abc
21.2.1f |d e f| =3, find
ghi

de f
a)labec
ghi
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bac
b)“|le d f
hagi
b 3a c
c)leddf
h3g 1
b3a c—4b
d)*|e 3d f—4e
h 3g i—4h
4g a d—2a
e)|4h b e—2b
4i ¢ f—2c

21.3. a) If Q is a 3 x 3 matrix and det@ = 2, find det((3Q)~1).
b)*If B is a 4 x 4 matrix and det(2BB") = 64, find | det(3B%B?)|.

¢) If A and B are 4 x 4 matrices with det A = 2 and det B = —1, find
det(3AB*A=2BA'B~1).

d)*Compute the determinant of {1 2} [5 6} {9 10} {13 14} .

34| (78| [1112]|1516
Ox —4

e) Find all  so that the matrix |2 3 —2| is not invertible.
14 1

21.4. State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
e If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

In the following A and B are n x n matrices (with n. > 1) and k is a scalar.

a) det(AB) =det Adet B
b)*det(A+ B) =det A+det B
c) det(kA) =kdet A
d)*det(kA) = k™ det A

e) det A' =det A

f)*If A and B are the same except the first row of A is twice the first row of B,
then det A = 2det B
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g If A= [cl +byco - cn] is written in block column form, meaning that the
first column of A is ¢; + b1 and ¢o,c3,. .., ¢y, are the other columns of A, then
det A = det [cl co - cn] +det [bl co - cn]

21.5. a) If A is any 2 by 2 matrix, and v1,v2,v3 and v4 are column vectors in R3
satisfying
[vl ’Ug} =A [’ug 04] ,

show that v1 X vy = (det A) v3 X vy4.

b)*If u,v and w are vectors in R?, use properties of 3 by 3 determinants to show
that
U VXW=W-UXV=V-WXU

¢) Suppose B is an 1 X n, matrix D is an n X n matrix, a € R. Show that

det [a B

0 D} = a det D. (The matrix is expressed here in block form.)

d) *3 Suppose D is an n x n matrix and B an m x n matrix. Show that
det I, B
“lo D
expressed here in block form.)

=det D. (The matrix [Igl g] ,of size (m+n) x (m+n),is

e) *% Suppose A is an m x m matrix. Show that det [61 f] =det A.
n

f) Suppose A, B and D are respectively of sizes m x m, m x n and n X n. Noting

AB| |I,0||AB AB|
that {O D] = [0 D] {O In],show that det [O D} =det Adet D.

2) Suppose A, B,C' and D are respectively of sizes m x m, m X n,n x m and
n X n. Suppose that D is invertible. Noting that

A B I, 0 A—BD-1C B
cpll-p-1c I, = 0 D , show that

d A B} =det(A— BD~1C)detD.

“\cp

h)*Suppose A, B,C and D are n x n matrices with D invertible and CD = DC.

Let E = [A B an (2n) x (2n) matrix, expressed here in block form. Use the

CD|
last part and properties of the determinant to show that

AB
det [C’ D} =det(AD — BC).

5 This is for those of you who know about proofs by induction. Search for ‘“Mathematical induc-
tion’, for example.

6 Use the same technique as in the previous part.
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i) *** 7 Suppose A, B,C and D are n x n matrices with CD = DC. Show that

AB
det [C’ D} =det(AD — BC).

j) ** Suppose A is a 3 by 3 matrix that satisfies AA! = I3.

i) Show that A*A = I3 as well.

ii) Suppose {e1,ea,es} is the standard (orthogonal and orthonormal) ordered
basis of R3. Using the fact that the dot product v - w is equal to the matrix
product v¥w (writing vectors as 3 x 1 matrices), show that { Aey, Aea, Aes}
is also an orthogonal set, which is indeed orthonormal.

iii) If v and v are any vectors in R?, use the Expansion theorem 19.2 to show

that 5
uxv:Z(uxv)-ei
=1
and
3
Aux Av = Z(Au x Av) - Ae;.
i=1

iv) Recalling the definition of the 3 by 3 determinant, show that
(uxv)-e; =det [uv e

and
(Au x Av)- Ae; = det [Au Av Aei] ,

where the matrices [u v e;] and [Au Av Ae;] on the right have been
written in block column form.

v) Recalling what you know about block multiplication, and properties of
determinants, show that

det [Au Av Aei] =det Adet [u v ei] .

vi) Now prove that for any vectors u,v € R3, (when AA? = I3)

Aux Av=det A (u x v)

7 This is for those of you who know about continuity, and the fact that invertible n x n matrices
are dense in all n X n matrices. See the wiki page for ‘Invertible_matrix’. There is another proof
of this identity that doesn’t use the density argument, by J.R. Silvester, in Determinants of block
matrices, Math. Gaz., 84(501) (2000), pp. 460-467.
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vii) Give an example of a matrix A, which does not satisfy AA? = I3 and two
vectors u,v € R? for which Au x Av # det A (u x v)



Chapter 22
Eigenvalues and Eigenvectors of a (square)
matrix

This chapter and the next are amongst two of the most useful and applicable parts
of all of linear algebra! Get ready for a great ride.

22.1 Eigenvalues and Eigenvectors

Definition 22.1. Let A be an n x n matrix. If A € Risascalarand x € R™ is a
nonzero vector such that

Ax = X\x

then x is called an eigenvector of A and ) is its corresponding eigenvalue.

3 —1

Example 135: Let A = [_ 9 9

} . Then:
e 1isan eigenvalue and (1,2) is an eigenvector corresponding to A = 1 (because

A =

e 4isan eigenvalue and (—1,1) is an eigenvector corresponding to A = 4
-1 —4
(becauseA{ 1 } = { 4 ])
Note that (10,20) and (17,—17) are also eigenvectors of A; but they are just
multiples of what we already found.

Example 136: Let A = . Then 0 is an eigenvalue, and (1,—1) is a corresponding

1

22
. . 1 1

eigenvector, since A {_1} =0=0 [_J .

241
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The matrix A can have 0 as an eigenvalue but the vector 0 is NEVER an
eigenvector.

The essential application: suppose you can find a basis {x1,--- X, } for R™
consisting of eigenvectors of A, with corresponding eigenvalues A1, - -, A,,. Then
ifv=a1x1+---+anX, then

Av=A(a1x1 + -+ apXxy)
= A(alxl) 4+ A(anxn)
= a1 Axq + -+ an Axy,
= al)\lxl +-- +an/\an

=Aa1Xp + -+ ApanXy.

So although the answer won’t be a scalar multiple of v (since the A; are all
different), the point is: given a vector v in coordinates relative to an eigenbasis,
calculating Av doesn’t require us to multiply matrices at all — we just have to
scale each of the coordinates (coefficients) by the appropriate \;.

(For those of you thinking in terms of computational complexity: this means going
from O(n?) to O(n) — fairly significant!)

22.2 Finding eigenvalues of A

Since both A and x are unknown, the equation Ax = Ax is in fact nonlinear. As
we’ve seen previously, however, we can sometimes turn nonlinear equations into
linear ones by focussing on solving for one set of variables at a time.

Here, the key is the following chain of equalities, which turns Ax = Ax into the
equation (A —AI)x=0:

Ax = Ax
< Ax = \Ix
<— Ax—AIx=0
<~ (A-XD)x=0

This point of view is the key to letting us solve the problem using our methods
from before, as follows.

First think of A as being a fixed, known quantity. Then this equation is a
homogeneous system of linear equations, and any nontrivial solution is an
eigenvector of A. In other words:

e if this system has a unique solution, then there are no eigenvectors
corresponding to A\, which means ) is not an eigenvalue.
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o if this system has infinitely many solutions, then any nontrivial one of these is
an eigenvector, and so ) is an eigenvalue.

We can rephrase this as follows, by remembering that when A is a square matrix,
having infinitely many solutions to a linear system is the same as being not
invertible:

The number A is an eigenvalue of A if and only if the matrix A — AI is NOT
invertible.

We could use many different methods to check if the matrix is not invertible, but
since the matrix has a variable in it (namely, A) the nicest one is the determinant
condition:

The number A is an eigenvalue of A if and only det(A — AI) = 0.

Definition 22.2. The polynomial det(A — AI) is called the characteristic
polynomial of A!.

Problem:

Solution:

13
31|
We need to find all values of A so that A — A is not invertible. Begin by writing

down A —A\I:
13] [r0] _[1-x 3
A_M:{?)l}_{o}\]:[ 3 14

(watch those negative signs on the two As!)
We calculate the characteristic polynomial:

Find all the eigenvalues of A =

det(A—X)=(1-N(1-X)=9=X2—2X\-8=(A—4)(\+2),

and deduce that this is zero iff \ is either 4 or —2.

Hence, the eigenvalues of A are 4 and —2.

To check, let’s write down A — 41 and A + 27 and make sure they are in fact
non-invertible:

-3 3 1-1 33 11
] S B FH R
Good! Because both these matrices are not invertible, it’s now clear that 4 and —2

are eigenvalues of A. To see that these are ALL the eigenvalues of A, note that
det(A — \I) is a quadratic polynomial and so has ar most two roots.

! Some authors prefer det(AI — A), but for our computational purposes, using det(A — \I) is
less prone to error, and gives exactly the same answer, up to a sign.
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22.3 Finding the eigenvectors of A

Suppose now that you have found some eigenvalues of the matrix A. To find the
eigenvectors of A associated to that eigenvalue, recall that they are all the
nontrivial solutions x of

(A=XDx=0

In other words: the eigenvectors of A associated to A are the nonzero vectors in
ker(A — AI) = Null(4A — AI).
Definition 22.3. Let A be an eigenvalue of A. Then the subspace
E)\ =Null(A-A\I)
={xeR"|(A-A)x=0}
={xeR"| Ax = Ax}

is called the \-eigenspace of A. Its nonzero elements are the eigenvectors of A
corresponding to the eigenvalue A.

So rather than ask: “What are the eigenvectors of A?” it’s simpler to ask: “What is
a basis for each eigenspace of A?”.

Problem:

Solution:

Find a basis for each eigenspace of

-l

(recalling that its eigenvalues were 4 and —2).
For the eigenvalue A = 4:

-3 3 1-1
PV A

so the general solution to (A —41)x =0 is
Ey=Null(A—4I)={(r,r) | r e R}

and a basis for Fy is
{(,1)}

(Notice that with x = (1,1), Ax = 4x, as required.)
For the eigenvalue A = —2:
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33 11
aosr= a1 L

so the general solution to (A —21)x =0 is
E_o=Null(A+2I)={(-r,r)|r eR}

and a basis for F_s is
{(-L,1)}

(Notice that with x = (—1,1), Ax = —2x, as required.)

22.4 Towards an eigenvector basis of R"

We notice that so far, the eigenvectors we are getting for different eigenvalues are
linearly independent. That’s not too hard to see for two vectors, but takes a little
more work for more.?

Theorem 22.1 (Independence of Eigenvectors — Distinct Eigenvalues). Let A
be an n X n matrix. Then any set consisting of eigenvectors of A corresponding to
distinct eigenvalues is linearly independent.

Let’s put this together:

e The characteristic polynomial of an n X n matrix A is a polynomial of degree n,
so it has at most n distinct roots.

e Each root of the characteristic polynomial is an eigenvalue of A.

e Each eigenvalue of A gives an eigenspace of dimension at least 1.

o So IF the characteristic polynomial has exactly n distinct roots, then we can
choose one eigenvector from each eigenspace and thus produce a basis of R™
consisting entirely of eigenvectors of A.

Definition 22.4. The n x n matrix A is said to be diagonalizable over the reals if
there is a basis of R™ consisting entirely of eigenvectors of A.

(Why “diagonalizable”, you say? We’ll come back to this in a bit.)
If an n x n matrix A has n distinct real eigenvalues then A is diagonalizable.

Can a matrix ever fail to be diagonalizable?

22.5 Problematic cases: Case I (not enough real roots)

2 The best way is to use Induction.
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Example 137: What are the eigenvalues of

2

_ { cosf sin@}

—sinf cos®

Well: the characteristic polynomial is

det(A —AI) = det [

cos — )\ sind
—sinf cosf — \

= (A —cos0)? +sin?0
=2 —2cos(#) A+ cos® O +sin? 0
=X2—2cos(A)A+1.

Its roots, using the quadratic formula, are:

1
A= 3 (2cos¢9:|: \/4cos2074) = cosO+V —sin?6 = cosf +isind

which are complex numbers unless sinf = 0, i.e., =0 or 7.

If we were to calculate the eigenvectors associated to these eigenvalues for

6 # 0,7, they would have complex coordinates — meaning they aren’t in R?, but
in C2. That’s fine for certain types of applications but not for others;
mathematically we usually work over C (because the fundamental theorem of
algebra tells us that’s where all the roots will lie)?.

cosf sinf
—sinf cosf
why (when 6 # 0, ) there are no real values of A for which rotation of a vector
x € R? by 6, namely Ax, will result in a real multiple Ax of x!

If you happen to know that A = is a rotation matrix, it’s pretty clear

Moral: it can happen that some eigenvalues are complex numbers. In this
case, you will not get an eigenvector basis of R™; A is not diagonalizable
over R.

3 Indeed, if we allow complex scalars, and so complex eigenvalues and complex eigenvectors in
C2, C? does have a basis of eigenvectors of the matrix A. In this case, we say A is diagonalizable
over C.
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22.6 Problematic cases: Case II (not “enough” eigenvectors)

By definition, if A is an eigenvalue then dim F/, > 1. But it A is a repeated root of
the characteristic equation, say of multiplicity k, then we’d really need
dim(E)) = k, and that doesn’t always happen:

Problem:

Solution:

31
103
The characteristic polynomial is (A — 3)? so the only eigenvalue is 3 (with
algebraic multiplicity 2). But rank(A —3I) =1 so

dim Fy = dimNull(A —37) =2 —1 = 1. That is, we only got a 1-dimensional
subspace of eigenvectors, so it’s impossible to find an eigenvector basis of R™. A is
not diagonalizable over the reals (or even over C - see the footnote on P. 246).

Find the eigenvalues of A = and a basis for each eigenspace.

O

If the characteristic polynomial has a repeated root, then it can happen that
we do not have enough linearly independent eigenvectors of A to form a
basis.

Example 138: Consider

324
A=1202
423

Find all eigenvalues and a basis for each eigenspace and decide if A is
diagonalizable.

(You’ll find that A is in fact diagonalizable, even though its characteristic
polynomial has a repeated root.)

Problems

Remarks:

1. A question with an asterisk ‘*’ (or two) indicates a bonus-level question.
2. You must justify all your responses.

22.1. Find the eigenvalues of the following matrices.
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o [21
30
111

by [11 -1
112

10 1
o |01-1
112

101
d)* (010
111

101
e)|010
212

210
021
002
10 1
g [01-1
112
210
hy*|021
002

310
030
002

22.2. For each of the matrices in the previous question, find a basis for each
eigenspace. (Solutions to parts b, d, f and h are available.)



Chapter 23
Diagonalizability

Let us recap where we are and rephrase things as we go.

Definition 23.1. Let A be an n x n matrix. If A € Ris a scalarand x € R"™ is a

nonzero vector such that
Ax = Xx

then x is called an eigenvector of A and ) is its corresponding eigenvalue.

Key for calculations: The eigenvalues of A are the roots of the characteristic
polynomial det(A — AI). The multiplicity of A as a root is called its algebraic

multiplicity.
16 2 17
Example 139: The characteristic polynomial of | 0 —43 14| is —(\—16)2(\ +43). Hence
0 0 16
the eigenvalues of this matrix are A = —43 (with algebraic multiplicty 1) and

A = 16 (with algebraic multiplicity 2).

Definition 23.2. Let A be an eigenvalue of A. Then the subspace

Ey = Null(A—\I)
={xeR"|(A-A)x=0}
={xeR"| Ax = Xx}

is called the A-eigenspace of A. Its nonzero elements are the eigenvectors of A
corresponding to the eigenvalue \.

So rather than ask: “What are the eigenvectors of A?” it’s simpler to ask: “What is
a basis for each eigenspace of A?”.

Definition 23.3. The dimension of the eigenspace E, is called the geometric
multiplicity of \.

249
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Theorem 23.1 (Limits of geometric multiplicity). Let A be an eigenvalue of A.
Then the geometric multiplicity of \ is at least 1, and at most equal to the algebraic
multiplicity of \. That is,

1 <dim E) < algebraic multiplicity of A

Note that the first inequality follows directly from the definition: A being an
eigenvalue implies that the eigenspace is nonzero (and so must have dimension at
least 1). (Showing the other inequality is more work and we will not prove it here.)

23.1 About diagonalizability

Recall defintion 22.4: The n x n matrix A is said to be diagonalizable over the
reals if there is a basis of R™ consisting entirely of eigenvectors of A.

We saw last time that if A has n distinct real eigenvalues, then A is diagonalizable.
But A can be diagonalizable even if it has repeated eigenvalues (it’s just not
guaranteed to work):

Problem:

Solution:

Consider
324

A=1202
423

Find all eigenvalues and a basis for each eigenspace and decide if A is
diagonalizable.

We need to calculate the eigenvalues of A first. So we begin by computing the
characteristic polynomial:

3-2 2 4
det(A—Al)=det| 2 —-X 2
4 2 3-A

Although we could compute this directly, it’s easier with some zeros, so try the row
operation —2R9 + R3 — Rs3, which doesn’t change the value of the determinant:

3—\ 2 4
=det 2 —-A 2
0 242X —1—-2AX

and now we notice that the (3,2) entry is exactly —2 times the (3, 3) entry. So,
remembering that the determinant of a matrix is the same as its transpose, we can
perform the column operation 2C'3 4+ Cy — Co and this won’t change the
determinant either:
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3—\ 10 4
=det 2 4-X 2
0 0 —-1—-X\

and now if we do the cofactor expansion on the third row, we’ll get a partially
factored answer:

—A+ D ((B=A)A-A)—20) = —(A+1)(A2=7A—8) = —(A+1)>(A—38)

This is the characteristic polynomial of A.

Now the eigenvalues of A are the roots: —1 is an eigenvalue, of algebraic
multiplicity 2; and 8 is an eigenvalue, of algebraic multiplicity 1.

Now we need to find a basis for each eigenspace.

For \ = 8, we find Es = Null(A — 87) by row reducing

-5 2 4 1 -4 1 1 -4 1
2 82|~ |5 —2-4|~1|0 18 —9
4 2 -5 —4-25 0-18 9

1-4 1 10 —1

~101 -3l ~J01-%

00 0 00 0

and we are pleased: dim(FEg) = dim Null(A — 8I) (which is just the number of
nonleading variables) is 1, as it should be. The geometric multiplicty of 8 is 1.
A basis for Eg is {(1,3,1)}, or {(2,1,2)}, if you prefer.

Next, to solve for E_1 = Null(A — (—1)) = Null(A+ I) we row reduce:

424 111
212~ 1000
424 000

which implies the geometric multiplicity of —1 is dim(F_;) = 2, which coincides
with the algebraic multiplicity of —1. A basis for the —1-eigenspace is

{(-31,0),(-1,0,1)}

(or multiply the first by 2 if you prefer, to get {(—1,2,0),(—1,0,1)}.)
Finally, notice that the set

{(23172)7 (*1;230% (717071)}

is linearly independent (check this!) and hence a basis for R2. Since R? has a basis
consisting entirely of eigenvectors of A, we deduce that A is diagonalizable.
O

So what can you do with a diagonalizable matrix?
Let’s continue with the above example.
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324
Given A= |2 0 2| as above, construct the matrix P whose columns are an
423
eigenvector basis corresponding to A:
2-1-1
P=112 0
20 1

Since its columns are a basis for R3, P is invertible. Call those columns v; for
short. Then
AP=A [V1 \ P Vg]
= [Avl Avy AV3]
= [8V1 (—1)V2 (—1)V3]

8§80 O
Z[Vl \ D] V3} 0-1 0
00 -1

=PD

where D is the diagonal matrix consisting of the eigenvalues of A (given in the
same order as the eigenvectors in P).
Since P is invertible, this yields

P~ 'AP=D or A=PDP!

Proposition 23.1 (Diagonalizing a matrix). [f P is a matrix whose columns are
an eigenvector basis of R™ corresponding to A, and D is the diagonal matrix
whose diagonal entries are the corresponding eigenvalues, then

P 'AP=D or A=PDP™!

Problem: Calculate A", for any n.
Solution: We have A= PDP~1: 50

A% =AAAAA=(PDP Y (PDP Y)Y (PDP Y (PDP ') (PDP ') =PD°P!

and, since D is diagonal, calculating its powers is easy:

5

80 0 8 0 0 32,768 0 0
D°=(0-10| =|0(-1)> 0 |=] 0 -10
00 —1 0 0 (-1 0 0 -1

So in general, A" = PD™P~! and D" is the diagonal matrix with diagonal entries
8", (—=1)™ and (—1)™.
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A little calculation produces P~ !:

2 1 2
Pl="1-14 -1
4.2 5
SO
2—1—185001212
A"=112 0| |0 (-1)% 0 |=|-14 -1
20 1]]o o (-18]?|-4-25

which multiplies out to give a (slightly nasty, but what do you expect) formula for
A™, for any n.

Evenn =—1(!).

O

The equation A = PDP~! is why we call this process “diagonalization;” and
applications like the above are among the main reasons for our interest in
diagonalization.

For your interest: in your course on differential equations, one of the classes of
equations that you come across are systems of linear differential equations.
Eigenvalues are eigenvectors are the key to solving the systems; they allow you to
“uncouple” the variables. (See exercise 23.4.)

23.2 Failure of diagonalization

We have already pointed out that real matrices could have complex eigenvalues. In
that case, the matrix could be diagonalizable over C without being diagonalizable
over R.

More serious, however, is when there is a deficiency in the geometric multiplicity
of one or more eigenvalues.

2 —4 -1
Example 140: Is A = |0 —18 —4| diagonalizable?
0 80 18

We compute the eigenvalues:

2-X\ -4 -1
det | 0 —18—X —4 | =(2=X\)((A+18)(\—18)+320)
0 80 18—\

=-(A—2)(A\*—1)
=-(A-2)*(A+2)

and thus deduce that the eigenvalues are 2 (with algebraic multiplicity 2) and —2
(with algebraic multiplicity 1).
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For the eigenspace Fo, we row reduce A — 21

0 -4 -1 01 010
0-20-4|~ |01 ~ 1001
0 80 16 000 000

(SN

So 1 is the only nonleading variable; this gives only one basic solution (1,0,0), so
dim(F3) = 1. Since the geometric multiplicity of 2 is not equal to its algebraic
multiplicity, we deduce that NO, A is not diagonalizable.

(Note that we are using the fact that —2 will give rise to exactly a 1-dimensional
eigenspace; so there is nowhere to get a third eigenvector from, and that’s the
problem.)

23.3 Interpreting eigenvectors geometrically

So think of multiplication by A as transforming R™.

Example 141: Take A = [(1) ﬂ . Then multiplication by A stretches the y-axis by a factor of 4.

That is, if we start with a square with corners (0,0), (0,1), (1,0) and (1,1), then
after multiplying by A, these 4 corners go to the points (0,0), (0,4), (1,0) and
(1,4), which are the corners of a stretched square.

So: multiplication by a diagonal matrix is easy to understand.

What about B = { 3 _1] ? Applying this to the same four points of the unit

2 2
square (0,0), (0,1), (1,0) and (1,1) yields
(0,0),(—1,2),(3,-2),(2,0)

which is a parallelogram. But what does it mean?
The secret is in the eigenvectors. They are (1,2) (corresponding to eigenvalue 1)
and (—1,1) (corresponding to eigenvalue 4). So if we were to draw a parallelogram
with vertices

(070)7 (1’2)7 (_17 1)7 (07 3)

then after multiplication by A, you’d get
(0,0),(1,2),(—4,4),(—3,6)

which makes sense when you sketch it: the parallelogram was stretched by a factor
of 4 in the direction (—1,1).

And this also explains what happens to our unit cube: it was stretched along the
axis span{(—1,1)}.
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The point: the basis of eigenvectors is the secret to understanding the geometry of
multiplication by A.
O

Viewing A as a transformation in this way — as a linear transformation — is
fundamental to discrete time dynamical systems see ‘Markov processes in
probability’!.

What we want to do next: explore this idea of linear transformations in greater
detail, and get back to that picture we once used in class, illustrating the nullspace
and column space of a matrix via a map from R" to R™ (the map being:
multiplication by A).

Problems

Remarks:

1. A question with an asterisk ‘*’ (or two) indicates a bonus-level question.
2. You must justify all your responses.

23.1. a) For each of the matrices A in exercise 23.1, if possible, find an invertible
matrix P and a diagonal matrix D such that P~' AP = D.]If this is not
possible, explain why. (Solutions to parts b, d, f and h are available.)

101
b) Use the fact that A = |01 0| is diagonalizable to compute A10"*" before the
111

sun becomes a red giant and (possibly) engulfs the earth.?
23.2. State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

a) If 3 is an eigenvalue of an n x n matrix A, there must be a non-zero vector
v € R" with Av = 3w.

0
. .
b)*The matrix [1 0

] has no real eigenvalues.

¢) The matrix [_01 11} is diagonalizable.

I Search the web for ‘Markov chain’.
2 You have between 5 and 6 billion years, but it should only take you less than 5 minutes.
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d)*If 0 is an eigenvalue of n x n matrix A, then A is not invertible.

e) If an n x n matrix A is not invertible, then 0 is an eigenvalue of A.

f)*Every invertible matrix is diagonalizable.

g) Every diagonalizable matrix is invertible.

h)*If an n x n matrix has n distinct eigenvalues, then the matrix is diagonalizable.
i) If an n X n matrix is diagonalizable then it must have n distinct eigenvalues.
j)*3 If an n x n matrix A has eigenvalues A1,...,\,,then det A = \;...\,.

k) * If v and w are eigenvectors of a symmetric matrix A (i.e. A = A%) which
correspond to different eigenvalues, then v - w = 0.4

011
233 Let A= |101
110

a) Compute det(A — A\I3) and hence show that the eigenvalues of A are 2 and —1.

b) Find a basis of Fy = {z € R | Az = 2z}.

¢) Find abasis of E_; = {x € R? | Av = —x}.

d) Find an invertible matrix P such that P~ AP = D is diagonal, and give this
diagonal matrix D. Explain why your choice of P is invertible.

e) Find an invertible matrix Q # P such that Q"1 AQ = D is also diagonal, and
give this diagonal matrix D.

23.4. *3 Consider the coupled system of second order differential equations for the
the two functions f and g:

f==2f+yg
g=1r-2
i d d
(Here f and ¢ denote d_;ff? and _92 respectively.
This can be also written in matrix form as: [f} = [2 L } [f} .
g L =2} g
Let A= [_12 _12} . Diagonalize A to write A = PDP~! for some invertible matix

A0

0\ ] . Now define two new functions h and k
2

P and some diagonal matrix D = [

3 Hint: Use the fact that we know det(A — Al,) = (=) (A = A1) (A= A2) ... (A= Ap).

4 Hint: Remember that because A is symmetric, Av-w = v - Aw (by exercise 3 in the section on
matrix algebra). Now simplify both sides using the fact that v and w are eigenvectors and see what
you obtain.

3 This example is a simplified version of the equations of motion for 2 masses connected by springs.
Search the web for ‘Normal mode’ for an example.
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by il — p=1 || Show that f |2 U s equivalent to
g g

k 1 =2] |y
{Z] = ﬁ)l ;ﬂ [Z} , or, written out fully as
h=MXh
k=Xk

You will find that both A\; and )\ are negative, so the solutions to these two (linear)
second order differential equations® are h(t) = asin(/|\1]t) + bcos(y/|\1]t) and

k(t) = esin(y/|A2]t) + ccos(1/|A2|t), where a,b, ¢, d are real constants.

Use this to find f and g, and solve for a,b,c and d in terms of the so-called ‘initial
conditions” £(0), (0),9(0),9(0).

6 Search the web for ‘Linear differential equation’ for some details.






Part VI
Linear Transformations



In mathematics, one might begin by studying the objects under consideration — in
this case, vector spaces — but then equally important is to understand the maps
between them, that is, the maps that are “compatible” with the vector space
structure. These maps are called linear transformations. We have seen and used
several already: the coordinate map, the projection map.



Chapter 24
Linear transformations

Last time, we considered the geometric interpretation of “multiplication by A”: it
is a transformation of R™. It’s a special kind of transformation: it takes squares to
parallelograms (as opposed to anything else your imagination could provide!).
The key properties that made this work:

e A0=0
o A(u+v)= Au+ Av for any u,v € R"
o A(ru)=r(Au),foranyueR", reR

These properties imply that the four points of a parallelogram with vertices
0,u,v,ut+v

are sent to the four points
0, Au, Av, Au+ Av

(which again define the corners of a parallelogram, although it could be degenerate
(a line segment) if Au and Av are linearly dependent); and moreover that the
straight line ru is sent onto the straight line r(Au). (etc).

Definition 24.1. Let U and V' be vector spaces. A linear transformation T is a map
from U to V satisfying

l.forallu,ve U,T(u+v) =T(u)+T(v)
2. forallue U,r e R, T(ru) =rT(u)

We use the word transformation here, and map; we could use function but that’s
often reserved for a map whose range is the real numbers. Whatever the
terminology, the point is that 7" is a black box or formula or rule which accepts a
vector of U as input, and produces a (uniquely determined) vector in V' as output;
and furthermore we stipulate that it takes sums to sums and scalar multiples to
scalar multiples.

So: multiplication by a square matrix A is a linear transformation.

We must now ask ourselves: what other kinds of linear transformations do we
know?

261
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24.1 Examples of linear transformations

Example 142: Let A be an m X n matrix. Define the map
T:R*"—R™

by T'4(u) = Au. We claim that T'4 is a linear tranformation.
To prove this, we need to verify that:

1. forany u,v € R", Ty(u+v) =Ty (u) + Ta(v):
Ta(u+v)=A(u+v)=Au+ Av=T4(u)+T4(v)

as required.
2. foranyu e R",r e R, Ty(ru) =rT4(u):

Ta(ru) = A(ru) = r(Au) = T4 (u)

as required.

So this is a linear transformation, for any m,n and A.

Example 143: Consider the projection onto the plane W given by
W= {(I’,y,Z) | I‘*Z:O}

Let’s first find a formula for this projection. The easy way is to note that
W+ =span{(1,0,—1)} so foru = (u1,uz,uz) € R3, we have

v () u-(1,0,-1) ! Uy —us (1)
ro = =
PRI T .m0 (10,41 | > |0
and therefore
. ) Ui uy —us 1 1 U1 +us
projyy (1) =u—projy 1 (u) = fuz [ — 0==] 2u
2 2

us3 -1 u1 +usg

Now is this a linear transformation? We verify the two properties of linearity (with
T = projy):

1. Is projy (w+v) = projy, () + projy, (v)? Let w = (uq,ug,us3) and
v = (v1,v2,v3); then
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projy, (u+v) = projy (u1 +v1,uz +v2,u3 +v3)

1 [(u1 +v1) 4 (ug +vs)
= 5 Q(UQ + U2)
_(U1 +v1)+ (us +v3)
1 u1 +us -1)1 + 1)3_
U1 +us | V1 + V3 |
1 _ul +us -1)1 + U3_
= 5 2uo + = 2v9
U1 +us | V1 + 3]
= projyy () + projyy (v)

as required
2. Is projy, (ru) = rprojy, (u)? Let » € R and u as above, then

projy (ru) = projy, (rui,rus,rus)
ru1 +rusg
= - 2rug
ru1 +rus
1 U1+ us
=r| - 2us
U1 +us

= rprojy (u)

Since both axioms are satisfied, this is a linear transformation.

Example 144: Show that the map 7': R? — R? given by T'(x,y) = (x + 1,zy) is not a linear
transformation.
It suffices to show that there exists even one pair of vectors u, v for which
T(u+v) # T(u)+T(v); OR to show that there is even one vector and one scalar
for which T'(ru) # rT'(u). Let’s show that in fact these axioms fail for almost all
vectors and scalars!

1. Note that
T(u+v) =T (u1 +v1,u2+v2) = (ug +v1+ 1, (u1 +v1)(u2 +v2))
whereas
T(a)+T(v) = (u1 + L,ugug) + (v1 + 1,v102) = (u1 +v1 + 2, uru2 + v102)

but the first components can NEVER be equal (and the second components are
only equal if the “cross terms” are zero).



264 24 Linear transformations
So, for example, T'(1,0) = (2,0),7(0,1) = (1,0) and

We could stop now: we’ve found an example that shows 7 is not linear. But
let’s show that 7" doesn’t satisfy the second condition either.
2. Note that

T(ru) = T(ruy,rug) = (rug + 1, (ruy) (rug)) = (rug +1,7%uiug)

whereas
rT(u) =r(u; + 1,urug) = (rug +r,rujus)

but the first component is equal only when r = 1 and the second only when
eitherr=1orr=0orujus =0.
So, for example, T'(1,1) = (2,1), but

T(2(1,1) = T(2,2) = (3.4) # 2(2,1) = 2T(1, 1).

So this map is defintely not linear.

24.2 Constructing and Describing linear transformations

Checking the linearity of a map is eerily similar to the subspace test. Is it the same
thing? NO: the subspace test is for sets, but linear transformations are maps
between vector spaces (or subspaces).

The phrase “linear transformation” comes about in part because the second
property implies that the image under 7" of a line through the origin is again a line
through the origin (or just {0}).

In particular, taking » = 0, we deduce that for any linear transformation, 7'(0) = 0.
But the two properties imply much more: they say that linear combinations are sent
to linear combinations, in the following sense.

Theorem 24.1 (Determination of Linear Transformations on a Basis).

1. Suppose T: U — V is a linear transformation and {uy,--- ,u, } is a basis
for U.Then T is completely determined by the vectors T(uy), ---, T'(uy,).

2. Suppose {uy,--- ,u,} is a basis for U and {v1,--- ,v,} are ANY n vectors in
V (even possibly dependent or 0). Then there is a unique linear
transformation T which satisfies T (w;) = v; for all i.

Proof. 1. What we mean by “completely determined” is: we can determine 7'(u),
without having a formula for T, IF we know the vectors T'(uy), ---, T'(u,,).
Namely, let u € U be arbitrary. Since {uy,--- ,u, } is a basis for U, we can
write
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u=aiuy +---+aply.

Then
T(ll) = T(Clllh +--- +anun) = alT(ul) 44 anT(un)y

as we wanted to show.
2. We need to give a rule for a map 7" which sends u; to v;. We use the idea
above: for any u € U, write u = aju; + - - - + a,u,. Then define

T(u)=a1vi+-- +anvyp.

This gives a function from U to V" and you can check that it is linear (try it!).
O

This theorem is very powerful. Much in the same way that proving the existence of
a basis of any vector space simplified things by showing that every n-dimensional
vector space is really just R™ in disguise, this theorem implies that every linear
transformation is just matrix multiplication in disguise!

Theorem 24.2 (The standard matrix of a linear transformation). Let
T: R™ — R"™ be a linear transformation. Then there is an m X n matrix A such
that

T(x) = Ax

for all x € R™. More precisely, if {e1,--- ,e, } is the standard basis for R™, then the
matrix A is given by:
A=1[T(e1)T(e2) --- T(ep)].

The matrix A is called the standard matrix of T'.

Example 145: Consider the projection 7' = projy;, onto the plane W = {(z,y, 2) | z —z = 0};
we saw earlier that T'(uq,us,usg) = %(ul +us,2us,u1 +us).
Construct the matrix as in the theorem: 7'(1,0,0) = (3,0, 3),7(0,1,0) = (0,1,0),
7(0,0,1) = (3,0,3),s0

11
203
A=1(010
101
203
and we see directly that
% 0 % Ul 1 |wm + ug
Au=|{010 U2 | = 5 2U2 :T(u)
% 0 % us3 w1 +us

as required.
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Proof. To see why it works, recall that if you have a vector

u1

u2
u=

Un

then in fact
u=1uie|+---+uney,.

Thus T'(u), by the theorem Determination of Linear Transformations on a Basis, is
T(ll) = ulT(el) +- 4+ unT(en).
But taking linear combinations is just matrix multiplication, so we have

Uy
u2

T(w) = [T(er) T(ez) -+~ Tlen)] | . | = Au.

Un

24.3 Kernels and images

This new interpretation of the projection map as a linear transformation gives us
more geometric ideas about what the operation of projection really does. For
instance, the projection map annihilates (sends to 0) any vector of U L Butit
completely covers U in the sense that ever point of U is the image of some element
under 7'.

To state this more clearly, we need some definitions.

Definition 24.2. Let T': U — V be a linear transformation. Then

e the kernel of T, denoted ker(T'), is the set of all elements of U which are sent to
0 by T, that is,
ker(T)={ueU|T(u)=0}

o the image of T', denoted im (T'), is the set of all elements of V' which are equal
to T'(u) for some u € U, that is,

im(T)={veV|v=T(u)forsomeuc U.}

Now both ker(T") and im (T") are subsets of vector spaces, and the natural first
question is: are they subspaces? Answer: YES, and they’re even familiar ones!
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Theorem 24.3 (Kernels and Images of the Standard Matrix). Let
T: R™ — R™ be a linear transformation with standard matrix A. Then

ker(T") = Null(A) and im(T) = Col(A)

The first equality is clear once you recall that T'(u) = Au; and for the second, one
should go back and look up the original definition of Col(A) =im (A).

24.4 A return to the rank-nullity theorem

Note that the rank-nullity theorem! can be restated, for a linear transformation
T:U—YV,as
dim(ker(T)) +dim(im (7)) =n

where n = dim(U). We interpret this as giving an accounting of what T" does to the
vectors in U. If T" sends U onto a subspace of V' of dimension equal to U, then the
kernel must be 0. On the other hand, if the dimension of the image is smaller than
dim U, then those ‘missing’ dimensions had to go somewhere; in fact, they ended
up in the kernel of 7', as the equation above suggests.

For example. the projection onto the plane W we saw earlier has kernel equal to
the 1-dimensional W+ and image is all of (2-dimensional) W: and
2+1=3=dim(R3).

Conversely, knowing that we can think about 7" as a matrix multiplication means
that we know that a basis for im (T") is any basis for Col(A) (and this is something
that we find easy to answer).

24.5 A remark about the projection matrix

When we calculated the projection onto a subspace before, one of our methods
was:

e Create a matrix B such that Col(B) =W
e Solve (BT B)x= BTb.
e projyy(b) = B

Putting this all together: Suppose B has linearly independent columns, so that
BT B is invertible. (This was a homework exercise.) Then

projy-(b) = B(BTB)~'BTh

1 Some like to call this theorem the conservation of dimension: since the dimension of the subspace
sent to O (dim ker T") plus the dimension of the image of 7" -‘what’s left’, is the same the dimension
you began with: n = dim U ‘Total dimension is preserved’.
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so the projection is given by multiplication by the matrix
B(BTB)'BT.

Therefore, this must be the standard matrix of 7'! You can try this out for the
example above.

Problems

Remarks:

1. A question with an asterisk ‘*’ (or two) indicates a bonus-level question.
2. You must justify all your responses.

24.1. State whether each of the following defines a linear transformation.

o If you say it isn’t linear, you must give an explicit example to illustrate.
o If you say it is linear, you must give a clear explanation - by quoting a theorem
presented in class, or by verifying the conditions in the definition in every case.

a) T : R? — R3 defined by T'(x,y) = (x,y,2 +¥)
b)*T : R? — R2 defined by T'(z,y,2) = (22 +,y)
¢) T : R? — R? defined by T'(x,y) = (z,7y)

d)*T : R2 — R2 deﬁned by T('U) = |:§) _01:| v

e) T: R? — R3 defined by T'(v) = v x (1,2,3), where ‘x’ denotes the cross
product.

£)*T : R — R3 defined by T'(v) = proje1,1,-1)(v)-

g) T: R? — R3 defined by T'(v) = v — projei,1,—1)(v)-

h)*T : R? — R3 defined by T'(v) = proj, (1,1,—1).

i) T : R? — R3 defined by T'(v) = (v-(1,1,—1))(1,0,1).

j)*T : R? — R3 defined by T'(v) = 2v.

k) T': R3 — R3 defined by T'(v) = proj g (v), where H is the plane through the

origin with normal (1,1,0).

D*T : R3 — R? defined by T'(v) = Av, where A = [1 0 1] .

123
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24.2. In each of the following, find the standard matrix of 7" and use it to give a
basis for ker 7" and im 7" and verify the conservation of dimension.

a) T : R? — R3 defined by T'(x,y) = (x,y,2 +¥)
b)*T : R? — R? defined by T'(z,y,2) = (22 +,y)

¢) T :R3 — R3 defined by T'(v) = v x (1,2,3), where ‘x’ denotes the cross
product.

d)*T : R? — R? defined by T'(v) = proj(i,1,—1)(v)-
e) T :R3 — R3 defined by T'(v) = v — proj(1,1,—1)(v)-
£)*T : R? — R3 defined by T'(v) = projy (v), where H is the plane through the

origin with normal (1,1,0).

24.3. State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

a) If T': R? — R? is linear, then ker 7" # {0}.
b)*If T : R* — R2 is linear, then dimker 7" > 2.
¢) If T : R* — R? is linear, then dimim 7" < 4.

d)*If T : R — R? is linear, and {v1,v2} C R? is linearly independent, then
{T(v1),T(v3)} C R? is linearly independent.

e) If T: R — R? is linear, ker T = {0}, and {v1,v2} C R is linearly
independent, then {T'(vy),T(v2)} C R? is linearly independent.

£)*If T : R® — R3 is linear, and ker T’ = {0}, then im 7' = R3.
) If T : R? — R3 is linear, and ker 7' = {0}, then im 7" = R3.

24.4. * State whether each of the following defines a linear transformation.

o If you say it isn’t linear, you must give an explicit example to illustrate.
e If you say it is linear, you must give a clear explanation - by quoting a theorem
presented in class, or by verifying the conditions in the definition in every case.

a) T : P — P defined by T'(p) = p’, where p’ denotes the derivative of p.

¢
b)*T : P — P defined by T'(p) (t) = / p(s)ds.
0
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c) tr: Mo9 — R defined by tr {CCL b} =a+d.

d)*det : M2 — R defined by det {

e) T: F(R) — R defined by T(f) = f(1).

24 Linear transformations



Solutions to selected exercises

Problems of Chapter 1

1.1 Express the following complex numbers in Cartesian form: a + bi, with
a,beR.

a) (241)(2+2i) =2+6i
11
b) — = —

8+3i 31 39
5-3 34 34
545
1—i
(1+2i)(245i) 12 59,

e)1 ERy 1_12_513%Z
—1 —+1 .
R e TR

1 1 5.

(I—9(3-20) 26 26

c)

o1

d)

g
1.2 Find the polar form of the following complex numbers: (i.e. either as re*? or as
r(cosf+isind), withr > 0and —7 < 0 <)

a) 3v/3 —3i = 6(cos(—7/6) +isin(—7/6)) = 6e~ &

b) % = 3(cos(—57/12) +isin(—57/12)) = 3e— 150
©) 1__1\52 = V2(cos(117/12) + isin(117/12)) = V2 17
d) %\/g = 5(cos(Tn/12) +isin(77/12)) = 5etst

271
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3+3v3i  3v2 3V2 5r;
e) %\/Q_j = T\/_(cos(57r/12) —isin(51/12)) = Tfe%l

14 If z is a complex number,

(i) Is it possible that z = z? Solution: (Yes, iff z € R:if z = a + b, then z = Z iff
a+bi=a—bi)iffb=—-biff z=a €R.

(ii) Is it possible that |Z| > |z|? Solution: (No: |Z| = |z|, always: if z = a + b, then
2| = V@ T = /a4 (B =)

(iii) Is it possible that Z = 2z? Solution: (Yes, but only if z = 0: If Z = 2z, then by

the previous part, |z| = 2|z

,80 |z] =0.S0 z=0too.)

Give examples to illustrate your affirmative answers, and explanations if you say
the statement is always false.

Problems of Chapter 2

23 IfA=(1,2,3), B=(-5, -2, 5), C=(-2, 8, —10) and D is the midpoint
of AB, find the coordinates of the midpoint of C'D.

Solution: The position vector v of the midpoint of C'D is v = (C'+ D)/2. But as
D=(A+B)/2,v=(C+(A+B)/2)/2= (-2, 4, —3)

2.4 Solve the following problems using the dot product.
(b) Find the angle between the vectors (0, 3, —3) and (-2, 2, —1).

Solution: If 6 is the angle between these two vectors, then

cosf = = =

100, 3, =3)MI(=2, 2, DI V18V

(0, 3, =3)- (-2, 2, —1) 9 V2
5

Hence 6 = z.

2.5 Solve the following problems.
(@ Ifu=(2, 1, 3) and v = (3, 3, 3) find proj, u.
Solution:

, wv  (2.1,3)-(3, 3, 3) 18
Proj, u = v= (3,3,3)==(3, 3, 3) =(2,2,2).
P (3, 3, 3)[12

27

(b) If u= (3, 3, 6) and v = (2, —1, 1) find the length of the projection of u along
V.

Solution:
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‘U-’U‘ vl = |U’U| _ (3’ 3, 6)(2a -1, 1) :§
P =T T e Lo —2Ye

I proj, ul =

(c) Find angle between the planes with Cartesian equations * — z = 7 and
y—z=234

Solution: The angle between two planes is always the acute angle between their
normal lines. So we find the angle ¢ between their normals (1,0,1 and (0,1,—1)
2

2
and adjust if necessary. The angle ¢ is %, so the answer is ™ — % =

wl

Problems of Chapter 3

3.1 Solve the following problems using the cross and/or dot products.

(b) Find all vectors in R3 which are orthogonal to both (—1,1,5) and (2,1,2).
Solution: Such vectors will be parallel to the cross product of these two vectors,
which is found to be (—3,12,—3). Hence {(¢, —4t, t)| t € R} is the solution.
@Ifu=(-4,2,7),v=(2,1,2)andw = (1, 2, 3), find u- (v X w).

Solution: Thisis (—4, 2, 7)-(2, 1, 2) x (1, 2, 3) = (-4, 2, 7)-(—1,—4,3) =17.
3.2 Solve the following problems using the appropriate products.

(b) Find the area of the triangle with vertices A = (—1, 5, 0), B= (1, 0, 4) and
C=(1,4,0)

Solution: This will be % the length of the cross product of the two vectors B — A
and C'— A, and so is %||(478,8)H =6.

(d) Find the volume of the parallelepiped determined by
u=(1,1,0),v=(1,0, —1)andw = (1, 1, 1).
Solution: This is simply the absolute value of »-v X w and so is 1.

3.3 Solve the following problems.

(a) Find the point of intersection of the plane with Cartesian equation
2z 4 2y — z = 5, and the line with parametric equations
r=4—t, y=13—-06t, z =—-7+4¢.

Solution: Once we substitute t =4 —t, y = 13 — 6t and z = —7+ 4t into
2z + 2y — z = 5, we can solve for ¢, which we then substitute backinto
x=4—t, y=13—6t and z = —7+4¢ to obtain (2, 1, 1).
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(b) If L is the line passing through (1, 1, 0) and (2, 3, 1), find the point of
intersection of L with the plane with Cartesian equation z+y — 2z = 1.

Solution: We find the (scalar) parametric equations for the L, and then proceed as
in part (a) to obtain (1/2,0, —1/2)

(d) Do the planes with Cartesian equations 2x — 3y +4z = 6 and
4z — 6y + 8z = 11 intersect?

Solution: No, their normals are parallel, so the planes are, but their equations are
not multiples of the other.

(f) Find the line of intersection of the planes with Cartesian equations
r+1ly—4z=40and x —y = —8.

Solution: A direction vector for this line will be perpendicular to both normal
vectors, and so can be obtained as the cross product of these normals, namely
(—4,—4,-12). (We will choose (1,1, 3) instead.) Now all we need to do is find
one point on this line. This is done by substituting z = y — 8 into

x+ 11y — 4z = 40, and simplifying to obtain 3y — z = 12. Now set z = 0, to obtain
the point (—4, 4, 0). Hence the line is {(—4, 4, 0) +¢(1, 1, 3),| t € R}

3.4 Solve the following problems.

(b) Find the distance from the point Q = (—2, 5, 9) to the plane with Cartesian
equation 62 + 2y — 3z = —8

Solution: Choose any point P on the plane - say P = (0,—4,0). The the distance
between () and the plane is the length of the projection of QP in the direction of

. . (Q@—P)-(6,2,-3)
the normal (6,2, —3). This length is =3.
16,2, =3l

(d) Find the distance from the point P = (8, 6, 11) to the line containing the points
Q@=(0,1,3)and R=(3, 5, 4).

Solution: Draw a picture: this will be the smaller of the lengths of the vectors

(Q — P)£projr_q(Q — P). Alternatively, we could solve for s in
0=(R—Q)-(P—(Q+s(R—Q)) to find the point S = Q + s(R — Q) on the line
closest to P, and then compute || P — S/||. In either case, the answer is 7.

3.5 Find the scalar and vector parametric forms for the following lines:

(b) The line containing (—5, 0, 1) and which is parallel to the two planes with
Cartesian equations 2z —4y +z =0and x — 3y — 2z = 1.

Solution: This line will be perpendicular to both normals, and so parallel to the
cross product of the normals. Hence the scalar parametric form is
r=—-b+11t,y=>5t, 2=1—2t,t € R, and the vector parametric form is
(=5, 0, 1)+1¢(11,5,-2).
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3.6 Find a Cartesian equation for each of the following planes:

(b) The plane parallel to the vector (1,1, —2) and containing the points
P =(1,5,18) and Q = (4,2,—6) 5z — 3y + 2 = 8.

Solution: This will be the plane through P with normal parallel to the cross
product of (1,1,—2) and P — Q. An easy computation then yields the equation
5z — 3y + z = 8 (after dividing by 6).

(d) The plane containing the two lines {(¢ — 1,6 —¢t,—4+3t) | t € R} and
{(—3—4t,64+2t,745t) |[e R}

Solution: Pick a point on either line, say P = (—1,6,—4). Then this will be the
plane through P with normal parallel to the cross product of the direction vectors
of each line. An easy computation then yields the equation 11z + 17y + 22z = 83.

(f) The plane containing the point P = (1,—1,2) and the line
{(4,—142t,2+1t) | t € R} .Solution: Pick a point on the line, say Q = (4,—1,2).

This will be the plane through P with normal parallel to the cross product of
P — @ and a direction vector for the line (say) (0,2,1). One obtains (after division
by £3) the equation y — 2z = —5.

(h) The plane containing the point P = (1, —7, 8) which is perpendicular to the
line {(2+2¢,7—4t,—3+1t | t € R}. Solution: This will be the plane through P

with normal paralle to a direction vector for the line. One obtains the equation

20 —4y+2z=38.

3.7 Find a vector parametric form for the planes with Cartesian equations given as
follows. (i.e. find some a € H and two non-zero, non-parallel vectors u,v € R3,
parallel to the plane H. Then H = {a+ su+tv | s,t € R}.)

b)r—y—2z=4.

Solution: Take a = (4,0,0) € H. To pick u and v, simply choose two (non-zero,
non-parallel) vectors perpendicular to a normal vector (1,—1,—2). Sou = (1,1,0)
and v = (2,0,1) will do. Then H = {(4,0,0) +s(1,1,0) +¢(2,0,1) | s,t € R}.
(There are of course infinitely many correct answers.)

3.8 Let u,v and w be any vectors in R3. Which of the following statements could
be false, and give an example to illustrate each of your answers.

(1) u-v = v-u. Solution: This is always true.

(2) u X v = v X u. Solution: Since u X v = —v X u always holds, this is only true if

w and v are parallel or either is zero. So for a counterexample, take « = (1,0,0)
and v = (0,1,0). Then u x v = (0,0,1) # (0,0,—1) = v x u

B) u- (v+w) =v-u+w-u. Solution: This is always true.
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(4) (u+2v) X v =u x v. Solution: This is always true, since v X v = 0 always
holds.
(5) (uxv) Xxw=wux (vXxw). Solution: This is almost always false. Indeed by the

last question in this set of exercises, it is true only if
(u-w)o—(u-v)w=(w-u)v—(w-v)u <= (u-v)w=(w-v)u. So for a
counterexample, take v = (1,0,0) = v and w = (0,1,0). Then
(uxv)xw=(0,0,0) # (0,—1,0) =u x (v X w).

3.9 Let u,v and w be vectors in R?. Which of the following statements are
(always) true? Explain your answers, including giving examples to illustrate
statements which could be false.

(i) (u x v)-v = 0. Solution: This is always true: it is a property of the cross
product which is easliy checked.

(ii) (v x u) -v = —1 Solution: This is always false, and the left hand side is always
zero. So take u = v = 0.

(iii) (u X v) - w is the volume of the of the parallelepiped determined by w, v and w.
Solution: Volumes are always positive, so this is only true if

(uxv) -w=|(uxv) wsoifu=(1,0,0),v=(0,1,0) and w = (0,0,—1),

(u X v)-w = —1, which is not the volume of the unit cube.
@iv) [lu x v|| = [|u|| ||v]| cos@ where @ is the angle between u and v. Solution: This
is only true if cosf = sin 6, since it is always true that ||u x v|| = ||u||||v]| sin®,

where 6 is the angle between v and v. So take u = (1,0,0) and v = (0,1,0) for a
counterexample.

V) |u-v| = [|u]|||v]| cos® where 0 is the angle between u and v. Solution: This is

always true.

Problems of Chapter 4

4.1 Determine whether the following sets are closed under the indicated rule for
addition.

(b) L = {(x,y) € R? | 2 — 3y = 0}; standard addition of vectors in R?.

Solution: This is closed under addition: Suppose (z,y), (z’,y’) € L. Then
x—3y=0and 2’ — 3y’ =0. Since (z,y) +2',y') = (r+ ',y +y') satisfies
x4z —3(y+vy') = (x—3y)+ (2’ —3y’) =0+ 0 =0, we see that
(z,y)+(2",y") € L.

(d) S = {(z,y) € R? | 2y > 0} ; standard addition of vectors in R?.
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Solution: This is not closed under addition. For example, (1,2) and (—2,—1) both
belong to S, but their sum, (—1,1) does not.

() K = {(z,y,2) €R3 | x+2y+ 2 = 1} ; standard addition of vectors in R3.
Solution: This is not closed under addition. For example, both (1,0,0) and (0,0,1)

belong to K but their sum, (1,0,1) does not.

(h) M = {(z,2+2) € R? | z € R}; Non-standard addition:
(@,y)+ (@) = (e +2",y+y—2).

Solution: This is closed under the weird addition rule (but not under the standard
one- see part (a)): Let u = (z,z +2) and v = (2/, 2 + 2) be any two points in M.
Then utv = (z+a',(x +2)+ (' +2)—2) = (z + 2,2 +2' +2) € M.

4.2 Determine whether each of the following sets is closed under the indicated rule
for multiplication of vectors by scalars.

(b) L = {(z,y) € R? |  — 3y = 0}; standard rule for multiplication of vectors in
R? by scalars.

Solution: This is closed under multiplication by scalars: Let u = (x,y) € L (so
x—3y =0) and k € R be any scalar. Then ku = (kx, ky) satisfies
kx —3(ky) = k(z —3y) = k0 =0, and so ku € L.

(d) S = {(z,y) € R? | zy > 0}; standard rule for multiplication of vectors in R?
by scalars.

Solution: This is closed under multiplication by scalars (despite not being closed
under addition- see (d) in Q.1): Let u = (z,y) € S (so zy > 0) and k € R be any
scalar. Then ku = (kx, ky) satisfies kx(ky) = k*xy > 0, since 2y > 0 and k2 > 0.
Sokue S.

(H K ={(z,y,2) € R® | x+2y+ 2z = 1}; standard rule for multiplication of
vectors in R3 by scalars.

Solution: This is not closed under multiplication by scalars. For example,
u=(1,0,0) € K but 2u = (2,0,0) ¢ K

(h) M = {(z,2+2) € R? | 2 € R}; Non-standard multiplication of vectors by
scalars k € R:
k® (z,y) = (kx,ky —2k+2).

Solution: This is closed under this weird rule for multiplication of vectors by
scalars (but not under the standard rule: see part (a)): Let u = (z,x+2) € M, and
keR. Thenk®u=k® (z,z+2) = (kx,k(z+2) — 2k +2) = (kz,kx+2) € M!

4.3 Determine whether the following subsets of F(R) ={f | f:R — R} are
closed under the standard addition of functions in F'(R). (Recall that F'(R)
consists of all real-valued functions of a real variable; i.e., all functions with
domain R, taking values in R).
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b T={feFR)|f(2)=1}.
Solution: This is not closed under addition: for example, the constant function

f(z) =1,Vx € R belongs to T but f + f, which is the constant function 2, does
not.

@N={feFR)]| forallz € R, f(z) <0}.

Solution: This is closed under addition: Let f,g € N (so Vz € R, f(z) <0 and
g(x) < 0. Then, since the sum of two non-positve numbers is is still non-positive,
Ve eR,,(f+g)(z) = f(z)+g(z) <0.Hence f+g € N.

OHO={feFR)| Forallz € R, f(—x)=—f(z)}.

Solution: This is the set of all so-called ‘odd’ functions, and it is closed under
addition: Let f,g € O.Then,Vz € R, f(—z) = — f(x) and g(—z) = —g(x), so,

Vi €R,(f+g)(—x) = f(—x)+g(—x) = —f(2) —g(x) = —(f(z) + g(z)) =
—(f+g)(x).Hence f+g € O.

4.4 Determine whether the following sets are closed under the standard rule for
multiplication of functions by scalars in F'(R).

b T ={feF[R)| f(2)=1}.

Solution: This is not closed under multiplication by all scalars. For example, the
constant function 1 belongs to 7', but if we multiply this function by the scalar 2,
we obtain the constant function 2, which does not belong to 7.

@{feFR)| Forallz € R, f(x) <0}.

Solution: This is not closed under multiplication by all scalars (despite being
closed under addition - see part (d) in the previous question): for example, the
constant function g(x) = —1,Vx € R belongs to N but (—1)g, which is the
constant function 1, does not.

HO={feF(R)| Forallz € R, f(—x) =—f(z)}.

Solution: This is closed under addition: Let f € O. Then,

Vx € R, f(—x) = — f(z). Now let k € R be any scalar. Then,

Vo € R, (kf)(~) = k(f(~2)) = k(~f(2)) = —kf(z) = —(kf)(z). Hence
kfeO.

4.5 Determine whether the following sets are closed under the standard operation
of addition of matrices in M22(R).

a—i—d:O}.

/AN,
Solution: This is closed under addition: suppose A = [(CL Z} and b = [a b ]

(b) S = { [fj Z} € Mas(R)

c d

B P _la+d b4V
belongto S.Soa+d=0and a’+d =0.Then A+ B = [c—i—c’ dtd

(a+ad)+(d+d)=(a+d)+(a’+d)=0+0=0,andso A+ B€S.

} satisfies
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ad:O}.
10

Solution: This is not closed under addition: for example, A = [ } and

@Uz{ﬁﬂeMn®>

00
A= {8 (1)] both belong to U, but A+ B = Ll) (1)] does not.

4.6 Determine whether the following sets are closed under the standard rule for
multiplication of matrices by scalars in Mg2(R).

(b) { {‘C‘ Z] € M23(R) a+d=0}.

Solution: This is closed under multiplication by scalars: suppose A = [a b]

cd
ka kb
ke kd

belongs to S. So a+d = 0.If k € R is any scalar, Then kA = [
ka+kd=k(a+d)=k0=0,andso kA€ S.

adO}.

Solution: This is closed under multiplication by scalars (despite not being closed

ab
. d} belongs

} satisfies

U= { [‘Zj Z} € Mys(R)

under addition - see part (d) of the previous question): suppose A = [

ka kb

to U.So ad =0.1If k € R is any scalar, Then kA = {kc ked

(ka)(kd) = k*(ad) = k*0 = 0,and so kA € U.

] satisfies

4.7 The following sets have been given the indicated rules for addition of vectors,
and multiplication of objects by real scalars (the so-called ‘vector operations’ ). If
possible, check if there is a zero vector in the subset in each case. If it is possible,
show your choice works in all cases, and if it is not possible, give an example to
illustrate your answer.

(Note: in the last two parts, since the vector operations are not the standard ones,
the zero vector will probably not be the one you’re accustomed to.)

(b) L = {(x,y) € R? | 2 — 3y = 0}; standard vectors operations in R?.

Solution: Since the operations are standard, the zero vector is the standard one,
namely (0,0). Since 0 —3(0) =0, (0,0) € L.

(d) S = {(z,y) € R? | xy > 0}; standard vectors operations in R?.

Solution: Since the operations are standard, the zero vector is the standard one,
namely (0,0). Since 00=0 >0, (0,0) € S.

() K = {(z,y,2) € R® | x+2y+ 2z = 1}; standard vectors operations in R?.
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Solution: Since the operations are standard, the zero vector is the standard one,
namely (0,0,0). However, 0+ 2(0)+0=0# 1,s0 (0,0,0) ¢ K.

(h) M = {(z,2+2) € R? | 2 € R}; Non-standard operations:— Addition:
(z,y)+(2',y') = (x+2',y +y —2). Multiplication of vectors by scalars k € R:

Solution: Since the operations are not standard, the zero vector is unlikely to be
the standard one. Let’s find out what it might be: we need O = (a,b), such that
(z,y)+(a,b) = (z,y), for all (z,y) € M. So we need (z,x+2)+(a,b) = (z,2+2)
forall x € R. Well, (z,z42)+(a,b) = (z+a,(x+2)+b—2) = (x+a,z+b). So
(z,7+2)+(a,b) = (x,x+2) for all  iff # = 2 +a and x + b = x + 2 for all

z € R. So we need a = 0 and b = 2. So the vector O = (0,2) works as the zero
vector in this case. Moreover, as you can see, (0,2) € M, so this set with the weird
operations does indeed have a zero!

4.8 Explain your answers to the following:

(a) Determine whether the zero function (let’s denote it 0) of F'(R) belongs to each
of the subsets in question 3.

@Gy T={feFR) | f(2)=1}.
Solution: Since 0(2) = 0 # 1, this set does not contain the zero function.

@Bd) {fe F(R) | Forallz € R, f(x) <0}. Since 0(x) =0 < 0 for all x € R, this
set does contain the zero function.

@BHO={feFR)| Forallz e R, f(—x)=—f(z)}. Since
0(—z) =0=—0= —0(x) for all € R, this set does contain the zero function.

4.9 The following sets have been given the indicated rules for addition of vectors,
and multiplication of objects by real scalars. In each case, If possible, check if
vector in the subset has a ‘negative’ in the subset.

Again, since the vector operations are not the standard ones, the negative of a
vector will probably not be the one you’re accustomed to seeing.

(@) M = {(x,x+2) € R? | x € R}; Non-standard Operations:— Addition:

(@,y)+@y) = (@ +2",y+y-2).
Multiplication of vectors by scalars k € R: k® (z,y) = (kz, ky — 2k + 2).

Solution: To find the negative of a vector (if it exists), we need to know the zero.
But we found this in Q. 7(h): 0 = (0,2) is the zero for this weird addition. To find
the negative of a vector u = (x,z +2) € M, we need to solve the equation
(z,2+2)+(c,d) = 0= (0,2) for c and d. But

(z,2+2)+(c,d) = (z+¢,(x+2)+d—2) = (x+c,z+d),so we need x +c =0
and z +d = 2. Thus, ¢ = —z and d = 2 — z, so that the negative of (z,z+2) is
actually (—z,2 —x).
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Now, since 2 — x = (—x) + 2, this puts (—z,2 — z) in M, i.e.(—z,2 — x) really is
of the form (z’, 2’ +2) — take 2’ = —x ! So this set does contain the negative of
every element!

4.10 Explain your answers to the following:

(b) Determine whether the subsets of F'(R) in question 3, equipped with the
standard vector operations of F'(R) are vector spaces.

GO T={feFR)|f(2)=1}.

Solution: Since this set does not contain the zero function (see Q.8(a)), it is not a
vector space.

(3d) {f € F(R) | Forallz € R, f(z) <0}.

Solution: We saw in Q.4(d) that this set is not closed under multiplication by
scalars, so it is not a vector space.

BHO={feF(R)| Forallz € R, f(—x) =—f(z)}.

Solution: We saw in previous questions that O is closed under addition, under
multiplication by scalars, and has a zero. There remains the existence of negatives,
and the 6 arithmetic axioms.

To see that 0 has negatives, let f € 0. Then Vo € R, f(—z) = — f(z). Define a
function g : R — R by g(x) = — f(x),Vx € R. It is clear that f + g =0, so it
remains to see that g € O. But,

Ve eR,g(—z) = —f(—z) =—(—f(x)) = f(z) = —g(x), so indeed g € O.

The arithmetic axioms are identities that hold for @/l functions in F'(R), so in
particular these identities are satisfied for any subset. In particular, all the
arithmetic axioms hold for O.

Thus O, with the standard operations inherited from F'(R), is indeed itself a vector
space.

4.11 Justify your answers to the following:

(a) Equip the set V = R? with the non-standard operations:— Addition:

(z,y)+(@'y) = (@ +2",y+y—2).
Multiplication of vectors by scalars k € R:
k® (z,y) = (kx,ky —2k+2).

Check that R?, with these new operations, is indeed a vector space.

Solution: It is clear that R? with these operations is closed under these weird
operations —look at the right hand side of the definitions: they live in R?. We saw
in Q.7(h) that the vector 0= (0,2) works as a zero in the subset we called M. It’s
easy to check it works on all of R%. We also saw in Q.9(a) that the negative of
(z,y) was (—z,2 —y), and you can check that this works for all of R2.
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That leaves us with 6 aritmetic axioms to check. Here, I will check only 3, and
leave the rest to you. (They all hold.)

Let’s check the distributive axiom: k ® (u+v) = k®u+ ®v.

Well,

k® ((x,9)+ @ ,y)=k®(x+2",y+y —2)
= (k(z+2"),k(y+y' —2) —2k+2)
= (kx+ka' ky+ky —2k -2k +2)
= (kx+ky, (ky — 2k +2) + (kv — 2k +2) —2)
= (kx,ky — 2k +2)+(ka' ky' — 2k +2)
=k® (z,y)+® (@ ,y)
Hence the distributive law holds!
Let’s check the axiom: 1 ® v = u: Well, 1 ® (z,y) = (z,y —2(1) +2) = (z,y), so

that’s OK too.
The last one I'll check is that for all k£, € R and for all u € R2,

(k+D)@u=(k®u)+(®u).
Well,

(k+D)®(z,y)

(k+Dz,(k+Dy—2(k+1)+2)
(kx+lx,ky+1ly — 2k —21+2)
(kx+lx,(ky —2k+2)+ (ly —21+2) —2)
(

(k

kz,ky — 2k +2)+(lz,ly — 21 +2)
® (z,y)+(1 @ (z,y)),

as required.

Problems of Chapter S

Note that in the following, I have used Theorem 6.1 extensively: I suggest you read
ahead and acquaint yourself with this very useful result!

5.1 Determine whether each of the following is a subspace of the indicated vector
space. Assume the vector space has the standard operations unless otherwise
indicated.

() {(z,z—3) € R? | z € R}; R2.
Solution: Since this set does not contain (0,0), it is not a subspace of R?.

© {(2.y) € B2 | 2 — 3y = 0}; B2,
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Solution: This is a line through the origin in R? and hence is a subspace of R2.
Alternatively,{(z,y) €R? | -3y =0} = {(3y,y) | ye R} = {y(3,1) | y €
R} = span{(3,1)} and hence is a subspace of R?.

(@ {(z,y) eR? | zy > 0}; R2.

Solution: We saw in previous exercises that this set is not closed under addition,
and hence is not a subspace of R2.

() {(z,y,2) €R3 | z+2y+2=1}; R3.
Solution: This set does not contain (0,0,0), and hence is not a subspace of R?.
& W={(z,y,z,w) ER* | z —y+2z—w=0}; R
Solution:
W ={(z,y,2,w) ER* | =y —z+w}
={(y—z+w,y,z,w,) | y,z,w € R}
={y(1,1,0,0)+ 2(-1,0,1,0) + w(1,0,0,1) | y,z,w € R}
=span{(1,1,0,0),(—1,0,1,0),(1,0,0,1)}

and hence is a subspace of R?.

5.2 Determine whether each of the following is a subspace of
FR)={f[f:R— R},

with its standard operations. (Here, you’ll need to use the subspace test, except
perhaps in the last part.)

by {f e F(R) | f(2) =1}.

Solution: This does not contain the zero function and hence is not a subspace of
F(R).

@) {f € F(R) | forallz € R, f(x)<0}.

Solution: We saw in previous exercises that this set is not closed under
multiplication by scalars, and so is not a subspace of F(R).

OHO={feFMR)| Forallz eR, f(—x)=—f(z)}.

Solution: Refer to solutions for exercises in the previous chapter: Q. 3(f), Q.4(f)
and Q.8(a): put them together and you’ll see the subspace test is carried out
successfully. Hence O is indeed a subspace of F'(R).

(h) P={p € F(R) | pis a polynomial function in the variable =}

Solution: Since the zero function is also a polynomial function, 0 € IP. Noting that
the sum of any two polynomial functions is again a polynomial function shows P is
closed under addition. Finally, it’s also clear that a scalar multiple of a polynomial
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function is again a polynomial function, so IP is closed under multiplication by
scalars. Hence, by the subspace test, I is a subspace of F'(R).

(Alternatively, note that P = span{z™ | n =0,1,2,...} and so is a subspace of
F(R). We won’t often talk about the span of an infinite set of vectors (say) K, but
the definition of span K is the same: collect all (finite) linear combinations of
vectors from K'.)

5.3 Determine whether the following are subspaces of
P={p e F(R) | pis a polynomial function in the variable z},

with its standard operations. (In some parts, you’ll be able to use the fact that
everything of the form span{vi,...,v,} is a subspace.)

(b) {p € P | deg(p) < 2}.
Solution: {p € P | deg(p) <2} = {a+bx+cz? | a,b,c € R} =span{l,x,22}
and hence this is a subspace of P.

() {pePs|p(1)=0}.

Solution: By the Factor theorem,

{pePy | p(1)=0} ={(x—-1)q(z) [ degg <1} ={(z —1)(a+bz) | a,b €R} =
{a(z—=1)+bx(x—1) | a,b € R} =span{x —1,2(x— 1)} and hence is a subspace
of P.

HG={pePs|p(2)p(3)=0}.

Solution: This is not closed under addition: for example (x — 2) and = — 3 both
belong to G but their sum, r(z) = 2z — 5, does not, as
r(2)r(3) = (—1)(1) = —1 # 0. Hence G is not a subspace of P.

() {pePs | p(1)+p(—1)=0}.

Solution: {p € P5 | p(1) +p(—1) =0} = {a+ bz +cz? | a,b,c €
Randa+b+c+a—b+c=0}={a+br+cr? | abcERanda+c=0}=
{a+bx—az? | a,c € R} =span{l — 22 z} and hence this is a subspace of P.

5.4 Determine whether the following are subspaces of Ma2(R), with its standard

operations. (In some parts, you’ll be able to us the fact that everything of the form
span{vi,...,v, } is a subspace.)

@Xz{ﬁﬂeme)

a=d=0 & b:—c}.

0—c 0-1 .
¢ 0 cGR}-span{ L O}},andhenceXls

a subspace of M22(R).

@{EﬂeMmm

Solution: X = [ ] € M22(R)

bc:l}.
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00

ad—bC—O}.

Solution: This set is not closed under addition: for example both A = [1 0] and

. . . . 100 .
Solution: This set does not contain the zero matrix { ] and hence is not a

subspace of M22(R). (f) Z = { {Z Z} € M22(R)

00

B = [8 ﬂ belong to Z,but A+ B = [(1) ﬂ does not. Hence Z is not a subspace of

Moo (R).

Problems of Chapter 6

6.1 Justify your answers to the following:
(b) Is the vector (1,2) a linear combination of (1,1) and (2,2)?

Solution: No, it isn’t: suppose (1,2) = a(1,1) +b(2,2). Then a+2b =1 and
a+2b =2, which is impossible.

(d) Is the vector (1,2,2,3) a linear combination of (1,0,1,2) and (0,0,1,1)?
Solution: No, since any linear combination of (1,0,1,2) and (0,0,1,1) will have 0
as its second component, and the second component of (1,2,2,3) is 2 # 0.

() Is the matrix C' = [ } a linear combination of A = F 0} and B = {0 1] ?

12

23 12 01
Solution: No: If C' = kA +1B for k,l € R, then comparing the (1,1) and the
(2, 1)—entries of both sides, we obtain k£ = 1 and k = 2, which is impossible.

(h) Ts the polynomial 1+ 22 a linear combination of 1 +z — 22 and x?

Solution: No: if 1 + 22 = a(1+ x — 22) + b, then

(a+1)2? — (a+b)xz+1—a =0 forall x € R. But a non-zero quadratic equation
has at most two roots, so a+1 = 0. Then, —(a+b)x +1—a =0 for all z € R. But
a non-zero linear equation has at most one roots, so a + b = 0. Then we're left with
1 —a =0, which is impossible if a + 1 = 0.

(j) Is the function sinx a linear combination of the constant function 1 and cosx?

Solution: No: Suppose there were scalars a,b € R such that sinx = al +bcosz,
for all z € R. For z = 0 we obtain the equation a + b = 0, and for = = 7, we obtain
the equation a — b = 0, implying that a = b = 0. But then sinx = 0, for all x € R,
which is nonsense, as sin(5) = 1 # 0.

(1) If u, v and w are any vectors in a vector space V', is u — v a linear combination
of u, v and w?
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Solution: Yes, indeed: ©w —v = (1)u— (1)v+ (0)w

6.2 Justify your answers to the following:

(b) Is “(3,4) € span{(1,2)}" true? (Note that this is the same as the previous part,
written using mathematical notation.)

Solution: No: if (3,4) € span{(1,2)}, then (3,4) = a(1,2) for some a € R, which
implies @ = 3 and a = 2, which is nonsense.

(d) How many vectors belong to span{(1,2)}?

Solution: There are infinitely many vectors in span{(1,2)} = {a(1,2) | a € R},
since if a # a’ are distinct real numbers, then a(1,2) # a’(1,2).

(H) Is {(1,2)} a subset of span{(1,2)}?

Solution: Indeed it is: since (1,2) is clearly a multiple of (1,2),
(1,2) € span{(1,2)} = {a(1,2) | a € R}.

(h) Suppose S is a subset of a vector space V. If S = span S, explain why .S must
be a subspace of V.

Solution: Since the span of any set of vectors is a subspace, and S = span .S, S'is a

subspace.

6.3 Give two distinct finite spanning sets for each of the following subspaces.
(Note that there will be infinitely many correct answers; I’ve just given one
example.)

) {(z,y) €R? | 3z —y =0}.

Solution: Since

{(z,y) eR? | 3z —y=0}={(,3z) | t e R} = {x(1,3) | t e R} = {a(2,6) | a € R},
Both {(1,3)} and {(2,6)} are spanning sets for {(z,y) € R? | 3z —y = 0}.

(DU ={(z,y,2,w) ER* | z—y+2z—w=0}.

Solution: We saw in Q.1(k) that

{(z,y,2z,w) €R? | £ —y+ 2 —w =0} =span{(1,1,0,0),(—1,0,1,0),(1,0,0,1)}

So {(1,1,0,0),(—1,0,1,0),(1,0,0,1)} is one spanning set for U. If we simply
multiply these spanning vectors by non-zero scalars, we still obtain a spanning set.
So, for example, {(2,2,0,0),(—3,0,3,0),(4,0,0,4)} is another spanning set for U.

a=d=0 & b:—c}.

@XZ{EQGMm@)
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. . 0-1 0-1 .
Solution: We saw in Q.4(b) that X = span 10 , SO 10 is one

spanning set for X . Thus { [g _02] } is another.

a,bGR}.
. _ 10 00 10 |00 .
Solutlon.V—{a{ }+b{ } a,beR},so{{Oo},[O I]}mone

00 01
. 20( |00} {. .
spanning set for V. Then, , is another spanning set for V.

h) V= { {8 2} € Mo (R)

00’03

@Uz{ﬁﬂeMmﬁ)

a+b+c+d=0}.

Solution:
Since

U:{ {Z Z} € M22(R) a:—b—c—d} :{ [_b_cc_dﬂ € M>2(R)
thenU{b[_()l(l)]+c{_118}+d{_olﬂ b,c,deR}

wnd [ [0 [0 ) s { [0 [0 [ ] e

spanning set for U. Clearly, { [2 2] , [1 O] , [2 O} } is another, distinct one

b,c,deR},

00 10 0 2

— even though they do have one matrix in common, as sets they are different.
Remember: two sets are the same iff they contain exactly the same elements.

(1) Pr, = {p | p is a polynomial function withdeg(p) <n}.

Solution: P, = {ag+a12+---anx™ | ag,a1,...,an € R} =span{l,z,..., 2"},
so {1,x,...,a2™} is one spanning set for P,,. Clearly, {2,x,...,2™} is a different
spanning set.

MY ={pePs|p2)=p(3)=0}.

Solution: By the Factor theorem,
Y ={(z—2)(x—3)q(z) | degqg <1} ={(z—2)(z—3)(a+bz) | a,b € R},

soY ={a(z—2)(z—3)+bzx(x—2)(z—3) | a,beR} =
span{(z —2)(z — 3),z(x — 2)(x — 3)}. Hence, {(z —2)(z — 3),z(x — 2)(x — 3)}
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is one spanning set for Y. Then, {2(z — 2)(z — 3),z(xz — 2)(xz — 3)} is a different
spanning set for Y.

(p) W = span{sinz,cosz}.

Solution: This one’s easy! We are explicitly given one spanning set in the
definition of W, namely {sinz,cosz}. So {sinz,2cosz} is a different spanning
set for .

(r) Z = span{1,sin? z, cos? z}.

Solution: Again, we are given one: {1, sin? z, cos? x}. Another, smaller spanning
set for Z is {1,sin?z}, since cos? z = 1 —sin? z. (Anything in Z is of the form
a+bsin® z + ccos? x for some a,b,c € R. But

a+bsin?z +ccos?x = a+bsin? x4 ¢(1 —sin?z) = (a+¢) + (b—¢)sin® z, so
everything in Z is in fact a linear combination of 1 and sin® z.)

6.4 Justify your answers to the following:

(b) Suppose u and v belong to a vector space V. Show carefully that
span{u,v} = span{u —v,u+v}. That is , you must show two things:

(i) If w € span{u,v}, then w € span{u —v,u+v}, and
(i) If w € span{u —v,u+ v}, then w € span{u,v}.

Solution: (i) If w € span{u, v}, then w = au + bv for some scalars a,b. But

(a—0) (a+Db)
2

(—v)+ 5 (u+v),

au+bv =

so w € span{u —v,u+v}.
(i) If w € span{u —v,u+ v}, then w = a(u —v) + b(u+v) for some scalars
a,b. But

a(u—v)+blu+v)=(a+b)u+(b—a)v € span{u,v},
$0 w € span{u,v}.

(d) Suppose span{v, w} = span{u,v,w}. Show carefully that u € span{v,w}.

Solution: Since span{u,v,w} = span{v,w}, and

u=1u+0v+0w € span{u,v,w}, then u € span{v,w}.

(f) Show that z"*1 ¢ P,,.2

Solution: Suppose "1 € P,,. So, 2" T = ag+ajz+ - -+ a,z™ for some
scalars ao, . ..,a,. Rewriting this, we see that

ag+arr+---+az” —2" =0

2 Hint: Generalize the idea in the previous hint, recalling that every non-zero polynomial of degree
n+ 1 has at most n+ 1 distinct roots.
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for every real number x! But a non-zero polynomial of degree n + 1 (which is what
we have here) has at most n + 1 distinct roots, that is,

ag+ a1z + -+ apx™ — ™t =0 for at most n + 1 different real numbers z. But
there are more than n + 1 real numbers, so matter how big n may be. Hence we
have a contradiction, and so our original assumption ! € P,, must be false. So
indeed, 2" ¢ P,,.

(h) Assume for the moment (we’ll prove it later) that if W is a subspace of /', and
V has a finite spanning set, then so does W.

Use this fact and the previous part to prove that F'(R) does not have a finite
spanning set.

Solution: If F(R) has a finite spanning set, and P is a subspace of F'(R) by the
assumption, P would have a finite spanning set. But the previous part states that
this is impossible, so indeed F'(R) cannot have a finite spanning set.

Problems of Chapter 7

7.1 Which of the following sets are linearly independent in the indicated vector
space? (If you say they are, you must prove it using the definition; if you say the set
is dependent, you must give a non-trivial linear dependence relation that supports
your answer. For example, if you say {v1,v2,v3} is dependent, you must write
something like v1 — 2vy +v3 =0, or v1 = 2vy —v3.)

(b {(1,1),(2,2)}; R2.

Solution: This set is dependent, since 2(1,1) — (2,2) = 0.

(@ {(1,1),(1,2),(1,0)}; R%.

Solution: This set is dependent, since 2(1,1) — (1,2),—(1,0) = (0,0)
{(1,1,1),(1,0,3),(0,0,0)}; R3.

Solution: This set is dependent, as it contains the zero vector. Explicitly:

0(1,1,1)40(1,0,3)+1(0,0,0) = (0,0,0).

(b {(1,1,1),(1,0,3),(0,3,4)}; R3.

Solution: This set is independent: Suppose

a(1,1,1)+b(1,0,3) 4+ ¢(0,3,4) = (0,0,0). Equating components of each side, we
obtain the equations a +b =0, a4+ 3c = 0 and a + 3b+ 4c = 0. This system of
equations has only one solution, namely a =b=c=0.

(M {(0,-3),(3,0) s R?.
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Solution: This set is independent, as a(0,—3) +b(3,0) = (0,0) implies 3b = 0 and
—3a=0,andsoa=b=0.

(1) {(17070)7 (2707_2)}; RB'

Solution: This set is independent, as a(1,0,0) +b(2,0,—2) = (0,0,0) implies
a+2b=0,and —2b =0, and hence a = b= 0.

7.2 Which of the following sets are linearly independent in M 22? (If you say they
are, you must prove it using the definition; if you say set is dependent, you must
give a non-trivial linear dependence relation that supports your answer. For
example, if you say {v1,v2,v3} is dependent, you must write something like

v1 —2v9 +v3 =0, 0r vy = 2v9 —v3.)

o {[1a) o) |47

Solution: This set is independent: Suppose

10 01 1 -2 00 . .
a [1 2] +b [O 1] +c {_1 0 } = {0 O] . This yields the equations a +c¢ =0,
b—2c=0,a—c=0and 2a+ b= 0. The first and third of these equations imply
a = ¢ =0, and so using either the second or the fourth yields b = 0. Hence
a=b=c=0.

10| |01 |00] (0O
@ {[no] o] [10] [o1]}
Solution: We saw in class that this set is independent. Consult your notes.

7.3 Which of the following sets are linearly independent in the indicated vector
space? ? (If you say they are, you must prove it using the definition; if you say set
is dependent, you must give a non-trivial linear dependence relation that supports
your answer. For example, if you say {v1,v2,v3} is dependent, you must write
something like v1 — 2vy +v3 =0, or v1 = 2V —v3.)

() {1,1+z,22}; Ps.

Solution: This set of polynomials is independent: Suppose

al+b(1+x)+cz? =0, for every x € R. Then, (a+b) + bx + cx? = 0, for every
x € R. But a non-zero polynomial of degree 2 has at most 2 different roots, and
(a+b) + bz + cz? = 0 has infinitely many, so this polynomial must be the zero
polynomial. This means that a +b =0, b =0 and ¢ = 0. But this easliy implies
a=b=c=0.

(d) {1,sinz,2cosz}; F(R).

Solution: This set is independent: Suppose al + bsinz 4 c2cosx = 0 for every

x € R. In particular, for x = 0, we obtain the equation a + 2¢ = 0; for z = 7w we
obtain a —2c =0, and for z = g, we obtain a + b = 0. The first two equations here
imply a = ¢ = 0 and then with this, the last implies b = 0. Hence
al+bsinx + c2cosx =0 for every x € R impliesa =b=c=0.
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(f) {cos2z,sin? z,cos® r}; F(R).

Solution: This set is dependent. Remember the double angle formula:

cos 2 = cos? x — sin? & holds for every x € R. Hence we have the identity
sin2z +sin’ z — cos?z = 0, for every x € R. This shows that three functions
cos2z,sin’ z and cos? z are linearly dependent.

(h) {sin2z,sinzcosz, }; F(R).

Solution: Remember the double angle formula: sin 2z = 2sinx cosx holds for
every x € R. Hence we have the identity sin 2z — 2sinzcosz = 0, for every x € R.
This shows that two functions sin 2z and sinx cosz, are linearly dependent.

7.4 Justify your answers to the following:

(b) Suppose V is a vector space, and a subset {v1,...,v5} C V is known to be
linearly independent. Show carefully that {vs, ..., v} is also linearly independent.

Solution: Suppose cave + c3v3 + - - - + ¢ v = 0 for some scalars ca, ..., c. Then
it is also true that Qvy + covg + cgvg + -+ - + cxvp = 0. But as {v1,..., v} is
linearly independent, this implies all the scalars you see must be zero: that is,
O=cyg=c3=---=c¢=0.Thus co =c3 =---=c = 0. Hence

covg + c3v3+ -+ v, = 0 implies ca = c3 = --- = ¢, = 0, and so {va,...,v} is
linearly independent.

(d) Give an example of a linearly independent subset {v1,v2} in R3, and a vector
v € R3 such that {v,v1,v2} is linearly dependent.

Solution: Set v1 = (1,0,0),v2 = (0,1,0) and v = (1,1,0). Then,
{(1,0,0),(0,1,0)} is independent, but {(1,1,0),(1,0,0),(0,1,0)} isn’t, since
(17 170) - (17050> - (Oa 1a0) = (07070)’ or (L 1a0) = (17070) + (07 150)

(f) Give an example of a linearly independent subset {p, g} in P2, and a
polynomial » € Py such that {p,q,r} is linearly dependent.

Solution: Let p(z) = 1,q(x) = x and r(z) = 1+ . Then {1,z} is independent,
but {1,z,1+x}isnot: 1+2— (1+z)=0,forall z € R.

Problems of Chapter 8

8.1 Justify your answers to the following: (the setting is a general vector space V).
(b) Suppose u € span{v,w}. Show carefully that span{v,w} = span{u,v,w}.

Solution: We show, under the assumption u € span{v,w}, that

span{v,w} C span{u,v,w} and span{u,v,w} C span{v,w}.

Now it is always true that span{v,w} C span{u,v,w}, since every linear
combination of v and w (say) av + bw (a,b € R) is also a linear combination of w,
v and w, since av + bw = 0u+ av + bw. (We did not need the assumption

u € span{v,w} to get this far.)
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To show that span{u,v,w} C span{v,w}, we need to show that every linear
combination of u, v and w is also a linear combination of v and w. Here, we will
need to know that u € span{v,w}: Suppose we take any linear combination of u, v
and w, say au+ bv + cw (with a,b,c € R. Now, since u € span{v,w}, we know

u = dv + ew for some scalars e, d. Now we can write

au—+bv+ cw = a(dv+ ew) + v+ cw = (b+ ad)v + (c+ ae)w,

which shows that every linear combination of u, v and w is also a linear
combination of v and w. Hence span{u,v,w} C span{v,w}, and we’re done.
(Note that this latter fact is not true unless u € span{v,w} — for example, let
u=(1,0,0),v=(0,1,0) and w = (0,0,1). Then

R3 = span{u,v,w} ¢ span{v,w}, the latter being only the y—z plane.)

(d) Suppose span{v,w} = span{u,v,w}. Show carefully that {u,v,w} is linearly
dependent.

Solution: USe the previous part to conclude that u € span{v,w}. Then,
u = av + bw for some scalar a,b, and so © — av — bw = 0, showing that {u,v,w} is
linearly dependent: no matter what a and b are, the coefficient of  is 1 # 0.

(f) Suppose {v,w} is linearly independent, and that u ¢ span{v,w}. Show
carefully that {u,v,w} is linearly independent.

Solution: Suppose au + bv 4 cw = 0 for some scalars a, b, c. If a # 0, then we
could write u = gv + gw, which would mean that u € span{v,w}, contrary to
assumption. So @ must be zero.

Hence, au + bv + cw = 0 becomes the equation bv + cw = 0. But {v,w} is linearly
independent, so this means that b = c = 0.

So au 4 bv + cw = 0 has now implied (under the assumptions) thata = b =c = 0.
So, {u,v,w} is linearly independent.

(h) Suppose span{v, w} # span{u,v,w}. Show carefully that u ¢ span{v,w}.

Solution: Here, we will use part (b) above: Suppose to the contrary that

u € span{v,w}. By part (b) above, that would mean span{v,w} = span{u,v,w},
which contradicts the assumption span{v,w} # span{u,v,w}. So u € span{v,w}
cannot be true: i.e., u ¢ span{v,w}.

8.2 Justify your answers to the following:

(b) Suppose p # 0 and two polynomials {p, ¢} satisfy deg(p) < deg(q) Show
carefully that {p, ¢} is linearly independent. Note that

Solution: Suppose n = deg(p) < deg(q) = m, and write

p(z) =ap+arx+---+anx™ and g(z) = by + b1z + -+ + by, ™. Since
n = deg(p) and deg(q) = m, we know a,, # 0 and b, # 0.

Now suppose ap + bg = 0 is the zero polynomial. This implies that
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alag+arz+---+anz")+blbg+biz+---+bypx™)=0 foreveryx € R

Since a non-zero polynomial can have only finitely many roots, the equation above
implies that we’re looking at the zero polynomial. In particular the coefficient of
2" must be zero. But as n < m, this coefficient is exactly bb,,, so bb,,, = 0. Since
bm # 0, we conclude that b = 0.

So now we have the equation

alag+ajz+---+apz")=0 foreveryx €R

As before, a non-zero polynomial can have only finitely many roots, so the
equation just above implies that we’re looking at the zero polynomial. So the
coefficient of ™ must be zero. That is, aa,, = 0. But a,, # 0,s0 a = 0.

So we’ve shown that ap+ bg = 0 implies a = b = 0. So {p, ¢} is linearly
independent.

(f) * Suppose {u,v,w} are three vectors in R? such that u-v x w # 0. Prove
carefully that {u,v,w} is linearly independent.?

Solution: We know that {u,v,w} is linearly independent iff none of the vectors is
a linear combination of the others.

So suppose to the contrary that « € span{v,w}. So u = av + bw for some scalars
a,b € R.Then,u-vxw= (av+bw)-vxw#0.

Recall from high school that for any three vectors v1,v2,v3 € R3, we have

V1-V2 XV3 =vV3 V1 XVQ =7V2°-V3 XV1.

Sou-vxw=(av+bw) vxw=w-(av+dbw)xv=w-bwxv=v-w X bw =0.
But this contradicts u- v X w # 0. So, indeed, u ¢ span{v, w}.

Similar arguments show that v ¢ span{u,w} and w ¢ span{u,v}. So we conclude
that {u,v,w} is indeed linearly independent under the assumption that

u-v X w#0.

Problems of Chapter 9

9.1 Give two distinct bases for each of the following subspaces, and hence give the
dimension of each subspace.

() L={(z,y) €R? | 3z —y =0}

3 Hint: A geometric argument involving ‘volume’ is not sufficient. Instead, first recall that {u,v,w}
is linearly independent iff none of the vectors is a linear combination of the others. Now proceed
by contradiction, and by recalling from high school that for any three vectors v1,v2,v3 € R that
V1 V2 XV3 =V3:V1 XV2 =02 V3 XV1.
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Solution: We saw in Q.7 (b) of the exercises “VSubspacesSpan” that
L =span{(1,3)} =span{(2,6)}. Since {(1,3)} and {(2,6)} are linearly
independent ({v} is independent iff v # 0), both are bases for L. Hence dim L = 1.

) K ={(z,y,2,w) ER! | 2 —y+2z—w=0}

Solution: We saw in Q. 6.3(d) that {(1,1,0,0),(—1,0,1,0),(1,0,0,1)} and
{(2,2,0,0),(-3,0,3,0),(4,0,0,4)} are spanning sets for K.

We claim both are also linearly independent: Suppose

a(1,1,0,0) +b(-1,0,1,0) +¢(1,0,0,1) = (0,0,0,0). Equating the second
component of each side yields a = 0; equating the third component of each side
yields b = 0, and equating the fourth component of each side yields ¢ = 0. Hence
a=b=c¢=0,andso {(1,1,0,0),(—1,0,1,0),(1,0,0,1)} is independent.

An identical argument shows that {(2,2,0,0),(—3,0,3,0),(4,0,0,4)} is
independent. Hence both {(1,1,0,0),(-1,0,1,0),(1,0,0,1)} and
{(1,1,0,0),(-1,0,1,0),(1,0,0,1)} are bases for K. Hence dim K = 3.

a+d:O}.
Mﬂg§:wm{ggygﬂ{3ﬂ}

%B:{E%ygﬂ,ﬁﬂ}wmg

Nowsupposea[(l) _OJ—H){(H + 00)_100 Then [Ccl b]:{oo},this

@Sz{ﬁﬂeMmm>

Solution: Note first that

PZ{EE}EMm@)

a

00/ "“[10] " |oo| 00
implies a = b= ¢ = 0. Hence B is also linearly independent, and hence is a basis of

S. Another basis is given by { [g _02] , {8 (1)} , {(1) 8] }.Hence dim S = 3.

bER}.

Solution: We saw before that X = span{ [(1) _01] } = textspan{ [(2) _02] }

Since each of these spanning sets contains a single non-zero matrix, each is also

linearly independent. Hence both { [(1) _01] } and { [(2) _02] } are bases for 5,

and so either shows that dim .S = 1.

() Pn.

Solution: We saw in previous exercsies that P,, = span{1,x,...,2™}, so
B={1,z,...,2™} spans P,,. Suppose ag + a1z + - - -apxz™ = 0 for all « € R. Since

(mX—{L%BﬂGMmm)
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a non-zero polynomial can only have finitely many roots, this shows that

ag =a1 =---=a, =0, and so B is independent and hence is a basis for P,,. It is
clear that {2,z,...,2™} is another basis for P, . Either basis shows that

dimP, =n+1.

MY ={pePs|p(2)=p@3)=0}

Solution: We saw in previous solutions that
B={(z—-2)(z—-3),z(x-2)(z-3)}

spans Y. We can now appeal to solutions to one of the exercises on linear
independence to conclude that B is linearly independent. Or, we could show it
directly: Suppose, for some scalars a, b, that

a(x —2)(x—3)+bx(r—2)(r—3) =0 forall z € R. Setting x = 0 yields a = 0,
and then setting « = 1 yields b= 0. So a = b = 0, and B is linearly independent
and is hence a basis for Y. So dimY = 2. A different basis is clearly given by
{2(x—2)(x —3),z(x—2)(z—3)}.

(n) W = span{sinz,cosz}.

Solution: We are given the spanning set B = {sinz,cosz} for W. We saw in class
that B is independent, and hence is a basis of W. Thus dim W = 2.

(p) X =span{1,sin®z,cos®z}.

Solution: Since 1 = sin?z +cos? z for all z € R, 1 € spsin®z,cos? z, and so

X = span{sin®z,cos?z}. We claim B = {sin?z, cos? z} is independent: Suppose
there are scalars a,b such that asin® z + bcos? z = 0 for all 2 € R. Setting z =0
yields b = 0, and setting = = 7 implies a = 0. Hence a = b =0, and so B is
independent, and is thus a basis of X. So dim X = 2. Another basis is clearly given
by {2sin®z,cos?z}.

9.2 Determine whether the following sets are bases of the indicated vector spaces.
(b) {(1,2),(—2,—4)}; (R?). Solution: This is not a basis of R? since
{(1,2),(—2,—4)} is dependent — the second vector is a multiple of the first.

@ {(1,2),(3,4),(0,0)}; (R?).

Solution: This set is dependent because it contains the zero vector, and so it is not
a basis of R?.

(0 {(1,2,3),(4,8,7)}; (R?).

Solution: We know that dim R? = 3 and so every basis must contain 3 vectors. So
this is not a basis of R3.

(h) {(1,0,1,0),(0,1,0,1)}; RY).

Solution: We know that dim R* = 4 and so every basis must contain 4 vectors. So
this is not a basis of R*.
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o ([ e

Solution: We know that dim M9 = 4 and so every basis must contain 4 vectors.
So this is not a basis of Mos.

(m) {1,1+z,2%}; (P2).

Solution: Since we know that dim P2 = 3, and we do have 3 polynomials here, it
suffices to check just one of the conditions for a basis. Let’s check that
{1,1+z,2%} spans Py: Simply note that for any a,b,c, € R,

a+bx+cx? = (a—b) 1 +b(1+ x) + ca?. This shows that

Po = span{1,1+z,2%}, and by previous comments, that {1,1+ x,22} is a basis
for Ps.

(0) {1,sinz,2cosz}; (F(R)).

Solution: We saw in class (and previous solutions) that F'(R) does not have a finite
spanning set, so {1,sinxz,2cosx} cannot be a basis for F(R).

But let’s do this directly. If we can find a single function in F'(R) that is not in
span{1,sinz,2cosx}, we’re done.

We claim that the function sinz cosz ¢ span{1,sinz,2cosx}. Suppose the
contrary, i.e., that there are scalars a, b, ¢ such that

sinx cosx =al+bsinx+2ccosx, forallzeR

Setting 2 = 0 yields the equation 0 = a + 2c; setting z = 5 gives 0 = a+ b and
setting x = 7 yields 0 = a — 2c¢. The first and third of these equations together
imply a = ¢ = 0, and then the second implies b = 0. But then we have the identity
sinx cosx = 0 for all x € R, which is nonsense because the left hand side is % #0
when x = 7.

Problems of Chapter 10

10.1 Find the coordinates of the following vectors v with respect to the given bases
B of the indicated vector space V:

®)v=(1,0,1); B={(1,1,0),(1,-1,0),(0,0,1)}; V=R

Solution: Solving (1,0,1) = a(1,1,0)+b(1,—1,0) +¢(0,0,1) yields
a=b= %,c =1, so the coordinate vector of v with respect to 5 is (%, %, ).

d)v= E _OJ; B:{Bg},[gé],{é_ol}}; V={A€ Mss | tr A=0}.

Solution: Clearly, 1 _01 =1 (1) 8] +0 [8 (1)} +1 [(1) _OJ , so the coordinate

vector of v with respect to B is (1,0,1).
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) v=sin(x+2); B={sinz,cosz}; V =span{sinz,cosz}

Solution: Since sin(x + 2) = sinz cos2+sin2cosz for all « € R, the coordinate
vector of v with respect to B is (cos2,sin2).

Problems of Chapter 11

11.1 Find the augmented matrix of the following linear systems.

(b)

T + w =1
T +z+ w =20
rT+y+z = -3
T +y —2w= 2
1001 |1
. 101110
Solution: 1110 |3
110-2]| 2
11.2

(b) Find all (x,y) so that the matrix [; 2 (1)] is in reduced row-echelon form.

Solution: Clearly, x must be zero, and y could be zero or 1, so the possible pairs
(x,y) are (0,0) and (0,1).

Problems of Chapter 12

12.1 Find the reduced row-echelon form of the following matrices:

(1012

®) 0112

Solution: This matrix is already in reduced row-echelon form!
[1 2 —1-1

@]2 4 -1 3
|-3-6 1 -7

Solution:

1 2 —1-1]-2R1+Ry— Ry [12 -1 —1] 2Ry +R3—>R3[1204
2 4 -13 ~ 001 5 ~ 0015
—3-6 1 —7| 3Ri+R3—Rs |00-2-10| Ry4+ R — Ry |0000
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1-110

0111
1943

1021
Solution:
1-110 1-110 1-110 1021
0111'4h+f$*R301_11_wb+f”*R301]J.&+RraRl0111
1243 0333 0000 ~ 0000
10 21| TtBRa—Rayy g “RetRa—Ra g 0000

12.2 Find the general solutions to the linear systems whose augmented matrices
are given below.

[10-1]0
012 |0
® 10001
000 |0

Solution: This system is inconsistent.

(1203017
(d) |00100]1
000012

Solution: (x,y, z,u,v) = (7—2s —3t,s,1,t,2); s,t € R, or we could write it as a
set:

{(7—2s—-3t,s,1,t,2); | s,t €R}

Problems of Chapters 13

13.1
(b) Find the ranks of the coefficient matrices and the ranks of the augmented
matrices corresponding to the linear systems in question 12.2.

Solution:
[12.2(b)] The rank of the coefficient matrix is 2 and the rank of the augmented
matrix is 3. (That’s why the corresponding linear system is inconsistent.)

[12.2(d)] Both ranks are 3.

13.2 Suppose a,c € R and consider the following linear system in the variables
x,y and z:
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T 4+y+ az =2

20 +y + 20z =3

3r +y+3az=c
Note that the general solution of this system may depend on the values of a and c.
Let [ A]b] denote the augmented matrix of the system above.

(b) Find all values of a and c so that this system has

(i) a unique solution,
(i1) infinitely many solutions, or

(iii) no solutions.

Solution:

11 a2 1lal] 2
[Alb]=[212a|3|~|010] 1
313a|c 000 |c—4

Since rank A = 2 < 3 = # variables, for all values of a, c, this system never has a
unique solution.

Since rank A = 2 = rank[ A | b] iff ¢ = 4, this system will be consistent and have
infinitely many solutions, since then there will be
(##variables —rank A = 3 — 2 =)1 parameter in the general solution.

Since rank A = 2 < 3 =rank[A|b] iff ¢ # 4, this system will be inconsistent for
all values of c except for ¢ = 4.

13.4 Consider the network of streets with intersections A, B, C, D and E below.
The arrows indicate the direction of traffic flow along the one-way streets, and the
numbers refer to the exact number of cars observed to enter or leave A, B, C,D
and E during one minute. Each x; denotes the unknown number of cars which
passed along the indicated streets during the same period.

B

(b) The reduced row-echelon form of the augmented matrix of the system in part

(a)is
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1000—11] 60
0100—11]—40
0010-11] 20
0001—10]—50
0000 0 0] 0

Give the general solution. (Ignore the constraints from (a) at this point.)

Solution: The general solution is

r1 =604+s—1

ro=—40+s—1

r3=204+s—1 s,teR
4 =—50+s

5 =S8

rg =1

Or it can be written as
{(60+s—t,—40+s—1,20+s—t,—50+s,s,t) | st,t € R}.
13.5 State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

(b) Every non-homogenous system of 3 equations in 2 unknowns is consistent.

Solution: This is false. For example, the system whose augmented matrix is
101
01| 0] is inconsistent.
001

(d) Every system of 2 equations in 2 unknowns has a unique solution.

Solution: This is false. For example, the system whose augmented matrix is
1010
00|0

(f) If there is a column of zeroes in the coefficient matrix of a consistent linear
system, the system will have infinitely many solutions.

} has infinitely many solutions, namely (0, s) for every s € R

Solution: This is true, since once the augmented matrix has been reduced, there
will still be a column of zeroes in the coefficient matrix, which means that (as it is
assumed consistent), there will be at least one parameter in the general solution.
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(h) If a consistent linear system has infinitely many solutions, there must be a
column of zeroes in the reduced coefficient matrix (i.e. when the augmented matrix
has been reduced so that the coefficient matrix is in RRE form.)

Solution: This is false. Look at Q.4 (d).

(j) If a homogenous linear system has a unique solution, it must the same number
of equations as unknowns.

Solution: This is false. For example, the system whose augmented matrix is
100
011 0] has aunique solution, namely (0,0).
00]0

Problems of Chapter 14

Matrix Multiplication

14.1

(b) Write the matrix product B 2] {Z} as a linear combination of the columns of
12

A= [3 6] .

. [12]fe] 1 2
Solution: 3 6] [b} =aq [3} +b [6]

(d) Find the matrix product [(Ij [c d] .

. (a ac ad

Solution: _b] [cd] = [bc b d]

HOIfA= [cl c2 03] is an m x 3 matrix written in block column form, and
2

x = |1] is a column vector in R3, express Az as a linear combination of ¢1, ¢
4

and c3.

Solution: Ax = 2¢1 +co +4c3.

.4 101 5 100
(h) Show that if A = {O O} ,then A% = {0 O] .
Solution: This is a straighforward computation.
101
. . . 011 .
() If C'is am x 4 matrix and D = 100| > cxpress the columns of C'D in terms
000

of the columns of C.
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Solution: Write C = [cl co C3 04} in block column form. Then

101]
011
100
000]

CD = [Cl Co €3 04} = [01 “+c3 c2 C1 +CQ]

. 12| [abd [00
() Find all (a, b, ¢) so that [3 6} [C a} = 0 O]'
12| jab| |a+2c b+2a
36| |ca|l  |3a+6c3b+6a
(a,b,c) which are solutions to

Solution: Since [ ] , this is the zero matrix for

a +2c=0
2a + b =0
3a 4+ 6c=0
6a + 3b =0

The general solution to this system is (a,b,c) = (—2s,4s,); s € R.

14.3 State whether each of the following is (always) true, or is (possibly) false. In
this question, A and B are matrices for which the indicated products exist.

o If you say the statement may be false, you must give an explicit example. e If you

say the statement is true, you must give a clear explanation - by quoting a theorem
presented in class, or by giving a proof valid for every case.

() C(A+B)=CA+CB

Solution: This is true: it a property of matrix multiplication we saw in class. See
me if you're interested in the proof.

(d) AB = BA

Solution: This is not always true. For example, here’s an example we saw in class:
01{|00f |10 ” 00| (00]]|01
00||{10] (00O 01| |10{(00

(f) If A% =0 for a square matrix A, then A = 0.
Solution: This is false. Look at the solution to14.1.(h).

Applications to Linear Systems

14.5 Write the matrix equation which is equivalent to each of following linear
systems.

(b)
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x + w =1

T +z4+ w =20

r+y+z = -3

T+ y —2w= 2
100 1 T 1
. (1011 y| |0
Solution: 111 0 p Bl
110-2| |w 4

14.6 Write the matrix equation of the linear system corresponding to each of the
augmented matrices given below.

10-1]0
012 |0
® 19001
00 0 |0

10-1 .
. 01 2 _
Solution: 00 0 g; =

000

120307
@ 001001
000012

O = OO

12030
Solution: (00100
00001

fE e 8
I
[CISEN|

14.7 State whether each of the following is (always) true, or is (possibly) false.

e If you say the statement may be false, you must give an explicit example.
e If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

(b) If [A ] ] is the augmented matrix of a linear system, then rank A < rank[A |b]
is possible.

Solution: This is true. For example, [0 L 0] .

001
(d) If [A | b] is the augmented matrix of a linear system, and rank A = rank[A | b],
then the system is consistent.

Solution: This is true, as we learned in class. Indeed Az = b is consistent iff
rank A = rank[A |b].
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(f) If A is an m x n matrix and Az = 0 has a unique solution for x € R, then the
columns of A are linearly independent.

Solution: This is true, as we learned in class: write A = [c; ¢ -++ ¢y ] in block

T
T2
column formand z = | . |.Then Ax = x1¢1 +x2co + -+ xpCp, 80 Az = 0 has
Tn
the unique solution = 0 means that x1¢; + zac2 + - - - + xpc, = 0 implies
x1=x2="+-=x,=0,50{c1,c2,...,cn} is linearly independent.

(h) If A is an m x n matrix and Az = 0 has infinitely many solutions for = € R",
then the columns of A are linearly dependent.

Solution: This is true: see the solution to part (f). If A= [c; ¢z -++ ¢y ] in block
1
To

column formand z = | . |,thenif Ax = x1¢1 +x2¢2 + -+ xpcy, = 0 has more

Tn
than one solution, the columns of A are indeed dependent.

(j) If Ais a 6 x 5 matrix and rank A = 5, then Az = 0 implies z = 0 for x € R?.

Solution: This is true, since there will be a leading one in every column of the
RRE form of A, implying that there are no parameters in the general solution to
Ax =0, s0 z =0 is the only solution. (Or:

dimker A = # columns of A —rank A=5—-5=0, so ker A ={0},ie., Az =0
implies z = 0.

(1) If Aisab x 6 matrix and rank A = 5, then Az = b is consistent for every
be R,

Solution: This is true, since for every b € R®, rank[A|b] = 5: the rank of the 5 x 7
matrix [A|b] cannot be smaller than rank A (5), and cannot be larger than the
minimum of the number of rows (5!) and the number of columns (7). And, of
course we know that Ax = b is consistent iff rank A = rank[A|b].

(n) If A is a 3 x 2 matrix and rank A = 1, then Az = 0 implies = = 0 for x € R?,

10

Solution: This is false. For example rank {0 0| =1, but Az = 0 has infinitely
00

many solutions with 1 parameter.

(p) The rows of a 19 x 24 matrix are always linearly dependent.

Solution: This is false. For example, let A = [I 19 O] , where the 0 that appears is a
19 x 25 zero matrix. The rows of this matrix are indeed independent, as they are
the first 19 vectors in the standard basis of R2%.
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Problems of Chapter 15

15.1 Find a basis for the kernel (or ‘nullspace’) of the following matrices:
(b) A= [1 2 -1 3]

Solution: The general solution to Az = 01is {(—2s+t—3r,s,t,7) | s,t,r € R},
so a basis for the kernel of A is {(—2,1,0,0),(1,0,1,0),(-3,0,0,1)}.

100-10
01011
@ 001 11
000 00

Solution: The general solution to Az =0is {(s,—s —t,—s—t,s,t | s,t) € R}, s0
a basis for the kernel of A is {(1,—1,-1,1,0),(0,—1,—1,0,1)}.

—4 2 2
B=|2 —4 2
2 2 —4
10-1
Solution: The RRE form of Bis |0 1 —1 |, so the general solution to Bz =0 is
00 O

{(s,s,9) | s,t € R}.Hence a basis for the kernel of B is {(1,1,1)}.

Problems of Chapter 16

16.1 Find the a basis for the row space and column space for each of the matrices
below, and check that dimrow A = dimcol A in each case.

1012
(mA:b114

Solution: Row-reduction to RRE form does the trick here. Note that since A is
already in RRE form, the Row Space Algorithm yields {(1,0,1,2),(0,1,1,2)} as a
basis for row A and {(1,0),(0,1)} as a basis for col A.

1 2 -1-1
dDA=|2 4 -1 3
-3-6 1 -7
1204
Solution: Here we must first reduce A to RRE form, and find A~ [0015].
0000

Now the the Row Space Algorithm yields {(1,2,0,4),(0,0,1,5)} as a basis for
row A and {(1,2,—3),(—1,—1,1)} as a basis for col A.
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1-110
0111
) A= 1243
1021
1021
. 0111
Solution: Here we must first reduce A to RREF, and find A ~ 0000l Now the
0000

the Row Space Algorithm yields {(1,0,2,1),(0,1,1,1)} as a basis for row A and
{(1,0,1,1),(—1,1,2,0)} as a basis for col A.

16.2 Find a basis of the desired type for the given subspace in each case. (Use your
work from the previous question where useful.)

(b) W =span{(1,2,-1,-1),(2,4,-1,3),(—3,—6,1,—7) }: any basis suffices.

Solution: We note that W = row A for the matrix A of part (b) in the previous
question. So we use the basis for row A we found there, namely

{(1’2704)’ (O’ 03 ]‘? 5)}'

(d) Y =span{(1,0,1,1),(-1,1,2,0),(1,1,4,2),(0,1,3,1) }: the basis must be a
subset of the given spanning set.

Solution: We note that Y = col A for the matrix A of part (f) in the previous
question. So we use the basis for col A we found there, namely

{(1,0,1,1),(~1,1,2,0)}.

16.3
(b) We extend {(1,0,1,2),(0,1,1,2)} to a basis of R*:
101 2
0112 . . .
Set A = u . We can see two leading ones in columns 1 and 2, so if we set
3
uy

u3 = (0,0,1,0) and ug = (0,0,0,1), then
D012

o1 2

A= 00 0

000@®

It is now clear that rank A = 4, so a desired extension is

1
1

@
0

{(1’07172)7 (0717172)7 (0707170)7(0707071)}

(d) We extend {(1,0,1,1),(—1,1,2,0)} to a basis of R*:
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1011
Set A= -1 1112 0 . We row reduce as far as we can:
uy
1011 Do 11
-1120 031
u3 u3
uy uy

Again, we can see two leading ones in columns 1 and 2, so if we set
u3 = (0,0,1,0) and ug = (0,0,0,1), then

1011 @011
A |0-1120 0D 31
“loo 10 0 0@ 0

0001 000Q®

It is now clear that rank A = 4, so a desired extension is

{(1,0,1,1),(~1,1,2,0),(0,0,1,0),(0,0,0,1)}

16.4 State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
o If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

(b) For some matrices A, dimrow A+ dimker A = dimcol A

Solution: Since we always have dimrow A = dimcol A, the equation above holds
if and only if dimker A = 0. There are such matrices, so the statement —which
merely asserts that there are some matrices for which the equation holds — is true.

For example, it is true for any invertible matrix, such as B (1)] , Where
dimrow A = dimrow A = 2 and dimker A = 0.

(d) For all matrices A, dimrow A + dimker A = n, where n is the number of
columns of A.

Solution: This is always true, indeed we called it the ‘conservation of dimension’.
We know dimker A is the number of parameters in the general solution to Az = 0,
which we also know is the number of columns of A where there are not leading
ones, which of course is the number of columns, less its rank. We also know
rank A = dimrow A. So dimker A = n —dimrow A, which is equivalent to the
given equation.

(f) For all m x n matrices A, dim{Az | z € R"} +dim{z € R” | Az =0} =m.

Solution: We actually know that
dim{Az | x e R"} +dim{z € R" | Ax =0} = n for all m x n matrices A, so the
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stated equation is true iff n = m. Thus the statement above — which asserts that this
holds for all m x n matrices — is false.

For example, let A = [1 0] ,where m =1 and n = 2. Then

dim{Az | x € R"} =dimcol A =rankA =1, and

dim{x € R" | Az =0} = dimker A = 1, so the equation asserted in the statement
is 1 +1 =1, which of course is false.

(h) For all m x n matrices A, the dot product of every vector in ker A with any of
the rows of A is zero.

Solution: This is true, and is an easy consequence of block multiplication and of
the definition of the kernel of A: Let x € R™ belong to ker A, so Az = 0. Write A

1
in block row form: A= | : |, so that r; is the it? row of A. Then
Tm
r1 rL T 0
Az=| ! |z= : = |:|.Thatis,r;-z=0forevery¢,1 <i<m.
Tm Tm X 0

Problems of Chapter 17

17.1 Extend the given linearly independent set of R™ to a basis of R™. (Use your
work from question 1 where useful.)

(®) {(1,0,1),(0,1,1)} (R?)

Solution: Since dim R? = 3 and we already have 2 linearly independent vectors,
101
we only need to find w € R? such that rank [0 1 1| = 3. Clearly, w = (0,0, 1)
w

101
will do, since then |0 1 1| is in RRE form and its rank is clearly 3
w

@ {(1,0,1,3)} R

Solution: Since dim R* = 4 and we only have 1 linearly independent vector, we
1013

need to find u,v,w € R* such that rank Z =4. Clearly,

w

0,1,0,0),v = (0,0,1,0) and w = (0,0,0, 1) will suffice, since then

u=1(0,1,0
1013
is in RRE form and its rank is clearly 4.
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Problems of Chapter 18

18.1 Find the inverse of each of the following matrices, or give reasons if it not
invertible.

11 0 1-3-2
() A= |0 -1 —2| Solution: A~ = [0 3 2
02 3 0-2-1

r 1 T
1 . =
(d)B= | Solution: B~1 = | #*+1 &2 +1
—x 1 _zr
241 2241

18.2 State whether each of the following is (always) true, or is (possibly) false.
The matrices are assumed to be square.

o If you say the statement may be false, you must give an explicit example.
e If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

(b) If A2 = 0 for a square matrix A, then A is not invertible.

Solution: This is true. Suppose on the contrary that A were invertible with inverse
A~1. Multiplying both sides of the equation A% = 0 by A~2, say on the left, yields
I,, = 0, which is nonsense. So A is not invertible..

(d) If A is invertible then the RRE form of A has a row of zeros.

01
RRE form, but has no row of zeros. (We know that an n X n matrix A is invertible
iff its RRE form is I,,, which has no row of zeros.)

Solution: This is always false, but here’s an example: F 0} is invertible and is in

(f) If A is a non-invertible n x n matrix then Az = b is inconsistent for every
beR™.

Solution: This is false. For example, let A = Ll) 8 and b = B] . Then A is not

invertible, but Az = b is consistent, and indeed has infintely many solutions of the
form x = [ﬂ ,forany s € R.

(h) If an n x n matrix A satisfies A3 —3A42 +1I,, =0, then A is invertible and
A7l =34 4%

Solution: This is true: rewrite A3 —3A4%+I,, =0 as 342 — A3 = I,, and then
factor to obtain A(3A — A2%) = I,,. Now you see that A=1 =34 — A2,
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Problems of Chapter 19

19.1 In each case, find the Fourier coefficients of the vector v with respect to the
given orthogonal basis B of the indicated vector space W.

(b)v=(1,2,3),B={(1,2,3),(=5,4,—1),(1,1,—-1)}, W = R3.

. . V-
Solution: If we write v = c1v1 + cov2 + c3v3, then we know that ¢; = for

"V
| Bk
i=1,2,3.Hence (c1,c2,c3) = (1,0,0). (Notice that v itself is the first vector in the
given orthogonal basis!)

@ v =(4,-5,0), B={(—1,0,5),(10,13,2)}
W ={(x,y,2) €ER3 | bz — 4y + 2 = 0}

Solution: If we write v = c1v1 + cav2, then we know that ¢; = —‘T} i 1|)|12 fori=1,2.
U5
2 25
H =(——,——).
ence (c1,c2) = ( 3 273)

Hov=(1,0,1,2),8={(1,0,1,1),(0,1,0,0),(0,0,1,-1),(1,0,0,—-1)}, W = R?.
Solution: If we write v = ¢1v1 + c2v2 + c3v3 + c4v4, then we know that
V-U;

= W fori=1,...,4. Hence (c1,c2,c3,¢4) = (=,0
v

37 7_57_5)'

Cq

19.2 Find the formula for the orthogonal projection onto the subspaces in parts c),
d) and e) above.

Solution: (d)

(x7yvz) : <_150a5)
26

(xaya Z) ) (10, 137 2)
273

(_17055) +

projw(x,y,Z) = (10?13a2)

After expansion and simplification, this becomes
1
projy (z,y,2) = E(l?x +20y — 52,20z + 26y + 4z, —5x + 4y +412)

(Note that computations this ‘messy’ will never occur on tests or exams.)

19.3 Apply the Gram-Schmidt algorithm to each of the following linearly
independent sets, and check that your resulting set of vectors is orthogonal.

() {(1,0,0,1),(0,1,0,—1),(0,0,1,—1)} Solution: With the above ordered list
denoted {v1,v2,v3}, we begin by setting u; = v1 = (1,0,0,1).

Then
. Vg - UL (0,1,0,—1)-(1,0,0,1)
g =vy — ——>u1 = (0,1,0,—1) — (1,0,0,1)
[[u ] (1,0,0,1)]]2
1 1 1
= 1.0.—1 —(1 1)=(=,1,0,—=).
(07 707 )+2( 70707 ) (27 707 2)
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We can rescale at this stage to eliminate fractions — in order to simplify subsequent
calculations — if we wish. So we set ug = (1,2,0,—1).
N.B. We check u; - ug = 0 before proceeding, and it’s OK.

Now set

- U3 - U1 U3 Uzu
us U3 2

[Jua ]| [[uz]|?

(0,0,1,—1)-(1,0,0,1)
:(070717_1)_ (1a07071)
1(1,0,0,1)[12
(070717_1) i (172707_1)
— (1,2,0,—1)
||(]-72a03 _1)H2

1 1
=(0.0,1,-1)+5(1,0,0,1) = £(1,2,0,~1)

1 1 1
- (g y § Ly T §)
Once again we can (but we don’t have to) rescale at this stage to eliminate fractions
if we wish. So we set uz = (1,—1,3,—1). N.B. We check u; - u3 =0 =ug - us
before leaving this problem, and it’s all OK.
So after applying Gram-Schmidt (with optional rescaling), we obtain the

orthogonal
{(1707071)7(17270771)7 (1771a3771)}

(d) {(1’ 1’0)’ (1’072)’ (1’27 1)}

Solution: With the above ordered list denoted {v1,v2,v3}, we begin by setting
Uy =v1 = (1,1,0).
Then we set

- V2 U1 (LOaQ)'(l’lvO)
g =v2 — ——=u = (1,0,2) - ————_—-"(1,1,0)
([ [|? 1(1,1,0))]12
1 1 1
=(1,0,2)—=(1,1 =(=,—=,2).
(1L0.2) - 110 = (4, ~5.2)

We can rescale at this stage to eliminate fractions — in order to simplify subsequent
calculations — if we wish. So we set ug = (1,—1,4). N.B. We check u; -us =0
before proceeding, and it’s OK.

Now set
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~ U3 - u1 U3 - U2
CTE T P a2
1,2,1)- (1,1 1,2,1)-(1,—-1,4
- .20 - S e a0 - St aEta.1
3 1
=(1, 2 2) 15(1,1,0)—6(1,—1,4)
=353

Once again we can (but we don’t have to) rescale at this stage to eliminate fractions
if we wish. So we set uz = (—2,2,1). N.B. We check u1 - u3 = 0 = ug - uz before
leaving this problem, and it’s all OK.

So after applying Gram-Schmidt (with optional rescaling), we obtain the
orthogonal set (in this case an orthogonal basis of R?):

{(1,1,0),(1,2,1),(—2,2,1)}.

19.4 Find an orthogonal basis for each of the following subspaces, and check that
your basis is orthogonal. (First, find a basis in the standard way, and then apply the
Gram-Schmidt algorithm.)

b)Y U = {(z,y,2,w) €ER* | z+y—w =0}

Solution: Step 1: find any basis for U: A basis for U can be easily found by writing

U:{(—y+w,y,z,w) €R4 | y,z,wER}:Span{(—l,l,0,0),(0,0,1,0),(—1,0,0,1)},

and noting that

y(—1,1,0,0)+2(0,0,1,0) + w(—1,0,0,1) = (—y +w,y, z,w) = (0,0,0, ) 0) iff

y =z =w = 0. So the spanning set {(—1,1,0,0),(0,0,1,0),(—1,0,0,1)} w

found is indeed a basis for U.

Alternatively (and this is a better way!), since U = ker [1 10 71] , we can use the
algorithm we have for finding a basis for the kernel of a matrix (which comes from
Theorem 15.1 of “Vector Spaces First”). Then

ker [1 10 71] ={(-r+t,rs,t) | rsteR}
= span{(—1,1,0,0),(0,0,1,0),(~1,0,0,1)},

and our algorithm (courtesy of Theorem 15.1) guarantees without us having to
check that the spanning set {(—1,1,0,0),(0,0,1,0),(—1,0,0,1)} we found is
indeed a basis for U'!

Step 2: Apply G-S, perhaps with rescaling: With the above ordered list denoted
{v1,v2,v3}, we begin by setting u; = v1 = (1,—1,0,0).

Then

(0,0,1,0)-(1,—1,0,0)

V2 - U (
H(17 _15070)”2

[l

fip = vy — uy =(0,0,1,0)— 1,—1,0,0) = (0,0,1,0).
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No need to rescale at this stage! So we set ug = (0,0,1,0).
N.B. We check u; - ug = 0 before proceeding, and it’s OK.

Now set
U v UB.ulu U3.u2u
3 =U3— 1— 2
[Ju ([ [[uz(
(-1,0,0,1)-(1,—1,0,0)
=(-1,0,0,1)— (1,-1,0,0)
”(L_LOaO)”Q
(-1,0,0,1)-(0,0,1,0)
— (0,0,1,0)
1(0,0,1,0)]2
1
:(—1,0,0,1)+5(1,—1,0,0)—0(0,0,1,0)
1 1
=(—=,—=,0,1
( 27 2707 )

Once again we can (but we don’t have to) rescale at this stage to eliminate fractions
if we wish. So we set ug = (1,1,0,—2). N.B. We check w1 - u3 =0 =wus-us
before leaving this problem, and it’s all OK.
So after applying Gram-Schmidt (with optional rescaling), we obtain the
orthogonal basis

{(1,-1,0,0),(0,0,1,0),(1,1,0,—2)}

for U.

N.B. Since we have a simple description of U as

{(z,y,2,w) € R* | z+y —w = 0}, this time we can also check u1,uz,u3 € U
before leaving this problem — and it’s all OK.

1 2 —-1-1
@dV=ker|2 4 -1 3
-3-61 -7

Solution: Step 1: find any basis for V':
1 2 —-1-1 1204

V=ker|2 4 -1 3| =ker|{0015].

-3-6 1 -7 0000
This kernel is
{(—2s—4t,s,—5t,t) | s,t € R} =span{(-2,1,0,0),(—4,0,—5,1)}, and so
(courtesy of Theorem 15.1), a basis for V' is {(—2,1,0,0),(—4,0,—5,1)}.
Step 2: Apply G-S, perhaps with rescaling: With the above ordered basis denoted
{v1,v2}, we begin by setting u; = v; = (—2,1,0,0).
Then
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Uy =V ——UQ.ulu
T wlP
_4303_5a1)'(_271,0,0)

||(_27 1a0a0)||2

= (*4303*531)* ( (72717070)

8
= (_4a Oa _53 1) - g(_Qa 17070)

4 8
=(-=,—2,—95,—1
( 57 57 ) )
Again we can (but we don’t have to) rescale at this stage to eliminate fractions,
should we wish. Set ug = (4,8,25,5), so that {(—2,1,0,0),(4,8,25,5)} is an
orthogonal basis for V.

19.5 Find the best approximation to each of the given vectors v from the given
subspace W.

b)) v=(1,1,1),W ={(z,y,2) € R? | 52— 4y +2 =0}

Solution: From Q. 2 (d) we know

1
projy (z,y,2) = E(l?x + 20y — 52,20x + 26y + 42, —5x + 4y +412),

so the best approximation to v = (1,1,1) from W is

. 16 25 20
prOJW(17 17 1) - (21 ’ 21 ) 21 ) .
N.B. You must not rescale this answer! This is a very, very common error at
this stage. Rescaling an orthogonal basis is fine, but the projection is a fixed
answer. For example, if we rescaled this to (16,25,20), this is simply not the
correct answer: check that (16,25,20) ¢ 1! The vector projy, (v) always
belongs to .

19.6 State whether each of the following is (always) true, or is (possibly) false.

e If you say the statement may be false, you must give an explicit example.
e If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

(b) Every linearly independent set is orthogonal.

Solution: This is false: for example {(1,0), (1,1)} is linearly independent but is
not orthogonal.

(d) When finding the orthogonal projection of a vector v onto a subspace W, once
the answer is obtained, it’s OK to rescale the answer to eliminate fractions.

Solution: Absolutely false! See comments at the end of Q.5(b).

(f) When finding the orthogonal projection of a vector v onto a subspace W, using
different orthogonal bases of W in the formula can give different answers.
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Solution: This is false: it’s a wonderful fact (and a consequence of Proposition
19.3) that even though the formula for the orthogonal projection looks different
when using a different orthogonal basis, the answer will always be the same. That
is, using different orthogonal bases of W in the formula will always give the same
answer for the projection.

(h) To check that a vector, say u, is orthogonal to every vector in W, it suffices to
check that u is orthogonal to every vector in any basis of .

Solution: This is true — let’s prove it.

Suppose w is orthogonal to every vector in some basis B = {w1,...,wi} of W,
ie.,u-w; =0foreveryi, 1 <i<k.

Now let w be any vector in W. We show that u - w = 0 as follows. Since B is a
basis of W, we can write w = ajw; + asws + - - - + apwy, for some scalars
al,...,0k. Then

w-w=1u-(arwy +agwa + - + apwy)
=a(u-wy)+az(u-w2)+--+ap(u-wg)
=a1(0)+a2(0)+---+ar(0)
=0.
That is, u-w = 0. So we’ve shown that if u is orthogonal to every vector in any
basis of W, then u is orthogonal to every vector in W. (The converse is also clear:

if u is orthogonal to every vector in W, it will surely be orthogonal to every vector
in any basis of W — since these basis vectors are in W.)

Problems of Chapter 21

21.1 Find the determinants of the following matrices:

2-1 3
(b)A= |3 0 —5| Solution: det A = 30
11 2
(34 -1
(A= (10 3 |Solution: det A= —10
25 -4
A—60 0
HA=| 0 X 3 | Solution: det A= (A—6)(A+6)(A+2)
0 4X+4
A 2 2

(hyA=| 2 —X 2 | Solution: det A = (A —4)(A+2)?
2 2 -
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abc
212 If |d e f| =3, find
ghi

bac
(b) A= |e d f| Solution: det A = —3, since C « Cs (giving a change of sign)
hgi

brings this matrix back to the original one.

b3ac—4b
(d) |e 3d f —4e| Solution: det A = —9, since C + C's — C'3 (no change to the
h3g i—4h

determinant) followed by noting the factor of 3 in C' (giving a factor of 3 to the
determinant) yields the determinant in part (b).

213

(b) If B is a 4 x 4 matrix and det(2BB") = 64, find | det(3B2B?)|.

Solution: Since 64 = det(2BB') = 24(det B)?, det B = 4-2. Hence
|det(3B2B)| = 3%|det(B%B")| = 3*(|det B|)® = 81(8) = 648

. 12[(56]]19 10| (13 14
(d) Compute the determinant of A = {3 4} [7 8} Ll 12} [15 16} .

3 73] [ 2] s )

(

:det[ }det{ }dtm ﬂ det E? ﬁﬂ
)
)

Solution:

det A = det

— (-2)(-2)(-2)de [123124]

21.4 State whether each of the following is (always) true, or is (possibly) false.

e If you say the statement may be false, you must give an explicit example.
e If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

In the following A and B are n x n matrices (with n. > 1) and k is a scalar.

(b) det(A+ B) =det A+det B

Solution: This is usually false. For example if A = [(1) 8] and B = [g ﬂ , then
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10

det(A+ B) =det [0 1

] =1#40=04+0=det A+detB.

(d) det(kA) = k™det A

Solution: This is always true, as we saw in class: multiplication of one row (or
column) of A by k changes the determinant by a factor of &, so multiplication of n
rows (or n columns) —which is the same as multiplying the matrix A by &k — will
change the determinant by n factors of k, i.e., by a factor of k.

(f) If A and B are the same except the first row of A is twice the first row of B,
then det A = 2det B.

Solution: This is always true, as we saw in class. (Expand det A along the first
row.)

215

(b) If u,v and w are vectors in R3, use properties of 3 by 3 determinants to show
that
UVXW=W-UXV=V-WXU

Solution: We know, since it’s the definition of the determinant of a 3 by 3 matrix,

U
that u-v X w =det | v | , where we’ve written the vectors as row vectors and the
w
[w U U
matrix in block row form. Sow-uxv=det |u| = —det |w| =det |v | (two
v v w
row interchanges: R < Ra, Ry <+ R3). Simi _arly,
v u u]
v-wxu=det |[w| =—det |w| =det | v| (two row interchanges again:
U v w

Ry < R3, Ry <+ R3).

(h) Suppose A, B,C and D are respectively of sizes m x m, m x n,n x m and
n x n. Suppose that D is invertible. Noting that

AB I, 0 A—BD-1C B
cp||-p-tc1, = 0 D , show that

A
det cD

Solution: This follows from (g) and the multiplicative property of determinants.

B] =det(A—BD~'C)detD.
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Problems of Chapter 22

22.1 Find the eigenvalues of the following matrices.

111
®) |11-1
11 2
Solution:
1-X 1 1 1-X 1 1
det| 1 1-X —1 |=det|{2—22-X 0 (R1 + Ro — Ro)
1 1 2-A 1 1 2-A
[1-X1 1
=2-XNdet| 1 1 0 (Factor of (2—\) in Ry)
1 122
[1-X1 1
= (2—>\)det 1 1 0 (—R2+R3 —>R3)
| 0 02-)]
o 121 .
=(2—XN)“det 1] (Laplace expansion along R3)

=-A2-))?

Hence the eigenvalues are 0 and 2. (The eigenvalue 2 has an ‘algebraic
multiplicity’ of 2.)
(101

@010
111

Solution:

1—Xx 1 1
det| 0 1=X 0 :(L—Mdﬁ[
1 1 1=\

1-A
1

1 i )\] (Laplace expansion along R3)

Hence the eigenvalues are 0, 1 and 2.

210
0 021
002
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Solution: Since this matrix is an upper triangular matrix, its eigenvalues are the
diagonal entries. Hence 2 is the only eigenvalue (with algebraic multiplicity 3).

210
(h) 1020
002

Solution: Since this matrix is an upper triangular matrix, its eigenvalues are the
diagonal entries. Hence 2 is the only eigenvalue (with algebraic multiplicity 3).

22.2 For each of the matrices in the previous question, find a basis for each

eigenspace.
Solution:
111
(b) The eigenvalues of A= |11 —1| are 0 and 2, as we saw.
11 2
EO = ker(A - 0[3)
=ker A
111 110
=ker |11 -1 =ker |001
11 2 000

={(=s5,5,0) [ seR}
=span{(—1,1,0)}

Hence {(—1,1,0)} is basis for Ey.

EQ = ker(A — 2]3)

= ker

= ker

={(3

-1 1 1
1 —-1-1
11 0
[10—3
01 1

00 0

59 | sE€R)

=span{(1,-1,2)}

Hence {(1,—1,2)} is basis for E».
101

(d) The eigenvalues of [0 1 0| are 0, 1 and 2, as we saw.

111

319
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EU = ker(A — 0]3)

101
=kerA=ker (010
111
101
=ker (010
000

={(-s,0,s) | se R}
=span{(—1,0,1)}

Hence {(—1,0,1)} is basis for Ey.

El :ker(A—Ig)
[001]
=ker |000
_1 1 0_
[110]
=ker |001
_0 0 0_
={(-s,5,0) | se R}
:Span{(_171a0)}

-1 0 1
Hence {(—1,1,0)} is basis for Ey. Fa =ker(A—2I3)=ker | 0 =1 0 | =
1 1 -1
10-1
ker |01 0 | ={(s,0,s) | s € R} =span{(1,0,1)}.Hence {(1,0,1)} is basis
000
for Es.
210
(f) The single eigenvalue of A= |02 1| is 2, as we saw.
002
010
Ey=%ker(A—2I3)=ker |001| ={(s,0,0) | s € R} =span{(1,0,0)}. Hence
000
{(1,0,0)} is basis for Es.
210

(h) The single eigenvalue of A= |02 0] is 2, as we saw.
002
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010

Ey =ker(A—2I3)=ker [000| ={(s,0,¢) | s € R} =span{(1,0,0),(0,0,1)}.
000

Hence {1,0,0),(0,0,1)} is basis for Es.

Problems of Chapter 23

23.1 For each of the matrices A in the previous question, if possible find and
invertible matrix P and a diagonal matrix D such that P~! AP = D. If this is not
possible, explain why.

Solution:

(b) Since dim Eg +dim Fo = 1+ 1 = 2 < 3, this matrix is not diagonalizable —
there is no basis of R3 consisting of eigenvectors of A: there are at most 2 linearly
independent eigenvectors of A.

(d) This 3 x 3 matrix, having 3 distinct eigenvalues, will be diag’ble. Indeed, if
vo = (-1,0,1),v; = (-1,1,0) and vy = (1,0, 1) are written as columns, set

-1-11
P:[UOU1’02}= 0 10
1 01
and
000
D=1(010],
002

then P will be invertible (you can check this directly, or simply note that
dim Ey 4+ dim F +dim Fy = 14141 = 3, which guarantees P’s invertibility)
and P~"1AP =D.

(f) Since there is only one eigenvalue (2) and dim F5 = 1 < 3, this matrix is not
diagonalizable — there is no basis of R? consisting of eigenvectors of A: there is
at most one linearly independent eigenvector of A!

(h) Since there is only one eigenvalue (2) and dim Fs = 2 < 3, this matrix is not
diagonalizable — there is no basis of R? consisting of eigenvectors of A: there
are at most two linearly independent eigenvectors of A.

23.2 State whether each of the following is (always) true, or is (possibly) false.

o If you say the statement may be false, you must give an explicit example.
e If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.
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(b) The matrix A = {(1) _01} has no real eigenvalues.

Solution: This is true: det(A — Al2) = A2 + 1, 50 det(A — Al2) = 0 has no real
solutions.

(d) If 0 is an eigenvalue of n x n matrix A, then A is not invertible.

Solution: This is true: 0 is an eigenvalue of A iff det(A —0I,,) = det A =0.
Hence, A is not invertible.

(f) Every invertible matrix is diagonalizable.

Solution: This is false. See example (f) or (h) from the previous question, or,
check for yourself that {(1) ﬂ , which has 1 as its only eigenvalue, is not
diagonalizable.

(h) If an n X n matrix has n distinct eigenvalues, then the matrix is diagonalizable.

Solution: This is true, as we saw in class: for every distinct eigenvalue, we obtain
an eigenvector, and we know that eigenvectors corresponding to distinct
eigenvalues are linearly independent. Hence there are n linearly independent
eigenvectors, which will of course be a basis for R", as dimR"™ =n.

()* If an n x n matrix A has eigenvalues \1,...,\,,then det A = \1...\,.

Solution: Use the hint and substitute A = 0 into the equation.

011
233 Let A= |101].
110

a) Compute det(A — AI3) and hence show that the eigenvalues of A are 2 and —1.

b) Find a basis of B = {z € R? | Ax = 2z}.

¢) Findabasisof E_; = {z € R3 | Az = —x}.

d) Find an invertible matrix P such that P~' AP = D is diagonal, and give this
diagonal matrix D. Explain why your choice of P is invertible.

e) Find an invertible matrix QQ # P such that Q~'AQ = D is also diagonal, and
give this diagonal matrix D.

Solution: Consult the solutions to the Fall 2011 final exam online:
http://www.courseweb.uottawa.ca/ mat1341A/tests/tests.htm

Problems of Chapter 24

24.1 State whether each of the following defines a linear transformation.

4 Hint: Use the fact that we know det(A — AI,) = (=1™)(A = A1) (A= A2)... (A = Ap).
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o If you say it isn’t linear, you must give an explicit example to illustrate.
e If you say it is linear, you must give a clear explanation - by quoting a theorem
presented in class, or by verifying the conditions in the definition in every case.

(b) T : R3 — R? defined by T'(x,y,2) = (z +22,y)

Solution: This is indeed a linear transformation, since the formula comes from

T
multiplication by the matrix A = B (1) (2)} tie.,ifv= |y| €R3 (is written as a
z

column), then Av = [:r _222] , which is the formula above (written as a column).

(d) T : R? — R? defined by T'(v) = {(1) _01} v

Solution: This is indeed a linear transformation, since we know (first example,
section 24.1) that multiplication by a matrix always gives a linear transformation.
() T : R? — R3 defined by T'(v) = Proje1,1,-1)(v)-

Solution: This is a linear transformation. We can show this in two ways: via the
definition, or by finding the standard matrix of 7'.
First, we need just to write out the formula for 7' more explicitly:

v-(1,1,-1) Cw-(1,1,-1)

1) T(v)= j =——(1,1,-1 1,1,—1).
( ) (’0) prOJ(LL_l)(U) H(lala_l)H( ) ) 3 ( [t )
In Cartesian coordinates, if v = (z,y, ), this is

(xay72)'(1717_1) (Qf—i-y—Z)
(2) T(v)= (1,1,-1) = ———=(1,1,-1)

(1,1, =) 3

which simplifies to %(m+y—z,x+y—z,—x—y+z).

1. Via the definition:

(i) If u,v € R3, then by (1) above,
-(1,1,—-1 -(1,1,-1
T(u+v) = %(1,1’_1)+M(1’17_1)

_ (u (1,;,—1) n U.(l’;’_l))(l,l,—l)
(u+v)-(1,1,-1)

= : 1,1,-1
3 (77 )

=T(u)+T(v)

(i) If k € R and v € R3,
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T(kv) = W(l,l,fl)
v-(1,1,—1)
=k (=L -)
=kT(v)

These show that 7" satisfies the two conditions of the definition, so 7" is linear.

x
2. Using a theorem (25.1, first example) If v = |y | , then by (2) above, if
z
1 1 -1
A=L111 1 -1
—-1-11
1 T+y—=z 1 1 -1| |z
T(v):§ z+y—z =1 1 —1| |y| = Av.
—x—y+=z -1-11 z

Hence, T is multiplcation by a matrix, and so by 25.1, T' is linear.
(h) T : R3 — R3 defined by T'(v) = proj, (1,1, —1).

Solution: This looks at first like part (f), but isn’t — ‘v’ is in the wrong spot.
Indeed this is not a linear transformation: look first at the formula for 7"

(1,1,—-1)-v

T =P

(1,1,-1)
The dependence on v is rather complicated: it appears in the numerator as
‘(1,1,—1) - v’ (which is fine in itself) but the warning bells go off when we see

the factor of ‘—2’!
o]l

So let’s give a counterexample to show 7' is not linear.
Indeed, let v = (1,0,0). Then T'(v) = (1,1,—1), but

T(2v) = T(2,0,0) = %(1,1,—1) £2(1,1,-1) = 2T(v).

So T' is not linear.
() T : R? — R3 defined by T'(v) = 2v. Solution: This is a linear transformation.

It is easy to check it satisfies the conditions of the definition, but it’s even easier to
note that if v € R3, then T'(v) = 2I3v, i.e., T is multiplication by the matrix 213
and so is a linear transformation.

() T : R3 — R? defined by T'(v) = Av, where A = B (2) ;} .
Solution: This is a linear transformation, since it is defined by multiplication by a
matrix!
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24.2 In each of the following, find the standard matrix of 7" and use it to give a
basis for ker 7" and im 7" and verify the conservation of dimension.

(b) T : R3 — R? defined by T'(x,y,2) = (22 +z,y)

Solution: We saw in Q.1 (b) that the standard matrix for T  here is A = F 0 2} .

010
Since A is already in RRE form, a basis for ker 7" = ker A is easily seen to be
{(-=2,0,1)}. The column space algorithm yields the basis {(1,0),(0,1)} for
im T = col A.

(d) T : R3 — R3 defined by T'(v) = proje1,1,-1)(v)-

1 1 -1
Solution: We saw in 24.1(f) that T is multiplicationby A=1 | 1 1 —1/.
-1-11
11-1
A short computation shows that the RRE form of Ais |00 0 |,and so a basis
000

for ker T’ = ker A is easily seen to be {(—1,1,0),(1,0,1)}.
The column space algorithm yields the basis {(1,1,—1)} for im T' = col A — as
you would expect from a projection onto the line with direction (1,1, —1)!

() T : R? — R3 defined by T'(v) = projy (v), where H is the plane through the
origin with normal (1,1,0).

Solution: We first need the formula for 7. Since the subspace H is a plane in R3,
we don’t have to find an orthogonal basis of H and use the projection formula:

instead, we note that if n is any normal vector for H, and v is any vector in R3,
that

v = proj,, (v) + (v —proj,, (v)),

and that the vector w = v — proj,, (v) will indeed be the orthogonal projection of
v onto H , since it satisfies both the conditions of Proposition 21.1! That is>,

projp (v) = v —proj, (v).

So the formula for 7" is T'(v) = v — U'n2n. Let v = (x,y,2). Since n = (1,1,0),

[[m]]
Lﬂ(
2

y—r -y
JZ).

17170):( 2 ) 2

T(x,y,z) = (xvyaz) -

v-n ) vn
n) n=vn———n-n=2uv-n-—
2 [In]?

5 First: Note that w-n = (v — proj,,(v)) -n = (v— il
n

v-n =0, so0 it is true that w = v — proj,, (v) € H. Secondly, w — v = (v — proj,, (v)) —v =
—proj,, (v) which is certainly orthogonal to H, since it is a multiple of the normal n to H. Draw
yourself a picture to convince yourself geometrically.
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Now it is a simple matter to check that 7" is multiplication by the matrix

1 -110
A=-|1 -10{.
0 0 2
1-10
A short computation shows that the RRE form of Ais |0 0 1|,and so a basis
000

for ker T = ker A is easily seen to be {(1,1,0)}, as you would expect for the
projection onto the plane through 0 with normal (1,1,0).

The column space algorithm yields the basis {(—1,1,0),(0,0,1)} for

im T = col A — and you can check yourself that span{(—1,1,0),(0,0,1)} = H,
as you’d expect!

24.3 State whether each of the following is (always) true, or is (possibly) false.

e If you say the statement may be false, you must give an explicit example.
e If you say the statement is true, you must give a clear explanation - by quoting a
theorem presented in class, or by giving a proof valid for every case.

(b) If T : R* — R2? is linear, then dimker T > 2.

Solution: This is true, since we know that dimker T+ dimim 7" = 4, and that, as
im T is a subspace of R2, dimim 7 < dimR? = 2. Thus,
dimkerT =4 —dimim T >4—-2=2.

(d) If T: R? — R? is linear, and {vy,v2} C R is linearly independent, then
{T(v1),T(v2)} C R? is linearly independent.

Solution: This is false, indeed it is only (always) true if ker 7" = {0}. For
example, define 7' : R3 — R? by T'(x,y,2) = (0,0), and let v; = (1,0,0) and
vy = (0,1,0). Then {T'(v1),T'(v2)} is not independent as it contains the zero
vector.

(O If T : R3 — R3 is linear, and ker T = {0}, then im 7' = R3.

Solution: This is true. Recall that dimker T+ dimim 7" = 3 in this case, so if
kerT = {0}, then dimkerT = 0 and so dimim 7" = 3. But im 7" is then a
3-dimensional subspace of R3, which also has a dimension of 3, so by the
Theorem 10.2,im T = R3.

24.4 * State whether each of the following defines a linear transformation.

o If you say it isn’t linear, you must give an explicit example to illustrate.
e If you say it is linear, you must give a clear explanation - by quoting a theorem
presented in class, or by verifying the conditions in the definition in every case.
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t
(b) T: P — P defined by T(p)(t) = / p(3)ds.
0

Solution: You’ve learned in calculus (and will prove, if you take a course in
analysis) that if p and q are (integrable) functions, then

/ (o +a)()ds = / p(s)ds + / g(s)ds.

Moreover you’ve also seen that if k € R is a scalar, then

t ¢
/ kp(s)ds =k / p(s)ds. Together, these show that T is indeed linear.
0 0

(d) det : M 2o — R defined by det [‘; S} = ad — be.
. . . . . 10
Solution: The determinant is not linear. For example if A = [O 0} and
00
B = [0 J , then

10

det(A+ B) =det {O 1

} =1#40=0+0=det A+detB.

(We saw this example in the solution to problem 21.4(b) on determinants.)
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A-eigenspace, 249

standard matrix, 265

acronyms, list of, xiii

all bases have the same number of vectors, 96

augmented matrix, 117

axioms, 41

basic solutions form a basis for Null(A), 162

basic solutions, 162

basis for Col(A), 175

basis for Col(A), 181

basis for Row(A), 171

basis, 95

best approximation to a solution of an
inconsistent system, 221

best approximation, 221

big theorem, 197

block multiplication, 150

calculating the determinant by cofactor
expansion along any row or column, 232

calculating the projection- second method, 221

Cartesian form, 26

characteristic polynomial of A, 150

characteristic polynomial, 243

coefficient matrix, 118

cofactor expansion along column j, 232

cofactor expansion along row ¢, 232

cofactors, 229

collinear, 67

collinear, 77

column space of A, 152

column space, 159

consistent, 115

consistentalways, 164

coordinates of v relative to the ordered basis
B, 108

coordinates relative to an orthogonal basis, 205

coordinates, 108

coplanar, 32

coplanar, 77

cross product, 30

degenerate, 115

dependence relation, 87

determination of a linear transformation on a
basis, 264

diagonalizable over the reals, 245

diagonalizable over the reals, 250

diagonalizing a matrix, 252

dimension, 30

dimension, 96

dot product, 18

dot product, 19

effect of row reduction on the determinant, 234

eigenvalue, 241

eigenvalue, 249

eigenvector of A, 241

eigenvector of A, 249

eigenvectors, 229

elementary row operations, 117

enlarging linearly independent sets, 89

equivalence of linear systems under row
reduction, 123

equivalent, 123

Euclidean n-space, 19

finding matrix inverses, 195

finite-dimensional, 96

Fourier coefficients, 205

Gaussian elimination, 116

Gauss-Jordan elimination, 116

general solution, 114

general solutions to linear systems, 116

geometric multiplicity, 249

geometric vectors, 39

Gram-Schmidt algorithm, 212

hamiltonians, 15
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homogeneous, 115

hyperplane, 30

identity matrix, 148

image vs nullspace, 267

image, 159

image, 266

inconsistent, 115

infinite dimensional, 96

inhomogeneous systems and nullspace, 163

inhomogeneous, 115

inner product, 18

inverse of a 2 X 2 matrix, 190

inverse, 190

invertible, 190

kernel vs nullspace, 267

kernel, 160

kernel, 266

Laplace or cofactor expansion along the first
row, 230

leading one, 119

least squares best fit, 224

limits of geometric multiplicity, 250

linear combination, 17

linear combination, 40

linear combination, 63

linear independence of orthogonal sets, 204

linear system, 113

linear transformation, 261

linearly dependent, 32

linearly dependent, 78

linearly independent sets are never bigger than
spanning sets, 94

linearly independent, 79

matrix form, 16

matrix inverses and solutions of linear systems,
191

matrix, 43

norm, 19

not defined, 146

nullspace, 160

one-sided inverses are two-sided inverses, 195

orthogonal basis, 205

orthogonal complement, 217

orthogonal complements, 185

orthogonal complements, 219

orthogonal projection, 207

orthogonal projection, 209

orthogonal vectors, 204

orthogonal, 19

orthogonal, 203

orthogonal, 204

parametric form, 26

pivot, 119

Index

point-normal, 26

product, 145

projection of v onto u, 21

properties of matrix inverses, 192

properties of the determinant, 235

properties of the matrix product, 148

properties of the orthogonal complement, 219

rank and dim(Col(A)), 175

rank, 130

rank-nullity theorem, 162

reduced row echelon form, 119

reducing spanning sets, 89

REF, 119

relation between linear dependence and
spanning, 88

row echelon form, 119

row reduce, 123

row reduction, 116

row space is invariant under row equivalence,
169

row space, 159

row-equivalent, 123

RREF, 119

scalars, 15

shortcut for deciding when a set is a basis, 104

solution, 113

space-time, 15

span of vi,...,Vm, 63

spanned sets are subspaces, 64

spanning set, 63

spans, 63

sparse, 229

standard matrix of a linear transformation, 265

Stoichiometry, 41

subspace test, 54

subspace, 54

subspaces of R?, 67

subspaces of R3, 68

”symbols, list of, xiii”

tensor product, 147

trace of A, 65

tranpose, 16

transpose, 56

Transposition, 16

triangle inequality, 20

trivial solution, 115

uniqueness of RREF, 123

uniquesol, 165

vector form, 26

vector space, 42

vectors, 39

zero matrix, 148
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