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Chapter 0O

Introduction

0.1 Actuarial Present Value

Theory of Interest suggests methods to evaluate the present value of known
payments P at fixed times, e.g.,

Pov™  for a single payment in n years,
P azw for n continuous payments at rate I per year.

In Insurance or Pension applications, n is unknown, for example:

PuT

Pa } where 7" is the future lifetime of a person = a random variable .
7]

This leads to the concept of actuarial present value:
E[PvT] = PE[v"] = PE[e™°T] = P My(—9),

or

Blan] — E {1 _(SUT} 1- MéT(—a) .

0.2 Contingencies

Actuarial present values are function of the distribution of certain random
variables, as the payments are contingent on the value of these random vari-
ables. For instance:



CHAPTER 0. INTRODUCTION

Life Contingencies - distribution of lifetime 7',
Financial Contingencies - distribution of interest rates i,
Economical Contingencies - distribution of salary, inflation, etc.



Chapter 1

Survival Distributions and Life
Tables

1.1 Introduction

Observe a newborn until death, at age X, say. This age at death is a random
variable characterized by

F(z)=P{X <z}, x>0.
Problems of Interest:

Modelling: For a given F' calculate certain actuarial functions (present

value, annuities, accumulated values, . ..) — Life Contingencies (Course
3).
Estimation: For observed ages at death X, ..., X,, obtain a good estimate

of FF — Survival Analysis (Course 4).

Section 3.3 of the textbook, “Life Tables”, gives a brief introduction to
the subject of estimation.

1.2 Death Probabilities

e Survival of a newborn to age x:

P{X >z} =1—-F(x)=s(x), x>0.
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e Death of a newborn before age y, given that the newborn survived to
age 0 <z <yt

Plr < X <
P{X <y|X>a) — <Xy}

P{X >z}
[F(y) — F(z)] _ [s(x) —s(y)] .
s(x) N s(x) ’ 20

R -

A B S T G ST S O < L

Figure 1.1: Survival Function of a Newborn

The quantity of interest is X — x, not X, as newborns do not buy in-

surance. Given that X > z, denote by T'(z) = X — x the future lifetime
of a policyholder now age = (with 7'(0) = X)

. Its cumulative distribution
function (cdf) is given by:

P{T(z) <t} = P{X—-z<t|X>uz}, t>0
[s(z) — s(z +1)]

s(x)

It is the probability that a newborn who survived to age x will not survive

to age x +t, i.e., a life age x [henceforth denoted by (x)] dies before the end
of t years.
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The corresponding probability of survival is given by:

tPr =1 — Qs , t>0.

Remark 1.1

s(x +t z+tP0
tp(] et S(t) and tp.’E et (S(I) ) et +;0 .

e The probability that (x) dies between ages x +t and x + ¢ + w:

P{t <T(x)<t4+u} = 11uGe— s
= Pz — t+ubPx (11)
tludz -

(1.1) can be interpreted as a probability of survival to age = + ¢ but
not to age r +1t + u.

It can also be written as the probability

tiudz = tPx uqa+t »

of survival to age x + t followed by a death before age x +t + u.

Remark 1.2 The following notational conventions apply
1Gz = ¢z and  1Gz = ¢ -

e All these probabilities can thus be written in terms of survival prob-
abilities ;p,, death probabilities ;q, or of the survival function. For
instance:

tlude = tPx — t+uPx

s(x+t)  sx+t+u)
s(x) s(x)

[s(x +1t) — s(z 4+t + u)]

s(x)
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e ¢, is the death probability of (z) for the next year, while ;q, is for the

next ¢ years (where usually = > ¢, ). Hence

e
t

is the annual average, that is the average death rate per year over the
interval [z, z + t]. The corresponding instantaneous rate of mortality
at age x is thus

N C _ L
%l—{%T = lig ts(z) os(r) )

the force of mortality.

Since ()

—s'(x

- -9
,u(:c) S(.’E) dx IlS(.’,U) )
then
T+t
—/ w(y)dy =Ins(z+t) — Ins(x)

and hence

x+t
exp{— / w(y) dyt = ipe

which means that all death probabilities can be expressed in terms of
p(x).



1.2. DEATH PROBABILITIES 9

Example 1.1
tqx = 1—4pr=1—exp{— / y)dy},
tlude =  tPx ufatt
r+t+u
= exp{— / y)dy} [1—exp{ / dy}]
- — t+uPz -

Also p(z) = % implies

Exercise 1.1 Show that
t+u
tule = / sDx (T + 8)ds .
t

o If ,q, is the cumulative distribution function (cdf) of T'(x) and if it
admits a density function, then for a fixed x > 0 it is given by:

%tQm = % {1 —exp{— ' w(y) d?/}]
= —epf- [ uy)dy} [—M(l‘ + t)}
= papi(x +1), t>0.

The Hlustrative Life Table in Appendix 2A gives a graph of ;po u(t) =
s(t) p(t):
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Figure 1.3: Density Function of the Future Lifetime of a Newborn

1.3 Life Tables

Statistical estimation of s(x): observe [y newborns and denote by

L(x) = 7 who survive to age x = a random variable ,

lo

= le ,  say,
j=1

where
1 if the j-th individual is alive at agex ,
I, = .
0 otherwise .
for y =1,...,1p.
Now

implies that
lo
E[,C(l’)] = Z 5(1') =y S(l’) =lopo :=1ls ,
7=1

is the expected number alive at age x. Note that with this definition
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Remark 1.3 L(z) ~ Bi(ly, s(x)) if all the I;’s are independent. Then
VIL(z)] = los(x) [l — s(z)] = lo+Po 20 -

Example 1.2 (US Life Table 1979-81): Table 3.2 of the textbook.
Assume that [ = 100,000 newborns are observed. The number of sur-
vivors at age 1, £(1) is a random variable with expected value given by:

E[£(1)] = 100,000 s(1)
= 100,000 po
= 100,000l—1

lo
= [, = 98,740

Note that with the 1959-61 US Life Table (see Jordan, p.11) the corre-

sponding value is
[y =97,408 .

All the functions defined above can now be obtained in terms of of a table
of [, values, for integer ages x:
l. =los(x) = s(x)=—.

For example, for integer ages x:

s(x+n)  lon

e = s(z) L]
_ s(r4n)—s(x+n+m) _ logn = logngm
nmdz = s(x) Iy '

for integers n and m.

Also J J
=——1 =——1Inl,,
wu(x) I ns(x) T nl
which is found numerically, as [, is only available for integers x (see Section

3.7).
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Now let D(z) denote the number of deaths between ages x and = + 1
among the original [y newborns. Then

Lz+1) = L(z)—D(z)
= Ly = I —E[D(2)]
= E[D)] = lp -l i=d, .

Similarly ,,d, = l, — lz4, (With 1d, = d,.).
Exercise 1.2 Since L(z) ~ Bi(ly, s(x)) prove that :
1. D(x) ~ Bi(lo, z19),
2. given that L(z) = [, the conditional distribution of D(z) ~ Bi(l, q.).

Example 1.3 (Financial Application): How much does it costs now to
promise 1,000 people age 35 a $1-payment if alive at age 557 [You can use
i =0.03, I35 = 9,373,807 and 55 = 8,331, 317].

Solution: Without mortality the solution is simply
1000(1.03) 2% = $553.68 ,

or $0.55 each.
With mortality, the $1-payment is only made with probability

lss 8,331,317

55 o 220 ().88879
lss 9,373,807 ’

(which means a $0-payment with probability 0.11120).
On average the total payment in 20 years is thus $888.79, which has a

present value of
888.79(1.03) % = $492.10 ,

or $0.49 each.
You can check that 9,373,807 x 0.4921 = $4, 612,850, which after 20

years will accumulate to
4,612, 850.425(1.03)%° = $8,331,319.894 ,

or $1 per survivor.



1.4. THE COMPLETE EXPECTATION OF LIFE 13

1.4 The Complete Expectation of Life

Call G the cdf of T'(x):

t
Gla) =P{T(@) <t} =t = [ ponta+9)ds,  0<t<w—a.
0
which implies a density of
0
g(t):G/(t)zat%zwm,u(x—l—t), 0<t<w-—=x.

Hence the expectation of the future lifetime 7'(x) is given by
e, =E[T(x)] = / tg(t)dt
0

= / t e p(x +t) dt
0

w—T a
— Z(1—p,)dt
/0 tat( Pa)

= —tpaly " F / pe dt by parts ,
0

0

The expected future lifetime ¢, is a useful index to compare the mortality
experience of different populations. For instance:

US Life Table for White Males 1959-61 ¢o = 67.55,
US Life Table for Total Population 1979-81 ¢é3 = 73.88,
Canadian Population data - 1991 (Males) ey = T74.6,

Canadian Population data - 1991 (Females) ¢, = 80.96.

The variance of the future lifetime, around this é,, can be found in a
similar way:

w—T w—T a
E[T?(z)] :/0 tztpm,u(x—l-t)dt:/o tza(—tpm)dt

= —t2.p, ;}_z + / 2t yp, dt | by parts ,
0

0
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Hence o
V[T (z)] = 2/ tp, dt — éi
0
Example 1.4 T'(x) ~ exp(80 — z), that is

1 =t
Dz p(z + 1) = Cs) _z)e@om , t>0.

Verify that then:
E[T(x)] =80 —z and V[T(z)] = (80 — x)*.

Commutation Functions: Define

T, — / Elys i+ 1) dt
0

This is the total number of years lived after age x by all the [, lives (each
dying at some posterior age = + t).
Then

6, = / tipe p(x +t)dt
0

1 w—x T,
_ _/ Floye i+ ) dt = 2 .
I Jo lo

Exercise 1.3 Prove that T, = Ow_m ly4¢ dt (by parts).
Similarly

V[T([L’)] = 2/ tpmdt O —_/ / m+td$dt
- _/ / z+tdt d$—€

Tz+s

02
= 7 m—l—s — €, .

Consider now the surv1val over a finite age interval [z, z+n), for n < w—z,
then:

E [min(n, T(x))] :/ tpe p(z + 1) dt +nppy = oy -
0

Exercise 1.4 Prove that é€,.m = T”“’_lif“” = [, e dt.
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1.5 The Curtate Expectation of Life

Often, in measuring lifetime, only completed years are recorded. Then the
corresponding expected lifetime is called the curtate expectation of life (not
necessarily an integer) and denoted by

e, = E[K(z)], where K(x) = [T'(x)] .

For example, (z) who survives to  + k but dies before completing the
(x + k + 1)st anniversary will only contribute k years to e,, with probability
kPz Qu+k = kPz — k+1Pzx = k|9z-

w—xr—1

e = EK@)]= Y kipodosr
k=0

w—xr—1

= Z k (kpm - k—l—lpm)

k=1
= 1Pz — 2Pz +22pm _23pm+33pm e
- [lpm +22pm +33pm + ...+ (w — T — 1)w—m—1pm]
_[2pm +23p, +...+ (W_I_ 1)w—mpm]

k=1

Also
w—xr—1
E{[K(l’)]z} = Z kz kDPz Qu+k
k=1
w—r—1

= Z kz (kpm - k—l—lpm)
k=1

= [pe+4ope +93pe +164ps ...+ (W — 2 — 1) s1p0]
_[2pm +43pm +94pm +...F (w — T _2)2w—m—1pm]
= Pz +32pm +53pm +74pm + ...+ (2((4) — T — 1) - 1) w—z—1Px

w—xr—2 w—xr—1

— Z (2k + 1) gpy1pe o Z (2k = 1) ke -

k=0 k=1
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Hence

Remark 1.4 Henceforth, we will drop the argument (x), both in 7'(x) and
K(x), to use T" and K instead.

1.6 Fractional Ages and Durations

Consider, for instance, a policy written on the life of a woman age 32.5. Then
1P391 will be needed, that is, the probability that she will survive to 33, the
next integer age for which [, is available in the life table. But

cannot be obtained from the life table.

This will require an approximation for l,.;, when z is an integer but
0 <t < 1. Here are some methods proposed in Table 3.6.1, p75 of the
textbook:

(a) Uniform distribution of deaths (UDD):
v =1 =) lp+tlyy, 0<t<1,
that is a linear interpolation in the life table.
(b) Constant force of mortality:
lpsy = lpe Mt 0<t<1,
where 4 = —Inp,. This is a piece-wise exponential mortality.

(¢) The method of Gaetano Balducci (1917):

1 1 1
—(1—t) =+t

0<t<1
lm—l—t lm lm—l—l -

Y Y

that is a reciprocal linear interpolation.
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Theorem 1.1 Let S =T — K be the random fraction of year lived in the
year of death. Then under UDD, S and K are independent random variables
and S is uniformly distributed, that is S ~ U][0, 1].

Proof: Forany 0 < s<land k=0,1,2,...,w—x—1

P{S <s, K =k}
P{K — k}
P{k<T <k+s}
P{K — k}

klsz  kPx sQutk

— Otk , under UDD
Qr+k
= S s

P{S<s|K=k} =

which is independent of k. This shows that S and K are independent random

variables. Then this also means that P{S < s} = s, showing that S ~ U[0, 1].

O

This simplifying UDD assumption helps in the evaluation of functions of

T, reducing them to evaluating the corresponding functions for K. Take for
instance the complete expectation of future lifetime:

E(T) = E(K)-+E(S)
éx = ez +E(S)

1
= e, + 3 under UDD . (1.2)

(1.2) is now the standard approximation for é, when life table values are
available only at integer ages. Similarly,

V(T) = V(K)+V(9), under UDD, by independence
1

= V(K)+ —.
(K)+ 35
In comparing the different approximation methods, Balducci’s is more
tractable in constructing mortality tables because |_;q,++ = (1 — t) g, for x
integer and 0 < t < 1. This is more useful than ;q, = tg, (under UDD)
in computational formulas. But for evaluations done on the computer, this
difference is of no importance, hence UDD is preferred to Balducci’s assump-

tion.
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1.7 Select and Ultimate Life Tables

A selection takes place when certain insurances are underwritten (e.g. medical
examination for large face value policies). This introduces a new variable in
the model, apart from age:

—

x] = a life age x, at selection,
[z] + k = alife age x + k, selected k years ago at age x.

The effect of selection wears off with time. A positive selection during n
years implies:

Q2] < Qz—1]+1 < Qz—2]+2 < "+ < (z—n+1]4n—1 -
After this selection period the difference

qz—n]4+n — Jz—n+1]4+n—1

becomes negligible. Usual selection periods = 3,5, 10 or 15 years. Note that

3—year Select Life Table || Ultimate

22] lpy g+ lpose l25

@]l g e lyss
120] oy lpo+1 lpo+e l23
21] lpy lpy+r  lpise l24
[

Table 1.1: Select and Ultimate Life Table

liz)4n = lzyn for all n > 3, the number of selection years.
All other life table functions use the same notation:

digjve = ek = a4kt
~ digk
[z]+k
l x| +k+j
iDla]+k eltktd

Ua) 4k
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For instance, for a 3—year Select and Ultimate table, then

dpo] = lppo) — lpoj+1 5 dpoj+1 = lpoj+1 — lpoj2 , but  dpojy2 = lppoj42 — l2s -

Remark 1.5 The ultimate table of a Select and Ultimate Life Table usually
shows a better survival experience than that of the general population. This
is due to the fact that every life in the group used to calculate the Select and
Ultimate Life Table passed, at some point, the selection requirement. Many
lives in the general population would never pass it, but are included in the
calculation of a general table.
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Chapter 2

Life Insurance

2.1 Insurances Payable at Death

2.1.1 Whole Life Insurance

If $1 is paid at the death of (z) to the designated beneficiary, the present
value (pv) of the insurance benefit is Zp = v and

E(Zr) = / vy (x4 t) dt
0

This expected pv is called an actuarial pv (apv) and is denoted A, =
E(vT). Tt is also called a Net Single Premium (NSP):

Single —— only one premium paid at age z (not an annuity),

Net — does not account for expenses or profit.
Also
E(Z7) = 0 (et t)dt
(Z7) — tPe pu(z + 1)
= 24, , i.e. the apv at &' =27 ,

(note that *A, = A,). This implies that
V(Zr) =2A, — A2

21
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Remark 2.1 For face values other than $1, say M, then E(M v") = M A,,
V(M oT) = M? (2A, — A2), etc.

Example 2.1 The future lifetime 7'(20) ~ exp(1/60), that is it has an ex-
ponential distribution with mean 60. Hence p(20 + ¢) = 1/60 and ¢pyy =
exp{—t/60}, for t > 0.

_ o0 1 & 1

0 /0 T T s+ L T 1+600

. 1 1 I
=24y = —— andh - .

07 T1208 O T1200 (1+606)

See the table below for the values (calculated in Excel) of the moments of
Zp =10000vT at § = 0.01,0.02,...,0.1.

) 1000 Ay Variance Stand. Dev.
0.01 625.00 63920.45 252.82
0.02 | 454.55 87506.08 295.81
0.03 | 357.14 89840.28 299.73
0.04 | 294.12 85908.60 293.10
0.05 | 250.00 80357.14 283.47
0.06 | 217.39 74692.24 273.30
0.07 | 192.31 69400.73 263.44
0.08 172.41 64613.11 254.19
0.09 156.25 60331.70 245.63

0.1 142.86 56514.91 237.73

Table 2.1: Whole Life Insurance NSP for (20)

A

Other characteristics of the distribution of Z7 could be used to define
NSP’s for a whole life insurance (although we will study only apv’s in this
chapter).
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Example 2.2 Find the NSP, 7, such that:

P{Zr >} < 025,
= P{v" > 7} = P{T Inv>Inz}

_ P{Tgln_ﬂ}
Inv
t*
= 4z -

Find the smallest 7 such that ;q, < 0.25 for t* = 11?1—: For instance if ¢ = 0.06

and z = 18 thenit* ~ 48 from the table of ;¢q;5 values. Hence 7w =~ 0.06.
Compare this to Ag &~ 0.00895. A

2.1.2 n—Year Term Life Insurance

Benefit of $1 at death of (), if it occurs within n years. Here the random
pv is given by:

ol T <n T
ZT:{O ifT>n}_” lon(T) -

The NSP for a n—year term life insurance is
E(Zr) = / V' e p(z + 1) dt = A}ﬂ'ﬁl ,
o :

which implies

B(Z3) = [ o panla+ )it =y
0

and hence

V(Zr) =2Ay - A

Example 2.3 If the future lifetime follows De Moivre’s distribution, that is
p(x) = (w—2)"" and ;p, = w, for 0 <t <w — x then

w—x

— n ’Ut
Al = / dt | n<w-—x,
e 0 (W—2)

) .
(w—1)
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2.1.3 n—Year Pure Endowment

Pays $1, n—year hence, if (x) is then alive. Here

0 ifT<n | .,
%:{vnﬁT>n}_“hm“ﬂ'

The expected value is

E(Zr) =v" npe := Am:%l .

Remarks 2.1 e other notation ,F, = A 'll’

e 1no bar over the A because not paid at death.

Similarly
E(Z7) = v*" upe :=2A 1,

and hence

V(ZT) = 2A 1 = (A 1)2 = ,U2n (1 - npm)npm — 'Uznnpm nqz -

T:mn z:n|

2.1.4 n—Year Endowment Insurance

Pays $1 at death of (x), if it occurs within n years, or $1 at age = + n, if (x)
survives. Here the random pv is given by:

7. ol T <n
T = Yo ifT>n
= EJT Iio.n) (Tz +0" Lnoo) (TZ
2% 7

= ol ¢ (V" — ’UT) I(n o] (T) .

The expected value is

E(Zr) = / vl ipe (T +t) dt + 0", p,
0
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Similarly

E(Z%) = / v*tip, wlx +t)dt + V3" pe

0
= A1 _+2%A ;4
x:n|

— o7
%:m - Am:ﬁ[,

which implies
V(ZT) - 2Am;ﬁl - (Amm)z .
Remark 2.2 Note that here
Zr = Z% + Zél

B benefit for a benefit for a n-year ’
- n-year Term Pure Endowment

which means that
E(Zp) = E(Z%) + E(ZL) .

But, on the other hand,
V(Zr) # V(Z7) +V(Zy)
because Z% and Z% are independent. In fact,

T . .
when Z%:{U ifT <n th Z%:{o ifT<n

0 ifT>n vt T >0
which implies that

Cov(Z7, Zp) = E(Z; Zy) — E(Z3) E(Zy)

= O—A%:mAm:%l<0.

2.1.5 m—Year Deferred Whole Life Insurance

Pays $1 at death of (z), given it occurs more than m years hence:

%_{UTET>m}_UIWM@»

25
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The expected value is given by

E(Z7) = / V' pe p(x 1) dt = m|flm .

Similarly
BZE) = [ o (e + 0 d = A

which implies

V(Zr) = m* Az = (mjA2)? .

Example 2.4 Under Gompertz’ law, pu(z) = Bc®, which implies

= tPe = € fzzﬂ #y)dy — 6_%0z (-1) > t>0,
= m| Az = / V' B e e D g
Remarks 2.2

A A, = A,
%:m + m| ’

since it is true for the corresponding random variables Z7p.

m|Am = V"Ds / vt P ,U(l’ + t) dt

m mpm

0
= A Aeim

that is, a Pure Endowment of A,.,,. Clearly, here v™,,p, acts as a discount-
ing factor for interest and survivorship.

2.1.6 Varying Benefit Insurance

In practice, the amount of benefit received at death is not $1 nor constant,
but often a function of time. For instance, to account for inflation, the face
value of the policy can be increased at regular intervals, such as every 5 years.
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One general way to describe benefits varying with time is to consider then
as functions, bp, of the time of death 7. Here are some simple illustrative
examples.

Example 2.5 Continuously Increasing Whole Life Insurance
Paystat T =t = Zp=Tuv".

Here

E(Zr) = / tolipe p(z +t)dt == (IA), .
0

By contrast

E(Z7) = /0 2 0% p p(x + 1) dt #2(TA),

which means that the integral must be calculated separately, not simply as
another net single premium.

Example 2.6 Increasing Whole Life Insurance

Pays $1 at death if it occurs in the 1st year,
Pays $2 at death if it occurs in the 2nd year,

Here
Zp=|T+1)v" =(|T] + 1)l = (K +1)0",

hence

E(Zr) = /Ow—r [t + 10"y pu(z +t)dt = (IA),

k+1
= Z / (k+1)v" py pa +t) dt
k=0 Yk
w—x—1

1
= ]{;+1)2}k pm/'l}sspm kﬂ(l"l‘k‘l‘S)dS
( b, | +

@ik A 1
k1]
w—xr—1 w—xr—1
- k+1)A 1 A = k+1)gAr
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which can be interpreted as a sum of vertical “blocks” of varying heights.
Alternatively, one can “deconstruct” the sum into:

(1A)z

w—z—1

k=0

w—z—1 k

> / o', p( + 1) dt
n=0 _
A
w—zr—1
A
n=0

Remark 2.3 $1,000 (I A), provides coverage of:

$1,000 in the 1st year,
$2,000 in the 2nd year,

In general (P — Q) A, + Q (I A), provides an initial coverage of P the first
year, that increases by () a year thereafter.

Example 2.7 m-thly Increasing Whole Life Insurance

Pays $

1
Pays $L if 0<T7 <—

m

1 2
2 ijf —<T<—
m m

Here Z = w v” | which implies that

w—x t 1 _
E(Zr) = / %vt e p(x + 1) dt = (I(m)A)m )
0
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Remarks 2.3 (1) lim,, _...(I™A), = (IA), is used as an approximation
for large values of m (for instance m = 52).

(2) E(Z3) # *(IA),, not even for m = 1.

(3) A similar decomposition of vertical "blocks” is also possible in the fully
continuous case:

w—x

(IA), = t v eps (1) dt

~~

141,

S

i

w—x t
(/ ds) o' ipe (T + 1) dt
0

— / / V' pe p(x 4+ t) dt ds

v° sPx / v t—sPx+s M(l’ + t) dt ds

I
S~

[e=]

S— —

A 1 / 0" yDos p(z + s+ u) du ds
xT:s 0

= / S|Am ds 5
0

which can be seen as a “sum” of horizontal ”blocks”.

~~

Az+s

Example 2.8 Decreasing n-year Term Insurance

Pays $n if 0<T <1,
Pays $n—1 if 1<T <2,

Pays $1 if n—1<T<n.

Here

zr={

O~

n—|T)Ho" fT<n | [ (n+1-[T+1])0" ifT <n
T >n [ 10 itlT >n 7’



30 CHAPTER 2. LIFE INSURANCE

which implies that
E(Zr) :/ (n— [t)v" e u(z +t)dt == (DA
0

Exercise 2.1 Prove that:

(a) (DA)% = nAI T + (n - 1) 1|A%T| +...F n—1|A%:TI = Z;L:l]n—j|A%Tl

m {EZ—I
(b) (DA)%;m = Aﬂlﬂiﬁl + A%:m +...+ A% 1= Z;’L:1 A%IJ—'I'
(c) (DA)}EIWI =(n+1) Aﬂlﬂiﬁl — (IA)}EIWI'

See Table 4.2.1 in the Actuarial Mathematics textbook for a complete list of
the different types of life insurance contracts payable at death.

2.2 Insurances Payable at the End of the Year
of Death

In practice death benefits cannot be paid exactly at the time of death of
policy holders. Usually there will be some time lag between the time of
death T'(x), of an insured (z), and the time of payment of the benefit by the
insurance company.

If this lag time, say L, is assumed independent from the time of death
T = T'(x), then the net single premiums calculated in the previous section
can be adapted to incorporate the effect of this time lag:

E(@™") = E(v") B(v") = A; ML(=9) ,

where the time lag distribution of the insurance company is assumed know,
so that the moment generating function My, of L can be computed at —4.

In practice the distribution of L is not known and it is sometimes difficult
to estimate for lack of past data (e.g. new product, change in administration
practices, mergers). An approximation is used instead, based on the assump-
tion that deaths are uniformly distributed over the year (UDD) and that lags
average to a half-year.
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Example 2.9 Whole Life Insurance
If $1 is paid at the end of the year of death of (z), then the present value
(pv) of the insurance benefit is

Z =¥, where K = |T'] .
Here the appropriate distribution is
Pr{K =k} = ¢z = kDs Qusk E=0,1,...

and hence
E(ZK) = ’Uk+1 k|Qm = Am .
Note that as for A,, here
E(Z%) :=2A,,
implying that
V(Zg)=2A, — A% .

Example 2.10 n—Year Term Life Insurance
Here the random pv is given by:

7 vETL K <n
E=Y 0 ifK>n

The NSP for this n—year term life insurance is thus

n—1
E(Zk) = kaﬂ e = A%zm .
k=0

Again variances are easily obtained, since

E(Z%) := 2A%:m ,

and hence
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Example 2.11 n—Year Endowment Insurance
This time the random pv is given by:

'UK+1 if K <n a b
ZK:{U" if K >n =2k 2K

where Z§ represents the random pv of a n—year term life insurance, while
7% is that of a n—year pure endowment. The NSP is thus

n—1

E(ZK) = ka—l—l k|4 + " nPzx = Am;m = A%m + Am% .
=0 n

Variances are obtained with:

E(Zy) :="Apm = A,

2
z:n] T Amzl ’

7

and
V(Zk) = *Awim — Aoy £ V(Z5) + V(Z) .

Example 2.12 Increasing n—Year Term Life Insurance

Consider
7 _ (K+ 1) o5 if K <n
K=V 0 ifK >n

Then the NSP is given by

3
—
3
|
—

0 =0

=
Il

Example 2.13 Decreasing n-year Term Insurance
Similarly
7 (n— K)vET if K <n
K70 if K >n
which implies that the NSP is given by
n—1

E(Zk) = Y (n—k)v*"" g = (DA)

k=0
n n

= 2 A= 2 by

= (n+1)A_—(IA)

z:m]

%:m

%:m ’
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See Table 4.3.1 for an exhaustive list of these simple insurance contracts with
benefits payable at the end of the year of death.

These simple contracts can be combined to construct more complex in-
surance coverages. The corresponding combinations of NSP’s gives a simple
way to price these more complex products.

Example 2.14 Give an expression for the NSP of a whole life insurance
payable at the end of the year of death of (z) if the coverage is $10,000 for
the next 10 years, $20, 000 for the following 15 and $25, 000 thereafter:

10,000 A, + 10,000 10/ Az + 5,000 95/ A, |

or

10,000 Ay + 20,000 10/ A1

- 425,000 55 A,

T5]

or equivalently

25,000 A, — 5,000 A%. — 10, 000 A%_

25] 10

2.3 Relation Between A and A

Remember that T = K + S, where K = [T'| and S € [0,1]. In addition,
under UDD, K and S are independent and S ~ U0, 1].

Example 2.15 Whole Life Insurance

Am _ E(’UT) _ E(,UK—l—S) — E(,UK—I—I ,US—I)
= E@*HE@™), by independence ,

1
= Am/ 1) ds | since S € U|0,1] ,
0

_ (1+1i)—1) 4
= A, s7=A, —F——=-A,.

1 0 0
Interpretation: Note that A, > A,. This is due to the fact that to pay the $1
at death, instead than at the end of the year at death, the insurance company
needs A,, plus an additional charge of (i-9) A, to pay for the interest loss in

5
the year of death.
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Example 2.16 n—Year Term Life Insurance
Under UDD:

A}E:m = E@"I[T <n])
= EQ@"TI[K <n])E(@ ), since Pr{T'=n} =0,
= Avlﬂ:ﬁl /01 =) ds | since S € U|0,1] ,
i
s am
Note that flm, + %Am;m, but rather

- 1
14%%] ‘A%ﬂ]+ Am%] 514%WT+ ﬂ%

In fact all linear combinations of A values = i/d times the same linear com-
bination in A values, as in the following examples.

Example 2.17 Increasing n—Year Term Life Insurance

n—1 n—1
(IA)%;m = (k+1) k|A%;T| (alternatively = ZﬂA%znTﬂ)
k=0 Jj=0
n—1 n—1
= k+1)0* pe A 1 = vj»pzfl1
Dkt Ay (=Y Ay )
)
Note that this implies that:
. )
(D), = (DAY,
(14), = =(1A),,

but, on the other hand,
(TA), # - (14), .
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Here the appropriate approximation is given by

(IA), = E(Tv") =E[(K + S)v*]
= E[(K + 1) vE 5 4 (8 — 1) oF T 57

= < (TA), +E[(S - 1)v* " E[L" ],

)
where
1
E[(S—1)v°Y] = —/ ue’™ du
0
Su |l 1 Su
—ue e
—eb (e —1)
) * 02
Hence . (14i) .
_ 7 +1 1
(IA)m—g(IA)z_Am{ 5 —ﬁ} .

2.4 Recursive and Differential Equations

Consider the following examples.

Example 2.18 Discrete Whole Life Insurance
In the next year of life, (z) will either die and trigger a benefit payment,
or survive to age x + 1, keeping a full insurance coverage. Hence:

Ar=vq+vps Apiq r=0,1,...,w—2,
where A,_; = v.

Proof: A, = A%_m + p)Ag, for any n > 1. Hence for n = 1 we have A, =

A1 _ +1]A;, as above. In general, for a n—year term insurance:
xX:

1

Al _=vq, +vp. A1 .
I R AT
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Example 2.19 Continuous Whole Life Insurance
The infinitesimal change in NSP, exactly at the attainment of age z, can
be measured through:

LA = Al +d] — p)

= increase with interest and survivorship

—decrease with mortality .

Proof: By parts
A, = /0 o v'pe p(z + 1) dt
= el [ o)
= 1—5/0w_mvttpmdt. (2.1)

Now, using Leibnitz’ rule we can find the derivative to be:

d _ d w—I
—A, = —|1-— t o,
dx dx { 6/0 vep dt}

w—I a
= —0v7 L, _uPs —5/ a—vttpm dt
0 s

— 00— /OH ot ipe () — pulz + 1)) dt .

Substituting (2.1) into this last expression gives:

%Am S {1 ;Am] p(x) +0 A, = Ay [p(x) + 0] — p(x) -
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Life Annuities

3.1 Continuous Life Annuities

3.1.1 Whole Life Annuity

Y = ag is the random present value of an annuity paid continuously until
death.

a, =E(Y)= E(dﬂ) = / af tPx wlx +1t)dt
0
= — a{I tpm};}_m ‘l‘/ tPx d(aﬂ) s
0
where (i) agop: = 0; (i) ag=5w—2px = 0 (even when w = oo, since then

s = 1/, for any 6 > 0) and (iii) ag = fot v* ds, which implies d(az) = v* dt.
Putting these 3 terms together we get the following apv:

Ay = / v, dt .
0

Interpretation:
ly g = / -
N~~~ 0
e
actuarial present value payment at t to >
of annuities of $1 p.a. the [, lives
paid to [, lives age x then alive

37
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Remark 3.1 (1) If 6 =0 then Y =7 and E(Y) = é,.

(2) Since A ll = v'yp, can be viewed as a discounting factor with interest
x:t
and survivorship, then

am:/ vttpmdt:/ A i dt
0 0 @]

is seen as the analogue of Gz = fon vt dt.
(3) From Theory of Interest, for any 7":
l=dapm+ ol
In particular,

1 = §E(agm) +E(v")
= a, + A, . (3.1)
Interpretation: (z) gives $1 to the company at time 0, in exchange
the company pays interest while (z) is alive, plus the $1 back at death
(contingent bond).

(4) From (3.1), for 6 > 0:

Similarly, V(Y') = V(Z7)/? implies
_ Loz 72
Vian) = 5 P4, - 42,
Exercise: Calculating E(Y?), prove the following alternate expression:

V(Y) = %(am —2,) — (3)? .
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(5) It is clear from (4), above, that the random variables Y and Z; are

related. In fact:

Cov(Y, Zr) = E(Y Zr) —E(Y)E(Zr)

3.1.2 Other Annuities
See Table 5.2.1 on page 142 of the textbook for details on the following

examples.

Example 3.1 (Temporary Annuity)
Here the pv is given by:

Show that

and

v — dT[ ifT <n

apm = E(Y) = /0 vt py dt

1

vY) =5

[2A$1m - A?Eﬁ[] .

Also 1 = d Ggim + Am:ﬁ[ implies that

V(Y) = = (am — 2agm) — (Gzm)” -

2

Example 3.2 (Deferred Annuity)

This pv is given by:

0 ifT <n
Y = . .
vtar) ifT >n
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Show that
n|dm = E(Y) = / tpm dt
= A ll/(] 'Us spm—l—n dS
- A lla r+n
and )
V(Y) = 5 'Uznnpm (d:ﬂ—l—n - 2am+n) - (n|&m)2 .

Example 3.3 (Accumulated Value of an Annuity)
By definition:

_ 1 _ tPx
Sm;m = A am;m = / —_— dt

B / dt
0 'Un_t n—tPx+t

" 1
= —dt .
o A 1
z+t:n—1|

It differs from a stochastic definition, where for a single amount of $1 at 0,
the random accumulated value

v _ { U™ g if L(z +n) >0

L(z+n)
0 otherwise

which implies that

E(Y) = G+W%E{Ef%5} (3.2)
A+iyl, 1
p T (3.3)

Clearly (3.3) is used as an approximation for the true value (3.2), as the
expectation is difficult to obtain. For a study of the accuracy of this approxi-
mation and more details on this alternate definition, see for instance Ramsay
(1993), Arias (1998) or the references therein.
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Example 3.4 (Derivatives)
Using Leibnitz’ rule we can find the derivative:

d7 d w—x .
%am - % o 'Utpmdt

= T [ e le) — pla )
0

(1—-0ay,)
= [u(x)+d]a,—1. (3.4)

Remark 3.2 The derivative in (3.4) implies that:

d - d _

%Az = %[1—5%] )
= —Olpx)a, —A]
= 0A, — 0 pu(o) {1—6&3}

= [p(x) + 0] A — p(z) .

3.2 Discrete Life Annuities

3.2.1 Annuity Due

Y = dgy) is the random present value of an annuity paid at the beginning
of each year, while (x) survives. Then:

w—zr—1
i, = E(Y)=E(igm) = Y rute
k=0

w—z—1

— Z | (kP2 — k41D)
k=0
= a7 (opz — 1P) + 8z (1P2 — 2P2) ++ - + 8577 (0—2—1Ps — w—aPa)
w—z—1

= Z (Gzm) — am)kDa »

k=0
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where (g — dg) = v* implies that:

w—xr—1
ir = Y Vi
k=0
Interpretation:
1) dp=SY"""A4 1.
( ) Zk_o r:%l
@)%:Ewmﬂ:Ewh§iy=gyn%%mmhmmm1:d@+A%
1

Variance: V(igry) = 2 V(o) = 2 [PA, — AZ]. Now note that
A, =1—(2d — d*) %, ,

from item (2), above, then implies:

Other annuities:
(1) g = B(Y) = Y320 0% 4pe = 3(1 — Apy), where

y — aK—H| it K <n

and V(Y) = & [PAwm — ALz

. L w—xr—1 k ) . - .
(2) nle = 4y V" kDy = Gy — Ggimy = Am%l (pin-
R
(3) Sm;m e
x|

3.2.2 Annuities Immediate

Similarly for annuities paid at the end of each year, while (x) survives:

w—xr—1
Ay = E(am) = Z agl k|9z
k=1
w—xr—1
= Z aE[ (kpm - k—l—lpm)
k=1
w—xr—1 w—xr—1

= (am - aE[) k+1Pz + Q7] 1Dz = Z 0* ipe -
k=1
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Remark 3.3 (1) a, = d, — 1.
(2) a, =E(ag) = % implies that
l=ida,+(1+1i)A,.

Other annuities:

(1) gy = > py V1P = Gy — 1 + Am:%l = Qyumgr — L

X w—zr—1 L
(2) |z ‘= 2 p=pt1 U kPzx = Ar%l Azyn = Qg — Qg:q)-

(3) Spum := Az:ﬁ'.

Additional formulas:
(1)
A = EpfT (K < n)]

E[(v g — agy) [(K < n)]
= vE[agg (K <n) +dmI[(K > n)]
—Elagg I(K < n) + ag (K > n)]
= Udgpm — Qg -

Note: taking n = w — x — 1 shows that A, = v i, — a,.

(2)
Am:ﬁ[ - A%m_l_Am%

= amm — am;m + Am%l

= Vagm — Oppo] -
3.3 Annuities with m-thly Payments

Example 3.5 (Whole Life m-thly Annuity Due)

v (m 1 i
=20
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Approximations for aim):

(1) 3-term Woolhouse Approximation:

m—1 1 (m?*-1)
2m 12 m?

al™ ~ i, —

() + 0] -
Not used in practice. (See Jordan, 1975, p.45, for a derivation).

(2) 2-term Woolhouse Approximation:

dgﬂm) wdm—L_l .
2m
Exact if vt 1, is linear in ¢ over the range [0, 1]; that is v* ™, =

(1—t)v® I+t v* 1,41 (see Jordan, exercises of Chapter IT). This is not
equivalent to UDD (i.e. I, is linear). Was the standard approximation
before 1986.

(3) UDD approximation:
A, = a" i, — B(m) A, . (3.5)

Proposition 3.1 The approximation in (3.5) is exact under UDD.

Proof: Define A™ .— Zn:(g_m)_l o &Py 14,4 k. It can be shown
that
1 =dm™ gm 4 Alm) (3.6)

is the m-thly equivalent of 1 = d i, + A, (note that lim,, Aim) = A,

and lim,, dim) = a,). Also, under UDD, one can show that

A = /M A (3.7)
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which is the m-thly equivalent of A, =i/J A,. Then

d™am 1AM = da,+ A, by (3.6),
= d™a™m = di, + A, — A™
_ ddm+Am(1—%), by (3.7) ,
Zm
. d . 1 (144)—1
(m) _ _
O R R ) ( 70m) 1) Az
(m)
_1]
_ w17
= g Ay ) A,
——
B(m)

Equivalently (using A, =1 — d )

) mam P

(
A Y )

= a(m)i, — f(m) ,

45

(3.8)

which is also exact under UDD and is the usual form of the approxi-

mation.
Mnemonic:
id id
read a(m) = 1(m) g(m) s I'm damned ’
o ;(m) Il
1 —1 , -1
and  A(m) =Ty % o damned
stammering.

For other annuities, just write them as linear combinations of dg,m) values,

for different ages y.
Example 3.6 (Whole Life m-thly Annuity Immediate)

1
o) — g — L
m

Approximations for Continuous Annuities:
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(2) 2-term Woolhouse Approximation:

. . m — 1
A s e = 5
and lim,, dém) = a, imply that:
a; ~ a !
This is often used in practice.
(3) UDD approximation:
. % a(00) e — (00) = gy — ="

This one is exact under UDD.

3.4 Recursive Formulas for Life Annuities

For any n,m > 1:

™ = al + A .

xT

In particular, for m = 1, that is annual payments, and n = 1 we obtain a
one—year recursive formula:

e =14V py dgaq -

Keeping n = 1 but allowing for m-thly payments, m > 1, we obtain a more
complicated recursion:

am = aiﬁ—)l +vp, aﬁ)l
—~—
V Qs

which is exact under UDD.
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3.5 Special Annuities

3.5.1 Complete Annuities Immediate

&S) = the actuarial present value of $1 p.a., payable to (x) at year—ends and

contingent on survival + an adjustment to account for the period survived
between the last $1 payment and T, i.e. S.
In practice, the adjustment is a fraction of the $1 installment equal to
(T'-K)=25:
=Y = ag+S ol
= E(Y) = Elag]+E(S0"*")
= a,+ E(Svs_l) A, under UDD .

For computational convenience assume that the adjustment is

55 fose‘”dt B

— =3 ~ S, for S small .
s J, etdt
For example:
1
—2 =(.48808 ~ 0.5 , for i = 10% .
5T]
This simplifies present value formulas:
53]
Y = ag+o’ =
K] 57

B 1 -7
N i
0 _
= ;QTI
Hence
o) _ 0 0

:—E7 = < Qg .

Similarly we can show that for m > 1
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where

andJ:%.

3.5.2 Apportionable Life Annuities Due

&il} = the actuarial present value of $1 p.a., payable to (x) at the beginning
of each year — a refund to the payor (insurer).

In practice, the refund is (1 — ) 1, the fraction of the last $1 unearned
by not surviving until K + 1. It implies that

E(Y) = Eligm— (1-5)0v"]
= G, —E[(1-9)v ' A,,  under UDD .

A simplifying assumption is to let the refund equal

@m‘ _ fol_s " du
ag fol v du

~1-5, for 1 — S small .

This simplifies present value formulas:

. a1=g
Y = a —oT
] an
_ 1 — pk+1 o 1 — =S
d 1—w
1= vl
B d
o _
= —a7 .
Fdl
Hence 5
og{ﬂl} _ Eaf ’
and in general, for m > 1
& = 0 g
r dm) %
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Net Premiums

4.1 Equivalence Principle

When premiums are not single lump sum payments, the present value of
premiums received becomes a random variable.

The net level premiuwm must be “equivalent” to the NSP A,. Let the pv
of premiums received satisfy:

E[pv of premiums received] = E[pv of benefits paid] .
This is called the equivalence principle.

Example 4.1 (25) purchases a $10, 000 whole life (continuous) insurance by
paying premiums of II per year (continuously), while alive:

Z = pv of benefits paid = $10,000v7 ,

Y = pv of premiums received = Il a7y .
By the equivalence principle, here:

E(Y)=E(Z) = TIlags = 10000 Ays .
It implies that the appropriate premium is then

10000 Ays

Q25

IT

Note that matching expected costs under NSP’s and instalment premiums
does not match the variance of these costs. This implies an increased risk

49
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under the instalment premium strategy. For instance, using the Illustrative
Life Table, $10,000 Ass = 840.75 and II = 53.49 at ¢ = 6%, then:

Lysp = $10,0000” — 10000 Ajs |
Ly = $10,0000" —ag ,

which in turn implies,
I 2
V(Ly) = ($10, 000 + g) V(vT) > ($10,000)? V(vT) = V(Lnsp) ,

where V(vT) = (2455 — A3,).
Various Benefit /Premium schemes exist in practice:

e Fully Continuous: benefits paid continuously (i.e. at T for insurances,
continuously for annuities) and premiums are paid continuously.

e Fully Discrete: benefits paid on a discrete basis (i.e. at K + 1 for
insurances, discrete payments for annuities) and discrete premiums (at
the beginning of periods).

e Mixed Type: all other (marketable) combinations.

4.2 Fully Continuous Premiums

4.2.1 Whole Life Insurance
Define
L(T) = Zp—PY =v" —Pag
= pv of the loss to the insurer (a r.v.),

= the loss random variable,

and obtain P such that E(L) = 0 (that is, by the equivalence principle).
Then
E(Zr) =PEY),

implies that

‘Dm

P="_p4,).

€T

l
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In P(A,), the bar over P illustrates the fact that premiums are paid
continuously. The (A,) defines the type of benefit sold.
From Table 6.2.1 (Bowers et al., 1997, page 173) we see that the equiva-

lence principle leads to the following fully continuous premiums:

Benefit Zr Y P =S

1. Whole Life Insurance vl ar P(A,) = 2_5
ol am fT<n -, - 1

2. n-Year Term Insurance AR P(A; _) =22
0 am T >n 7] Ga:7]

T = : < o _

3. n-Year Endowment Ins. Un o ?fT =" P(Aym) = ==

v am T >n gl

Table 4.1: Fully Continuous Premiums

In all cases above, the premiums are paid for the duration of the insur-
ance benefit. When the payment period is shorter than the duration of the
contract, this is specified in the symbol.

Example 4.2 (35) purchases a $10,000 20-year endowment (continuous)
insurance by (continuous) annual premiums of P, payable while alive, for 10
years. By the equivalence principle:

10000 /Ig&ﬁ\ - Pdss:ﬁl )
which implies that

10000 Ajs, 54
P = ——220 . 1000019 P(Ass37) -
a3s. 10|

Table 6.2.1 also lists premiums paid on a shorter term than the contract:
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_ E(Zr)
Benefit Zr T Y P E(YT)
. v aTI if T S h = = A,
4. h-Payment Whole Life { T am T > h nP(A;) = o
vl app T <h )
5. h-Payment, n-Year End. T ap th<T<n hp(flm;m) = C_L”“H‘
" &m ifT >n =

Table 4.2: Fully Continuous Premiums (...

continued)

When the benefit is a deferred annuity, the premiums are paid during the

deferment period:

— ElZ7)

Benefit Zr Y : P = E(YT)
o - .
6. n-Year Deferred Annuity On _ o T=n P(ya,) = 2=
V" a7 am T >n 7]

Table 4.3: Fully Continuous Premiums (...

Other Formulas:

P(Apm)

Also

1=~ 0Gpm 1

dr:m

= V(L) =

—4,

continued)

(also for n — o0)
P. P
T JE— —_—
v 1+ 2 - 7
(14 2P PA, - 22,

for any P. If, in particular, P = P(A,), then
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4.3 Non—Continuous Premiums

4.3.1 Fully Discrete Premiums

Here it is Table 6.3.1 (Bowers et al., 1997, page 183) that summarizes the
different possible premiums.
Numerators are now A,, A%-m or Ag.m, respectively, for cases 1., 2., and

3. in Table 4.1, above. The corresponding denominators are d,, ..z and

again dg.p.
The notation is simpler:
A Ay, Ay
Po="" P_=-"" and Pum=-"2.
Qg i am:m am:m

For h-payment insurances (cases 4. and 5.), including Pure Endowments:

A

A A, .

WPo= ", pPum=>"" and 4P 3 =-"".
am:m am:m zin] am:m

Note that ,Pp.m = hP%-m + P 'll’ for h < n, although A%-m is not usually

sold with h < n.
Finally for deferred annuities (case 6.):

P(mdz) = =

Other Formulas:
Avmy _ 1= diipm _ 1

Prm = = - — —d, (also for n — o0)
am:m am:ﬁ[ am:m
o dAmm
o 1-Aum
Also

L=uv"*"—Pi = V(L) = VP (1+ E) — E]
s d’~d
= (L4 2P PA, - A2

for any P. If, in particular, P = P,, then
(2Ar — Agzg)

Vi) = Gay
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4.4 Semi—Continuous Premiums

Here insurances are payable at the moment of death but premiums payable
anually. For instance:

n Am n A%n T Amn
P(A,) =", P(A )=- ™ and  P(Apm) = - iy
Ay rn am:m z:n]|

These are as in Table 6.2.1 (Bowers et al., 1997) but with denominators in
a’s rather than a’s.
Additional Formulas:

i LA, 4+ A :
— Amn g z:m| x:7) 7
P(Apm) = —— = . B= 4P _+4P 1.

Also

then implies that

V(L) = V(u") + P?*V(igry) — 2P Cov(v”, iig) -

4.5 True m-thly Premiums

Here insurances are payable at the end of the year of death but premiums
are payable m-thly (no adjustments in the death benefit). For example:

A Ay A,
(12) _ = (12) _ =7 (12) _ Az
P;E (12 :%Wl = (12 and Pmm = a2
Qz ar:ﬁl am:m

Similar formulas can be obtained for P (A,), P(m)(ﬁ%_m) and P (A,.q)
(for details see Table 6.4.1, Bowers et al., 1997, page 189).

Remark 4.1 (1) The annual premium is P but the amount of each

installment is % pm)

(2) Use standard approximations [i.e. a(m) and B(m)].
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4.6 Apportionable m-thly Premiums

A portion of the premium is refunded at death, depending on the length of
time between death and the time of the next scheduled payment. The refund
amount is: a
PA-S) ~P 2
ar

For example, an h-payment n-year endowment insurance:

which implies that

_ Am:n Am:n D( A
Gpg  dom Dal

This is different from the approximation in Jordan (1975).
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Chapter 5

Net Premiums Reserves

5.1 The Nature of the Reserve

Consider a whole life insurance to (z), payable at the end of the year of
death. At issue

Ay=Pyi, = E(L)=A,— Pi,=0.

Now, ¢ > 0 years into the contract, if (z) is still alive, then the actuarial
present value (apv) of the obligation of the insurer is

A(E—‘rt 9

while the apv of future premiums to be received (say t is an integer and we
stand just before the next premium payment) is:

Py .
Hence, the difference:

reserve = A,y — Pplgiy

= net obligation of the insurer .

Note that usually A,.; > A,, while d,.; < d,. Hence

Am—i—t > Am
Pm—i-t:.. _Pm:T,
Ayt Ay

o7
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which in turn implies that
reserve = Ay — Prdgyy > Apry — Poy gy =0

with equality only occurring if t = 0.

This shows that keeping premiums constant at P, per year, instead of in-
creasing them with age to reach P, in t years, creates the need for a reserve.
The latter is calculated under the same mortality and interest assumptions
as those used in calculating premiums.

5.2 Prospective Formulas

In this approach simply discount back to time 0 all future obligations and
premium income.

Example 5.1 (Whole Life Insurance)
Here the reserve is calculated as:

thm = Am—l—t - Pm dm—l—t 5

where in the symbol ;V,, the index x stands for the age at issue, while ¢
stands for the time elapsed since issue.

Example 5.2 (h-Payment Whole Life Insurance)
The reserve here is calculated differently if ¢ is during the premium paying
period, than if it is passed h:

hy/ — Am—i—t_hpmdmﬂ:ml ift <h
YT AL ift>h

where in the symbol "V the super-script h stands for the length of the
premium paying period.

Example 5.3 (n-Year, h-Payment Continuous Endowment Insurance)
This situation is even more complicated. The reserve is still calculated
by discounting all future cash—flows as:

B A{lm—l—t:ml - hP(Amﬁ[) dr—l—t:m ift<h
£V (Azm) = Ayt ith<t<n
0 ift>n
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Example 5.4 (n-Year Deferred Annuity)
Here the apv of the benefit is also given by an annuity:

N n—t|dm+t - P(n|dm) dm+t:m| ift<n
tV(nlam) = { gt ift>n
Note that the premium paying period is, as usual, equal to the deferral period,
unless otherwise specified.

See Table 7.4.1 (Bowers et al., 1997, page 216) for a complete list of fully
discrete reserve formulas.

5.3 Retrospective Formulas

Rather than discounting future cash-flows to quantify the deficiency in future
premiums, alternatively one can accumulate the past premium excess.

Consider the accumulated value to age x + ¢ of all premiums received as
well as the cost of insurance:

A

&1

N

1
x:1
This should, at any time ¢ cancel out all future deficiencies in premiums.

Proposition 5.1

I
=

1
T

Vo= Prduq— 5

S

T

Proof: By definition of the prospective reserve

0
A P, a
. x — Lz Qg
t‘/.v’E - A{E—l—t - P.’E g4t _l_ -
A
x:1
am_A ldm—l—t Am_A lAm—I—t
_ p x:1 o x:t
* A A
x:1 x:1
Qg7 1] .
= Py, ma, A
x:1 x:1
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O Note the new symbol

N
=

%:t

tkm — 9

1
z:

N

for the accumulated value of the cost of insurance.

Example 5.5 (n-Year Endowment Insurance (...revisited))
Here the apv of the benefit is also given by an annuity:

t‘/m:m = Am—l—t:ml - Pm:m dm—l—t:ml ’ t<n
Ay
. T:t
Pm:msm:ﬂ_A—la t<n,
x:1

which implies that
tVIE:m - thm - (Pmm - Pm) smﬂ .

Here the difference in reserves is seen as being the accumulated value of the
difference in premiums.

The prospective method is most useful for durations ¢ beyond the pre-
mium paying period. For instance:

W, = Awy, t>h,
tv(nldm) = Qg , t>n.

The retrospective method is most useful during a deferral period. For
instance:

tV(mdm) = P(mdm) Se:q] 5 t<n.

5.4 Additional Formulas

(a) In terms of annuity apv’s:

dm—l—t o am - dm—l—t
Qg . '

~—~

1—déiptt

t‘/m - Am—l—t - Pm d(E—I—t:l_
2 —d
azx
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(b) In terms of insurance NSP’s:

1—Ay 17Az+t
/'/d\ /'/d\
dm - dm—l—t Am—l—t - Am
Ve = . = :
Ay 1-A,

(c) In terms of discounted premium differences:

Pm ..m
thm - Am—l—t - Pm dm—l—t - Am—l—t |i1 - ¢ +t:|

T+t
P,
Pm—l—t

- Am—l—t |i1_ :| - (P:E—l—t_Pm)dm—l—t .

(d) In terms of net premiums:

. (Poyt — P)
Vo = (Poge — Py) gy = 022
! ( o )a+t Pm—l—t‘l‘d

5.5 Formulas Connecting Successive Reserves

+Vy is the terminal reserve at the end of the ¢-th year. The initial reserve at
t (the beginning of the ¢t 4+ 1-th year) is:
t‘/m‘l’Pm - Am—l—t_Pmdm—l—t‘l’Pm

- Am—l—t - Pm Apit

= U Qe+t + U Pstt Azirr1 — Po U Poyt Ariin

= Vet +VDott [Avyerr — Pr Gogiyi]

= Vit +VDpyt t+1Va -

The interpretation is that the initial reserve, accumulated to the end of

the year [;V, + P;] (1 + i) [, must provide a $1 for each death, 1d,., + a

new terminal reserve for all survivors, l, 41111 Vs.
Another way to interpret it is

Vet+Pr = vqert +v (1 — @uit) 141 Va
= Vo + 0 (1= Va) .

Here 1 — 411V, = the net amount at risk for the (¢t + 1)-th year.
Gutt (1 — 441V,) = the cost of insurance based upon the net amount at risk.
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Example 5.6 (1) For an n-year term endowment:
(t‘/znzm + Pmm)(l + Z) = qz+t + Pzt t—l—l‘/znzm .

(2) For a whole life insurance:

Po=vqer (1 =1 Vo) + (i1 Ve — Vi) .



