
MAT1322 CALCULUS II ELIZABETH MALTAIS

11. Power Series

⇧ We have now see that some infinite series
P

an converge.

⇧ Now we consider power series which are essentially polynomials with infinitely many
terms.

POWER SERIES

A power series centered at x = a has the form

Notice that when we plug in a particular value, say x = p, we get

Thus, a power series may be a convergent series for some values of x.

In particular, if x = a (the centre), then we have

• In general, the convergence of a power series will depend on the coefficients, the cj’s

• If a power series is centred at a = 0, then it looks like this:

• A power series defines a function! What is its domain?

⇤ These notes are solely for the personal use of students registered in MAT1322.
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which is just a numerical series Ean like what we've already been

Studying , but with an=Cn(P - a)
n

for n=O
, 1,2 , ...÷Eocnca - a)

"
= co + Cia + adopt . "

= co

⇒ All power series converge at their centre x=a .

n§oCn( to )n=n§gCnXh = Cotgx +9×2+[3×3 + ...

f ( × ) =n§jcn(× . a)
n ↳ all × for which the series

fk ) isconvergent



Example 11.1. Suppose a power series has coefficients cj = 1 for all j and is centred at a = 0.
What does the series look like and what is its domain?

Remark. We can use the Ratio Test to find values of x for which a power series is convergent!

Example 11.2. For what values of x is the power series
1X

n=1

x

n

n

22n
convergent ?
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Ifcj = 1 for all jand the centre is a=O
,
then the series Wegetis

f- ( × )

=§jxn=1
+
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What if lim
n!1

����
an+1

an

���� = 1 ?

RADIUS & INTERVAL OF CONVERGENCE

Theorem 11.3. For a power series
1X

n=0

cn(x� a)n there are only 3 possibilities:

1.

2.

3.
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Knowing Ltfna Many = IN ,
the Ratio Test tells Us that

• the power series converges when IK 1<1 # 1×1<2
or -24<2

• the power seriesdiverges when IKI > 1

i. e. IN =1 ⇒ 1×1=2 ⇐ > ×=±2
↳
Ratio Test is inconclusive

,
so we check these cases separately :

. if # -2 then nEo¥an=fEon¥ai=nEotn±a¥=nEo # whiohbgonavgfges

• if x= 2 then n§jn×hzzn=n§jn##=Iota which converges (Pipettes)

Conclusion : the power series n§o¥fn converges for -2€ XE 2 .

The series converges only when ×=a .

The series converges for all XELB .

There is a positive number R such that

• the series converges is K - al < R and

• the series divergesIf K - al > R .

R is called thermo f the power series .

In Ex . 11.2we had 12=2 .



Conventions for R and the Interval of Convergence

Example 11.4. Find the radius and interval of convergence of each of the following power
series:

i.

1X

n=1

lnn

n

(x+ 1)n
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1 .
If we're in Case 1

, we write 13=0
2 . If we're in Case 2

, we write R= a

3 . If we're in Case 3
, then

R defines theintervalofconvergen_K.at < R

or a - R < × < at R on which the series converges
But we must check each endpoint a- Randa + R separately .

In Ex .

11.2
,
the interval of convergence was -2<-142

• In Case 1
,
we write { a } for the interval of convergence

• In Case 2
,
we write too

, a) for the interval of convergence

← an =lnf# (xtph and centre is a = -1

Ratio test : hisnalaamntfnhjm

.tn#fxtMYhIxh1=nhjmonn+ehlxHl
= 1×+11 (
since

high nht, = 1 and nhjma hefty =1) ← check !

⇒ series will converge for 1×+11<1 # - Kxtl < 1

io 13=1 c- or -2 <×< 0

check endpoints of interval :

• if x= -2
, n§,hff(x+Dh=n§,hfff2+Dh=§ftMfnI ← converges I AST .)

a check !
• if x= 0 ,n§,hff(x+Dh=n§,hff(o+Dh=§f# ← diverges ( > Etn )

T check !

% the interval of convergence is [- 2,0 ) or -2€ x< 0



ii.

1X

n=1

n!xn

n
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iii.

1X

n=0

(�1)nx2n

(2n)!

STUDY GUIDE

⇤ Power Series ⇤ Radius of Convergence R ⇤ Interval of Convergence

Exercises (Stewart, 8th ed.) §11.8 pg. 751: 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31
5

← an = ntnxhn and centre is a =o

Ratio test :hisnalaamntffisnafnynttnxjstlnlntnxnl

= him ( ht DP
n → a FHPN

= oo

% this series diverges for all × except its centre ×=O .

°o° 13=0 and interval of Convergence is { a } ={o}

← an =
f Dhxzn
# and centre is x=o .

rahotest
:n9mdaa÷tfgsMEhxIYt÷f'¥Yl

tnsmoktfnntxkanmanntaapnl

= think µ2#=|(2nt2)(2nH)(2#

think caftan
= 0

% this series is convergent foray × .

To R = oo and too , a)
radius

interval¥ ergence convergence


