MAT1322 CAaLcULUS II ELIZABETH MALTAIS

11. Power Series

o We have now see that some infinite series > a,, converge.

o Now we consider power series which are essentially polynomials with infinitely many
terms.

POWER SERIES

A power series centered at x = a has the form
oo
Z.Cn(-a)" = oty (x-0) + Cylk-af +- Ca(x—P+-.
n=o0

Notice that when we plug in a particular value, say = = p, we get

:%ch(-p—a)“ = Co + C6p-0) +Co(p-a)+ Calp-af .

whichis just™ a humerical Series >0y like What we've already been
Studying, but- with ah=Cn(P-a)" for n=0,1,3,

Thus, a power series may be a convergent series for some values of z.

In particular, if x = a (the centre), then we have

hzcn(a—o\)“ = Co +C,0) + 0O +- = Cp
=0

= All power Series converge at their centre. x=q.

e In general, the convergence of a power series will depend on the coefficients, the c;’s

e If a power series is centred at a = 0, then it looks like this:

=< co
ZCn(x-0" =S cpx" = CoteiX + X+ CaXBr
N=o n=0

e A power series defines a function! What is its domain?
= forwhi |
fx) =Scn (x—a)“ Z» all x ich Yhe Series
n=o T Is convergent:

* These notes are solely for the personal use of students registered in MAT1322.
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Example 11.1. Suppose a power series has coefficients c; = 1 for all j and is centred at a = 0
What does the series look like and what is its domain?

I cj=1 forall 4 and Hhe centre is a=0, then the series we getis

(e o]
F) = 22X =1 £ x £ £33+ Xt
=0

CCDF each x e ythis will be a geometric series /

Ex F(L)=1+3+i+L+ =§(§)" Which o =
Ex £(z)=l+3tytgt- 2 ich converges =

=

but £(2) is undefined Since niz.oah diverges.

converges to Tox I [X|< 1

Thaeneral OOX”
P nz=g dierges  iF |X]>= 1.

2, The domain of £(x) = gox" 1S all X such hat |x |< 1

Remark. We can use the Ratio Test to find values of = for which a power series is convergent!

n

Example 11.2. For what values of z is the power series Z °

h
convergent? an— X

S, = g
The Ratio Test cantell us mostof-the answer
L. Bnd Lim | Ones 2.Solve for X when limit< 1
N—->co| g,

] Ol | 4 X! X" - 2
]' F\@Loq (m ] _}’lf_{;n:ol(nﬂ)Z&H'\'%lah —r@o ZIZ—(V\}:)I'DZ IX’
—
_ lim |XPtpgp \ —a[X{
N0 Xh(m_,)anﬂ
= dim _m\
N=>0 | Q2(NH)




Knowing 77 |2l = LIX|, he Ratio Test ells s +hat

+the poner series corverges when 3|x| <1 & [x[<Q
or — Q<L XL

*t+he poner Series diverges when x| >1

an+1
Qp

What if lim -17? je. Lixl=1& |x[=a &> x=td

Ratio Test Is Inconclusive, sowe checkthese cases separadely:

ojf X==-2.Yhen % -n—.;%%h = oj (z)h Z(‘DW = Z (D which ConVerges

N=0 PA" [=ohA” {5 1T (by AST)
oif x= S X _Z2 2 =2 _L which converges (P41
if X= . +hen Y%O k> n2='o 22" éo z 9 ( pP=2

(o o]
Conclusion: Yhe power series Z aoh Converges for —Q< X £Q.
N=o

RADIUS & INTERVAL OF CONVERGENCE

Theorem 11.3. For a power series Z co(r —a)"  there are only 3 possibilities:
n=0

1. The sefies conleges only when x=aq.
2. The Series converges for all xe R,

3. There Is au positive number R suchthat
*the Series converges ¢ |X-a| <R and
*the series  diverges i€ |x-a| >R.
K Is called the radius of converognce of he power Series.
InEx.l].2 we had R=3Q.




Conventions for 1? and the Interval of Convergence

1. If we're in Case 1, we write R=0
2. If we're in Case &, we writfe R=<o
3. If we're in Case 3, then

K defines the inferval of convergence  [x-a[<R
or a-R<X <a+R

on which the Series converyes.
But we mustcheck each endpoint~ a-R and a+R Separaiely.

In Ex- 1.2, +he inferval of convergence Was —2< X<

°TnCosel, we write $a% for the inftrval of-convergence
oTn Cased, we Write =x,00) forHhe inferval 0f con vergence

Example 11.4. Find the radius and interval of convergence of each of the following power
series:

i. il%”(xﬂ)"e— an= '—%—VQ)(X-H)V\ and centre is a=-1

Ratto Test: Lim | Qowt | = limm, \vm(n’rl)(er " Ln(n)(x+)"
N>0| an | N> Nt N
N->oS (it niny | < |
= |x+|  (snefim o= tana fim el = ) e check

=>series will converge for [x+1|< 1 < —[< x+|< |
#R=L— or-2<x<0

ChecK endpoints of interval:
. _ OOV@”n o oo
iFx=-2, % W(Xﬂ)h: %%éﬁlﬂf‘ :r% (i%jm_f’ <Converges (AS.T)
_ gb&m ey _ " checlc]
TX=0y = () = nz_w(OH)“ =2, NN« divemes (>=4)
- n=oh &gche K! ;
CK!:
v the inferval ot convergence is [£2,0) or —g< x< 0



© i m | yeh _
T e ean=% and Centre is a=0

RattoTest: Lim | Qon | = fim,  |(HDIX™! /iy
h>e0|"an | nses | (01 /N3
_M (n+l)n3 lx]
h—co [it1)?
= oo

0s this series diverges forall X except its centre x=0.
go R=0 and inferval of convergence is 3ot =503

I -1)"
iii. Z( (2)71)! +—(0pn = g—é?’n))(‘!— and centre 1S X=0

>n+| Xg(nﬂ) /( ‘ )n an

n=0

Anti | —
an

Ratto Test: {S’ﬁo

H’*OQ (an+1)) ] @n)!

—Lim  |ED™ @R ) l
N—2c H)n Xan (QT\‘I‘QQ.]
_tim |=xX®[ant l
- N2 e 2oyt

. XZ
~ o 2nt2ant])
=0

So this Sertes 15 convergent™ foral) X.

ov R_‘ 0 Qﬂd (—00 OO)

radins interval
of of
CorwergenCe Converyence

STUDY GUIDE

[0 Power Series [J Radius of Convergence R [J Interval of Convergence

Exercises (Stewart, 8thed.) §11.8 pg. 751: 1,3,5,7,9,11,13,15,17,19, 21, 23, 25, 27,29, 31
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