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Pre-knowledge

1. Trig Identities:

2 1+ cos2x . 9 1 —cos2x . .
ecosr=——]—) siz=——"—") 2sinrcosr=sin2z.
e sinasinb = cosla = b ECOS(CH_Z)), cosacosb = Cos(a+b);—COS(a _ b)7
. b b
e sinacosb= sinfa ¥ );’Sm(a )

2. Integration:

b
e Fundamental Theorem of Calculus: / f(z)dx = F(b) — F(a),
where F'(z) = f(z). ’

e Integration by parts: /u(m)v’(x)dx = u(x)v(z) — /u’(x)v(x)dx,

or/udv:uv—/vdu.

b g
e Integration by substitution: / flg(x)g'(x)dx =

(0)
f(u)du, where u = g(z).

g(a)
e Trig integral: / sin™ x cos" xdx :

— If m is odd, then let u = cosz.

— If n is odd, then let u = sinz.

— If m and n are even, then use half-angle formula.
e Trigonometric substitutions:

— Va? — 22 Let x =asinf, -5 <0 < 7;

— Va? + 22 Let ¢ = atan, —5 <0< Z;

— V1?2 — a2 Letx:&sece,()§9<%0r7r§9<3§.



Chapter 1: Vectors

1.1-1.6. Vectors in R? and R?

Vector has two components: Magnitude and direction.
Algebraic representation of vectors in the plane R2:

e Vectors in R%: ¥ = v= (a,b) = [Z] , zero vector 0 = (0,0).

Length (norm, magnitude) |(a,b)| = Va? + b? .

Sum: Let @ = (uq,uz), U = (v1,v2), then @+ ¥ = (ug + vy, ug + vy).

Scalar multiple: Let @ = (u1,us), ¢ be a scalar, then ci = (cuy, cus).

Distance: Let @ = (uq,us), ¥ = (v1,vq), then d(@, ) = |d — .

unit vector: |u| = 1.

Standard basis vectors: 7 = (1,0),7 = (0,1). Position vectors can be expressed in

terms of standard basis vectors: (a,b) = ai + bj.
Algebraic representation of vectors in R3:

a
e Vectors in R3: @ = (a,b,¢) = |b|, zero vector 0 = (0,0,0).

C

e Length (norm, magnitude) |(a,b, c)| = va? + b + ¢2.

e Sum: Let @ = (uy, ug,u3), U= (v1,vs,v3), then 4 + 7 = (uy + vy, us + vo, ug + v3).



Scalar multiple: Let @ = (u1,ug, u3), ¢ be a scalar, then cti = (cuy, cug, cug).

Distance: Let @ = (uq,ug, us), v = (v, v2,v3), then d(@, ¥) = |4 — .

unit vector: |u| = 1.

Standard basis vectors: i = (1,0,0),7 = (0,1,0), k= (0,0,1). Position vectors can be

expressed in terms of standard basis vectors: (a,b,c) = ai + bf+ ck.
Properties: Let ¢, d be scalars.
¢ U+ T=0+, (I +7)+0=id+ (0+0), d+0=1d, i+ (—id) =0;

o (cd)u = c(di), (c+ d)id = ct + di, c(i + V) = ¢l + c;

o U//V & U= cl.
Example 1. Given a vector v, find the unit vector u which has the same direction as v:

(1) T=(=3,4), (ii)7=(1,2—2).

Solution: (i)

(i)
U_(1,2,—2)_(12 2)
] 3 3’3 3"

U=

1.7-1.10. The Dot Product, Cross Product, and Appli-
cations
e Dot product: Let @ = (uy, us,u3), U= (v1,vs,v3), then @ - ¥ = ujvy; + ugvy + ugvs.

e Angle: Let 6 be the angle between @ and ¢ which satisfies 0 < # < 7, then cosf =

P

u-v
|al ]

e Orthogonal: v 1lv if u-v = 0.



e Direction angles to the three axis and direction cosines of vectors.:

i i i j ik
cosa=——, cosfi=—">, cosy=—=.
] [4] ] 1] ] [k
They satisfy
cos® o+ cos? B+ cos?y = 1, % = (cos a, cos 3, cos 7).
U
e Projection: The projection of @ onto v is
- wu-vy\ L u-v
proju = (72) U, compzgil = ——.
|71 |71

e Work done by the force F and the displacement vector diss W=F-d.

Example 2. Let © = (1,2,-2), ¥ = (=2,—2,1), Find the cosine of the angle between U

and U.

Solution:

Properties: Let ¢ be a scalar.

o - U=7-U

<y

o W (i+7) =i+

Cross product: Let @ = (uy, ug,u3), U= (v1,vs,v3), then
UX U= (UQ’U3 — U3V2, +U3V1 — UIV3, U V2 — UQ'Ul).

—

Orthogonal: @ x v L, @ x v L.

Example 3. Find a vector that is orthogonal to both © = (1,2,—1), v = (0,2, 3).

Solution: Any scalar multiple of 4 x 7 = (8, —3,2).

Properties: Let ¢ be a scalar.



e |U x ¥] = |u] || sin6, where 0 is the angle between @ and ¥
e |i x U] is the area of the parallelogram determined by @ and .

Example 4. Find the area of the parallelogram determined by i = (1,2,—1), v = (0,2, 3).

Solution: A = |ii x 7] = |(8,—3,2)| = V77.

Example 5. Find the area of the triangle with vertices P(1,2,3), Q(—3,2,1), and R(2,4,5).
Solution: PQ =Q — P = (—4,0,-2), PR=R— P = (1,2,2).
1 - - 1 1
A= 2|PQx PR| = _|(4,6,-8)| = 5\@.
The Scalar Triple Product:

Uy U U3
U-(UxW)=| v, vy w3
wr wy ws

e The volume V' of the parallelepiped formed by the three vectors u, v, is given by

V= |- (3 x @)

e the three vectors u, ¥, & are coplanar iff @ - (7 x @) = 0.



Chapter 2: Curves and Surfaces

2.1-2.5. Lines and Planes

Line:

A line is determined by a point and a vector (direction vector) parallel to the line.
Line in 2D: az + by = ¢. Direction vector is (—b, a), or any multiple of that.

Line in 3D: Let P(p1,p2,ps3) be a point on the line L. Let ¢ be a nonzero vector which
is parallel L.

e Point-parallel form (vector form): 7(t) = p+tv,t € R, p'= (p1,p2,p3), 7(t) = (x,y, 2).

e Parametric form: x = p; + tvy, y = ps + tvg, 2 = p3 + tus.

e Symmetric form: =P = P2 = =P8

v2 vy

Remark. (Two-point form). If a line goes through two points P and @), then Z(t) =
P+ t(¢— p), where ¢, p are the position vectors of @, P.

Example 6. Find the equation of the line through P(1,2,3) and Q(3,1,1).

Two lines L; and Ly can be

e parallel
e intersected

e skewed

Example 7. Show that the intersection between Ly :x =2 —t,y=—1—t,z=4—1t and
Ly:x=5—-2s,y=—s,z=1+s1s (1,-2,3).

Solution: From "x = 2” and "y =y” we have 2 -t =5—-2s5, -1 —t = —s =t =
1,8 =2.
By Li, z = 3; by Lo, 2 = 3. Two z values are equal.

Thus the two lines have an intersection: (1,-2,3).



Example 8. Show that the two lines L1 : x =1+t,y = —2+3t,z2=4—t; Ly : x =25,y =

3+ s,z=—3+44s are skew lines.

Solution: (1) The two direction vectors are v; = (1,3, —1) and vy = (2,1,4). They
are not, parallel.

(2) No intersection: From "z = z” and "y = y” we have 1 +t =25, -2+ 3t =3+ s =
s=1.6,t=22. By Ly, z=1.8; by Ly, z = 3.4.

Plane:
A plane II is determined by a point and a normal vector 77 which is perpendicular to
the plane. Let P(pi,ps,p3) be a point on the plane. Let 7 be a nonzero vector which is

perpendicular to the plane.
e Point-normal form: (¥ —p) -7 =0, ¥ = (z,y, 2).
e Parametric form: ny(z — p1) + no(y — p2) + ns(z — p3) = 0, where (ny, ng, n3) = 1.

e Standard form (linear equation): nyx + nyy +n3z = d, where d = nyp; + nops + nsps.

Example 9. Find the equation of the plane through three points P(1,2,3), Q(—3,2,1),
and R(2,4,5).

Solution: PQ = Q — P = (=4,0,-2), PR = R— P = (1,2,2). ii = PQ x PR =
(4,6, —8). Thus

4(r—1)+6(y—2)—8(2—3)=0,=4x + 6y — 82 = —8.

Example 10. Find the intersection between the line L :x =1+t,y=—-2+3t,z=4—1
and the plane 3z 4+ 5y + 8z = 5.

Solution: Substitute the line into the plane:
3(1+1¢t)+5(—2+4+3t)+8(4—t)=5, 10t=-20, t=-2.
The intersection is: (-1,-8,6).

Example 11. Find the plane containing Ly : x = 1 +t,y = =2+ 3t,z = 4 —1 and
Lo:x=2s,y=3+s5,2=—34 3s.



Solution:
n=(1,3,-1)x(2,1,3) = (10, -5, —4).
Let the plane be 10z —5y—5z = d. Sub (0,3, —3), d = 0. Thus the plane is: 10z —5y—5z =
0,ie,2x—y—2z=0..

Angle between two planes:
Two planes are parallel if their normal vectors are parallel. The angle between two

planes is defined as the angle between their normal vectors:

ny - Ny
1| |nz]
Example 12. Find the angle between two planes x — 3y — 2z = 3 and 3z + 5y + 8z = 1.

cosf =
|n

—_
[\

. . =2 _ o __ o __ o
Solution: cosf = T 0 = 180° — 41° = 139°.

Intersection between two planes:
If the two planes with normal vectors n] and nj are not parallel, then the intersection

is a line with direction vector nj x nj.
Example 13. Find the intersection between two planes x—3y—2z = 2 and 2x+y+3z = 1.

Solution: (1) n} xny = (=7,7,7) =7(—-1,1,1).
(2) To find one intersection point, we let z = 0. Then z = 5/7,y = —3/7. So the

parametric equation of the line is:

r=5/T—t,y=-3/T+t,z=1.

Line segment:

A line segment between two points P(xg, yo, z0) and Q(z1,y1,21): Let 7(t) = (x,y, 2).
e Vector form: 7(t) = (1 —t)P +1Q, 0 < t < 1.

e Parametric form: = = zo + t(x; —x0) = (1 —t)xo +tor, y = yo + t(yr — yo) =
(1—t)y0+ty1, Z:ZO—Ft(Zl—Zo) = (1—t>Z0—|—t21, OStS 1.

e Symmetric form: 0 < £=£0 = Y200 — 2220 ],
T1—T0 Y1—Yo 2120

Example 14. Find the equation of the line segment between P(1,2,3) and Q(3,1,1).

10



2.7-2.8. Parametric Curves

e Parabola: The set of all points in a plane that are equidistant from a fixed point
(called the focus) and a fixed line (called directrix). An equation of the parabola

with focus (0, p) and directrix y = —p is 2% = 4py.

e Ellipse: The set of all points in a plane the sum of whose distances from two fixed
points (called the foci) is a constant. An equation of the ellipse with foci (£¢,0) and

vertices (+a,0) is 2—; + %—2 =1,a>b>0,c*=a®—b.

e Hyperbola: The set of all points in a plane the difference of whose distances from
two fixed points (called the foci) is a constant. An equation of the ellipse with foci
(£c¢,0) and vertices (%a,0) is 2—; — é’—; =1,a>b>0,c=a*+0

Instead of defining y in terms of =, y = f(z), we define both = and y in terms of a third
variable called a parameter as follows: x = f(t),y = g(t). This third variable ¢ is called
a parameter. The collection of points (x,y) = (f(t),g(t)) that we get by letting t be all
possible values is the graph of the parametric equations and is called the parametric curve.

Plane curve (parametric curve): The set of ordered pairs (points)

(z,y) = (f(1),9(t)), a<t<b,

where f and ¢ are continuous functions, (f(a),g(a)) is called initial point, (f(b),g(b)) is

called terminal point.

Example 15. Sketch the parametric curve for the following set of parametric equations.
x:t2+t,y:2t—1,
(i) —o0 < x < oo; (i) =1 <t <1.

(i)

1+ e
_ t=1
il 1 x
- 1 2
s o
«
t== %g -2
* |i=-1
e
—4
B P2
-5 ——7_""”0-,~77

(i)

11



Br

£=,%¢’ -2
»
Ry

Remark. If you eliminate the parameter t, then z = $(y +1)* + 1 (y + 1).

Example 16. Sketch the parametric curve for the following set of parametric equations:

xr=295cost,y =2sint,0 <t < 27.

Example 17. Sketch the Cycloid :

x=r(t—-sint),y =r(l —cost),,—oo < t < 0.

The Calculus of Parametric Equations
Tangents

We want to find the tangent lines to the parametric equations given by, z = f(t),y
g(t). By Chain Rule, we have

e First Derivative for Parametric Equations:

dy Z—gj , dx
ptivrs provided I £ 0.

dt

12



e Second Derivative for Parametric Equations:

Py 5 (3) oo da
=k ?, provided 7 # 0.

Example 18. Find the tangent line(s) to the parametric curve given by
v=1t"— 43 y =1t at (0,4).
Solution: At first we need the slope of the tangent line.

dy F 2t 2

dr do 5t — 1262 513 — 12t

When (z,y) = (0,4), t = £2. At t = —2, the slope of the tangent line is: —1/8. The
tangent line at ¢t = —2 is: y = 4 — ¢/8; At t = 2, the slope is: 1/8. The tangent line (at
=2)iss y=4+2x/8.

Example 19. Find the points where the following parametric equations will have horizontal

or vertical tangents:
r=t—3ty=3t>-09.

Solution: Horizontal Tangents: dy/dt = 0,6t = 0,t = 0. Therefore, the only horizon-
tal tangent will occur at the point (z,y) = (0, —9).

Vertical Tangents: dx/dt = 0 (dy/dx undefined). In this case we need to solve, 3(¢* —
1) =0,= t = 1,—1. The two vertical tangents will occur at the points (2,-6) and (-2,-6).

Example 20. Determine the values of t for which the parametric curve given by the fol-

lowing set of parametric equations is concave up and concave down.
r=1—ty=t +1°.
Solution: To study concavity, we need the second derivative.

dy — T°+5t° d’y  35° + 15t

= = % =
dx 2 dx? 4
From (‘%’ = 0 we imply that t=0. When ¢t < 0, 327?2’ < 0, the parametric curve will be
d2y

concave down; when ¢ > 0, 5-5 > 0, the parametric curve will be concave up.

13



2.9 Applications to Area Problems

Consider the following region:

By calculus I, the area is:
b
A= / y(x) d.

Theorem 1. The area under the parametric curve x = f(t),y = g(t) between a <t < 3 is

B
A= / y(t)2'(t)dt, where x(a)=a,z(B) = 0.

Example 21. Find the area under one arch of cycloid:
x=r(t—sint),y = r(1 — cost).
Solution: y =0 =t = 2nm. Thus

1+ cos 2t

5 )dt = 3772,

B 27 27
A= / y(t)'(t)dt = / r?(1 — cost)?dt = r2/ (1 —2cost+
« 0 0

Theorem 2. For the closed curve C' : x = f(t),y = g(t),a <t < B, f(a) = f(B),g9(a) =
g(B), the area of the region R enclosed by C' is

AR =| [ glo)f 0
Example 22. Find the area of the ellipse x = acost,y = bsint, 0 <t < 2w, a > 0,b > 0.

14



Solution:

2w 1 2m
A= |/ —absin® tdt| = | — éab/ (1 — 2cos2t)dt| = mab.
0 0

2.10 Arc Length

Here we will find a formula for determining the arc length to a parametric curve given by
the parametric equations:
z=f(t),y=g@1),a<t<p
We assume that the curve is traced out exactly once as t increases from a to 5. Also,

for the purposes of the derivation that we're going to use, we will assume that the curve is

traced out from left to right as t increases. This is equivalent to saying,
de/dt >0, <t <p.

The arc length formula is given by

/ \/7dx—/ V[ (1) (t)]2dt, where x(a) = a,z(B) =b.

Example 23. Find the length under one arch of cycloid:

x=r(t—sint),y =r(l —cost), 0 <t < 2.

Solution:

B 2
L= / VI (]2 + [y (t)]2dt = /o V[r(1 = cost)]2 4 [rsint|2dt

27 27
:7"/ \/Z—QCostdt:r/ 2
0 0

Example 24. Find the length of the curve:

t
sin§‘dt:8r.

C: o= +ety=5-2t, 0<t<3.
/\/ t)]2dt = /\/ —2)2dt

= / V (et +e)2dt = / (' +eNdt =e* —e3,
0 0

15
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2.11-2.14. Polar Coordinates

Polar coordinates

We chose a point in the plane that is called the pole (or origin) and is labelled O. Then
we draw a ray starting at O, along positive x-axis, which is called the polar axis. Let P be
a point in the plane. Let r be the distance from P to O, let # be the angle between OP and
the polar axis. Then P can be represented by the ordered pair (r,6). We call r and 6 polar

coordinates:

Agreement: (—7r,0) = (r,0 + ).

Example 25. Sketch of several polar coordinates:

(5.%)

Polar = Cartesian Conversion Formulas:

r=rcosf,y=rsinf; 1’ =z>+y* tanf = g
x

Example 26. Convert each of the following points into the given coordinate system.

(a) (—4, %) into Cartesian coordinates. (b) (-1,-1) into polar coordinates.

Solution: (a) (z,y) = (2, —2V/3).
(b) r = /22 +y? = V2, tanf = ¥ = 1. Since the point is in the third quadrant, the

5T

actual angle is, = 7 + 7 = =

Polar curves: r = f(0)

16



The graph of polar equation r = f(f), or more generally F(r,0) = 0, consists of all

points P(r, ) whose coordinates satisfy the equation. Relation to Cartesian:
x=rcosh = f(f)cosl, y=rsinf = f()cosb.
Some special cases:

e § = a: This is a line that goes through the origin and makes an angle of a with the

positive x-axis.

e rcosf) = a: This is equivalent to x = a.
e rsinf = b: This is equivalent to y = b.
e r = a: A circle of radius a centered at the origin.

e r =2acosf: A circle of radius |a| and center (a,0).
e 7 =2bsinf: A circle of radius |b| and center (0,b).

e r =2acosf + 2bsinf: A circle of radius r = va? 4+ b? and center (a,b).

Example 27.

8
T
¥ _ r=7." 5 ™
5_3_;’:'\ e reosg=4 y N
4 a4 4t i
=4 a8
N / r cos
- /ﬁ&
 ® 1
r | L L L
1 I 1 ks 1 1 I L 3 g | -6 4 2 2 EE
5 -4 1 1 i s \\ /
-0 2 /
: - N /
rin@=-3 —4 i
—ab : o
gl b 4 M N —6L .
" r=-7Tsine

Remark. In the third graph we have an inner loop. To get this, we need to know the value

of # for which the graph will pass through the origin:
2+4+4cos =0,= cos =—0.5,= 0 =2x/3,47/3.

Proposition 1. Suppose a polar curve is defined by f(r,0) = 0.
1. If f(r,—0) = f(r,0), the graph is symmetric about the polar axis.
2. If f(—r,0) = f(r,0), the graph is symmetric about the origin.
8. 1If f(r,m —0) = f(r,0), the graph is symmetric about the line § = 7.

17



i VS (8 r=2+4cosé
r=5-53in8 /// 5—\\ L ‘“'\\
i \ v \
e EER ™ / gy N 2f N

1 1 1 1 I 1 j’ \ If \.\
-6/ -1 - 4N / ‘ [ \

/ ! [ [/ Lr \
{ -2F \ | | — \
{ ". fiat i 1 1 | | I \ - \‘. \
[ | u-12 -0 8 -6 -4 - L I y | | L |

Sl \ [ sy -1 1 2 3 4 5
4 1
| / \ =i [| T /
\ / A b - !
-6 /f \-._\ -4 f /'
i N |
/ \ [ v
" s ol R =3 p.S o
~ e h -
-~ . =3 ., ”
- ST G e i . i

Tangents to Polar Curves

We want to find the tangent lines to the equation r» = f(6). From
x=rcost = f(0)cosh,y=rsinf = f(0)sind

we have _
dy  rpsinf +rcosf

dr  rpcosh —rsing

Example 28. Find the equation of the tangent line to
r=3+8sinf at 0 =mr/6.

Solution:

dy rgsinf +rcosf  16cosfsinf + 3cosf _11\/5
dr — rhcos® —rsinf  8cos?f — 3sinf — 8sin?f 5

Note that at 6 = 7 /6,7 = 7, which gives (z,y) = (23, I). The tangent line is:

2
11v3 98
Y= r— —.
5 5

Example 29. Cardioid: r = 1+sinf . Find 6 where we have horizontal or vertical tangent

line, or mo tangent line.

Solution: ] )
dy  rysind +rcost cosf(1 + 2sin )

dr  rjcosf —rsind - (1+sin6)(1 —2sinf)’

(1) If the denominator is 0 but the numerator is not 0, we have vertical tangent line.

When sinf) = 1, orsinfl = 1/2, the denominator is 0. We have a vertical tangent line when

0 =m7/6,57/6.

18



(2) If the denominator is not 0 but the numerator is 0, we have a horizontal tangent
line. Hence, we have a horizontal tangent line when = 7/2, 77 /6, 117 /6.

(3) If the denominator is 0 and the numerator is 0, tangent line does not exist. When
0 = 37/2, the tangent line does not exist.

Area

As we know, the area of a sector with radius r and angle 6 is

A= 7T7“2i = 17‘20.
2 2

This implies that the area of the following polar region bounded by r = f(6), between

f=aand =0 (a<p)is:
B
A:/a %TQdG.

r:f(g)

Example 30. Find the area of the inner loop of r = 2 + 4 cosf.

Solution: Let r = (0 we have:
2+4+4cosh =0,= cosd = —0.5,= 0 = 2w /3,47 /3.

So the inner loop is bounded by r = 2 + 4 cos§ and between 6 = 27/3 and 47/3. Thus

B 1 47 /3 1
A= / §r2d9 = / —(2 + 4cosf)*db.
a 2

/3

4m/3
= / [6 4+ 8 cos 0 + 4 cos(20)]d0 = 47 — 6v/3.
2m/3

Now we consider a more general polar region:

19



= glié")

’";'=f(9)

The area of the shaded part will be :

Example 31. Find the area of the part outside the cardioid r = 1+ sin 8, inside the circle

r = 3sinf.
;"rf(r-_—-_-m‘\
I
d=51/6 S| o7 H=7/6 X

Solution: First find intersections: 1+ sinf = 3sinf = sinf =1/2 = 0 = 7/6,57/6.
When 7/6 <60 < 57/6, 3sinf > 1+ sinf.

B 1 5m/6 1
A= [ 508 =rtdo= [ (@sing)? — (14 sin6)as =
o /6

Arc length

Now we are going to find the formula for the arc length of the arc r = f(6), between
0 =« and 0 =5 (a < ). Note that

x=rcos = f(f)cosf,y =rsinf = f(0)sinf,=

()" + ()" = (rp)" + 1.

L= /j \/ () + (yp)2dO = /j \/ (rp)? + r2do.

Example 32. Find the length of the spiralT =6, 0 <60 < 1.

Thus
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Solution:
3 1
L = / \/(r’g)z—i—ﬂdé):/ V6?2 + 1do
«a 0
w/4
= / sec’ vdr, O = tanw,df = sec® zdx
0

1
= (secxtanz + In|secx + tanx|) 3/4 = 5(\/5—1— In(1+ v/2).

Example 33. Find the length of the cardioid r =1+ sinf, 0 < 0 < 2.

Solution:
B 21
L = / \/(7"’9)2+7“2d6’:/ V2(sinf + 1)df
[} 0
T 0 -
= V2 ]sm§+cos§|d9:2\/§ |sing + cos pldp, @ =20/2
0 0

3r/4 ™
= 2\/5/ (sin ¢ + cos p)dp — 2v/2 (sin p + cos @)dp
0 3m/4

= 8.
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Chapter 3: Vector Calculus

3.1 Continuity

e A function of two variables z = f(x,y) is a rule which maps each point (z,y) in a set
D to a unique number z. The set D is called the domain of the function, which is
often denoted D(f). Level curves (contour maps) of f(x,y): f(z,y) = k for different
k.

e A function of three variables w = f(x,y, z) is a rule which maps each point (z,y, z)
in a set D to a unique number w. The set D is called the domain of the function,
which is often denoted D(f). Level surfaces of f(z,y,z2): f(x,y,z) = k for different
k.

Limit and continuity.

e If f(x,y) can be made as close to L as (z,y) close to (a,b), then

lim )f(x,y) = L.

(z,y)—(a,b

In general, if there are different limits when (x, y) approaches (a, b) along different

paths, then the limit does not exist. f(z,y) is continuous at (a, b) if

lim  f(x,y) = f(a,b).

(z,y)—(asb)
e If f(x,y,2) can be made as close to L as (x,y, z) close to (a, b, c), then

lim  f(x,y,2) = L.

(z,y,2)—(a,b,c)

2

Example 34. Assume that the limit  lim exists. Find it.

(z,9)—+(0,0) 2 + 32
42y

=2x — 0.
$2+y2 €

Solution: By taking the path y = x, then
Example 35. Show that the limit  lim % does not exist.
(,9)—(0,0) 2= + Yy

Solution: Ssince the limit is 1/2 when y = x; and the limit is 0 when y = 0.

Example 36.

. Y + Yz +x2 11
lim LA S
(zy,2)—(1,23)  xyz — 1 5
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3.2-3.3 Partial Derivatives

Functions of two variables

e Partial derivatives of z = f(x,y):

_ 0z _of _ _ _ o St hy) — fa,y)

Zx
which is the derivative of f with respect to x;

_ 9z _Of _ fu(z,y) == D, f = lim - )

Zy_a_y_a_y e

which is the derivative of f with respect to y.
e Methods:

1. To find f,: regard y as a constant, and differentiate f(x,y) with respect to z;

2. To find f,: regard x as a constant, and differentiate f(x,y) with respect to y.

e Meaning: f, means the rate of change of f with respect to x when y is fixed.

Example 37. Let f(x,y) =" + +- Calculate f2(0,1), £,(0,1).
Solution: .
fz:yexy—i_;a fx<071>:2
oy T
fy = ze™ — "l fy(0,1) = 0.

Functions of three variables

o Let w= f(x,y, 2), then

ow._ 9f = fo(z,y,2) := D, f :=lim fethyz) = f(z.y2)

or  or h—0 h ’

which is the derivative of f with respect to x.

e Meaning: f, means the rate of change of f (or w) with respect to x when y and z

are fixed.
Example 38. Let f(x,y, z) = (sinz)e™ Inz. Calculate f,, f,, f-.

23



Solution:

1
fo=(sinz)e™—, f, = (sinz)ze™Inz, f, = (cosz)e™Inx.
x

Implicit differentiation:

Example 39. Find g—fc and g—;, if z 1s implicitly defined by
2+ 4+ 2t —8ayz = 1.

Solution: Differentiate two sides with respect to x:

2z +8yz

200 + 4232, — 8yz — 8xyz, =0, 2z, 125 — Sy

Higher derivatives:

83
fmza Wyfaﬂﬁ = fxyzv-“

Example 40. Let f(x,y) = ™ + 2. Calculate fon, foy, fyy-

Solution:
T

1
fo=ye™ + m fy = xe™ — 7
2x

x x x 1 x
fxx:y2€ya fxy:ey+$y6y_?v fyy:xzey—{_ﬁ'

Example 41. Let f(x,y, z) = sinze™ Inx. Calculate f,y..

Solution: f,(z,y,2) = ysinze™ Inz + sin ze™ /x.
fey(z,y,2) = sin ze™ Inx + y* sin ze™ In x + sin ze™.

fay=(2,y, 2) = cos ze™ Inx + y? cos ze™ Inz + cos ze™.

Clairaut’s Theorem. If f(x,y) is defined in a disk D containing (a,b), and f;, and f,, are
both continuous in D, then f,,(a,b) = f,.(a,b).
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3.5 Directional Derivatives and Gradients
Gradients and Directional Derivatives in the Plane
e Directional derivatives:

1. The directional derivative of the function f(x,y) at (xq,yo) in the direction of a

unit vector 4 = (uq, ug) is

h h _
Dzf(xo,y0) = ;ILIE% fo + hun, yo +h uz) — f(x0,%0)

= fu(®o,y0)ur + fy (o, yo)us
= (fu(x0,%0), fy(xoayo)) - (U1, uz).

2. Dgf(xo,y0) means the rate of change of f(z,y) at (2o, yo) in the direction of .

e The gradient of f(z,y) at (z¢,yo) is

V f(z0,%0) = gradf (zo, yo) = (fa:(anyO)7fy(xO7y0))'

1. Vf(zo,yo) points into the direction of maximum increase of f at (zg,yo).

2. Vf(zo,y0) is perpendicular to the contour line (or level curve) of f through
(manO)‘

3. |V f(xo,y0)| is the maximum rate of change of f at (xg, yo).

Example 42. Let f(z,y) = 2%y + 49>

(1) Calculate the gradient of the function.

(2) Find the directional derivative of f(x,y) at the point (2,1) in the direction of the
vector (1,/3).

(3) Find the mazimum rate of change of f at (2, 1) and indicate in which direction this

maximum will occur.

Solution: (1) Vf = (2zy,z? + 8y).

(2) 7= (1,V3), i =1(1,V3), Vf(2,1) = (4,12).

Daf =Vf-u

D,f(2,1) =Vf(2,1) @ = (4,12) - 1(1,V/3) =2+ 6V3

(3) The maximum rate of change of f at (2, 1) = |Vf(2,1)| = |(4,12)| = 41/10,
which occurs in the direction (4,12).

Gradient and Directional Derivatives in space
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e Directional derivatives:

1. The directional derivative of the function f(x,y, z) at (zo, yo, 20) in the direction
of a unit vector 4 = (uq, ug, uz) is

fﬁ($07y07 Zo) = Dﬁf(13071907 Zo) = fx<x07 Yo, ZO)u1+fy(x07y07 Zo)uz+fz(56o7yo, Zo)u3-

e The gradient of f(z,y,2) at (xo,yo, 20) i8

gradf (xo, Yo, 20) = V f (0, Yo, 20) = (fa:(foayo,20),fy(iﬂo,ymZo),fz(%ayo,Zo))-

1. V f(zo,yo, 20) points into the direction of maximum increase of f at (xq, Yo, 20)-
2. V f(xo, o, 20) is perpendicular to the level surface of f through (xg, o, 20)-

3. |V f(zo, Yo, 20)| is the maximum rate of change of f at (xg, 3o, 20)-

Example 43. Suppose that the temperature of a room at a point (x,y,z) is given by

B 80 o
14 a? 4292 + 322

o

T(x,y,2)

(a) In which direction does the temperature increase fastest at the point (2,1,1)?
(b) What is the mazimum rate of increase?

(¢) Find the directional derivative of the function T'(z,y,z) at (2,1,1) in the direction
(2,-1,-2).

Solution: (a)

160
(1 + 22+ 2y? + 322)?

VT(z,y,z2)=Tu+T,jT.k = (—xi — 2yj — 3zk),

VT(2,1,1) = g(—% —2j — 3k).
(b)
1
VT(2,1,1)] = %_7

- 2,-1,—2
<C>u:( )_(§7_7 %)

|(2771>72)| B

Wl

Tz(2,1,1) = Dzf(2,1,1) = ;(—2, —-2,-3)(z,—=
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3.6 The Chain Rule

e Basic Chain Rule

1. If z = f(x,y), © = g(t), y = h(t), then

dz_ Ozdv 0zdy
dt  Oxdt Oydt

2. % means rate of change of z with respect to t along the path z = g(t), y = h(t),

te D.
3. lfw= f(:U,y, 2)7 z :g<t>7 Y= h(t)’ = k(t)a then
dw 8wd_x 8w@ aw@

@t " Ordt | oydt 0z dt
e General Chain Rule: If w = f(x,y, 2), = g(u,v), y = h(u,v), z = k(u,v), then
ou_owor  owdy | owd:
ou Orodu Oydu 0z du’
ow Owdr  Owdy  Owdz

v Ozov  oyov ! ozov

e Implicit Differentiation:

1. If F(z,y) =0, then
dy _ Fp
dv  F,
Here when we calculate partial derivatives, we consider x and y as independent
variables.
2. If F(z,y,2) =0, then
0z F, 0z F,

or  F oy F
Here when we calculate partial derivatives, we consider x, y and z as independent

variables.

Example 44. Let z = f(x,y), where x = g(t) and y = h(t). Given the data g(1) =
1 g/(1) =2,h(1) = 2,K(1) =3, £,(1,2) = —1, £,(1,2) = 2. Find % when t = 1.

Solution:
dz  Ozdxr Ozdy

@ " owa Toga T
t=1= (Jf,y) = <g<1)7h(1>> = (172)7:>

%‘z‘:l = f:(1,2)g'(1) + f,(1,2)1'(1) = (=1)(2) + (2)(3) = 4.

27



Example 45. Consider the following function
z =22y +e"cosy, = =1tsins, y=s>+ 3t
Calculate % at the point (s,t) = (0,1) by using Chain Rule.

Solution: At the point (s,t) = (0,1), (z,y) = (0,3). Note that z, = 2zy + € cosy,

z, = x* — e"siny, s =t cos s, y; = 2s. Thus

2,(0,3) = cos 3, 2,(0,3) = —sin3,x4(0,1) = 1,y,(0,1) = 0.

0z 0z ox 0z dy
§!<s¢>:<o,1> = %!<x,y>:<o,3>g\(s,ﬂ:(o,l) + a—y!<x,y>:<o,3>g\(s,w:(o,l)

= (cos3)1 + (—sin 3)0 = cos 3.
Example 46. Find y' if 2%y + e®cosy = 3.
Solution: Let f(x,y) = 2%y + ¢®cosy — 3. Then
fo=2zy+e"cosy, f, = x* — e"siny
Hhus , fu _ 2y + e cosy
Ty 2 —ersiny
Example 47. Find 9% and g—z if 22y + 2% + bayz = 3.
Solution: Let f(z,y,2) = z%y® + z* + bryz — 3. Then
fo = 229 + Byz, f, = 42° + by
Thus

fo 20y +5y2
f. 4283 45zy

3.6.3 Tangent plane and Normal lines.

Curves in 3D:

=y

(t) = 2()i + y(0)] + 2(O)k = (x(t), y(¢), 2(1)), a<t<b.

The curve is regular curve: if 7/(t) # 0 for all .
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e Tangent vector: 7/(t) = a'(t)i + y'(t)] + 2/ (t)k = (2'(t),y'(t), #'(t)).

e Tangent line to a curve at a point to: The line at ¢ty with 7 ’(#y) as the direction

vector.

e Normal plane to a curve 7(t) = (z(t),y(t), 2(t)) at the point P(a,b,c), where a =
x(to), b =y(to), c = z(to), is:

'(to)(z — a) + ¥/ (to) (y — b) + 2/ (to) (2 — ) = 0.
Example 48. Let C : #(t) = (¢,2sint,2cost), 0 <t < w. Find the tangent line and
normal plane to the curve att = /3.
Solution: (a) Tangent line:
7'(t) = (1,2 cost, —2sint).

i(r/3) = (7/3,V3,1), #'(n/3)=(1,1,—V3).
The tangent line is:
(z,y,2) = (7/3,V3,1) + (1,1, —V3).

(b) The normal plane is
(1,1,—\/3)-(x—7r/3,y—\/§,z—1) :0,i.e.,x—|—y—\/§z—7r/3:0.

Example 49. Find the equation of the tangent line and the mormal plane at the point
P(1,—1,3) to the curve of the intersection of the surfaces 2x* + 3y* =5 and y* + 2% = 10.

Solution: 7(t) = (x(t),y(t), 2(t)) = (¢, —1 /%, \ /%)

At P, t=1.

Tangent line is:
x—1 y+1 =2-3

1 2/3  2/9°

Normal plane is:

2 2
1(m—1)+§(y+1)+§(z—3):0,:>9x—|—6y—4z:3.

Remark. We have some other ways to parameterize the curve.
Surfaces in 3D: The surface S given by F(z,y,z) = 0.
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The tangent plane of the surface S given by F(z,y,z) = 0 at P(a,b,c) is the plane
that passes through P and has normal vector VF'(a, b, c). Thus the equation is

(Fy(a,b,c), Fy(a,b,c), F.(a,b,c)) - (x —a,y — b,z —c¢) =0.

The normal line to the surface S given by F(x,y,z) = 0 at P(a,b,c) is the line that
passes through P and has the direction vector VF'(a,b,c). The equation is:

r—a y—>b z—c

F.(a,b,c)  F,(a,b,c) F.(a,b,c)

Equation of the tangent plane of z = f(x,y) at (xq, yo):

z = f(xo,Y0) + fo(x0,v0)(x — x0) + fy(xO; Y0)(Y — o).

Linear Approximation (Tangent plane approximation):

f(zy) =~ flxo,y0) + fe(To,y0)(x — z0) + fy(z0,%0) (¥ — vo)
= L(z,y).

T at the

Example 50. Find the equation of the tangent plane of the surface z = e*1t¥ — m

point (1,—1,2).

Solution: Let f(z,y) = "™ — £. Then

A =2

Thus the equation of the tangent plane at the point (1,—1,2) is
z—2=2x—-1)4+2y+1), de, 20+4+2y—z+2=0.

Example 51. Find the equation of the tangent plane and the normal line at the point

(2,1,9) to the ellipsoid % + % + ;—i =1.

Solution: Let F(z,y,z) = ”1”—; + % + ;—i — 1. Then the normal vector of the tangent

plane is

i = (Fy(2,1,9), F,(2,1,9), F.(2,1,9)) = (1/3,2/3,2/3).

Tangent plane: x + 2y + 22z — 22 = 0.
The normal line is: (x,y,2) = (2,1,9) +¢(1/3,2/3,2/3).
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Example 52. Use the linear approzimation of f(x,y) = 2z%y*> + 3xy + z at (1,1) to
approzimate f(0.9,1.1).

Solution: f(z,y) ~ f(1,1)+ fo(1,1)(z — 1)+ f,(1,1)(y — 1).
f(z,y) =22%* + 3wy + o, fr = 4ay® + 3y + 1, f, = 42y + 3y
f(1,1) =6, f.(1,1) =38, fy(l, 1)=7

Thus f(z,y) =6+ 8(x—1)+T7(y —1).

£(0.9, 1.1) 7 6 + 8 % (—0.1) + 7% 0.1 = 5.9

3.7 Conservative Fields

Vector Fields

In a two-dimensional space,vector function F(z,y) = (P(z,y),Q(z,y)) = P(z,y)i +
Q(z, y)7j is a 2-dimensional vector field.

In a three-dimensional space, ﬁ(x, y,2) = (P(x,y,2),Qz,y, 2), R(x,y, 2)) = P(x,y, 2)i+
Q(x,y,2)j + R(x, vy, Z)E is a 3-dimensional vector field.

Vector fields can be visualized by diagrams.

Example 53. Gradient Vector Fields: Let f(x,y) = x>+ y*. Then ﬁ(:z:,y) =Vf(z,y) =
(x,y) is a vector field.

b Ol O, T 0 T £ 1 N S Y A A
NN I~L A AN A
VKA L T IINORXN
Ll e T T T T J I N A AN
L A Y LT PR AT AW L
‘1-\.*-‘\\.\\'\-51_".11;'1""
L L L L L I_'I:
SIS ENRER
—‘I.’It!'_l_l\l\\"‘-""—'
e N A 8 T LN N Ny Y™
f'//fﬁ’lf_1_\\\\\\"‘1
KNI T L AATK A
v AN HEI-TF AT NS
///ff!rs_l\\\\\\

Conservative Vector Fields

A vector field F is conservative if there exists a function f such that F' = V f . In other
words, a vector field is conservative if it is the gradient field of a (scalar) function. The
function f is called a potential function of F.

Remark. The potential function of a conservative vector field is not unique.

31



Example 54. (a) Verify that F = (y cos x,sinz) is a conservative vector field with potential
function f(x,y) = ysinzx.

(b) Verify that F = (y?, 22y + €%, 3ye’?) is a conservative vector field with potential
function f(z,y,z) = zy* + ye**.

Solution: (a) Vf = (fs, fy) = (ycosz,sinz). Thus F= Vf.
(b) V= (fu, fy, [-) = (7, 22y + €%, 3ye®*). Thus F=Vf.

A Necessary and Sufficient Condition for a Vector Field to be Conservative:

Let F = (P, Q) be a vector field in a simply-connected region D. Suppose P and Q have

continuous first-order derivative in D, then F is conservative if and only if
P, =Q,.

Example 55. (i) Show that the vector field F = (3 + 2zy, 2% — 3y?) is conservative.
(ii) Find a potential function of this field.

Solution: (i) Let P =3+ 2zy, Q = 2* — 3y?. Since P, = 2z = Q,, F' is conservative.
(ii) Let f(x,y) be a potential function. Then F' = (f,, f,) = (P, Q),

fz =3+ 2xy, f, :x2—3y2.
fo=3+2zy= f(z,y)=3z+2"y+g(y) = f=2"+7¢(y) =

=3yt =2+ ¢'(y).= ¢(y) = =3y° = g(y) = —°.

Hence,
flz,y) =3z + 2%y —y°.

Example 56. Find a potential function f(x,y, z) of the vector fields: F= (2,2yz, 2 +y?).

Solution: Let f(z,y,2) be a potential function. Then
ﬁ = (.fa:a fya fz) = (Zv 2?/27 T+ yQ)v

fx:ZafyZQyzafz:I+y2-
fo=z2=f=az49(y,2) = f,=9,=2yz = g(y,2) =Y’z +h(2), f = vz +y°2+ h(z) =

fr=a+y* +H(2) =2+ =N (2) =0= h(z) = constant, C.
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Hence,
f=xz+y*2+C.

Example 57. Let f(z,y,z) = xyzInz be a potential function of F. Find F.

Solution:
F= (fos fy, [2) = (yzlnz,zzln 2z, zyln 2 + 2y).

Divergence and Curl

Divergence measures the magnitude of a vector field’s source or sink at a given point,

in terms of a signed scalar. The curl of a vector field measures how a fluid may rotate.

Let

-0 -0 -0
V=i g e = G ey o

the vector differential operator.
e The divergence of Fis: div F = %t o

e The curl of F is:

o Pl =
Q o <.
oy Pl

= - OR 0Q\- (0P OR\- (0Q OP) -
F = F - —_ — — _— _—— — —
curt v (8y 82)2+(8z 8x)]+(8x 8y)k

o Ifcurl F =(ata point P, then F'is said to be irrotational at P. The F is conservative

e div curlF = 0.
Example 58. Let ﬁ(m,y, 2) = (zz, P, xyz) = x21 + 2Y°) + vyzk. Find div ﬁ(x, Yy, z), div

ﬁ(l, —2,—1), curl ﬁ(m,y, z), curl ﬁ(O, 1,1).
Solution: Let P(x,y,z2) = x2,Q(z,y,2) = zy®, R(x,y, 2) = wyz. Then
99 —l—% = 2+ 3zy? + 2y,

v B _ 9P
div F_I(l’,y,Z) - %—'_ Ay
div F(1,-2,-1)= -1+12—-2=09,
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ik T
curl F(x,y,2) = a% a% % = (% By % = (22,7 —yz,1°%),
P @Q R vz xy® Tyz

curl F(0,1,1) = (0, —1,—1).

34



Chapter 4 Line Integrals

e Line integral / f(z,y)ds: The area of a "fence” with C' as the base, and the height
c
is given by f(z,vy).

e The mass of the wire (| if f is the density of the wire.

4.1 Line Integrals with respect to arc length

1. Line Integrals of Scalar fields in 2-D

Let C be a smooth curve given by = = z(t),y = y(t),a < t < b, or equivalently, by
the vector equation 7(t) = x(t)i + y(t)j. Let the density at a point (x,y) on C be f(z,y).
Subdivide this curve segment into a number of small segments. The weight of a small
segment of the curve is approximately f(x*,y*)As, where (z*, y*) is a point in this segment,
and As is the length of this small segment. The sum ) f(z*,y*)As is an approximation
of the total weight of the curve segment. The total weight of C is A1gi9r_r>10 S flx* y*)As.

Definition 1. If f is defined on a smooth curve C, then the line integral of f along C' is

/Cf(flf?y)ds = AligIOZf(ﬂf Y )As
if the limit exists.

This is also called the line integral of type 1.
Calculation of a line integral: If the smooth curve C is defined by parametric equations
r=uz(t),y =y(t),a <t <b, then

1w = [ s VEOPF @R, ds = VEOP + 0P

If C can be subdivide into a finite number of segments: C' = C,|JCoJ---|JCy, and
smooth on each segment, then the line integral is calculated for each segment and the sum

is the line integral of C:

/Cfds_ leds+-~~+/cnfds.

Example 59. Find the mass of C with density f(x,y) = y, where C is the cycloid x =
t—sint,y=1—cost, 0 <t < 27 .
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Solution:

/Cyds:/oﬂy(t)\/[a:’(t)P—i—[y’(t)]th:/Oﬂ(l—cost)\/Q—Qcostdt

- /02 4sin3(%)dt _ 3 {Cos(t/Q) _ %COS?’(t/Z)} T %

0

Example 60. Evaluate fc 4x3ds, where C is the curve shown below:

T
2
»
Il
i

ff.: BeAEEE §
Eligr=i=] ’./‘Cgly 7ol

- | | —

Solution: The three curves are:

Crix=ty=—-1,-2<t<0; Cr:x=ty=t3-1,0<t<1; Cy:x=1y=t0<t<2.

0
/ dz’ds = / 4312 4 0%dt = —16,
Ch -2
1
2
/ dz’ds =/ 474/12 + (3t2)2dt = 2—7(103/2 - 1),
Cs 0
2
/ da’ds = / 4(1)%V/02 + 12dt = 8,
Cs 0

2
/ 4ads = / 4a*ds +/ 42°ds +/ 4r3ds = —(10%% — 1) — 8.
C C1 Co C3 27

Special cases: ds = dx,ords = dy: [, f(z,y)dr and [, f(z,y)dy are called respectively

thus

line integral of f along C with respect to z and y. Suppose C is defined by parametric
equations x = u(t),y = v(t), a <t <b, then

/CP(:U,y)dm + Q(z,y)dy = / [P(u,v)u'(t) + Q(u, v)v'(t)]dt.

Example 61. Find I = [.(z + y)dz + (x — y)dy , where C is a curve defined by x =
e'sint,y = e’ cost,0 <t < /2.
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Solution:

w/2
I= /(x+y)dx+(x—y)dy:/ [(e'sint+e' cost)(e' sint) + (e’ sint—e’ cost)(e’ cost)]dt
C 0

w/2 T 1
= / 2e? sin(2t)dt = / e’ sin(w)dw = 5(67r +1).
0 0

2. Line Integrals of Scalar fields in 3-D
Calculation of a line integral: If the smooth curve C is defined by parametric equations
r=ux(t),y =y(t), 2 = z(t),a <t <D, then

b
[ 1wy 2s = [ fla o) VEOP+ HOP + FEPar
Example 62. Find [, (zy— z)ds, where Cis the cycloid x = t,y =1*,z =23, 0 <t < 1.

Solution:

/C (2y — 2)ds = /0 (ry— )V OE + [ OF + 7 (1) dt = /0 SOV AR At =

4.2 Line Integrals of Vector fields

Definition 2. Let F' be a continuous vector field defined on a smooth curve C : 7 = 7(t),a <
t <b. Then the line integral ofﬁ along C is:

b
/ﬁ-dfz/ ﬁ(F)-F’(t)dt:/ﬁ-fds,
C a C

which can be interpreted as the total work done by this force vector field when this

object is moving from one end of C to the other end of C.

/ﬁ-dF:/P(x,y)dx—l—Q(x,y)dy, if F=(P(z,9),Q(9));
C C

[ Fear= [ PGy 2o+ Qe )y + Rlay. 2
c c
if = (P(z,y,2),Q(x,y, 2), R(z,y, 2)).
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Example 63. Find fcﬁ - dr, where F= (x,y,z) and Cis: © = cost,y = sint, z = sint,
0<t<m/2.

Solution:

. /2
/ F-dr= / xdr + ydy + zdz = / [(cost)(cost) + (sint)(sint)" + (sint)(sint)’]dt
C C 0

/2 1
= / sintcostdt = —.
0 2

4.3 Line Integrals of Conservative Vector fields

Fundamental Theorem for Line Integral: Let F=vV f be a conservative vector field,

and C be a smooth curve defined by parametric equation C': 7= 7(t),a <t < b. Then

| Fedr= 0w) - fiita))
C

Path Independence of Line Integrals: Let F be a vector field continuous in an open
connected region. The following statements are equivalent:

(a) The line integral is independent of path.

(b) The line integral is zero along any closed curve.

(¢c) F is a conservative vector field.

Example 64. The vector field F= (3+2xy, 22 — 3y?) is conservative. A potential function
of this field is f(z,y) = 3z + 2®y — y*. Find [,(3 + 2zy)dx + (2* — 3y*)dy , where Cis a
curve defined by v = e'sint,y = e’ cost,0 <t < 7.

Solution: To find the line integral, look at the starting and ending point of the curve.
Whent=0,2 =0,y =1. Whent=m,x =0,y = —e” . Hence

L(3+2xy)dx+(x2—3y2)dy = / F-di = f(F(m))— f(7(0)) = f(0, —€™)— £(0,1) = > +1.

c

Example 65. Given f(x,y,2) = vz + y*z is a potential function of the vector field F =
(2,2yz, x+y?). Find fCﬁ'dF, where C'is a curve defined byx =ty =1%,2 =2t,0 <t < 1.

38



Solution: To find the line integral, look at the starting and ending point of the curve.
Whent=0,2=0,y=0,2=0. Whent =1,z =1,y =1,z =2 . Hence

/F-dF:f(l,l,Q) — £(0,0,0) = 4.
C

A new method to find f such that ﬁ(x,y, z) =V f:
1 —
flos) = [ Flenty.t2) - (.2 di e
0

Proof. Let C be the line segment from FPy(xg, yo, 20) to P(x,y, z), where Py is arbitrary.
C:rt)=1—=t)Ph+tP=((1—-t)axg+tx,1 —t)yo+ty,1 —t)zo +12),0 <t < 1.
Usually we take Py = (0,0,0). Then

C:7(t) = tP = (tz, ty, t2),0 < t < 1.

f(x,y,z):/Cﬁ(x,y,z)-df+c:/0 F(F(t)) - 7'(t) dt + ¢

1
= / F(ta,ty,tz)-7'(t) dt + c.
0

Example 66. Find f(z,y,z) such that Vf = F = (2,2yz,x +y?), and f(1,1,—1) = 5.

Solution: Take Py, = (0,0,0) (Fp is always arbitrary). Let C : 7(t) = (1 —¢)(0,0,0) +
t(z,y,2) = (te,ty, tz),0 <t < 1.

f(x,y,z)z/ﬁ-d?%—c
c
1 —

:/ F(tx,ty,tz) -7 (t) dt + ¢
0
1 —

:/ F(tx,ty,tz) - (z,y,2) dt +c
0

1
= / (tz, 2tytz, to + (ty)?) - (2, y, 2) dt + ¢
0
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1
= / (tzw + 2t%9°2 + tza + t7y%2) dt + ¢
0

1
= / (2tzx + 3t%y*2) dt + ¢
0

:a:z+y2,z—|—c.
f(,1,-1)=5,= -2+c=5=c=T.

flz,y,2) =2z +y*2 + 7.
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Chapter 5: Double Integrals

5.1-5.2 Double Integrals

Consider the function z = f(x,y) defined on arectangle R : a < x < b, ¢ < y < d. Subdivide
la,b] intoa =29 <y <+ <xp=>,and [e,d] intoc=yo <y; < -+ <y, =d.

The double integral over this rectangle is
/ fl.y)dA = m;gm; > Sl )
R ==

where AA = AzAy, Ax = =2 Ay = s Tic1 L2 < @, Yier < Ui < Y
Geometric meaning: If f (x, y) >0, then it is the volume of the solid under the graph
of f(z,y), above the x-y plane, bounded by R.

The average value of the function defined inside R is

1
fave:mé f(.T,y)dA

Numerical Approximation: Midpoint Rule: To approximate a double integral numerically,
we may choose the middle point in each small rectangle as the sample point, or the top

right corner (x;,y;) as the sample point.

Properties of Double Integrals:

(i) ff f@,y) + gz, y)|dA = ffffvydA+ffngy )dA.

(i) ffowydA—CfffwydA

(iii) If f(z,y) < g(x,y) for all (z,y) € R, then [[ f(z,y)dA < [[ g(z,y)dA.

(iv) If R= Ry U Ry, Ri(\ Rz = 0, then [[ f<x,§>dA = [f f<x,§>dA+ [[ f(z,y)dA

(v) [ dA = the axea of £ ’ - b

(vi) If m < f(z,y) < M for all (x,y) € R, then mA < [[ f(z,y)dA < MA, where A is
the area of R. "
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Iterated Integrals
Fubini’s Theorem: If f(z,y) is continuous on the rectangle R :a < z < b,c <y < d,

then //f(x,y)dA = /ab /Cdf(x,y)dydx = /cd /abf(fay)dxdy'

The right hand side is called iterated integral. By this theorem, we can evaluate a double
integral using an iterated integral.

Special case: If f(z,y) = g(x)h(y), then the iterated integral becomes the product of

//f(x,y)dfl— (/abg(fﬂ)dl’) (/th(y)dy>.

Example 67. Find [[ zdA, where z = ysin(zy), R = {(z,y)|1 <2 <2,0 <y <nw/2}.
R

two integrals.

Solution:

Ty _ [ —cos(zy)) |7
4/f(9€ay)dz4=/o /1 ysm(xy)dxdy_/o ( (zy)) [2dy

= /Oﬂ2 (—cos(2y) + cos(y)) dy = (—% sin(2y) + Sin(y)) 52 =1.

Remark. We may use the other order to integrate with respect to x first, but it involves

an integral that is harder to evaluate.

Example 68. Find [[ zdA, where z =16 — 2* — 2y*, R =(0,2] x [0,2].
R

Solution:

2 2 2 1
// z2dA = / / (16 — 2* — 2y*)dx dy = / (16x -~z — 2xy2) 2_dy
o Jo 0 3
R
2
= / (§ — 4y2> dy = 48.
0 3

Double Integrals over General Regions

y-simple (or Type I): A region R is of Type I, if

R=R,={(r.y):a<e<bge) <y< g

42



Then

4 [ reaa~ [ b / (()) F(z,y)dy da.

z-simple (or Type II): A region R is of Type II, if

R=R,y={(z,y):c<y<d, h(y) <z < ho(y)}.

J[ tamia= [ d / hf()y) F (o, y)dz dy.
| ly

Example 69. A region D : 22+ y?> < 4. Rewrite it as y-simple, and x-simple region.

Then

. -
.4 \
R 0 4
\\eg.../ r

Solution:
e y-simple: -4 —22<y<+v4—a? —2<x<2
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o r-simple: —\/4 —y? <z < /4—9y? —2<y<2
Example 70. Find [[ zdA, where z = x + 2y, R is the region bounded by y = 2x* and
R
y=a%+1.

Solution: The intersection points of y = 22% and y = 22 + 1 are v = £1. Thus
R={(z,y): -1 <z <1,22> <y <az?+1}.

1 pz?+1 1 39
//sz:/ / (:B+2y)dyd:v:/ (=3z* —2® + 227 + 1) do = ==.
- —1J222 -1 15

Example 71. Evaluate ffD Iny dA, D is the region bounded by 3y = x + 2 and x = 1.

L~
o

P
EH

—

Solution: The intersections are (1,1),(4,2). Thus D = R,, = {(z,y) : 1 <y <

2,y* < x <3y —2}. Thus
2 3y—2
//lnydA:// Iny dz dy
D 1 y?

2
=/ (By—2-9y*)Iny dy
1

32 13 32 13 ?
= (22 =2y — =¥ Iny — (¢ — 2 — =
{(Qy Y 3@/) ny (4y y gy) 1
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2 19
— _Zlhoy
5 et g

General Region:
A region R has to be subdivided into a number of such regions and calculate the integral
separately. If a region can be regarded either as a Type I region, or a Type II region, in

some cases, the order of integration is significant.

Changing the order of integration: Some regions can be regarded as of Type I or of
Type II. We may use two different ways to express a double integral over such a region
as iterated integral. In some cases, both ways are appropriate, and give the same result.

However, in some cases, one iterated integral can be evaluated, but the other cannot.

3 19
Example 72. Sketch and shade the region of the integml/ / ysin(m2)dxdy, then eval-
0 Jy2

uate the integral.

"~y

(9.3)
xy /

pradl

o (9,0)

B\ 4
x

Solution: Since the integral fy92 ysin(z?)dr cannot be integrated analytically, this iter-

ated integral cannot be integrated in this order. We need to change the order.

3 9 9 NG 1— 1
/ / ysin(z?)drdy = //ysin(xQ)dA = / / ysin(2?)dydr = LS&S.
0 Jy? s o Jo 4

4 2
Example 73. Sketch and shade the region of the integral / / V1+y3 dydx, then
0 Jvz

evaluate the integral.
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(0,2)

/ il

4
x

o (4,0)

Solution:

{(z,y) Vo <y <2,0<2 <4} = {(2,9): 0<y <2,0 <z < y?}
4 p2 2 ry?
// \/1+y3dydx:// V1+y? de dy
0o Jyz o Jo
2
=/ v+ dy

0

9
1
/ g\/ﬂdu, u=1+1y*
1

2 92
= S =

9

5.3 Applications of Double Integrals

1. Volume of solids under a surface: Let z = f(x,y), (z,y) € R define a surface S,
where f(z,y) > 0 for all (z,y) € D. Then the volume V of the solid lying directly above

D is:
V—//f(x,y)dA.

Example 74. Find the volume under the surface z = 4 — x> — y? that projects onto the
TeGION,
R={(z,y):0<2x<1,0<y <1}

Solution:
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2. Mass of the lamina: Let z = p(z,y), (z,y) € D define the density of the lamina

occupies the region D. Then the mass m of the lamina is:

m = //p(:v,y)dA

Example 75. Find the mass of the lamina that occupies the region D = {(z,y) : 0 <z <
1,0 <y < 1} with the density function p(z,y) = zye®

1 g1

m://p(:c,y)dA:/ / zye” dx dy
o Jo

1 e—1

Sye™ dy—/ —ydy— :

3. Surface area: For a differentiable surface S: z = f(z,y), (z,y) € D, the area of the

//dS //\/f )2+ 1 dA.

dS = /()2 + (f,)? + 1 dA.

Solution:

surface is

Example 76. Find the area of the surface z = 2y + %x?’/ 2 that lies directly above the region
D={(z,y):4<x<11,0 <y <3}

Sur face Area —//\/zx )22+1dA
//\/ 2 +22+1dA= /\/x—i- 5 dA

11
/ /\/:U+5dyd:c:/ 3V + bdx
4

Solution:

= 2(x +5)%? 2(64 — 27) = 74.

i =

5.4 Change of variables in double integrals

Review Substitution rule in calculus I.
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Change of Variables for a Double Integral: Suppose that we want to integrate f(z,y)
over the region R. Under the change of variables: x = g(u,v),y = h(u,v), the region R for

(x,y) becomes D for (u,v), and the integral becomes,
//fxydA /fg, J(u,v)dudv,
where
o J(u,v) = 'ggi: z; = %%—%%, and is called the Jacobian of the transformation.

o dA = J(u,v)dudv.

e For polar coordinates © = rcosf, y = rsinf, J(r,0) =r.

// f(z,y)dA = / f(rcosf,rsin®) r dr db.
s D

e For elliptic coordinates © = arcosf, y = brsinf, J(r,0) = abr.

//f(x,y)dA = / f(arcos@,brsin®) abr dr db.
D
R

Example 77. Find [[ zdA, where z = e=@+V") R = {(z,y) 12 > 0,y > 0,22 +y> < 4}.
R

Solution: In polar coordinates, S = {(r,0) : 0 <6 < 7/2,0 <r <2}

7I'/2 2 1 _ —4
// zdA = / / e~ rdrdd = u.
£ 0 0 4

Example 78. Find the volume of the sphere 2 + y* + 2% = a>.

Solution: Let R = {(z,y) : 2> + y* < a?}. Then

VzQ//szzQ//\/aQ—xz—deA
R R
a 2
:2// \/@2—r2rd9d7“:2// rva? — r2dfdr
D 0o Jo

a 0
= 47r/ rva? —r2dr = —27r/ Vudu, u=a®—r?
0 a?

2 4
= —27r§u3/2|22 = 571'0,3.
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Example 79. Find the surface area of the sphere x? + y* + 2° = a2.

Solution: Let R = {(z,y) : 2> + y* < a*}, z = \/a? — 22 — y2. Then
T )

, 2y =— .
[a® — 22 — 42 [a? — 22 — 42
surfaceareaz?//ﬂ/z§+z§+1dA:2// ¢ dA
R R A\a® — 22 — 2
a
=2 ———rdfdr, x =rcosf,y=rsinf
//D Va?—r? Y

a 2 r a r
=2 ——————dfdr =4 ——d
Cl/o/o a2—r2 r 7ra/0 a2_r2r

0

= —27Ta/ W Pdu, u=a®—r?
2
a

Zp = —

= 47a®.

Solution: Let x = rcosf,y =6rsinf. 0 <r <1, 0<60<m7/2.

w/2 pl
// rydA = / / r? cos 0sin 0 6rdrdd
R 0 0
1
=5 (37)

1
1 - 3
(5 Sin2 9) 0/2 = Z

0

5.5 3-D plots

A quadric surface is the graph of a second degree equation in three variables x,y, z:
Az + By? + C2> + Day + Eyz + Frz+ Ge+ Hy+ 12+ J = 0.

By rotating the surface, or equivalently, rotating the axes, we may assume that D = E =
F=0.

1. Ellipsoid: Zj—i + ?;—; + 'Z—z =1,a,bc>0.
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2. (Elliptic) Cone: The general equation of a cone is: z—z + :Z—j — i—; =0, a,b,c>0.

3. Cylinder

A cylinder is a surface consisting of lines parallel (rulings) to a given line passing through
a given plane curve. In most cases, the rulings are parallel to an axis. In this case,
the equation of the surface contains only two variables, which gives the plane curve in a
coordinate plane. For example,

(i) (Right-circular) Cylinder z2 + y? = a®. This is a cylinder containing lines parallel to
the z-axis passing through points on the unit circle in the xy- plane.

(ii) Parabolic cylinder z* + 2rz = 0, r # 0. This is a cylinder containing lines parallel
to the y-axis passing through points on the curve z = 22 in the xz- plane.

(iii) yz = 1. This is a cylinder containing lines parallel to the x-axis passing through
points on two branches of the curve yz = 1 in the yz- plane.

(iv) Elliptic cylinder 2—2 + z—j = 1. This is a cylinder containing lines parallel to the
z-axis passing through points on the ellipse in the xy- plane.

x? y?

(v) Hyperbolic cylinder % — % = 1. This is a cylinder containing lines parallel to the

z-axis passing through points on the ellipse in the xy- plane.

2

4. Hyperboloid of One Sheet: 7% + %—; — i—j =1,a,b,c>0.



5. Hyperboloid of Two Sheets: —a vt i—i =1,a,b,c>0.

a b2

¢]

o1



5.6 Parametric equations of surfaces

Let m(u,v) = x(u,v);+ y(u, ’U)j—l— Z(u,v)l;, (u,v) € D. Then {(x,y,2) : * = z(u,v),y =
y(u,v), z = z(u,v), (u,v) € D} is called a parametric surface S represented by 7.

Some special surfaces:

e Ellipsoid
2 g2 2
1. Cartesian (rectangular) equation = + 7 + == L.
2. Parametric form x = asin ¢ cosf,y = bsin ¢sinf, z = ccos ¢, where 0 < 0 < 27,
0<¢<m.
e Elliptic cone
2 2 2
x z
1. Cartesian equation ) + % 2" 0

2. Parametric form x = avcosf,y = bvsinf, z = cv, where 0 < 6 < 27, v € R.

Elliptic cylinder

2?2y
1. Cartesian equation — + = = 1.

a? b

2. Parametric form x = acosf,y = bsinf, z = v, where 0 < 0 < 27.

Hyperbolic cylinder

2 2
x
1. Cartesian equation — — L

a? b2

2. Parametric form x = asinhu,y = bcoshu, z = v, where u,v € R.

Hyperbolic paraboloid

2 2
. . T
1. Cartesian equation — — == = —z.

a? b2
2. Parametric form x = a+/vsinhu,y = b\/vcoshu, z = v, where u,v € R.
e Torus
1. Cartesian equation 2% + y* + 22 + ¢ — a® — 2¢y/22 + y2 = 0.

2. Parametric form x = (¢ + acosv) cosu, y = (c+ acosv)sinu, z = asinv, where
0<u,v<2r,¢c>a>0.
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Two special coordinates:
e Cylindrical coordinates: x = rcosf,y = rsinf, z = z.
e Spherical coordinates: © = psin¢cosf,y = psin¢sinf, z = pcos ¢.

Example 81. Ellipsoid

can be parameterized as
xr =asin¢cosh,y = bsin¢sinf, z = ccos ¢,
where 0 < 0 < 2w, 0 < ¢ <.

Tangent plane. The tangent plane of the parametric surface S at a point (ug,vg) is the

plane containing the two tangent vectors 7, (ug, vo) and 7, (ug, vo)-

Surface area. Let S be the smooth surface above. If S is covered just once as (u,v) varies

throughout D, then the surface area of S is

A(S) = // 17, % 7, |dA,
D

L, Or- Oy- Ozp _  Ov- Oy- Oz
TU—%'L—F% +%k, TU—%Z—F% +%k

Example 82. Find the surface area of a sphere with radius r.

where

Solution: The parametric surface is: x = rsin¢gcosf,y = rsin¢sinf, z = rcos ¢,
where (¢,0) € D ={0< ¢ <7, 0<6<2r}.

7y X 7y = 12(sin” ¢ cos 0, sin? ¢ sin 0, sin ¢ cos @),
’f;b X F9| = TQSiIlgb.

A(S) = // |F¢ X Fg’dA = 471'7’2.
D
Example 83. Find the area of the surface z = x? + y? that lies under the plane z = 4.
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Solution: Projecting the surface to xy-plane, we get D : 2?2 +1? < 4.

A:// 1—|—z§+z2dA:// 1+4(2? +y?)dA
i y D\/ ( )

27 2
= / / V14 4r2 rdrdd
o Jo

1 3/2 !
=21 55 (14 4r?)

= %(5\/5 —1).

0
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Chapter 6: The Three Big Theorems

6.1-6.2 Surface Integrals

1. Surface Integrals of Scalar Fields

Let f(z,y,z) be a function defined in a region in space containing a surface S. The

/ f(x,y,2)dS
S

If S is defined by z = g(z,y) and the projection of S onto the xy-plane is D, then

//gf (.25 = /D Fl@,y, 9@, y)y /92 + g3 + 1dA

If S is defined by y = g(x, z) and the projection of S onto the zz-plane is D, then

//sf(x’y’z>d‘9:/Df@’g(%z}?zwmd,&

surface integral of f over S is

If S is defined by x = ¢(y, z) and the projection of S onto the yz-plane is D, then

J[ #@as = [[ Kot/ 2+ 104

Parametric Surfaces: Let S be be a smooth surface with parametric representation
Flu, v) = 2(u,v)i + y(u,v)] + 2(u, v)k, (u,v) € D. Then

//f:z:y, )dS = //f (u, )|y X Ty|dA.

The unit normal vector of the surface S is

L Ty X T
n—= ——-s5—-55.
|7 X 7|

Example 84. Fvaluate ffs ydS, where S is the part of the plane 2x 4+ 2y + z = 8 that lies
in the first octant .

Solution: R is the triangle bounded by lines x = 0, y = 0, 2z + 2y = 8. Note that
R=R,={(z,y):0<y<4—2,0<z<4}

By 2 =8 —2x — 2y, 2z, = =2, z, = —2. Thus

//de // yyf22+ 22+ 1dA = //W )21 1dA
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4 pa-z 3 4
= 3/ / ydydx = —/ (4 — z)*dr = 32.
o Jo 2 Jo

Example 85. Evaluate [/ \/%ds, where S is the surface given by 7(u,v) = (u+ v)i +

(u—0)j+ (W2 +02)k, & = utv, y = u—v, z = u2+0%, (u,v) € D={0<u<1,0<v <2}

Solution: 7, x 7, = 2(u + v)i + 2(u — v)j — 2k. Thus

dS = |Fy x 7y|dA = 24/2(u2 + v2) + 1 dA.

Thus

2 1
://4udA:4//ududv:4.
D o Jo

2. Surface Integrals of Vector Fields:

A surface S is orientable or two-sided if it has a unit normal vector 7 that varies
continuously over S. Let F be a continuous vector field defined in a region containing
an oriented surface S with unit normal vector 7. The surface integral (also called flux

integral) of F across S in the direction of 7 is

//ﬁ-d§://ﬁ-ﬁds.
S S

Remark: flux is the amount of ”"something” crossing a surface, such as water, wind, electric

field.

If F = Pi+ Qj+ Rk, and S is given by z = f(z,y) oriented upward and D is the

projection onto the zy-plane, then

//sﬁ'dg: //D(—Pzz — Q2+ R)dA.
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Example 86. Find the flux of the vector field F =i+ yj + zlg, S is the surface that is
composed of the part of the paraboloid z = \/4 — 22 — y? lying inside x*> +y> = 1.

Solution: Project S to xy-plane, we get D : x? + y*> < 1. Change D to R = {(r,0) :
0<r<1,0<0<2r}.

flux:/[qﬁ-dgz//jj(—sz—sz+R)dA://D\/ﬁdfl

1
= drdf.
//R ——rir

Parametric Surfaces: Let S be be a smooth oriented surface with parametric represen-
tation 7(u,v) = x(u7v)f+ y(u, v)j+ z(u,v)E, (u,v) € D.

//Sﬁ.dﬁz//Sﬁ.ﬁdsz//Dﬁ(F(u,v)).(FuxmdA

Example 87. Find the flux of the vector field F=zi+ yj—l— 2k across the unit sphere
2+ 4+ 22 =1

Solution: The parametric surface is: S: (¢, 0) = (sin ¢ cos 6, sin ¢ sin 0, cos ¢), where
(6,0)eD={0<¢<m0<0<2r).

7y X 7y = (sin® ¢ cos 0, sin® ¢ sin 0, sin ¢ cos @),

F. (75 x 7p) = 2sin” ¢ cos ¢ cos O + sin® ¢ sin” 6.

//Sﬁ'dgz//Dﬁ(F(%v))-(Fu X Fy)dA = 4?”.

6.3 Green’s Theorem

Green’s theorem gives the relationship between a line integral
around a simple closed curve C and a double integral over the
plane region D bounded by C.

Green’s Theorem. Let C be a positively oriented (counter-clockwise), piecewise smooth,

simple closed curve in the plane, and let D be the region bounded by C'. Let F (x,y) =
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(P(x,y),Q(x,y)). If P and @ are functions of (x,y) defined on an open region containing

D and have continuous partial derivatives there, then

j{PdHQdy:jfﬁ-df:// <8—Q—8—P)dxdy.
c c p \ O dy

Properties:
o If Fis conservative, then j;c F.di=0.

e For a closed region R with boundary C', the area of R is:

1
A(R) = 3 /dey — ydz.

Example 88. Use Green’s Theorem to evaluate ggc rydx + 2?y>dy where C is the triangle
with vertices (0,0),(1,0), (1,2), with positive orientation.

A
74 (1,7)

~ ‘\7{

Solution: D is the triangle with vertices (0,0), (1,0),(1,2). Then D = R, : 0 < y <
20,0 <x < 1.

1 2x 9
% rydx + *y>dy = // (22y° — x)dxdy = / (/ (2zy° — x)dy)dr = =.
c D o Jo 3

Example 89. Use Green’s Theorem to evaluate fc(sinx + %) dz + eV’ dy, where C' is the

perimeter of the bounded region bounded by v = y* and y = x* with positive orientation.
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Solution: Note that @, — P, = —3y?. By Green’s Theorem,

/(sinx +y¥)dr + eV dy = // (—3y°)dA
c D

To find D, the intersection between x = y? and y = z*: (0,0), (1,1). Thus

D: 2?<y<yz, 0<z<1.

/(smx—l—y Ydx + €Y dy// —3y*)dA = // —3y*)dydx

VI e 232 dr 7572 _ 3
= [ de = [ e = (5 L =

6.4 Stokes’ Theorem

Hence

Stokes’ theorem relates a line integral over a closed curve to a
surface integral. It is a generalization of Green’s Theorem to higher dimension.

Let S be an oriented piecewise-smooth surface that has a unit normal vector 7 and is
bounded by a simple closed positively oriented curve C. If F=Pi+ Qj + RE is a vector

field, where P, Q, R have continuous partial derivatives on an open region containing S,

then
/ﬁ-df://(vXﬁ
C S

Physical interpretation: If F is a force field, then the work done by F along C' = the
flux of curlF across S.
Remark [[(V x F).dS = I/ curlF - dS = I/ curlF - itdS.
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Example 90. Let F=zi+ %) + ZyE, and let S be the surface whose boundary C' is the
curve of intersection of the plane 2x + 2y + z = 6 and the cylinder z* + y* = 4. Using

Stokes’ Thm evaluate / F . dr.
c

Solution: By Stokes’ Theorem,

/Cﬁ-dF://S(Vxﬁ)-dg

_ //17(_sz — Q2+ R)A,

where the surface S is z = f(z,y) =6 — 2z — 2y, (P,Q,R) =V X F.
By 2=06—-2x -2y, 2z, = =2, 2, = —2.

- - OR 0Q\ - oP OR\ - oQ 0P\ - - - -
F F=|—-— —_—— — —— k=2 2xk.
V x F, or, curl (8y 8z>z+<8z 83:>]+<8:v 6y)k 147+ 2zk

Thus
(P,Q,R) =(2,1,2x).

The projection D of S on the zy-plane is the disk z? + y*> < 4. By polar coordinates,

/Cﬁ-dfz//S(V><ﬁ)-d§
://D(—Pzz—szJrR)dA

://D(mzx) dA
60

r=rcosf, y=rsind,



2 27
= / / (6 + 2r cos @)rdrdd = 24r.
o Jo

Example 91. Let F = (=32, 2z, sin(z2 + 1)), and let S be the surface whose boundary C

is the curve of intersection of the plane v + z = 3 and the cylinder x* + y?> = 4. Using

Stokes’ Thm evaluate / F.dr.
c

Solution: By Stokes’ Theorem,

/Cﬁ-dF://S(Vxﬁ)-dg

= // (—Pzy — Qzy + R)dA,
D
where V x F = (P, @, R). The surface S: z =3 — 2. Thus z, = —1, 2, = 0.

q . /OR 9Q\. (0P OR\-. [0Q 0P\ - ,
F F={o-—5" e - — k=2 .
V x F, or, curl (8y &z) + <82 83:>]+ (8:6 8y>k (2+6y)k

Thus
(P,Q,R) =(0,0,2 + 6y).

The projection D of S on the zy-plane is the disk 22 + y?> < 4. By polar coordinates,

/Cﬁ-dfz//s(vXﬁ)-dS*
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= //D(—sz ~ Qz, + R)dA

——/ZJ2+%@)dA

2
:/ / (2 + 6rsin 0)rdrdf = 8.
o Jo

Example 92. Let F=zi+ fo—i— 2y/§, and let S be the surface whose boundary C' is the
curve of intersection of the plane 2x + 2y + z = 6 and the cylinder x* + y*> = 4. Using
Stokes’ Thm find the fluz of V x F, i.e., evaluate [J4(V x F)-dS.

Solution: By Stokes” Theorem,

/[9<vXﬁ>.d§:/Cﬁ.df.

For the curve C, let x = 2cost, y = 2sint, then 2z =6 — 4cost — 4sint, 0 <t < 2.
/ﬁdf:/ﬁf’(t)dt
c c
2m
:/ (6 —4cost —4sint, 12cost,4sint) - (—2sint,2cost,4sint — 4 cost)dt
0
2m
:/ (—12sint — 8sint cost + 24)dt
0

= (12cost — 4sin® ¢ + 241)|>",) = 487

6.5 Triple Integrals

Triple integral of f(x,y,z) over the solid E:

[t z1av

o If f =1, the triple integral is the volume of the solid E.

e If f is the density function, the triple integral gives the mass of E.
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Triple Integral over a Rectangular Box

A rectangular box is the region in 3-dimensional space defined by
B={(z,y,2):a<x<bc<y<dr<z<s}

Fubini’s Theorem: If f(z,y, z) is continuous on the rectangular box B, then

// f(if,y,z)dvz/:/cd/abf(x,y,z)dasdydz.
B

This integral can also be evaluated by the other orders of the variables.

Example 93. Find the mass of B = {(x,y,2) :0<x <2,0<y <20<2z<2} with the
density function
z,y,2) =x+y+ 2.

M:///é(x,y,z)dV:///(x+y+z)d\/
/// :c—l—y+zdxdydz—// :C—l—:cy+xz) .

// (2y + 22 4 2) dydz—/ (y? +2yz—|—2y){yOdz:/(4z+8)dZ:24.
0

Triple Integrals over a General Region

Solution:

dy dz

z-simple region (Type I). The region is bounded by a cylinder F(z,y) = 0, and the

graphs of two functions of x and y:

E={(z,y,2): (z,y) € D,ui(z,y) < z < uy(x,y)},

where D is the region in (z,y) plane bounded by the graph of F'(x,y) = 0. A triple integral

over a region E of type I is evaluated by

[ s = [[ ([ stonome)an

z-simple region (Type II). The region is bounded by a cylinder F(y,z) = 0, and the

graphs of two functions of y and z:
E= {(l‘,y72) : (y,Z) S Daul(yu Z) <z < U2<y72)},
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where D is the region in (y, z) plane bounded by the graph of F'(y, z) = 0. A triple integral

over a region E of type II is evaluated by

[ samerar = [ ([ o) .

y-simple region (Type III). The region is bounded by a cylinder F(z,z) = 0, and the

graphs of two functions of x and z:
E={(z,y,2): (z,2) € D,ui(z,2) <y < us(x,2)},

where D is the region in (z, z) plane bounded by the graph of F(x, z) = 0. A triple integral
over a region F of type III is evaluated by

///f(‘”’y’ Z)dV:// (/uu(())f(xy Z)dy> dA.

Remark. If a region is not of any of these types, we can subdivide this region into a finite
number of regions of these types. The triple integral is the sum of triple integrals over

sub-regions.

Example 94. Describe the region E by z-simple, x-simple, and y-simple respectively, where

E is the region bounded by paraboloid y = x* + z* and y = 4.

z

Solution:
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e z-simple: —\/y — 12 <2< Jy—22 22 <y <4, 2<x<2

o y-simple: 22 + 22 <y <4, —V4—-a2<z<V4—22 —2<x<2.

o p-simple:—\/y — 22 <z < \/y—22, 22 <y<4, 2< <2

Example 95. Evaluate [[[(x + y)dV , where E is the tetrahedron bounded by planes
E
r=0,y=0,2=0, and x +y+ z = 2.

NT

2

>

[
X

Solution: We consider F as z-simple region. Then the projection to xy-plane is the

triangle bounded by x =0, y = 0 and z + y = 2. Thus

0<2<2—2—9y,0<y<2—2,0<2<2

J[Jarna=[ [ [ @ asiga
:/OQ/OH (@ +1)(2— 1z —y) dydz

2 2—x
= / / (22 — 2% — 2zy + 2y — y?) dydx
0o Jo

:/02 [(295—.752)(2—3:)—x(2—x)2+(2—x)2—%(2—@3} dx
:/02 [(2_:5)2—%(2—33)3] da
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6.6-6.7 Change of Variables in Triple Integrals

Suppose that we want to integrate f(z,y,z) over the region R. Under the transformation
T:z=g(u,v,w),y = h(u,v,w),z = k(u,v,w) the region R becomes S, and the integral

becomes,
d(z,y, z)
dV = h, k) ——""~Ldudvd
J[[ s@v2av = [[[ 105 quavau,
R 5
where
o O o
A(u, v, w) g % %_f
ou Ov ow

and is called the Jacobian of the transformation 7', and

oz, y,2)

— 2~ dudvdw.
O(u, v,w)

dv =

e Cylindrical coordinates: J(r,6,z) = r.

e Spherical coordinates: J(p, ¢,0) = p?sin ¢.

Triple Integrals in Cylindrical Coordinates

Cylindrical coordinate system uses (7,6, z) to specify a point in space, where r and 6

are polar coordinates of the projection of the point on the xy-plane.
x
r=rcosh,y=rsinf,z=2z, r=+/22+y% cosf =—,sinf = g,z = z.
r r

Example 96. (r,0,z) = (—=1,7,2) = (2,9,2) = (1,0,2); (z,y,2) = (V3,-1,2) =
(r,0,z) =(2,—7/6,2).

Suppose the region E of integration is of type I. A triple integral can be evaluated with

the cylindrical coordinates:

r=rcosf,y=rsind,z=2z2 dV =rdzdrdf.
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Let D be the projection of E onto the xy-plane. Then

ry)
// fz,y,2)dV = /// f(z,y,2) dzdA
w1 (z,y)

ha (0 2(r cos @,rsin 0)
/ / / f(rcosf,rsinf, z)rdzdrdb.
h1(60 (rcosf,rsinf)

Example 97. Find the integral [[[(2*+ y*)dV , where E is the solid bounded by
E

2< <2 —Vi—2<y<Vi-—a? a2+ y2<2<2

Remark. The question is equivalent to the integral

/ / / (2% +y?) dz dy dx.
_9J_ x2+y

/|\%
2 s
I

2=
L a2 Y

r,bw{]acﬁo‘n lo %4 }7}
L/’D; X+ =l

X

Solution: Note that E is the region bounded by the cone z = y/2% + y2 and the plane
z = 2. In cylindrical coordinates, we obtain 0 <r <2, 0<6 <27, r < 2z < 2. Thus

o 2 g2
///(m2 +y?)dV = / / / r*rdzdrdf = 16—7T
) 0 0 r i)

Example 98. Find the integral [[[zdV , where E is within 2* + y* = 4, below z = 8,
E

above z = 4 — 2% — .
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Solution: By cylindrical coordinates,

E={0<r<20<0<2mr4—1r*<2<8}.

o 2 8
///de:/ // z rdz dr df
o Jo Jar2
E
27 2 1
= / / —r2?|3_, . dr df
o Jo 2

2 21

:/ /-ﬂ@+&ﬁw%mw
0 0 2

271'1

1 352
= /O 5 (24T2 + 27"4 — 67“6> 3:0 d9 = ?’ff

Triple Integrals in Spherical Coordinates

A point P in the space may be specified (p, 8, ¢):
F'y
=

x‘/f"\

r = psinpcosf,y = psingsinb, z = pcos ¢, dV = p*sin pdpdpds,
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ozy,z) 2 -
a(pg@) = psing.

Examp]‘e 99' (x7 y? Z) = (_\/37 17 2)7 ﬁnd (p7 97 ¢)'

where

If a region E is specified in spherical coordinates, then
/// flz,y,2)dV = /// f(psing cos 8, psin ¢ sin 6, p cos ¢)p* sin pdpdepd,
E E

where the order of integration depends on the definition of E.

Example 100. Find the integral I = [[[ \/2? + y?> + 22dV, where E is region between the
B

sphere x? +y% 4+ 22 = 1, and the sphere 2% 4 y? + 2% = 4.

&

Solution: It is easy to see that 1 < p <2,0<60 < 27,0 < ¢ <. Thus

2 s 2
I:/// \/x2+y2+22dV:/ / / V p2p? sin pdpdpd
o Jo Ji
E

([ ) ([ o) ([ 0)-

Example 101. Find the integral I = fff 2dV , where E is region within the sphere x? +
E

y*> + 22 =1 and above the plane z = 1/2.
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X

Solution: The intersection of the sphere 2 + y* 4+ 2% = 1 and the plane z = 1/2 is
v? +y* =3/4,=0<0 < 2.

To find the interval for ¢, we look at the intersection of the solid and the yz-plane:

z

Va2

73 =V3=2¢=7/3=>0<¢ <73

y?=3/4=y=13/2=tan¢ =

>1/2 = >1/2=p> .
z21/2=pcos¢ =1/ P2 Seosd

m2+y2+z2§1:>p2§1:>p§1.

2r  pm/3 pl
I = /// 2dV = / / / p cos ¢p? sin pdpdpdh
) 0 0 1/(2cos ¢)

1 [ 3 1 97
S i 16— —— | dpdo = >
64 J, /0 Sin ¢ cos ¢ < cos4gb) o0 =54

Thus
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Example 102. Find the volume of the solid above the cone z = \/x? + y? and within the
sphere x2 + y* + (2 — 1/2)* = 1/4.

F

Solution: The intersection of this solid and the yz-plane is shown above. We need to

find ranges for p, 6, ¢. Note that the solid is within the cone and below the sphere, we have

a:2+y2—22§0,:>pQSin2¢—p2(zosQ¢§O,:>Singz5§(zosqz5,:>0Sng%.
Py (z-12 < 4= P P+ 22— 2<0= pP —peosp < 0= 0< p<coso.

The intersections of 22 +y? — 22 = 0 and 2% +y* + (2 — 1/2)? = 1/4 are z = 0,1/2, which
gives the domain in the zy-plane: 2 + y*> = 1/4. Thus 0 < 0 < 2.

2r  pw/4  pcos¢ o /4 1 _
V= / / / v = / / / p° sin gpdpdedf = / / = cos® ¢ sin gpdpd = =
5 0 0 0 0 0 3 3

6.8 The Divergence Theorem

The divergence theorem relates a surface integral to a triple inte-
gral.

Let E be a simple solid region bounded by a closed piecewise-smooth surface S, and
let 77 be the unit outer normal to S. If F' = Pi + Q;’—l— Rk is a vector field, where P, Q, R

have continuous partial derivatives on an open region containing F, then

//9ﬁ~d§:///]5(divﬁ)dV
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Example 103. Evaluate ffsﬁ - dS, where F = 3z2% + 3yj — 23k, S is the unit sphere
4y + 22 =1.

Solution:

//Sﬁ‘dgz///Edi“ﬁdvz///ESdV=3'%W(l)?’:zlw.

Example 104. Evaluate ffsﬁ -dS, where F = 322%1 + (3y + y2)j — 2%k, S is the unit
sphere v2 +y* + 22 = 1.

[ - e
[ oo pnoin— [ [ bt
/ / sin 6+ 1 cos &sin ) dodt = / (—coso -+ g5’ )|, df

- [(@a=um

Example 105. FEvaluate ffsﬁ . dg, where F = ny;— y2}+ QzE, S consists of three
surfaces: z = 4 — 32> — 3%, 1 < 2 < 4 on the top; 2> +y*> =1, 0 < z < 1 on the side;

z =0 on the bottom.

Solution:

sin ¢pd¢dl

=0

Solution:

2 1 4—3r2
//ﬁ.dﬁ_///dwﬁdv_///zdv_z/ // rdzdrdf = 5.
S E E 0 0 0

7.2 Maxima and Minima

Definition 3. We say that a function f(x,y) has a relative (local) maximum at a point

(x0,Y0) if there is a circle centered at (xo,yo) such that

f(z,y) = f(wo,90)

for all (x,y) in that circle; f(x,y) has a relative (local) minimum at a point (xo,yo) if there

is a circle centered at (xq,yo) such that

f(x,y) < f(xo,v0)

for all (x,y) in that circle.
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Definition 4. The critical points of a function f(x,y) are those points (xo,yo) for which

fo(zo,y0) = 0 and fy(xo,y0) = 0, or if fu(xo,y0) or fy(xo, o) is undefined. Saddle point:
The graph of the function crosses the tangent plane at this point.

First-Partials Test for Relative Extrema: If f has a relative extrema at (a,b), and

the first partial derivatives exist in a circle centered at (a,b), then (a,b) is a critical point.

Second-Partials Test for Relative Extrema: Assume that f has a continuous partial

derivatives on an open region containing (a,b). Let (a,b) be a critical point of f. Denote

d(a,b) = fux(a,b) fyy(a,0) = (fry(a,b))*.
1. If d > 0 and f,.(a,b) > 0, then f(a,b) is a relative minimum.
2. If d >0 and f,.(a,b) <0, then f(a,b) is a relative maximum.
3. If d < 0, then f(a,b) has a saddle point.
4. If d = 0, then the second derivatives test gives nothing.
Example 106. Classify the critical points of f(z,y) = z° — 3zy + 3°

Solution:
f:c(x»y) :31’2—3:% fy(xvy):_3x+3y27:>

foa(@,y) =62, fyy(@,y) =6y, fay(z,y) = =3
Setting f, = 0 and f, = 0: 32°—3y = 0, —32+3y* = 0. We imply that (z,y) = (0,0), (1,1).
d(@,y) = foe(@,y) frn(2,y) = (foy(w,y))" = 362y - 9.
e d(0,0) =—9, so (0,0) is a saddle point.
e d(1,1) =27, fu.(1,1) =6 >0, s0 f(1,1) is a relative minimum.
Example 107. Find the critical point(s) of f(x,y) = x(x — 2)y(y + 4) and classify them.

Solution:
fo= Q2 =2)y(y+4), fy=2(x-2)2y+4)
Set
fo=0, [fy=0,

2z —2)y(y+4) =0, =z(x—2)(2y+4)=0.
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So critical points are
(1,-2),(0,0),(0,—4),(2,0),(2,—4).

To test all of them, we use the Second-Partials Test.
foo(@,y) =2y(y +4),  fy(z,y) =22(x—2), [fuy(z,y) =2z —2)2y+4).
d(z,y) = fax(®,y) fyy(x,y) — (fxy(x»y))2~
e d(1,-2) =16 >0, f..(1,-2) = -2 <0, s0o f(1,—2) is a relative max.

e d(0,0) = —64 < 0, so (0,0) is a saddle point.

d(0,—4) = —64 < 0, so (0,-4) is a saddle point.
e d(2,0) =—64 <0, so (2,0) is a saddle point.

e d(2,—4) = —64 <0, so (2,-4) is a saddle point.

7.3 Lagrange Multipliers

Case 1. Two variables with one constraint: Find the extreme values of the function
z = f(z,y) subject to constraint g(x,y) = 0.

Interpretation. Find extreme values of f(z,y) on a curve.

When z attains an extreme value a, the level curve f(z,y) = a and g(z,y) = 0 have
the same tangent line. Hence their gradient vectors have the same or opposite direction:

Vf = AVg, \is a constant, called Lagrange Multiplier.

Method of Lagrange Multipliers:
e Solve the system of equations:
Vf=2AVg, g(zx,y)=0.
Let’s say, the solutions are (z;,;), i = 1, ..., n.

e The maximum = maz{f(z;,y;) : i = 1,...,n}. The minimum = min{f(x;,y;) : i =
1,....,n}.

Example 108. Find the maz and min of z = f(x,y) = vy, subject to x*> +y* = 1.

74



Solution: Here g(z,y) = 2* +y*> — 1. Vf = (y,z), Vg = (2z,2y). So we have

= A2z,
r = Ay,
2+ = 1

We have x = i\/ii, Yy = j:\/ii.

The maximum value of z is z(\%, \/Li) = z(—\%, _\/Li) =1/2,

and the minimum value of z is z(\%, —\%) = z(—\%, \%) =—1/2.
Case 2. Three variables with one constraint: Find the extreme values of the function
w = f(x,y, z) subject to constraint g(z,y, z) = 0.

Interpretation. Find the extreme values of (z,y, z) on a surface.

When w attains an extreme value a, the level curve f(z,y,2) = a and g(x,y, z) = 0 have
the same tangent plane. Hence their gradient vectors have the same or opposite direction:

Vf = AVg, \is a constant, called Lagrange Multiplier.

Method of Lagrange Multipliers:
e Solve the system of equations:
Vf=AVg, g(x,y,z)=0.
Let’s say, the solutions are (x;,y;,2;), i = 1,...,n.

e The maximum = maxz{ f(z;, i, 2): ¢ =1,...,n}. The minimum = min{ f(z;, y;, z;) :
i=1,..,n}.

Example 109. Find the mazimum and minimum of f(x,y,z) = x + y + 2z subject to
2+ 9%+ 22 = 6.
Solution: Here g(z,y,2) =2 +y*> + 2> —6. Vf = (1,1,2),Vg = (2z,2y,2z). By
V[ =AVy,

we have

N = =
Il
>
—~
DO
<
~

??+y*+ 22 = 6.
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which gives A = £1/2. Thus
(x,y,2) =(1,1,2), (—1,—1,-2).
The maximum value is f(1,1,2) = 6;

The minimum value is f(—1,—1,-2) = —6.

Example 110. Find the mazimum and minimum of f(x,y, z) = zyz subject to x+y+z = 1.
Solution: Here g(z,y,2) =x+y+2z—1. Vf = (yz,zz,2y),Vg = (1,1,1). By
Vf=AVyg, g=0,

we imply that

yz = A (1)
xz = A, (2)
r+y+z—1 = 0. (4)

(1)-(2): 2(y — ) = 0, which implies that z = 0 or z = y;
(3)-(2): x(y — z) = 0, which implies that x =0 or z = y.

Next we consider 4 combinations.
o If 2=0,2=0: by (4), y =1, so we get a point (0,1,0);
e If 2=0,2=1y: then y =0, by (4), z =1, so we get a point (1,0,0);
o If x =y,x=0: then y =0, by (4), 2 =1, so we get a point (0,0,1);
e If v =y,z=y: then by (4), y = 1/3, so we get a point (1/3,1/3, 1/3).

f(1/3,1/3,1/3) = 1/27, which is the maximum;
f(1,0,0) = f(0,0,1) = £(0,1,0) = 0, which is the minimum.

Example 111. Find the mazimum and minimum of f(x,y, z) = zyz subject to 2xz+2yz+
zy — 12 =0.

76



Solution: Here g(z,y,2) =222+ 2yz+ay—12. Vf = (yz,2z,2y), Vg = (22 +y, 22+
x,2x + 2y). So we have

yz = A2z +y),

rz = M2z +x),

ry = M2z +2y),
20z +2yz +axy — 12 = 0.

We have (z,y,2) = (2,2,1),(-2,-2,—1).
The maximum value of w is w = f(2,2,1) = 4;

The minimum value of w is w = f(—2,2,—1) = —4.

Case 3. Three variables with two constraints: Find the extreme values of the function
w = f(z,y, z) subject to constraints g(z,y,z) = 0 and h(z,y,z) = 0.

Interpretation. Find extreme values of f(z,y, z) on a 3-D curve.

When w attains an extreme value a, the tangent lines of the curve g(z,y, 2) = 0, h(z,y, z) =
0, are in the tangent plane of the level surface f(z,y, z) = a. Hence, the gradient vector of
level surface f(z,y,z) = a and the gradient vectors of g(z,y,z) = 0,h(z,y,z) = 0 are in
the same plane:

Vf=AVg+uVh,

A and p are a constants.

Method of Lagrange Multipliers: Solve the system of equations:
Vf=AVg+uVh, g(z,y,2)=0h(z,y,2)=0.

For each solution (z,y, z, A\, pt) of this system of equations, find the value of f(z,y, z). The
maximum is the maximum value of w, and the minimum is the minimum of w.

Remark. A,y are called Lagrange Multipliers.

Example 112. Find the mazx and min of w = f(x,y,2) = v +y+ 7z subject tox —y+ 2z =
L2 +y? =1

Solution: Here g(z,y,2) =r—y+2z—1, h(r,y,2) =2*+y*—1,,Vf = (1,1,7),Vg =

7



(1,—-1,1), Vh = (22,2y,0). So we have

1 = A+ p2z,
7T = A

r—y+z—1 = 0,
?+yP-1 = 0.

We have (z,y,2) = (—0.6,0.8,2.4), (0.6, —0.8, —0.4).
The maximum value of w is w = f(—0.6,0.8,2.4) = 17;

and the minimum value of w is w = f(0.6, —0.8, —0.4) = —3.
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