Solution to Review Questions for Midterm 2
MAT1341, Summer 2017

This midterm test covers Chapters 4-10, 14 and 18

Also see Linear Independence Examples and True-False questions posted before.
1. Determine whether each of the following statements is true or false.

(1) Ifdim (V) = 3, then a set of vectors {vi, V2, V3, V4} In V is linearly dependent.

(T) If the number of vectors in a set is more than the dimension of the vector space, this set is
linearly dependent.

(2) If asetof vectors S = {vy, V2, V3, V4} in a vector space V with dim V =5, then S is linearly
independent.

(F) If the number of vectors in a set is less than the dimension of the vector space, this set is not
necessarily linearly independent. For instance, if one of these vectors is the zero vector, then this

set is linearly dependent.

(3) Ifasetofvectors S ={vy, Vo, V3, V4} in a vector space V with dim V =4, then S is linearly
independent.

(F) Onlyifspan S =V, then S is a basis of V, and it is linearly independent.
(4) If asetof vectors S = {vy, Vo, V3, V4} in a vector space V with dim V = 4, then span (S) = V.
(F) Only if Sis linearly independent, then S is a basis of V, and span S = V.

(5) If asetof vectors S = {vy, vy, V3, V4} in a vector space V is linearly independent and span (S)
=V, thendim (V) = 4.

(T) Sisabasis of Vsothatdim (V) =|S|=4.

(6) If asetof vectors S = {vi, Vo, V3, V4} in a vector space V with dim (V) = 4 is linearly
independent, then span (S) = V.

(T) Sis abasis of V.
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(7) 1If vector space V has a basis B with four vectors, then dim (V) = 4.
(T) This is how the dimension is defined.

(8) If Sisa linearly independent set of a vector space V, then there exists a basis B that contains
S.

(T) We can add more vectors into this set to become a basis.

(9) If Sisa set vectors in a vector space V, and span (S) =V, then there exists a basis B that
contains S.

(F) There exists a basis that is contained in S.

(10) If S ={vy, v, v3} is a basis of a vector space V, then T = {v; —V, — V3, V1 + Vo, — V3, =V —
V, + vz} is also a basis of V.

(T) Because all vectors in T are linear combinations of vectors in S, span T < span S. On the

other hand, since vy = —% (v +Vvy—v3)— % (—V1i—V2 +V3), Vo = —% (Vi — Vo2 —V3) — % (—v1—

Vo +V3), V3= —% (V1 +Vy—V3)— % (—v1+Vy—V3),span S < span T. Hence, span T =span S =

V. Since TspansVand | T|=3=dimV, Tis a basis of V.

(11) If S ={vy, v, v3} is a basis of a vector space V, then T = {vy, V1 — Vo + V3, V1 + Vo — V3} is
also a basis of V.

(F) Since (vi — V2 +V3) + (V1 + Vv, —Vv3) = 2vy, T is linearly dependent.

(12) If W is a subspace of a vector space V, then dim (W) < dim (V).

(F) When W =V, V is itself a subspace of V. In this case, we have dim (W) = dim (V).
2. True-false questions about matrix multiplication and inversion:

Let A, B, and C be n x n matrices, and c is a nonzero scalar. Determine whether each of the
following statements is always true:

(1) AB =BA.

(F) Matrix multiplication does not satisfy the commutative law.
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(2) If the product AB is the zero matrix, then either A or B is a zero matrix.
(F) The product of two nonzero matrices may be a zero matrix.
(3) IFAB=AC, thenB=C.

(F) Matrix multiplication does not satisfy the cancelation law.
(4) (A+B)A-B)=A’-B"

(F) (A+B)(A-B)=A’-AB-BA+B

(5) c(A+B)" =cA" +cB".

(T) c(A+B) =c(AT+B") =cAT +cB'

(6) c(AB) = (cA)(cB).

(F) c(AB) = (cA)B = A(cB).

(7) (cAhy=cA™

()

(8) (cA)t=cA™

(F) (cAhH=c*A™

9) ((AB))™*=(A)"'@BN™

(T) ((AB)) = (B'A)*=(A)*(B"™

3. Let F be the set of all one-variable real-value functions defined on R . Show that the subset
S={p e F|p(l) =p(-1)} is a subspace of F.

Solution. The zero function p(x) = 0 satisfies the condition p(1) = p(—1) = 0. Hence the zero
functionisin S.

If p(x) € S, then (cp)(1) = c(p(1)) = c(p(—1)) = (cp)(—1). Hence, cp € S.



MAT1341 Solution to Review Questions for Midterm 2 Summer 2017

If p1, pz € S, then pu(1) = pu(~1) and py(1) = po(~1). Hence, (p1 + p2)(1) = pa(L) + pa(1) = pa(-1)
+p2(=1)=(p1 + p2)(=1). Thenpy +p; € S.

S is a subspace of F.
4. Show that the set S = {(x, y, z) | x + y = 2z} is a subspace of R®.
Solution. Whenx=y=2z=0,x+y=0=2z. Hence, (0,0,0) €S.

If(x,y,z) € S, thenx+y=2z. Letx'=cx,y'=cy,andz'=cz. Thenc(x,y,z)=(X,Y', ).
Sincex'+y' =cx+cy=c(x+y) =c(2z) =2(cz) =27, ¢(x, Y, 2) € S.

If (X1, Y1,21), (X2, Y2, 22) € S, then x; +y; =223 and X2 + Yo = 225, Let X' =X1 + X, Y' =Vy1 + Vo,
and z' =z; +z,. Then (X1, y1, Z1) + (X1, Y1, 21) = (X, ¥, Z). SinceX' +y' =x3+Xo+y1+ Yy = (X1 +
Y1) + (Xo + Yo) = 221 422 = 2(21 + 2) = 27", (X1, Y1, Z1) + (X1, Y1, 1) € S.

S is a subspace of R®.

5. Show that S = {(x, y) | x— y* = 0} is not a subspace of RZ2.

Solution. Since 4 =22 (4,2) € S. 2(4,2) = (8, 4). Since 8 = 47, the set S is not closed with
respect to scalar multiplication. S is not a subspace of R?.

6. Show that S = {(x, y) | x—y = 1} is not a subspace of R’
Solution. Since the zero vector (0, 0) is not in S, S is not a subspace of R”.
7. For which value(s) of k, is the set S = {(1, -2, 3), (1, 0, —1), (-1, 3, k)} linearly independent?

Let x(1,—2,3) +y(1,0,—1)+z(—1, 3, k) = (0, 0, 0). If this system has only the zero solution,
then set S is linearly independent. Reduce the coefficient matrix of this system to an REF:

1 -2 3 1 -2 3 1 -2 3 1 -2 3

1 0 -1{—-»|0 2 4|->0 1 -2 |->/0 1 =2
-1 3 Kk 0 1 k+3 0 1 k+3 0 0 k+5

When k = —5, this system has only the zero solution, and S is linearly independent.
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8. Let P3 be the vector space that consists of all polynomials of degree no more than 3. Show
that S= {1, 1 + x, x + X%, x> + X’} is a basis of Ps.

Solution. Fist we show that S is linearly independent.

Suppose ¢1(1) + Co(1 + X) + ca(x + X%) + cs( + x°) = 0. Then (C1 + Cp) + (C + Cg)X + (C + C4)X* +
cx*=0,andcy+c,=0,c,+C3=0,C3+¢ =0, and cs = 0. Hence, c3=c, =¢; =0. This set is
linearly independent.

Next, we show that span S = Ps. Letp =a + bx + cx* + dx® € P3, and let

ar(1) + ax(1 +X) + ag(x + x%) + ay(x* + x°) =a + bx + cx* + dx®. Then

a+ta =a,

a+az;=Db,

as+as=c,

g = d.

Thenaz=c-d,a,=b-c,a; =a—Db. This system has a unique solution. Hence, span S = Ps.

S is a a basis of Ps.

You may also use the fact that dim (P3) = 4. Since S has four vectors, you need to prove either S
is independent, or span (S) = P3. Then combining the fact that the dimension of P;is 4, Sis a
basis of Ps.

9. For which value(s) of a, is the vector (1, 4, 2) in span {(a, 3, 1), (1, =4, —1)}?

Solution. Letx(a, 3,1) +y(1,—4,-1)=(1,4,2). Thenax+y=1,3x—4y=4,x—y=2.

If this system is consistent, then (1, 4, 2) € span {(a, 3, 1), (1, =4, —1)}. Reduce the augmented
matrix of this system to an REF:

a 1 1 1 -1 2 R R 3R 1 -1 2 1 -1 2
3 4 4 % 3 4 4 Rs—R3—aR, 5| 0 -1 ) R,—»>—R, 0 1 2
1 -1 2 a 1 1 0 1+a 1-2a 0 1+a 1-2a
1 -1 2
Rs—>Rs—(1+a)R, 0 1 2
0 0 -1-4a
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This system is consistent if =1 —4a =0, ora = —% .

1 -2 1
10. Find the inverse of the matrix A=| 4 -7 3
-2 6 -3
1—21100R%R74R1—21100
Solution. | 4 -7 3 0 1 O|—R=2R*2R s1p 1 -1 -4 1 0|—R=2R2R o
-2 6 -3 0 0 1 0 2 -1 2 01
1 -2 1 1 0 O 10_1_720RHR+R 1 00 3 0 1
0 1 -1 -4 1 0|—R=R*2R y1001 -1 4 1 0o]—2=R*% 51010 6 -11
0O 0 1 10 -2 1 00 1 10 -2 1 0 01 10 -2 1
3 0 1
Ais invertible, and its inverseis | 6 -1 1|.
10 2 1



