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1 Sequences and Series

EXAMPLE 1-1:

lima, =lim z

n—x0 n—x0 n
=0
.. convergent

lima, = lim 2

n—»w0 n—>0 n

o1
=lim—
n—0 n

0
.. convergent

n

lima, =lim—
n—w n—op’ + 4

.. divergent

Squeeze Theorem.

-1 sinn 1
< <_—
n n n
|
Iim—=0
n—00 n
o1
Iim—=0
n—00 n
. sinn
lim =0
n—0 n
.. convergent

lima, =lime*”

n—w0 n—0
0
=e
=1

.. convergent
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EXAMPLE 1-2:

r= 7 — convergent

a 2 2 4\ 8
sum = = = =202 1=2
1-r , 1 3/4 (3) 3

4

EXAMPLE 1-3:
RO CNOR NN
(el 5

Series 1: ¥ =4/3 — divergent

Series 2: r =1/2 — convergent

Sum = oo
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EXAMPLE 1-4:
= 3 = 3
;nz +5n+6 _,,Z:;(n+2)(n+3)

Partial Fractions.
3 A B

(1+2)(n+3) n+2 n+3
3=A(n+3)+B(n+2)
=An+3A+Bn+2B
=n(A4+B)+1(34+2B)

n:A+B=0
1:34+2B=3

A=3
B=-3

Il
s

3

(3]

=

+ | w
i

(3]

=

+

(98]

< 3
,,Z;‘(n+2)(n+3)

+

Il
AW 7T T
Alw B~w
+
(N
+
_l’_
|w ~ | W
=
S
+
o)
~—
|
PN
(| W
+
| W
| wo
=
S
+
w
~

3 3 3 3 3 .3
+=+—=+---+lim —| =+=+=+---+1lim

6 6 7

3
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EXAMPLE 1-5:

Z arctan (n + 1) — Z arctann = [arctan 2 +arctan 3 +arctan 4 +- - - + lim arctan » + lim arctan (n + 1)}
n=1 n=1

n—»0 n—>0

[arctan 1+ arctan 2 + arctan 3 + arctan 4 + - - - + lim arctan n}

n—0

=[W+W+limarctm(ﬂ+l)}

n—>00 n—>0

—[arctanl+m+---+l' ann}

n—o

= lim arctan (n + 1) —arctan1

n—0

T T
2 4
T
-7

EXAMPLE 1-6:

First, we can simplify the general term: a, = In (e3"+l ) =3n+1.

The In was just there to scare us.

Then, using the Divergence Test, lima, = lim(3n + 1) =0 # (). Therefore, the series diverges.

n—x0 n—x0
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EXAMPLE 1-7:

We can apply the Integral Test. Then, whatever the integral does, the series does, too!

o 1 |
| ~dx = lim | —dx
2 x(Inx) b=>=2 x(Inx)

Substitution.
u=Ilnx
du _1
dx x
dx=xdu
=lim Lx du
b—o x(u3)
) 1
=lim —3du
b—>w u
= ll)im u” du
0>
=lim—
b—w _2

) 1
=lim -—
b—oo 2u j

. [ 1
=lim| — >
b 2(lnx) }

=lim —lj 1

S 2)| ()’ (In2)’
1

" 2(In2)

Since the integral converges, the series converges, too.
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EXAMPLE 1-8:

The math is yelling at us. It’s time to use the Ratio Test.
4
n+ 1)!
4n+l

= )
a 4! (n + 1)!
a, (n+2)! 4

4
n+2
o
a | n+2

a =

n

—

n+l

lim |22+ = lim —0<1

>zl g | e 42

Therefore, the series converges.

EXAMPLE 1-9:

The series is to the power of n. Root Test!

: : S )
We can determine a, by taking the n” root of the general term, which gives us a, = jnz—s
n°+5n
Then,
2
lima, = lim 2% =% _, hospital!
n—x0 n—x0 4n + 5n o0
=lim O =2, hospital!
oo 8p+5
=lim—
n—w 8
:i<1
4

Therefore, the series converges.
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EXAMPLE 1-10:

First, we will test the series with the alternator. We can use the Alternating Series Test to do this.

10
b =
"ont
__ 16
"l (n+1)2+1
) ) 10
}ggbn =£1£1()10 e =0 (check!)
n+l>n
(n+1)2>n2

(n+1)2+1>n2+1

1 < 1
(n+1)’ 41 n'+1
10 10
<

(n+l)2+1 n’+1

b,., <b, (check!)

n+l
The alternating series converges.
Now, let’s remove the alternator, and see if the series still converges.

We now have Z 21 0

=n +1

. To test it, we need another test... We can’t use the AST, but it’s no

longer an alternating series. The Integral Test will work very well. Let’s try that!

» 10 . b 10
L xz+1dx:1£1%n°1j.1 x2+ldx
=lim (10arctan x)|h

b—wo 1

= [l)im 10(arctan b —arctan1)

{3
(3)

==
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The integral converges. Therefore, the series converges without the alternator.

Since the series converges with and without the alternator, we can conclude that the series is
absolutely convergent.

EXAMPLE 1-11:

. 3005(2j 3cos(2j
> — = [ — dx <<<<This is definitely Bob.
— n +4 I x"+4

—1<cosx<1 x:[1,00]

Numerator: —1<cos (%j <1

-3 £3cos(%)£3

Denominator: 1 1

Combination:

Based on the p-test, Katrina converges. Since Katrina is larger than Bob and converges, Bob
must converge too.

Therefore, the original series converges.
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EXAMPLE 1-12:

i3n2+4

por n+2
3n’ +4

= ugl
R (ugly)

5 3P 32 3

= W = 7 = ; (simpler)

n

. a . 3n'+4n
Iim—=%=1lim 3 —
nowh o onoe gt 203

. 3’ +4n o .
= lim—— =— — hospital
oo 3p° 46 0

2
. 4 .
=lim on j SN hospital
n—»o  Qp o0

Since b, diverges (based on p-test), a, diverges too.
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EXAMPLE 1-13:

a) Ratio Test.

B 4nn2

Y
n+l 2

0 - 4 (n+l)

(n+1)!

an+1 — 4’”’1 (n+1)2 I’l!

a, (n+1)! 4" n?
_ 4 (1)

n+l n’

4(n+1)

a

n

4dn+4

lim | = lim >

n—x0 a n—x0 n

. 4
=lim—
ne 2p

=0 <1— convergent

b) Divergence Test.

. . n
lima, = lim

n—»o n—w o~ "

=limne"

n—o

=00

# (0 — divergent
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¢) Comparison Test.

isin2n+2 ©sin’® x+2

3 ~ 3 dx
= n+l1 Lox"+1
»sin’ x+2
["Z""Zdx  <<<<This is definitely Bob.
1 x +1
0<sin’x<1
Numerator:
2<sin’x+2<3
1>y
Denominator: 1 1
S -
X+l X
< 2
. sin” x+2 3
Combination: ——F=< =
x +1 X
— ——
Bob Katrina

MAT 1322 T2 Booklet Solutions

Based on the p-test, Katrina converges. Since Katrina is larger than Bob and converges, Bob

must converge too.

Therefore, the original series converges.

11




©Prepl01 MAT 1322 T2 Booklet Solutions

d) Alternating Series Test.

p oL
n

anZL

n+1
n+l>n
1 1
<_
n+l n
bn+l<bn

limb, =lim 1

n—»0 n—>0 n

=0

.. convergent

e) Integral Test.

yhon el

P box
. rplnx
=11mI —dx
b—oo d1 X

b

1
=l1)1_)r1015(lnx)2

1
1

- 11525[(1@)2 ~(In1)’ |

=00

.. divergent

12
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f) Divergence Test (easier!).

3
. . on+2 o :
lima, =lim = — — hospital
n—>o0 nowo 294+ 3 o0
=lim

3n®
n—»o 1

: (2n+3)"7(2)

. 3n?
=lim
g(2n+3)l/zw

=lim(3n*)(2n+3)"

n—>0

=0
#0

.. divergent

MAT 1322 T2 Booklet Solutions
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Limit Comparison Test (more difficult, but still works).

i n+2

n=1 2n+
0 =2 (ugly)
" J2n+3
n3;'4/ 1’13 n3 n5/2

b, = = (simpler)

/2;17}/3(:\/%:\/57/11/2 \/E

]

. a Con+2 \/5
Iim—2=lim——

n—0 bn n—»0 [2’1_,[_3 n5/2
2
1+
()
=lim

5/2
n—»ow 2 3 n
ne.2+=
n

ﬁ}/(“%j
= lim 1
/’/ 2+é

n

2731/

\Y
Ob—‘

Since b, diverges (based on p-test), a, diverges too.
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EXAMPLE 1-14:

First, we will do the Alternating Series Test to see if the series converges with the alternator.

Alternating Series Test:

(n+1)4 >n'
(n+1)4+2>n4+2

1 1
(n+1)' +2 S a2
b

n+l

<b,

limb, = lim—
n—»o0 n—»op” 42

=0

.. convergent

0

Now we will remove the alternator to see if the series still converges: z

Z . We can use the
=n"+2
Comparison Test to test this series.
| 1
RIS e S
on +2 N xT+2

ro 41 dx <<<<This is definitely Bob.
b x" 42

X: [l,oo]

Based on the p-test, Katrina converges. Since Katrina is larger than Bob and converges, Bob
must converge too.

15
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Therefore, the original series converges.

Since both the series with and without the alternator converge, we can conclude that the series is
absolutely convergent.

EXAMPLE 1-15:

Integral Test Error Estimation.

b—>0 J10 X

) 1
< hm(__zj
b—)oo 2x 10

. 1 1
<lim| ——+ >
b—0 2b 2(10)

b

Alternating Series Test Error Estimation.

error <b
<b,
<3
117 +2(11)
< 3
121+ 22

3
<_=

143

16
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EXAMPLE 1-16:

|
error < J — dx
n x

.ob 1
0.001<lim —zdx

b—wdn x

b

0.001< lim(—lj

b—w X

n

0.001< lim[—%+l}

b—w n

0.001 Sl

n
1
0.001
n=1000

nz=

MAT 1322 T2 Booklet Solutions
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1.6 Sequences and Series: Your Turn!

Solutions:

a)

lima, =lim—
n—x0 n—vpn

=0

.. convergent

2+Inn

lima, =lim—;

n—x0 n—x0 n

..convergent

iii)

(63" +2)2

n

lima, =lim

n—>00 n—>0 e

e 2(e3” +2)(3e3”)

n—0 e”

6e”" (63” + 2)

n

=lim

n—»0

=lim 6¢’"¢™" (63" + 2)

n—>0

=lim 6¢*" (63” + 2)

n—»0

=

.. divergent

MAT 1322 T2 Booklet Solutions
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1v)
—4/(3n3)
Inag, =In| 3e

—In3- 2
3n

lim(Ina, )= lim(ln3—%j

n—x n—0 n
=In3-0
=In3
lima, =lime™

n—»o n—o
=3

.. convergent

V)
-2 sinmn—-cosn _ 2
e e
n n n
)
hm—4 =0
n—>»00 n
n—»0 n
. sinn—cosn
lim—————=0 (Squeeze Theorem)
n—»0 n
.. convergent

MAT 1322 T2 Booklet Solutions
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b)

65 S0 56

2HHEE O

Series 1: r =4/9 — convergent

W | —

Series 2: r =1/3 — convergent
Sum = sum, — Sum,

4 1

9 27

o4t
9 3

4/9 1/27

" 5/9 2/3
4 13

5 227
41
5 18
725
90 90
67

90

20
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ii)
=2

. n2+7n+12 =(n+3)( n+4)

Partial Fractions.
5 _ A N B
(n+3)(n+4) n+3 n+4
5=A(n+4)+B(n+3)
=An+4A+Bn+3B
=n(A+B)+1(44+3B)

n:A+B=0
1:44+3B=5

A=5
B=-5

- °°5°°5
> =

,,:2 n+3 n+4 = n+ sn+4

5 55 5 555 .5
=( +—+=+—+---+lim j (—+7+§+---+hm j

21
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iii)

iarctan(n +3)—iarctan(n +2)

n=1 n=1

= [arctan 4 +arctan 5+arctan 6+ -+ lim arctan (n +2) + lim arctan (n + 3)}

n—0 n—>0

- [arctan 3 +arctan 4 + arctan 5 + arctan 6 +- - - + lim arctan (n + 2)}

n—o0

:[M+---+lim n+2)+limarctan(n+3)}

—>0 n—>00

_[arctan 3 +WW}

= limarctan (7 +3)—arctan 3

n—>0

Vs
=——arctan3
2

1) Comparison Test.

“ 1+cosn «]+cosx
2—45I — &
1
n b

n=1

©]+ o .
J.l —C?S Y dx <<<< This is definitely Bob.
x
—1<cosx<1 x:[1,00]

0<Il+cosx<2

1+cosx 2
0 <——< —
[ 4 4
Brian X L
Bob Katrina

Based on the p-test, Katrina converges. Since Katrina is larger than Bob and converges,
Bob must converge too.

Therefore, the original series converges.

22
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i1) Alternating Series Test.

b, =
n+2
1
bn+1 =
n+3
n+3>n+2
1 1
<
n+3 n+2
bn+1 < bn
limb, =lim
n—ow n—o ) 4 2
=0
..convergent

MAT 1322 T2 Booklet Solutions
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i11) Ratio Test.

n

n+l

a

n+l

~ 3"(11+1)2

~ (n+1)!

_ 3n+1 (n+2)2

(n+2)!

3 (n+2) (n+1)!

a

n

(n+2)! 3" (n+1)
3 (n+2)2
4(n+2)

(n+1)2
_ 4n+38
(ne1)
_ 4n+3

lim

(n+l)2

. 4n+8
=lim

n—o| o

== (n +1)2
=N
22 (n+1)

=0<1— convergent

MAT 1322 T2 Booklet Solutions
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iv) Divergence Test.

n

3ne
4

lima, =lim

n—>0 n—>0 n

# 0 — divergent

v) Integral Test.

S 3 © 3
Z — dx
=n +1 1 x+1

. b
= lim 3 arctan x|
b—o0 1

=1lim3 (arctan b —arctan 1)

b—0
=3 (f _ ﬁj
2 4
3
4
.. convergent

MAT 1322 T2 Booklet Solutions
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vi) Limit Comparison Test.

=1
Z4”+2

n=0
a = ! (ugly)
4" 42 &Y
1 1 .
b, = - (simpler)

e

._a . 4" T ) S
lim—= =lim — —> can't simplify ratio .. try flipping it
n—w bn n—o 4" 4+ 1

1 4"+2

. b )
Iim—2=1lim—
n—w o n—w 4” 1

n

. (4 2}
=lim +

hml et

=[lim 1+i)

n—o 4"

=lim 1+%}

=1
>0

Since b, converges (it is a geometric series with » = %), a, converges too.

26
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d) Alternating Series Test:

n

- n*+1
n+l
(n+1)2+1

n

n+l

(I’I+1)2 >n’
(n+1)2+1>n2+1
1 1
(n+1)2+1 ) n’
n+1 "
(n+1)2+1 n’+1
b, <b,

n+l

+1

limb, = lim

n—o n—wo p° 41

8]

.. convergent

Remove alternator, and test series again:

Integral Test.

o+ U x™+1
. X
=lim > dx
b—w d1 X+

=1imlln(x2 +1)

b— 2

1

- %iig%[ln(bz +1)-In(1? +1)}

=0

.. divergent

MAT 1322 T2 Booklet Solutions
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Since the series converges with the alternator and diverges without the alternator, the series
overall is conditionally convergent.

1) Integral Test Error Estimation.

o 3
errorﬁj —4dx
6 x

. b3
<lim — dx
b—w0 Jd6 X

< lim(—%j
b—w 3x P

<lim _L + 1
" booo b3 63

63

b

i1) Alternating Series Test Error Estimation.

error <b
<b,
3+7
6(7) +(7)
10
< -
6(49)+7°
< 10
2944343
10
637

28
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