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Multiple Choice Questions

1. Three independent diagnostic tests T1,7T1,7T3 are run on the same pa-

tient. The probabilities that these tests will give correct results are
respectively : 90%, 85% and 80%. What is the probability that at least
one test will result in error?

A) 0.0378 B) 0.3880 C) 0.5698 D) 0.0012 E) 0.9013
Solution:

Let A be the event “test T'1 gives a correct result”, B be the event
“test T2 gives a correct result” and C be the event “test T3 gives a
correct result”. The statement of the problem is clear: the events A,
B and C are independent. We want

P(AUBUC) =1-PANBNC) =1— P(A) - P(B) - P(C) =
1— (0.90) - (0.85) - (0.80) = 1 — 0.612 = 0.3880

The answer is B.

. The following table gives the diameter measurements (in cm) of 11 trees

in a large wooded area:
l’1:36 5172:47 1’3:54 134:55 $5:60 J}6:69

Ty = 72 rg = 77 Tg = 81 T19 = 82 T = 128.

Compute the sample standard deviation and the third quartile (g3) for
this random sample of size n = 11.

A) s =24.37 and ¢3 = 79.

B) s =24.37 and ¢3 = 81.
C) s =594.16 and ¢3 = 77.
D) s = 594.16 and ¢3 = 81.
E) s =23.24 and g3 = 77.
Solution:
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We have & = Zi=1% — (9.18182;

10
1
C— 211 181822 | = 594.1
s m(;:lxl X 69 88) 594.16

and s = 24.37. On the other hand

We arrange the data in increasing order:

Y1 =36 y2=47 y3=>54 y, =55 y; =60 ys=069
Yyr =172 ys =77 yo=28l y10=82 yn =128

To compute the third quartile (¢3), we note that g3 is 75-th percentile.
So that, g3 = (n+ 1)75% = (11 + 1)75/100 = 9. So ¢q3 = y9 = 81.

The answer is B.

. It is assumed that 35% of ducks in a particular region were infected

with schistosomiasis. Suppose that six ducks are chosen randomly.
Calculate the probability that at least five of the ducks chosen will
have an infection of schistosomiasis.

A) 0.0333 B) 0.4236 C) 0.5001 D) 0.0222 E) 0.7379
Solution:

Let X be the number of ducks which are infected with schistosomiasis.
It follows that X ~ b(n = 6,p = 0.35).

We want P(X >5) = P(X =5)+ P(X =6) = f(5) + f(6)

Note that f(5) = (£)(0.35)(1—0.35)57° = 0.0204 and f(5)
0.35)676 = 0.0018.

So that, P(X > 5) = f(5) + f(6) = 0.0204 + 0.0018 = 0.0222

The answer is D.

(5)(0.35)5(1—
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4. A new screening test is proposed for HIV. To test its effectiveness, the

screening test is applied to 200 patients with HIV and to 200 persons
selected randomly from the community (called “controls”), who do not
have HIV. The following table summarizes the test results:

HIV Community
patients controls Total

Positive tests 180 40 220
Negative tests 20 160 180
Total 200 200 400

What is the Negative Predictive Value of this test?

A) 0.10 B) 0.90 C) 0.89 D) 0.82 E) 0.8

Solution:

P(True — and Test—)

NPV = P(True — |Test—) = P(Tost—)
est—

160/4 1
— ﬂ — ﬂ — 0.89.
180/400 180

The answer is C.

. The probability that a male light smoker quits smoking is 15%, while

the quiting rate among the male heavy smokers is 2.5%. Assume that
80% of men who smoke are light smokers, whereas the remaining 20%
are heavy smokers. What is the probability that a male smoker will
quit smoking?

A)0.1250  B)0.1457  C)0.5893 D) 09853  E)0.0126

Solution:

Let D-”quitting”, S-"heavy smoker”, S’-"light smoker”. We know that
P(S) = 0.2, P(D|S") = 0.15, P(D|S) = 0.025. Hence, by the total
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probability rule

P(D) = P(D|S)P(S)+ P(S|D')P(S)
= (0.025)(0.2) + (0.15)(0.8) = 0.125.

The answer is A.

. In one population, it is found that 6% of all people have high blood

pressure and 40% are overweight. Four percent suffer from both con-
ditions. What is the probability that a randomly selected person from
this population will have high blood pressure given that he is not over-
weight?

A) 0.2571 B) 0.3417 C) 0.8320 D) 0.2354 E) 0.0333
Solution:

Let A be the event “a person has high blood pressure” and B be the
event “a person is overweight”. The probability that the selected person
has high blood pressure given that he is not overweight is

P(ANB')  0.02
P(B)  0.60

P(A|B') = — 0.0333

since P(ANB') = P(A)— P(ANB) = 0.06 —0.04 = 0.02 and P(B’) =
1 — P(B) = 0.60.

The answer is E.
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Short Answer Questions

Question 1: The length of a fish is a normal random variable X which has
a normal distribution with mean = 52 mm and standard deviation o = 4.6
mm.

a) What is the probability that a randomly chosen fish is less than 56 mm
long?

b) What is the probability that a randomly chosen fish is less than 56 mm
long but more than 48 mm long?

c) What is the probability that a randomly chosen fish is more than 56
mm long or less than 48 mm long?

d) Find a length z( such that 97.5% of these fish have a length more than
Zg.

Solution:
a) We have to find

X —52 - 56 — 52
4.6 4.6

P(X <56) =P ( ) = P(Z < 0.87) = ®(0.87) = 0.8078

b) We want P(48 < X < 56) = P (£22 < 2202 < 56-82) = P(—0.87 <

Z < 0.87) = ®(0.87)—d(—0.87) = $(0.87)—(1—D(0.87)) = 2 $(0.87)—
1=2(0.8078) — 1 = 0.6156

c) Weneedtofind P(X >56 or X <48)=P({X >56}U{X <48}) =
1— P (48 < X < 56) = 1 — 0.6156 = 0.3844

d) We want

this implies that P(X < o) = 1 — 0.975 = 0.025.

Now,

X - 52 52
P(X <xg)=P gyl —op (X = 0.025 = O(—1.96).
o 4.6 4.6

So, 2=22 = —1.96. Consequently, zg = —1.96 (4.6) + 52 = 42.984 mm.
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Question 2: Stains are frequently used in biology and medicine to highlight
structures in tissue for viewing with a microscope. Consider an experiment
involving the staining of 6 cells. Let X be the number of cells that are
properly stained among the n = 6 cells. Suppose that X has the cumulative
distribution function F' with the following probability mass function f:

z | 0 1 2 3 4 5 6
flx)]1/24 1/24 1/6 1/8 1/4 1/4 1/8

(a) Determine P(3 < X < 6) and F(2).

(b) Compute the expected value p of properly stained cells.

(¢) Compute the standard deviation o of properly stained cells.
)

(d) Find the value of ¢ such that P (£2£ < ¢) = F(2).

Solution:
(a) (i) PB<X <6)=PX=3)+PX =4)+PX =5 =
t+3+1=2=0625
(i) Since F(z) = P(X < ) we have
F2)=PX<2)=PX=0+PX=1)+PX=2) =
mt+tamti=1=025

= 0(1/24) + 1(1/24) + 2(1/6) + 3(1/8) + 4(1/4) + 5(1/4) + 6(1/8)

= 3.75

(c¢) Using u = E(X) = 3.75, we compute

6

o’ => wf(z)—p

=0

=0%(1/24) + 17 (1/24) + 22 (1/6) + 3% (1/8) + 4% (1/4) + 5> (1/4)+

62 (1/8) — (3.75)?
—=2.520833

so that, 0 = /2.520833 = 1.5877

8



(c) We have P(X;” <c¢)=P(X<co+p) =F(2) =PX <2).
Now, since
P(X<co+p =PX<L2)

it follows that co + pu = 2. Hence,

_2—p  2-375

= = —1.1022
o 1.5887

C
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Cumulative distribution function for N(0,1) : ®(z) = P(Z < 2)

0.09 0.08 0.07 006 005 0.04 003 0.02 0.01 0.00 z

.0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 | —3.8
.0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 | —3.7
.0001 .0001 .0001 .0001 .0001 .0001 .0001 .0001 .0002 .0002 | —3.6
.0002 .0002 .0002 .0002 .0002 .0002 .0002 .0002 .0002 .0002 | —3.5
.0002 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 | —3.4
.0003 .0004 .0004 .0004 .0004 .0004 .0004 .0005 .0005 .0005 | —3.3
.0005 .0005 .0005 .0006 .0006 .0006 .0006 .0006 .0007 .0007 | —3.2
.0007 .0007 .0008 .0008 .0008 .0008 .0009 .0009 .0009 .0010 | —3.1
.0010 .0010 .0011 .0011 .0011 .0012 .0012 .0013 .0013 .0013 | —3.0
.0014 .0014 .0015 .0015 .0016 .0016 .0017 .0018 .0018 .0019 | —2.9
.0019 .0020 .0021 .0021 .0022 .0023 .0023 .0024 .0025 .0026 | —2.8
.0026 .0027 .0028 .0029 .0030 .0031 .0032 .0033 .0034 .0035 | —2.7
.0036 .0037 .0038 .0039 .0040 .0041 .0043 .0044 .0045 .0047 | —2.6
.0048 .0049 .0051 .0052 .0054 .0055 .0057 .0059 .0060 .0062 | —2.5
.0064 .0066 .0068 .0069 .0071 .0073 .0075 .0078 .0080 .0082 | —2.4
.0084 .0087 .0089 .0091 .0094 .0096 .0099 .0102 .0104 .0107 | —2.3
.0110 .0113 .0116 .0119 .0122 .0125 .0129 .0132 .0136 .0139 | —2.2
.0143 .0146 .0150 .0154 .0158 .0162 .0166 .0170 .0174 .0179 | —2.1
0183 .0188 .0192 .0197 .0202 .0207 .0212 .0217 .0222 .0228 | —2.0
0233 0239 .0244 .0250 .0256 .0262 .0268 .0274 .0281 .0287 | —1.9
0294 .0301 .0307 .0314 .0322 .0329 .0336 .0344 .0351 .0359 | —1.8
0367 0375 .0384 .0392 .0401 .0409 .0418 .0427 .0436 .0446 | —1.7
0455 .0465 .0475 .0485 .0495 .0505 .0516 .0526 .0537 .0548 | —1.6
0559 .0571 .0582 .0594 .0606 .0618 .0630 .0643 .0655 .0668 | —1.5
.0681 .0694 .0708 .0721 .0735 .0749 .0764 .0778 .0793 .0808 | —1.4
.0823 .0838 .0853 .0869 .0885 .0901 .0918 .0934 .0951 .0968 | —1.3
0985 .1003 .1020 .1038 .1056 .1075 .1093 .1112 .1131 .1151 | —1.2
11701190 .1210 1230 1251 1271 1292 1314 1335 .1357 | —1.1
1379 1401 1423 1446 1469 1492 1515 .1539 .1562 .1587 | —1.0
1611 1635 .1660 .1685 1711 .1736 .1762 .1788 .1814 .1841 | —0.9
1867 1894 1922 11949 1977 .2005 .2033 .2061 .2090 .2119 | —0.8
2148 2177 2206 2236 .2266 .2296 .2327 .2358 .2389 .242 | —0.7
2451 2483 2514 .2546 .2578 2611 .2643 .2676 .2709 .2743 | —0.6
27762810 2843 2877 2912 2946 .2981 .3015 .3050 .3085 | —0.5
3121 3156 3192 3228 3264 3300 .3336 .3372 .3409 .3446 | —0.4
3483 3520 3557 .3594 3632 .3669 3707 .3745 .3783 .3821 | —0.3
3859 3897 3936 .3974 4013 4052 4090 .4129 4168 .4207 | —0.2
4247 4286 4325 4364 4404 4443 4483 4522 4562 .4602 | —0.1
4641 4681 4721 4761 4801 4840 .4880 .4920 .4960 .5000 | —0.0
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Cumulative distribution function for N(0,1) : ®(z) = P(Z < 2)
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MAT 2379B, Midterm Formula Sheet

Addition Rule: P(AU B) = P(A)+ P(B) — P(AN B)
Conditional probability of A given B:

P(AN B)

PUAIB) = =5

Let Ey, Es, ..., Ey be a partition of the sample space (i.e., they are
mutually exclusive and exhaustive). The total probability rule :

P(A) = P(A|E)P(Ey) + P(A[Ey)P(By) + - + P(A|Ey) P(Ey).

Bayes’ rule
P(A[B)P(B)

P(B|A) =
(Bl4) P(A)
Diagnostic tests:

false-positive-rate = P(Test + |True—
false-negative-rate = P(Test — |True+

sensitivity = P

(

(

specificity = P(Test — |True—

(

positive predictive value = P(True + |Test+
(

)
)
)
Test + | True+)
)
)

negative predictive value = P(True — |Test—

Events A and B are independent if P(AN B) = P(A)P(B)

Expected value of a discrete random variable X:

u:E(X):Za:f(as), where f(z) = P(X = 2)

T

Variance of a discrete random variable X:

0 = Var(X) = Z(m—u)2f(x) = Zm2f(x)—u2, where f(z) = P(X

xT
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Cumulative distribution function of a random variable X: F(z) =
P(X <)

If X is a binomial random variable with n trials and probability p of
success, then

where |
n mn:
(k):m and n!:1‘2‘3'...‘n

Standardization: If X is a normal random variable with mean p and
variance o2, then

_X—np

g

A has a standard normal distribution

Sample mean of the observations xy,...,x,:

Sample variance of the observations xy, ..., x,:

n n

n n 2
ot D=t (S o) < 8- ()

i=1 =1

To compute a sample percentile, we arrange x1,xs ..., x, in increasing
order:
NSyY2=...<Yn

We compute the rank, or position, of the kth percentile.

rank of the kth percentile = (n + 1) x k/100 = m + p,

where m is the whole part and p is the fractional part, that is 0 < p < 1.
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The kth percentile is

kth percentile = .
P { Ym +P(ym+1—ym), if 0<p< 1.

The median is the 50th percentile.
The first quartile ¢; is the 25th percentile.
The third quartile g5 is the 75th percentile.

e An equivalent way for computing the sample median is:

= _ { Y{(n+1)/2}s if n is odd
x - . .
(Ygns2y + Ygnj2413)/2, if n is even.
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