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1. Let W = {(x,y,2) € R®| 2z = 0}. Then (1)
cross (X) the correct answer

W is closed under addition and W is closed under multiplication by scalars.
W is closed under addition but W is not closed under multiplication by scalars
W is not closed under addition but W is closed under multiplication by scalars
@ (0,0,0) € W but W is closed under addition

(0,0,0) € W but W is not closed under multiplication by scalars

None of the above is true

Solution: Let u = (1,0,0) and v = (0,0,1). Then both w,v € U but u+ v = (1,0,1) ¢ U,
so it is not closed under addition. Hence, , , @ have to be excluded.
For any k£ € R and u € R?® we have ku = k(z,vy, z) = (kz, ky, kz). So (kz)(kz) = k*zz =0

if zz = 0. In other words, if u € W, then ku € W. So it is closed under scalar multiplication.
So has to be excluded and the correct answer is .

2. Which of the following are subspaces of R3? ¢D)
U={(x,y,r+3y) e R® | z,y € R}
V={(z,y,2) e R® |z —y + 5z = 0}
W ={(z,y,2) € R®| zyz = 0}

X ={(2y,z,y) eR’ | z,y €R}

cross (X) the correct answer

Only U and W
Only U and V

Only U and X
D] Only V and W

Only V and X
Only W and X

Solution: U is a linear span of (1,0,1) and (0, 1, 3), so it is a linear subspace
V' is a plane through 0, so it is a linear subspace.

W is not a plane, so it is NOT a linear subspace.

X is not a plane, so it is NOT a linear subspace.

Hence, the correct answer is .
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3. Which of the following are subspaces of the vector space Myy.o(R)? (1

cross (X) the correct answer

{ (a 8) | a,b,c are integers}

C
{(Z Z) led =0, a,b,c,deR}
{(Z Z) 1b+c=0, a,b,c,deR}

D {(5 5)1even)
{(“ Z) lad =3, a,b,c,d € R}

Cc

None of the above

Solution: @ and are not, since the zero-matrix is not of this form. is not, since

1 fa DY . . . 0 0 0 0\ (0 0Y.
2(0 0) is not of the same form.ls not, since (1 0)+(0 )=\ 1) not of the

same form. Only gives the correct answer.

4. Let U be a subspace of R'. Suppose U is spanned by 10 vectors and at the same time it
has 8 linearly independent vectors. Then for any such U it is true that (1)

cross (X) the correct answer

dimU < 8
dimU > 8
dim U < 10
D] dimU > 10
dimU > 10
dimU > 8

Solution: The dimension has to be in between & and 10. So the correct answer is .
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5. Let u, v, w be non-zero vectors in a vector space V. Suppose that u, v, w are linearly
dependent (coplanar) but at the same time v and w are linearly independent (non-colinear).
Then for any such u, v and w the following is true ¢D)

cross (X) the correct answer

u and w are colinear
u and v are colinear
v e Span{u,w}

D] w e Span{u,v}

u € Span{v,w}
None of the above

Solution: By the result proven in class the correct answer is .
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6. Consider the vector space Py = {a+bx+cx? | a,b, c € R} of polynomial functions of degree
at most 2. Consider the subset U of Py defined by

U={fePy|f(1)=0}.
(the subset U consists of all polynomials of degree at most 2 which have root 1)
a) Show that U is a subspace using the Subspace Test (1)
Solution: First, we verify 0(1) =0, s0 0 € U.
Given any two polynomials f,g € U so that f(1) =0 and g(1) = 0, we obtain
(f+9)1)=f(1)+9(1)=0+0=0.
So f+geU.
Finally, given any f € U (so that f(1) = 0) and any scalar ¢ € R, we obtain
(cf)(1) = cf(1) = c0=0.
Hence, cf € U.
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b) Show that U = Span{l — z,z — 2%} ¢
Solution: Given any polynomial f € U (so that f(1) = 0) we want to show that

f=k(1—2)+I(z— 2% for some k.l € R.
Since f(x) = a+ bx + cx?, f(1) =a+b+c=0. So that c = —a — b. Substituting we obtain
flz) =a+br—(a+b)2* =a(l —2) + (a +b)(z — 27).

Hence, we can take k = a and [ = a + b.
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c¢) Find a basis for U and explain why this is a basis
ANSWER (the basis is): (1)
Justification: (1)

Solution: Consider 1 —z and x — 2. From (b) we have U = Span{l — z,z — z*}. We want
to show that {1 — z,2 — 2?} C Py is linearly independent.

Indeed, set k(1 —z) +I(x — 2?) = 0. Then k — kx +lz — l2? = k + (I — k) — l2* = 0 which
implies k£ =1 = 0.

So {1 — z,z — x*} is a basis of U.
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7. State whether each of the following statements is always true (T), or is possibly false (F),
in the box after the statement.

e If you say the statement may be false, you must either give an explicit example where it fails or explain clearly why it fails.

e If you say the statement is always true, you must give a clear explanation.

a) If V' is a vector space and {vy,ve,v3,v4} C V is linearly dependent, then {vq, v3,v4} CV
is also linearly dependent.

Answer (T/F): (1/2)

Justification: &D)

Solution: False.

Take V = R*, v, = (0,1,0,0), v3 = (0,0,1,0), vy = (0,0,0,1) and v; = (0,1,1,1). Since
v = Vg + U3 + vg, {V1, V2, v3,v4} is linearly dependent. But {vq, v3,v4} is linearly independent.
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b) Let vq, v, v3, vy, U5 be non-zero vectors in a vector space V and let U = Span{vy, v, v3,v4, v5}.

Then dim U = 5.

Answer (T/F): (1/2)

Justification: (1)
Solution: False.

Take all vi = v9 = v3 =v4 = v5. Then dimU = 1.
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c¢) If U and W are subspaces of R?, then their intersection

UNW={veR*|veUandvec W}

is closed under addition of vectors

Answer (T/F): (1/2)

Justification: (1)

Solution: True.

Let v, u € UNW Then u+v € U and u+ v € W (as both U and W are subspaces). So
ut+tveUnW.
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d) Let U = Span{sin®(2x), cos?(2z),4} be a subspace of the vector space of all functions
F(R,R). Then dimU = 3.

Answer (T/F): (1/2)

(1)

Justification:

Solution: False,

as 4 = 4sin?(22) +4 cos?(2z), so the set {sin*(2x), cos?(2x), 4} is linearly dependent. Hence,
dimU < 3.
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The last page (use it for computations)



