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MAT 1320
Winter 2018
Midterm #1

Short Answer (1 point each):
1. Simplify. Use log rules.

e5In>< _ eln(xs) _ XS

2. Simplify. Note that they must give the restriction on x because the function “arc sin of
sin” is only defined in between those x values.

sin(sinx)—x+10=x-x+10=10

3. False. The function |x +]4 is not differential at x = -1, where there is a sharp “corner”.
Functions are not differentiable at corners.

4. Find the inverse.
y =sin"(10x-1)
Swap x and y. Solve fory.
x=sin"(10y —1)
sinx:sin[sin‘l(loy—l)}
=10y -1
10y =sinx+1
sinx+1
T 10
4 sinx+1
(X)=""4
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5. For the function to be continuous at x = 0, the two functions in the piecewise function
must be equal at x = 0.

Let’s check!

First function:
0+10 10 _ 5
0+5 5

Second function:
Always equals 2.

The two functions are equal at x = 0.
Therefore, yes, the function is continuous at x = 0.

6. We are given position. To find velocity, take the derivative. Then, evaluate the velocity at

t=2.
f'(t)=4t"-4

fit
f/(2)=4(2) —4=28—
(2)-4(2 -4-28__

(required units were given in the problem statement)
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Long Answer:

7. (3 points) Definition of the derivative. Sigh.

f(x)=vx-1

f(x+h)=vx+h-1

f (x+h)—f(x)

£/(x)=lim

h—0

=Iim\/x+h—1—\/x—1

h—0 h
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_“m\/x+h—1—\/x—1 x+h-1++/x-1

h—0 h Jx+h-1++/x-1

_ (\/x+h—1—\/x—1)(\/x+h—l+\/x—1)
=lim

h-0 h(\/x+h—1+\/x—1)
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(\/x+h—l)(\/x+h—1)+(\/x+h—l)(\/x—l)—(\/x—l)(\/x+h—l)—(\/x—l)(\/x—l)

=LiLTg h(\/x+h—1+\/x—1)
:“m(Jx+h-1ﬂ¢x+h-&)+£ﬁ§ih;%ﬂ77i1)—ﬁiizgg4x¢ﬁfi)—(Jx—1XJx—Q
h-0 h(\/x+h—1+\/x—1)
_ “m(Jx+h—l)(\/x+h—1)—(\/x—1)(\/x—1)
h-0 h(\/x+h—1+\/x—1)

im (x+h-1)—(x-1)
h—0 h(\/x+h—1+\/x—1)

(A enA)-(XA)
=lim
h=0 h(\/x+h—1+\/x—1)
=lim h

h—0 h(\/x+h—1+\/x—1)
. K
B LIL]gj?{(\/x+h—1+\/x—l)

. 1
:le\/x+h—1+\/x—l

1
B Ix+0-1++/x-1
1

2x-1

You can always check your answer to “definition of the derivative” questions by taking the
derivative using one of the conventional methods. In this case, the chain rule would work.
However, if you only evaluate the derivative using the chain rule, you will get 0 marks.
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8. Limits!
a. Rational polynomial.

x(z +13) . X(ZJFSJ

We are asked to evaluate lim , which means -2 from the left. Yeah... numbers have sides...

X—>—-2"

To do that, we want to plug in a number that is “to the left” of -2 (i.e. larger in the negative
direction) into this limit. Without a calculator, this is a bit difficult. With a calculator, this is
pretty simple.

I’ll do this without a calculator (assuming the worst case scenario on an exam).

Try -2.1. Plug this into the limit, and we get % or 1 divided by a small negative number.

Try -2.01. Plug this into the limit, and we get

oL’ or 1 divided by a smaller negative

number.

As the values we plug in get closer to -2 from the left, the number on the bottom gets smaller
and smaller. It is negative. Eventually, it would basically go to “negative zero”. (Sounds
weird, |1 know. It’s like you’re approaching zero from the negative side of numbers.)
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_— .1
Hopefully you have understand from class that the following is true: lim—=o0. For us, we

x=0 X

have a similar case, except our number is tending towards a small, negative value. Therefore,

the limit is —oo.

9. The problem statement says do not simplify. Sweeeeeet.

a) Product rule.

f (x)="5e"

b) Quotient rule.

f(x)=x"+3x+1

g(x)=x+1
f'(x)=2x+3
g'(x)=1
gy
y ~dx

(2x+3)(x+1)—(x2 +3x+1)(l)

(x+1)2
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MAT 1320
Fall 2017
Midterm #1 Version #1

1-2x
: xe : :
1. We have the function g(x)= o which contains both a square root term and a
X —_

denominator. Let’s analyze both parts separately.

Square root term: The term inside the square root must be greater than or equal to zero,
otherwise we would be taking the square root of a negative number, and ... yeah, no. Imaginary
numbers are only for linear algebra.

So, we require that 1-2x > 0. Then, we can solve for x.

1-2x>0 . .
If you switch the sign on
—2x2-1 «——— poth sides, the inequality
2x<1 switches direction.
1

X< —
2

This statement is equivalent to —oo < X < > Writing it like this will make it easier to combine

with the denominator part.

Denominator: The term in the denominator cannot be equal to zero. If it is, we end up with a
“divide by zero” situation. Nope.

So, we require that the denominator is not equal to zero, and then solve for x.
x*-9%0
x*#9
X # 13

Now we need to combine this information into a cohesive expression for the domain. We have

1. —oo<XSi
2

2. X#13
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This basically states that x can be anything between negative infinity and %2 except for -3 and +3.
Firstly, +3 is not in these bounds, so we can disregard this point. Next, to take care of -3, we
need to split the continuous term in #1 into term parts, splitting it at x = -3 where the function
cannot exist.

This is the final answer.
1
DZ{XER | —o<Xx<=3 U —3<xs§}

Math version of “and”.

2. Ugh. Definition of the derivative. -_-

:”m\/x+h+7—\/x+7

h—0

_”m\/x+h+7—\/x+7 X+h+7 +x+7

"o h IX+h+7 +/x+7
:“m<\/x+h+7—\/x+7)(\/X+h+7 +\/x+7)

h=0 h(\/x+h+7+\/x+7)
PR T )57)-(T ) 7)) 57

" h(\/x+h+7+\/x+7)
_“m(x/x+h+7)(x/x+h+7)+w7) _W7) (7))

" h(\/x+h+7+\/x+7)
:”m(\/X+h+7)(\/x+h+7)—(\/x+7)(\/x+7)

n0 h(x/x+h+7+\/x+7)
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~ (x+h+7)—(x+7)
B rHOh(\/x+h+7 +\/x+7)

(Aene7)-(X47)
=lim
rHOh(\/x+h+7+\/x+7)
. h
_I“I‘r’gh(\/x+h+7+\/x+7)
» I
_m}f(\/x+h+7+\/x+7)
. 1
:m\/x+h+7+\/x+7
1

ENCE RN

1

2X+7

You can always check your answer to “definition of the derivative” questions by taking the
derivative using one of the conventional methods. In this case, the chain rule would work.
However, if you only evaluate the derivative using the chain rule, you will get 0 marks.

3. Limits!

a) Immediately plugging in x = 2 gives 0/0. That’s not a thing... Try factoring the
denominator.

. X—2 . X—2
lim———=lim————
o2 2x° —4x 2 2X(X—-2)
:Iimﬁ
X—2 ZXM

.1
=lim—
x—2 2X
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b) If we “plug in” x=oc0 into both polynomials, we get ®  That’s broken... OK... Let’s
o0

analyze the numerator and denominator separately:

Numerator: x*—x—7
As x gets bigger and bigger, x® becomes much larger than -x and -7. We can use this to
our advantage...

Denominator: 2x° ++/x

As x gets bigger and bigger, 2x2 becomes much larger than Jx. Again, we can use this to
our advantage...

I will factor out the largest power in both the numerator and the denominator. We
normally wouldn’t do this in math (it looks pretty dumb, but it ends up helping us solve
the limit!) We will actually learn a better way of evaluating limits like this later on in the
course, but for now... just... just do it this way...

lim =lim
X~>002X3+ X X—>00 3[ \/;j
x| 2 —
X
1 7
A
=lim 1
)("‘/(2+X5,2}
1 7
. -0
= lim—X__X
X—>»00 1
2+W
~1-0-0
2+0

10
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4. Implicit differentiation.

X +xy—e’ =5

d, . d d, ., d
&(X )*&(Xy)—&(e )—&(5)

3x2+(y+x3—yj—eyﬂ:0

X dx
xﬂ—eyﬂ:%xz—y
dx dx
%(x—ey):—sz—y
X
dy -3x’-y
dx  x-—e’

5. First we need the derivative of the function.

f'(x)=-6x"+1

MAT 1320 MT1 Test Package Solutions

Then, we can evaluate the derivative at the given point, x = 1.

f'(1)=-6(1)°+1=-5

We also need the y-coordinate of the function at the given point, x = 1. To get this, we will

plug x into the original function.

f(1)=-2(1) +1=-1

To solve for the equation of the tangent line, there are two methods. | will show both. Either

works! Choose your favourite.

Slope-Point Form

Slope-Intercept Form

Y=Y =m(X_XO)

y—(-1)=-5(x-1)
y+1=-5x+5
y=-5Xx+4

y=mx+b
-1=-5(1)+b
b=-1+5

=4

S y=-bx+4

11
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6. Note that the test says to leave the answers unsimplified. Sweeeeet.
a) Product rule and chain rule. (Pain rule?)

f (x) :(t2 +7r)7

g(x)=e'+1

f'(x)=7(t2 +7r)6 (t2 +7r)’

chain rule

=7(t +x) (2t)
g/(x):et
gy
Y ~dx

=t (x)g(x)+ f(x)g'(x)

_ 7(t2 +7[)6 (2t)(et +1)+(t2 +7z)7 el

b) Chain in a chain rule. Ch-ch-ch-ch chaaaain ruuuule.

W’(r):ﬁ(\/l—j)

chain rule once

el
{3 ) )

chain rule twice

__ 1 ij(l— rz)_l/2 (-2r)

1-r2\2

!

!

12
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c) Quotient rule.

f (x)=tanx

fr(x)g(x)- f(x)g'(x)
[a(0)]
_ (sec® x)(x* +2)—(tan x)[2x+ In 2(2*)}
(x2+2x)2

7. Logarithmic differentiation.

In[ f(x)]=In [(x2 + Z)W}
=(sinx)In(x* +2)
d

&In f(x)] :%(sin x)In(x2 +2)

product and chain rule

. 2X
f' = I 242
(x)=cosxIn(x* + )+smx(x2+2j
f(x)= f () cosxln(x2+2)+sinx( 2x ]
x> +2
:(x2+2)smx cosxln(x2+2)+sinx( 2x j
X242

f(x)

13
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8. Related rates.

2
We are given the following rates: Z—\:/ _ and (;—'? =10 cm
S S

, and asked to determine 3—?

The equation relating all of these variables is A=wh, the area of a rectangle.

Let’s take the derivative of this equation with respect to time. To do this, we will use the
product rule.

d d

La)=Z(wh

(A= (wh)
dA dw dh
- =h=—+w—
dt dt dt

: . dh
Then, we can rearrange this equation for the unknown rate, m :

dA | dw dh

— —h—=w—

dt dt dt
1/ o)
d wl dt dt

At this point, we don’t know the width of the rectangle. However, we are told that the
rectangle has an area of 100 cm? and a height of 20 cm. Using A =wh, the width of the
rectangle is 5 cm.

Plugging everything in to the related rates equation we developed, we get

dh _ i{lo o’ —(20cm)(1@ﬂ

dt  5cm S S
__ptm
S

14
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MAT 1320
Fall 2017
Midterm #1 Version #2

2—-x
g which contains both a square root term and a

1. We have the function g(x)= Xe

X% —

denominator. Let’s analyze both parts separately.

Square root term: The term inside the square root must be greater than or equal to zero,
otherwise we would be taking the square root of a negative number, and ... yeah, no. Imaginary
numbers are only for linear algebra.

So, we require that 2—x>0. Then, we can solve for x.

2—-x2>0 . .
If you switch the sign on
—X2-2 <«——— poth sides, the inequality
X<2 switches direction.

This statement is equivalent to —oo < x < 2. Writing it like this will make it easier to combine
with the denominator part.

Denominator: The term in the denominator cannot be equal to zero. If it is, we end up with a
“divide by zero” situation. Nope.

So, we require that the denominator is not equal to zero, and then solve for x.
x*-9#0
X #9
X #£3

Now we need to combine this information into a cohesive expression for the domain. We have

1. —0o<Xx<£2
2. X#13

This basically states that x can be anything between negative infinity and 2 except for -3 and +3.
Firstly, +3 is not in these bounds, so we can disregard this point. Next, to take care of -3, we
need to split the continuous term in #1 into term parts, splitting it at x = -3 where the function
cannot exist.

15
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This is the final answer.

D:{xeR | —0o<x<-3 U —3<x<2}

AN

Math version of “and”.

2. Ugh. Definition of the derivative. -_-
f(x)=+v2x+1
f(x+h)=/2(x+h)+1
(x) = lim f (x+h)—f(x)
h—0 h

J2(x+h)+1-+/2x+1
h

\/2(x+h)+1—\/2x+1 \/2(x+h)+1+\/2x+1

=lim

=lim

n0 h \/2(x+h)+1+\/2x+1
o (V2O M) V2 1) (20 ) 41 V24
~h h(\/z(x+h)+1+\/2x+l)
_"m(\/2(x+h)+1)(\/2(x+h)+1)+(\/2(x+h)+1)(J2x+1)—(J2x+1)(m)_(m)(m)
S h(\/z(x+h)+1+\/2x+1)

(V20 (Y(xh) )+ (20 2x+1)—W_(m)(m)
s h(\/Z(x+h)+1+\/2x+l)
i WP A2l 1) (o))
oo h(\/2(x+h)+1+\/2x+1)

16
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_lim [2(x+h)+1]—-(2x+1)
h=0 h(\/2(x+ h)+1+\/2x+1)

iim (2x+2h+1)—(2x+1)
h=0 h(\/2(x+h)+1+\/2x+1)
_lim (/2/(+2h+/f)—(,2'%+/f)

o0 h(\/2(x+h)+l+\/2X+1)

=lim

2h
h=0 h(,/2(x+h)+1+m)

=lim 2K
" %(,/2(x+h)+1+\/m>

=lim

2
2

J2(x+0)+1++2x+1
2

242x+1
1
N2X+1

You can always check your answer to “definition of the derivative” questions by taking the
derivative using one of the conventional methods. In this case, the chain rule would work.
However, if you only evaluate the derivative using the chain rule, you will get 0 marks.

17
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3.
a)

b)

Limits!
Immediately plugging in x = -3 gives 0/0. That’s not a thing... Try factoring the
denominator.

X+3

S A 12X o dx(x13)
— lim _ X3
H-MxM

.1
=lim—
x—>-3 4X

If we “plug in” X =0 into both polynomials, we get %  That’s broken... OK... Let’s
o0

analyze the numerator and denominator separately:

Numerator: x*> —+/x -7

As X gets bigger and bigger, x?> becomes much larger than Jx and -7. We can use this to
our advantage...

Denominator: x*+ x
As x gets bigger and bigger, x? becomes much larger than x. Again, we can use this to our
advantage...

I will factor out the largest power in both the numerator and the denominator. We
normally wouldn’t do this in math (it looks pretty dumb, but it ends up helping us solve
the limit!) We will actually learn a better way of evaluating limits like this later on in the
course, but for now... just... just do it this way...

18
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2 1_£_l
i X2 —Ix -7 i x> X
I =i
X—® X2+X X—0 2( Xj
X1+ —
X

7\
RN
|
>
=2
NS
|
ol ~
N—

: X* X
=lim 1
)(Z/(l-i-)
X
1 7
1——— =
:||m X3/21 X2
X—>00 1+7
X
~1-0-0
1+0
=1
4. Implicit differentiation.
X'+ xy—e’=-1
d, ., d d, ,\_ d
—(X")+—(xy)——(€" ) =—(1
() (9) =) = ()
4x3+(y+xd—yj e _g
dx dx
ﬂ—eyﬂ_%xg y
dx dx
d
d—i(x—ey) 4%° -y
dy —-4x’-y
dx  x-—e’

MAT 1320 MT1 Test Package Solutions

19
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5. First we need the derivative of the function.
f'(x)= —12x3 -1

Then, we can evaluate the derivative at the given point, x = 1.

f'(1)=-12(1)’-1=-13

We also need the y-coordinate of the function at the given point, x = 1. To get this, we will

plug x into the original function.

f(1)=-3(1)" -1=—4

To solve for the equation of the tangent line, there are two methods. | will show both. Either

works! Choose your favourite.

Slope-Point Form Slope-Intercept Form
Y= Yo =m(x-%) y=mx+b
y—(~4)=-13(x-1) ~4=-13(1)+b
y+4=-13x+13 b=-4+13
y=—13x+9 =9
S y=-13x+9

6. Note that the test says to leave the answers unsimplified. Sweeeeet.

a) Quotient rule.

f(x)=x*+2"
g(x)=tanx
f'(x)=2x+In 2(2*)
g'(x) =sec*
_dy
™

F(x)g(x)-f(x)9'(x)
[9(x)]
B [2x+ In 2(2*)](tan x)—(x2 +2X)(sec2 x)

- (tan x)2

20
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b) Product and chain rule.
f (x):(t+et)7
g(x)=e"+2

f'(x)= 7(t+et)6 (t+et)'
chain rule

:7(t+et)e(l+et)

c¢) Ch-ch-ch-chaaaain rule.

W'(I’):\/r];—rz(m)l

chain rule once

__1 2:(r—r2)ﬂ2]

chain rule twice

__1 _ %}(r—rz)m(l—Zr)

MAT 1320 MT1 Test Package Solutions

21
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7. Logarithmic differentiation.

In[ f(x)]= In[(x2 +2)c°sx}
= (cosx)In(x* +2)
d

&In f(x)] ::—X(cos x)In(x2 +2)

product and chain rule

. 2X
f(x)=- In(x*+2
(x)=-sinxIn(x* + )+cosx(xz+2j

f(x)

()= 100] sinxin(xt+2) scosx 2 |

- (x2 +2)COSX {—sin xln(x2 + 2)+cos x( 2

X

x> +2

)

22
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8. Related rates.

2
We are given the following rates: Z—\:/ _ and A = SE, and asked to determine %

S dt S
The equation relating all of these variables is A=wh, the area of a rectangle.

Let’s take the derivative of this equation with respect to time. To do this, we will use the
product rule.

d d

La)=Z(wh

(A= (wh)
dA dw dh
- =h=—+w—
dt dt dt

: . dh
Then, we can rearrange this equation for the unknown rate, m :

dA | dw dh

— —h—=w—

dt dt dt
1/ o)
d wl dt dt

At this point, we don’t know the width of the rectangle. However, we are told that the
rectangle has an area of 100 cm? and a height of 20 cm. Using A =wh, the width of the
rectangle is 5 cm.

Plugging everything in to the related rates equation we developed, we get

dh_ i[s o’ —(20cm)(1@ﬂ

dt 5em| s S
__gtm
S

23
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MAT 1320
Fall 2017
Midterm #1 Version #3

1-x

3" which contains both a square root term and a

1. We have the function g(x)= Xe

X% —

denominator. Let’s analyze both parts separately.

Square root term: The term inside the square root must be greater than or equal to zero,
otherwise we would be taking the square root of a negative number, and ... yeah, no. Imaginary
numbers are only for linear algebra.

So, we require that 1—x >0. Then, we can solve for x.

1-x>0 . .
If you switch the sign on
—X2-1  «——— poth sides, the inequality
x<1 switches direction.

This statement is equivalent to —oo < x <1. Writing it like this will make it easier to combine
with the denominator part.

Denominator: The term in the denominator cannot be equal to zero. If it is, we end up with a
“divide by zero” situation. Nope.

So, we require that the denominator is not equal to zero, and then solve for x.
x*-9#0
X #9
X #£3

Now we need to combine this information into a cohesive expression for the domain. We have

1. —wo<x<1
2. X#13

This basically states that x can be anything between negative infinity and 1 except for -3 and +3.
Firstly, +3 is not in these bounds, so we can disregard this point. Next, to take care of -3, we
need to split the continuous term in #1 into term parts, splitting it at x = -3 where the function
cannot exist.

24
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This is the final answer.

D:{xeR | —o<x<-3 U -3<x<l

AN

Math version of “and”.

2. Ugh. Definition of the derivative. -_-

f(x)=«/m
f(x+h):m

f(x+h)-f(x)

f'(x)=lim

h—0

_iim IX+h+5-/x+5

h—0

_lim IX+h+5-x+5 Vx+h+5+/x+5

h-0 h JX+h+5++/x+5
» (\/x+h+5—\/x+5)(\/x+h+5+\/x+5)
" h(\/x+h+5+\/x+5)
» (\/x+h+5)(\/x+h+5)+(\/x+h+5)(\/x+5)—(\/x+5)(\/x+h+5)—(\/x+5)(\/x+5)
~ h(\/x+h+5+\/x+5)
_ (\/x+h+5)(\/x+h+5)+W5)—(\/x+5 +5)—(M)(M)
= h(\/x+h+5+\/x+5)
» (\/x+h+5)(\/x+h+5)—(\/x+5)(\/x+5)
T h(\/x+h+5+\/x+5)

25
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~ (x+h+5)—(x+5)
o0 h(\/x+h+5+\/x+5)

(XheB)-(X+8)
=lim
rHOh(\/x+h+5+\/x+5)
L h
_I“I‘r’gh(\/x+h+5+\/x+5)
» K
_m}f(\/x+h+5+\/x+5)
. 1
:m\/x+h+5+\/x+5
1

" JX+0+54+x+5

1

2\/X+5

You can always check your answer to “definition of the derivative” questions by taking the
derivative using one of the conventional methods. In this case, the chain rule would work.
However, if you only evaluate the derivative using the chain rule, you will get 0 marks.

3. Limits!
a) Immediately plugging in x = 1 gives 0/0. That’s not a thing... Try factoring the
denominator.

. . x-1
lim———=lim—————
-1 5x* —5x  x-15x(x—1)

26
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b) If we “plug in” x=oc0 into both polynomials, we get ®  That’s broken... OK... Let’s
o0

analyze the numerator and denominator separately:

Numerator: 3x> —x* —7x
As x gets bigger and bigger, 3x> becomes much larger than —x? and -7x. We can use this
to our advantage...

Denominator: 4x° ++/x

As x gets bigger and bigger, 4x° becomes much larger than Jx. Again, we can use this to
our advantage...

I will factor out the largest power in both the numerator and the denominator. We
normally wouldn’t do this in math (it looks pretty dumb, but it ends up helping us solve
the limit!) We will actually learn a better way of evaluating limits like this later on in the
course, but for now... just... just do it this way...

x?  7x
XS[B_XE’_XS]

lim———————=1im
X—>00 4 5 X—>00
4 x5(4+\/5;]
X
1 7
—Iim%(g_xs_xél)
X— ){(4_‘_)(1/2}
XS
e
= lim X
X0 1
4+ 9/2
~3-0-0
440
_3
4
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4. Implicit differentiation.

2x°+5xy—e’ =7

d d d d
&(ng)‘f‘&(Sxy)—&(ey) :&(7)
6x° +(5y+5xﬂj—eyﬂ:0
dx dx
5xd—y—eyﬂ:—6x2 -5y
dx dx
%(SX—ey) ——6x> -5y
dy _ —6x> -5y
dx  5x-—¢’

5. First we need the derivative of the function.

f'(x)=-6x"-1

MAT 1320 MT1 Test Package Solutions

Then, we can evaluate the derivative at the given point, x = 1.

f'(1)=-6(1)" -1=-7

We also need the y-coordinate of the function at the given point, x = 1. To get this, we will

plug x into the original function.

f(1)=-2(1) -1=-3

To solve for the equation of the tangent line, there are two methods. | will show both. Either

works! Choose your favourite.

Slope-Point Form

Slope-Intercept Form

Y=Y =m(x—x0)
y—(-3)=-7(x-1)
y+3=-7x+7

y=-/x+4

y=mx+b
-3=-7(1)+b
b=-3+7
=4
SLy=-1x+4
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6. Note that the test says to leave the answers unsimplified. Sweeeeet.

a) Product and chain rule.

f(x)=(t-5)

g(x)=e"+2

t'(x)=7(t-5) (£ -5)

chain rule

=7(t-5) (3t%)

g’(x)=e‘
,_d
y'==J

b) Quotient rule.

f(x)=2"

g(x)=x*+tanx

f'(x)=In2(2")

g'(x)=2x+sec’ x
F)e()-f(x)9'(%)

[a(x)]
[Inz( )](x +tan x) —(2°)(2x +sec” x)

(x +tan x)
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c¢) Ch-ch-ch-chaaaain rule.

w’(r):\/%(m)

chain rule once

(9]
i b U NG

chain rule twice

- 3 (%j(rz 1) (2r)

!

7. Logarithmic differentiation.
in[ 1 (x)]=n| (x')""
=(sinx)In(x")

%In[f (x)] :%(sin x)ln(x“)

product and chain rule

f/(x)=cosxIn(x*)+sin x[t—f]
=cosxIn(x*)+sin x[;j
f'(x)=f (x){cosxln(x4)+sin x(—

()" cosxin(x) sinx

f(x)

X

)
)

X

MAT 1320 MT1 Test Package Solutions

30




©Prep101 MAT 1320 MT1 Test Package Solutions

8. Related rates.

2
We are given the following rates: Z—\:/ _ and (;—'? =15 il
S S

, and asked to determine 3—?

The equation relating all of these variables is A=wh, the area of a rectangle.

Let’s take the derivative of this equation with respect to time. To do this, we will use the
product rule.

d d

La)=Z(wh

(A= (wh)
dA dw dh
- =h=—+w—
dt dt dt

: . dh
Then, we can rearrange this equation for the unknown rate, m :

dA | dw dh

— —h—=w—

dt dt dt
1/ o)
d wl dt dt

At this point, we don’t know the width of the rectangle. However, we are told that the
rectangle has an area of 100 cm? and a height of 20 cm. Using A =wh, the width of the
rectangle is 5 cm.

Plugging everything in to the related rates equation we developed, we get

dh _ i{lS o’ —(20cm)(1ﬂﬂ

dt  5cm S S
__qm
S
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MAT 1320
Fall 2016
Midterm #1

Multiple Choice (1 point each):

1. We have the function f (x)=+4-x* , which contains a square root term. We cannot

take the square root of a negative number, so the term inside the square root must be
greater than or equal to 0. Mathematically,

This is equivalentto —2<x<2.
Why?

Firstly... take the square root of 4, and you get x = -2 and x = 2, which are the bounds on
the interval.

Next, we want x? to be less than or equal to 4. If we choose numbers that are smaller
than -2, this will not be true. Similarly, if we choose numbers that are larger than 2, this
will not be true. So, the only interval that makes sense is the interval as shown.

Answer: B
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2. Inverse function.

y=In(x+6)
Swap x and y. Solve for y.
x=In(y+6)

X In(y+6)

e*=¢e
=y+6
y=e“-6

f*(x)=e"-6

Answer: C

3. First we need the derivative of the function.

f'(x)=2+6x

MAT 1320 MT1 Test Package Solutions

Then, we can evaluate the derivative at the given point, x = 1.

£(1)=2(1)+6(1)=8

To solve for the equation of the tangent line, there are two methods. | will show both. Either

works! Choose your favourite.

Note that we are subbing in the point (1,5), given in the problem statement.

Slope-Point Form Slope-Intercept Form
y—yozm(x—xo) y=mx+b
y—5=8(x-1) 5=8(1)+b
y=8x—8+5 b=5-8
y=8x-3 =-3
S y=8x-3
Answer: C
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4. Here’s an example where this is not true.

2
z

D

Thisis y = |x| . It is continuous (i.e. there are no holes, jumps, etc.), BUT you cannot evaluate the

derivative of itat x = 0. You can try... but it won’t work... there is a “corner” at that point (i.e.
the function changes direction too rapidly). Therefore, the derivative is undefined.

My point is that just because a function is continuous doesn’t mean that it can have a derivative
everywhere. This is one example of that.

Answer: B

5. Rational polynomial (or use L’Hopitals rule if you know it.)

3
X [
5 +7x" —8x+9 _ . [ XX

i 11x* +7x -6 7 6
XX x2(11+§—2)
X X
x(5+7—82+9)
=lim——2 %"
X—00 11 Z_g
X X
_0(5+0-0+0)
~ 11+0-0
=00

Answer: C
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Long Answer:

6. (2 points) Direct evaluation of limit gives 0/0. Let’s use the sneaky 1 trick!

 AXP+12 -4 X2 +12+4
lim

U +1245% +12 = 44X% +12 + 44X% +12 —16

=lim
o2 x=2  x2112+4 7 (x—Z)(\/x2+12 +4)
_“m\/x2+12Jx2+12M2 4 T12 16
X2 (x—Z)(\/x2+12 +4)
_ (x*+12)-16
=lim
< (x=2)(Vi +12-+4)
. x> —4
=lim
X"2(x—2)(\/x2+12+4)
(x+2)(x—2)

_Xﬁz(x—z)(MM)

i (x+2)M
“ZM(MM)

22X +12 +4

2+2
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7. (3 points) Definition of the derivative. Barf.

2x2
f =
(X) X+3
f (x+h)= 2(x+h)2 _2(x+h)(x+h) 2(x2+2xh+h2) 2% +4xh+ 2h?
~ x+h+3  x+h+3  x+h+3  x+h+3
f'(x)=lhing f(x+h)—f(x)
2x2+4xh+2h2_ 2x°
lim X+h+3 X+3
h—0 h

_lim (ij 2% +4xh + 2h? _(lj 2x°
“ ol h X+h+3 h )l x+3
_lim (1) 2x% +4xh + 2h? (x+3j_(lj 2x? (x+h+3j
“ ol lh X+h+3 X+3 h){ x+3 )\ x+h+3

(2x2 +4xh+2h2)(x+3)—(2x2)(x+h+3)
h—0 h(x+h+3)(x+3)

(2x3 + 6%+ 4x2h +12xh + 2xh? +6h2)—(2x3 +2x2h +6x2)
h—0 h(x+h+3)(x+3)

(%+§x{+4x2h+12xh+2xh2+6h2)—(2x4+2x2h+§x’[)
h=0 h(x+h+3)(x+3)

(4x*h+12xh+2xh’ +6h* ) - 2x°h

h—0 h(x+h+3)(x+3)

. 2x*h+12xh + 2xh? + 6h?
=[im
>0 h(x+h+3)(x+3)

_h(2x* +12x+2xh+6h)
=[im

>0 h(x+h+3)(x+3)

A (2x* +12x+2xh+6h)
=lim

h—0 Jff(x+h+3)(x+3)
. 2x*+12x+2xh+6h
=lim

>0 (Xx+h+3)(x+3)
~ 2x* +12x+2x(0)+6(0)
B X+0+3)(x+3

( )(x+3)
:2x2+12x

(x+3)2
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Verify with the Quotient Rule.

f (x)=2x*
g(x)=x+3
f'(x)=4x
9'(x)=1
_F()9(x)-f(x)g'(x)
[9(9]
:(4x)(x+3)—(2x2)(1)
(x+3)°
_ 4x* +12x - 2X°
(x+3)2
_ 2x*+12x
(x+3)°

s

Same answer.

MAT 1320 MT1 Test Package Solutions
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8. (5 points) Derivatives!
a) Product rule and chain rule.
f(x)=e™
g(x)=sin(4x*)
f'(x)=e* (—3x)'
=3
g'(x) = cos(4x*)(4x* )'
=8xcos(4x*)

d

dx

F(x)g(x)+f(x)g'(x)
(~3e*)sin(4x*)+e ™™ [8x cos(4x* )}
e [—3sin (4x*)+8x cos(4x2)]

y!

b) Chain rule.

g'(t)= %(3t2 +7t-2) (3 +7t-2)
1
= 6t+7
2(3t2+7t—2)1/2( *7)
. bt+7

o34 Tt—2
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c¢) Ch(chain) rule. Chain-ception.

p'(0)=2tan(3e’ )| tan (3e“’)]'
first chain rule
= 2tan (3e9 )sec2 (3e9 )(3e9 )’
second chain rule
= 2tan (3e9 )sec2 (3e5 )(3e9)
= 6e” tan (3¢’ )sec2 (3¢”)

d) Chain rule.

!

p'(t)=5" (In5)(+t)
=5% (In5)(t*2)

2
= 5% (In5)[ = )

(s e)

=5%(In5)
(i

e) Chain and product rule.

)

y' =" [ cos(2x)]'

do product rule

— oXe0s(2) :(1) cos(2x)+ x[—sin (2x)(2x)'}}
=" {(1) cos (2x) + x| —sin(2x)(2) ]}

= () [cos(Zx) —2xsin (2x)]

MAT 1320 MT1 Test Package Solutions
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MAT 1320
Fall 2015
Midterm #1

Multiple Choice (1 mark each):

1. First, find the inverse function.

o x-1

Y= ox=3

Swap variables.
y-1

X=—
2y -3
Solve fory.
x(2y-3)=y-1

2xy—-3x=y-1

2xy —y =-1+3x
y(2x-1)=-1+3x
3x-1
Y=o
4 3x-1
f(x) =1
Sub in point.

REGE

Answer: C

MAT 1320 MT1 Test Package Solutions
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2. Solve for x.

In(4x—3)=6

In(4x-3) 6

e =e
4x-3=¢°

4x=¢°+3

e®+3
X =
4

Answer: C

3. Solve for x.

25in(2x—£ =1
2
sin(Zx—Z =1
2 2
] ) 7)1 . (1
arcsin| sin| 2x—=||= arcsin| =
sin{2x-3 )] - a3

—_—
something you're just
supposed to "know"

2x-Z =%
2 6
2X:£+£
6 2
2X=7Z'(l+ij
6 2
5
=r|=+—=
6 6
X =

“ln g8 ol

Answer: B
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Long Answer:
4. (4 points)
a. Limit evaluates to 0/0. That’s not good... Let’s factor!

_ 5x2—x-4 . (x-1)(5x+4)
lim=—————=lim——————~
o1 2x% +x—-3 o1 (x—-1)(2x+3)

i M(5x+4)
Xt M(2x+3)

b. Direct evaluation gives o« —oo which is not equal to 0. Let’s use the sneaky 1 trick!

2
|im(m_x):nm(m_x)mm

x>0 X300 X2 +4X+5+X

(\/x2 +4x+5—x)(x/x2+4x+5+x)
=lim
X VX2 +4X+5+X
(\/x2 +4x+5)(\/x2 +4x+5)+x(\/x2 +4x+5)—x(\/x2 +4x+5)—x2

=lim
X X2 +4X+5+X
(\/x +4x+5 \/x +4x+5 +xl)[x/-—r4x+5 b[;x+5
=lim
X NG +4x+5+x
(\/x +4x+5)(\/x +4x+5)—
=lim
X VX2 +4X+5+X
(X +4x+5)-

=lim

2 IXP+4X+5 + X
(x{+4x+5)—x{
=lim
e X+ 4X+5 + X

lim 4X+5
H°°\/x +4X+5+X
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At this point, we have a rational polynomial limit. So, we will factor the highest polynomial out
of the numerator and denominator functions. In the denominator, to deal with the square root, we
will factor out x? from each term inside the square root, and remove the x? from inside the square
root. It will then become x once removed to the outside of the square root.

x(4+5j
= lim X
X 4x 5
\/xz (1+X2+X2j +x(1)

x(4+5j
. X
=lim

Ty (1+4+52)+x(1)

X X

x(4+5j
. X
=lim
x{ (1+4+52j +1}
X X
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5. (3 points)

For the function f(x) to be continuous, the functions 2x and ax*+b must be equal at the

point x = 1, and the functions ax® +b and 4x must be equal at the point x = 2, where the
transitions between functions take place.

Therefore,

2x =ax’+b x=1
2(1)=a(1)’ +b
2=a+b

4x =ax*+b X=2
4(2)=a(2)’ +b
8=4a+b

We have two equations and two unknowns. There are several ways to solve for a and b. I will
use substitution.

b=2-a

sub into other equation.

8=4a+(2-a)
8-2=4a-a

6=3a

a=2

b a

=2-
=0
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6. (4 points)
f(a+h)—f(a)

a. The definition of the derivative is f’(a) = Llng

b. Using the definition of the derivative...

-1+t 2
1+2 3
h _1+h+1 2+h

f(1 = =
(+ ) 1+h+2 3+h
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7. (6 points)
a. Chain rule.

£(x) =€ (3x2) +27(In2)
=6xe™ +2*(In2)

b. Quotient rule.

f (x)=tanx

g(x)=x*+1

f'(x)=sec? x

g'(x) =2x
_f(a(x)-f(x)9'(x)

[o(x)]
~ (sec? x)(x* +1)—(tan x)(2x)
(x2+1)2

c. Chain rule.

h'(x)= —sin(x3 + x+11)(x3 + x+11)'
= —(3x2 +1)sin(x3 + x+11)

MAT 1320 MT1 Test Package Solutions
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