ENGR 311: Transform Calculus Summary

e* +e "

coshxr = —
Notes/properties: -

e sin —| = cos S =
> sinh 5

e cos(t)-cos(-t)=0

e Use convolution instead of transform of the integral when you see fotf(a)g(t —a)da

1
e cos?3t= > 1+ cos(Z (3t)) using cosa cos b property from formula sheet.

t—oo=1 t—oo=0
® CoS t| , sin t|
t-0=1 t—>0=0
e Partial fractions:
Factor in the Term in partial fraction
denominator
as+b A
as+b
k A B C
(as +b) + tob———  k=123..
as+b (as + b)? (as + b)k
as?+bs+c __As+B
as?+ bs +c
(a52+bs+c)k As + B et Cs+D
(as? + bs + c)t (as? + bs + c)¥
. . . e 25 1e™4S . . 1
e Ifyou are taking the partial fraction of for example: G-DG=6) then you do the partial fraction ofm then

multiply that by e =25 and e ~*%. You can't take the partial fraction of e &)

1 . . . . . .
e Ifyouhave G0z then that + 25 is a sign you shouldnt use partial fractions but instead use sin or cos and e®
. o]0 = r z 1
4- If graph of f{t) is given as follow, o 1:_ 4: l.:“ o0
sin(@)] 0O % \{? \{T 1
cosid ) 1 \'E V2 L 0
T 2 2 2
. . . , \-"'-; ~ .
match the given graph with one of the given functions tan(&)f O 3 1 V3 L
(a) f(t) — f() U — a) cse(8)] 2 NG = 1
(b) f(t— b)AU@ — b) ) N
(¢) f(U(t— a) sec(d) = NE) 2 I
() £(0) = f() U~ b) Vi
(e) f()WU(t— a) —f() U@ — b) o . i | NEY .
(f) f(t—a)WU(Et— a) — f(t— a)WU(t — b) cotey - ? 3
fa)| '
G ~ ) /\ [ Function loses part before
Function loses ¢ E — aand then also loses the /)
part befofe a i ‘ , fupction that would start
1 ) | ! a b atb [
a b |
— — t
‘ fin| ((
Function shifted -~ Starting point of (@) S 120
by a and loseg 5 function shifted by b ]
everything after b L 7 fin)
e b /\
" f@ p i
JAS L 1
Function lose: # "~ Fdnction loses a
everything after a l everything after b

1 (b) fir—a)Uir—a)
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Ch.4: Gamma Function, Transform of Derivatives

Gamma function:

L{t*} = F(ZLQ Where:a > (—1), T'(a+1)=al(a), T (1) =
1) Define each a.
2) Write in the form g
3) ConvertI'(a + 1) to al'(a) then split the remaining fraction into a new a + 1.

4) Repeatuntil you have T (%) which equals +/m.

Ex £ 66 — 24¢3)

1 5
1) (x1=§,0(2=§
Br) )
2) =65 L 24 =
s2 s2
1 5 3
17 (3) sT(z) v sT(z+1)
3) =6x-—at 245222 _6*——-—24*——7
2 2 2 L 2 2 2 Z
S2 S2 s2
Ve 5 3 1yE_ 3\/1‘1' 45\/_

S2 s2 sZ

Transform of derivatives:

L{f ()} = S"F(s) = S™L(0) = ST2f1(0) = F11(0)

1) Take the Laplace of both sides. Find the Laplace of each derivative of y separately and plug in known
values for y(0), y'(0) etc.
2) Isolate for Y(s). Use partial fractions to find Y(s)=

3) y(t) = L7Y{Y(s)} so solve for y(t)
If y(0) or y'(0) is not known, write c in its place and solve for y(t). Then plug in the other given value (ex:

y(1)=2) and solve for c then plug it back into y(t).
Ex: L{y" —4y' + 4y} =1t3, y(0)=1, y'(0) =0,
1) L{y"} =s*Y —sy(0) - y'(0)
L{y'} = s — y(0)

54
6 (5}4‘5—-4)

2) s?Y—s—4sY+4+4Y =—>3Y=-"—La>Y

) s ST s# s2—4s+4

3 1+3 1+9 1+3
=—%— 4 —*%—+ —% —+ — %
2 st 4 s3 8 s2 4
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Ch.4: All Translation Theorems

First translation theorem: F
L{ef(t)} =F(s —a) |
1) Identify f(t) and a and write s—s-a I
2) Solve L{f(t)} =F(s) I
3) Substitute all s values with s-a i i
Ex: L{(1 — et + 3e™**) cos 5t}
1) f(t)=cos5t,a; =1,a,=—4sos—>s—1lands—->s+4
2) L{cos5t — e’ cos5t + 3e* cos 5t} = > ___ % 3
s2+25 s2425 s2+25
(s—1) 3(s+4)
s2+25 (s—1)2+25 (s+4)2+25

Fix) Fis —a)

s=da,a>0

3) F(s) =

Inverse translation theorem:
L7HF(s —a)} = e®f(t)
1) Find (s-a) and identify the "a" value. Make sure that all values of s in the equation are in the form of
(s-a).
2) Solve L71{F(s)} which gives f(t)
3) Multiply by e%

L p—1f_ 255
Ex: L {52+6s+34}
. (2(s+3)—-1
1)[: (S+3—)2+25 =>a——3and(s+3)—>s
2) L1 2 ! 2 cos 5t L 5t
) ()2 +25 (s)Zt25]  ~cos~t—gsm

1
3) f(t) =2e 3t cos5t— 5 e 3!sin 5t

Second translation theorem (inverse example):
L{f(t —a)u(t — a)} = e BF(s)

1) Identify e™%5, a, and F(s)

2) Solve L71{F(s)} which gives f(t)

3) Substitute t with t-a and multiply f(t) by u(t-a)

Ex:L™1 {“;_7}
+4
1) e®¥=e 2 a——- F(s) =
2) LTHFE)} =L {52+ -
3) f(t) = cos(2t — m)u(t — g)

S
s?2+4
}=c052t:

Alternative second translation theorem:

L{g(t)u(t - a)} = e‘asﬁ{g(t + a)}
1) Identify g(t) and a.
2) Write in the form e "% L{g(¢ + a)} and substitute all t values with t+a.
3) Solve.

Ex: £{sintu (¢ - 2)}

T
1) g(t) =sint, a=s

Vs
2) e 2 L{sm (t + )} = note that sin <t +§) =cost =

3) Fis) =
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Ch.4: Derivatives of Transforms, Convolution Theorem

Derivatives of transformes:
n

n n d
L{Ef (O} = (D= F ()
1) Write (—1)" % and then solve L{f(t)} =F(s)
2) Derive F(s) n times.
Note: This theorem is usually combined with other theorems. Use this theorem pretty much every time you

have t©in front of some function or functions.
Ex: L{tet sin t}
1

d
1) (-1t EL{etSint} = note here you are using translation theorem to solve L{etsint}

) d 1 _ 2s —2
: £<_(5_1)2+1>_((s—1)2+1)2

Convolution:
L{f * g} = L{g * f} = fot f(a)g(t — @) da = E(s)G(S), * is convolution, green is regular multiplicatio.
1) Identify f(t) and g(t — t) and write in the form f(t) and g(t)
2) Take the Laplace of f(t) and of g(t)
3) Multiply £L{f(t)} times £{g(t)}

Ex: L {J‘tret—‘r dr} Memorize convolution integral:
0 t
1) f(T)=1i:f(t)=t, %(t_‘[)zet_rﬁg(t):et ff(a)g(t—a)da
2) Lt} =, L{e'} = ] 0
1
3) = s2(s—1)

Inverse form of convolution theorem:

LHFSGCES)} = f*g = [, f(@glt - @) da
1) Separate the equation into F(s) and G(s)
2) Take the inverse Laplace of F(s) and G(s) separately

3) L7YF(s)G(s)}is equal to f(t)*g(t) which is convolution and is then equal to fotf(a)g(t —a)da so
replace the t from f(t) with a and the t from g(t) with t-a and plug in to the formula.
4) Solve the integral.

Ex: L‘l{ 3 2}
(s2+1)

1) £71 {—35 } = L1 {—S . } = L7HF(s)G(s)}
(s2+1)2 s2+1s2+1 Other good examples:
2) L7Y{F(s)} = cost, L7YG(s)} = 3sint problem set 5, #2, #3a

t
3) f (cosa)(3sin(t — a)) da
0
4) Knowingthat:sinacosb=%(sin(a+b)+sin(a—b)) with:a = a,b = (t — @)
3ft1 int + sinQa — t) d =>3ft' td +3ft'(2 t)d L3 '1:|1'-+_3 Qa—-1)"
02(sm sin(2a a= Osm ats 0sm a a = sasint]  +—-cos(2a 0

3 3 3
= 3 tsint+ 0= 2 tsint, Note: — 2 (cost — cos(—t)) = 0 because cos(—x) = — cos(x) property.
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Ch.4: Transform and Inverse Transform of an Integral

Transform and inverse transform of an integral:=
Inverse transform of integral steps:

L~ {Egz} f f(»)dr

1) Separate until you have some ES—) and define F(s)
2) Takethe L7H{F(s)} = f(t)
3) Plug f(t) into equation fotf(‘[)d‘[ and solve

— 1
Ex: L 1 {S_(SZE}

1
S8 SN S (GRS !
b £ )= RN Gy
2) L1 {(—52—1—15}=sint=f(t)

t t

t
3) f(a)da=jsinada=>[—cosa] =1 —cost
0 0 0 Other good examples:

problem set 5, #3b

Transform of integral steps:

o]0 0

S

1) Identify f (T)
2) Plug f(7) into = L{f( 9 and solve. Note that when solving L{f (1)}, you will have to use methods shown

previously such as derivatives of transforms etc.
Ex: £ {fot TsinT d‘[}
1) f(r) =tsint

L{t sin t} using derivative of transform ds™

s s s a (s? + 1)2

CED R ein t})] (— % (ﬁ)) 2
. _
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Ch.4: Volterra Equation, Laplace of a Periodic Function

Volterra integral equation:

f() =g+ ff(r)h(t —1)drt, where g(t) and h(t) are known.

1) Take Laplace transform of both sides. Usually you will have to do convolution or transform of an

integral on the integral.
2) Isolate F(s)

3) Find f(t) = L7Y{F(s)}

Other good examples:
problem set 5, #3a, #3b

Ex:f(t) = 4e~ ! + sint — 2 fotf(r) cos(t —1)dt

4 1 t
1) F(s) = 1 +—=——-2L {f f(t) cos(t — 1) dr} « used convolution
0

1 s2+1
4 1 4 1 2sF(s)
=——+—— —2L{f(O){cos t} = F(s) =
s+1+52+1 {f()} {cost} (s) s+1 52+1 s2+1
) 1+ 2 F(s) = 4 N 1 s 52+25+1 (s+1)? F(s) o
) R P | Z+1 2+1 )
4s +1 1
F(s)=( )

G+1D?  GtD2

8

_ o 4(52 + 1) 1 partial fractions _ 4 7
3) L 1{F(S)}—L1{(S+1)3 +(S+1)2} F(S)_

8
= f(t) =4e ' —Tte t + 2 t?et

Laplace of a periodic function:
T

st1 G0z Gri?

L{f )} = ——1——f e Stf(t) dt, where f(t) = f(t + T), where T is the period of f(t)

1—e 5T

0
1) Identify the period (T) off(t) and write the expression for f(t).

2) Plugin values lnto — _STf e Stf(t) dt. f(t) could be split into two parts in which case

[y fyde = [ fl(t)dt + [, fo(Ddt
3) Solve.

ﬂﬂ|
Ex: 1 [

— . [ — 1

x 4 E 4 dn

Half-wave rectification of sin 1

sint, 0<t<m
L T=2m f(t)_{ 0, mn<t<2m
1 2m 1 T 2r
2) L{f(t)} = 1—?_351 _Stf(t) dt = __€TSE e Stsintdt + f e‘St(O)dt
0 0 T
3 1 f st tdtbyparts 1 1 —st f 4+ ssint T
————— — — ~
) o) © sin oo | 523 1¢ (cost + ssint) 0
0
1 1 1 1
(1+e7™) =

YA ™) (1+e ™) sZ+1 1—e™) sZ2+1
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Ch.4: Unit Impulse Function, Dirac Delta Function

Unit impulse function:
0, 0<t<ty—a
1

Z_a';

8a(t—to) = tp—a<t<ty+a,

0, t=>ty+a

wherea > 0and ty, > 0

v

2a »

124

[ i v 3

In—a

And fooo 84 (t - to) dt = 1 which is why it is called the unit impulse function.

Dirac delta function:

It is the unit impulse function when "a" approaches 0. So literally 6(t — to) = lim,_( 6, (t — to)

Properties:

o, t=t
a(t_t0)={0 t;tt;)

)

fooa(t —to)dt =1
0
f(©)8(t —to) dt = f(to)

0

Laplace transform of Dirac delta function:
L{5(t —ty) = e~Sto
And: £{8,(0)} = £{8,(t — 0)} = 1 since t, = 0
1) Find ¢,
2) Substitute t, into e~Sto

s {o0-)

Dt =z
_sn
2) e 2
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Ch.4: System of Liner Differential Equations

System of linear differential equations:

1
2)
3)
4)

Ex:

dx | dy _
E?+E_3x_3y_2

Take the Laplace of both equations
Factor out X(s) and Y(s) in both equations
Isolate for either X(s) or Y(s) in one of the equations and substitute it back into the other equation. Then
solve for X(s) or Y(s) then solve for the other one.
Take the Laplace inverse of X(s) and Y(s)
2242 _ox=1
x(0) =0, y(0)=0

Use the Laplace transform to solve the given system of differential equations. In other words, find x(t) and

y(®.

D

2)

3)

4)

dx dy _ 1
Lzt Lyorp— L2xd = L{13 25X (s) = 2X(0) +sY(s) = Y(0) = 2X(s) = =
< =
L {%} +L {%} — L{3x} — L{3y} = £{2} | sX(s) = X(0) +sY(s) —Y(0) —3X(s) —3Y(s) = %
\

X(s)(2s — 2) + Y(s)(s) = %

X(s)(s —3) +Y(s)(s — 3) = é

2 2 1
a)Y(s) = EG?3—)—X(3) = X()2s—2)+ [s(s =3 —X(s)] (s) = §=>X(s)[(25— 2) —s]
_1 2 X(s) = 1 2
_;_s_—_i%-: (S)_S(S—Z)_(S—3)(S—2)
2 1 2
DY) = gy =Y = s s T G- -2
a) L_I{X(S)}Wmalfémmi,ﬁ‘1 —%%+;Ei—2— . E 3} => —%+;e2‘ —2e3t = x(t)
artial fractions 11 5 1 8 1 1 5 8
b”‘l{y(”}%“{‘az 55—2_5s—3}:_€+562t_§egt=y(t)
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Ch.12: Inner Product, Orthogonality, Orthonormality

Inner product:

The inner product of functions f; (x) and f,(x) on interval [a,b] is:

b
(L@, H@) = f £ f(0) dx

Orthogonal functions:

Functions f; (x) and f,(x) are orthogonal on [a,b] if the inner product =0:

(f1(x) 'f1(x)) =0

Orthogonal sets:
Multiple cases for proving sets are orthogonal:

1) Given {f(x), g(x),h(x)}
a. Find inner product of and show =0:
i (fO),9())=0
ii. (f(x),h(x)) =0
iii. (g(x), h(x)) =0
b.
2) Given {(Dl(x), Dy (x) ... (Dn(x)}

a. Find in form of a single function, @,, (x):

If they are all equal to 0, then the set is orthogonal

b. Find inner product of (Q)n(x), Q)m(x)) =0, where n#m

c. Ifitis equal to O then the set is orthogonal.

3) Ifasked to prove something is orthogonal, take inner product and show that itis = 0.

Examples:
1) Given {x,sinx,e*}, [0,1]
a. Find inner product of:

1
i. (x,sinx) =f

xsinxdx =0
0

1
xeX¥dx =0

ii. (x,e%) =f
0

1

iii. (sinx,e*) =_[ sinxe*dx =0

0

Normalize/construct orthonormal set of functions:
Divide each function by its norm:

b (@ g ke
IFeol| [lgeol] TThGI|

If given a set, writeitasasumso: {__} =

1 .
{—— sin TlX}
2n

b. They all equal O so the set of functions is orthogonal.

2) Given {cosx,cos3x,cos5x, ...}, [0, g]

a. {cosx,cos3x,cos5x,..} = {cos((Zn - 1)x) },

n=123,..
T

b. (0,(x),m(x)) = (cos((2n — Dx),cos((2m — 1)x)) = fi cos((2n — Dx) cos((2m — 1)x) dx
0

s

1 12
Knowing: cosacosb = > (cos(a + b) + cos(a — b)) — Efzcos(Z(n +m—1)x) +cos(2(n —m)x) =

0

1 sin2(n+m—1)x% cos(Z(n—m)x)g'
=>E< 2(n+m-—1) >+< 2(n—m) >

0
d.

Orthonormal sets:
1) Are orthogonal so inner product: (@,(x), @,,(x)) = 0

2) Are normal so norm: ||(Z)n(x)|| =1, ||(Z)m(x)|| =1

b
o Note: ||f(x)||=f f(x)?dx =1

and since sin(nm) = 0 always, this set = 0.

It is equal to 0 so the set of functions is orthogonal.

3) Using both of the above, solve for unknowns if there are unknowns
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Ch.12: Fundamental Period, Even and Odd Properties

Fundamental period:
Fundamental period is the lowest common period of all parts of the function. f(x + T) = f(x) where T is the

period.
1) Add 2m to the interior of the trig functions and isolate so that you have the form f(x + (_)). (. )=T.
2) Repeat until you get common multiples.

Ex: f(x) = sin3x + cos 2x

2 2m 4
1) sin(3x +2m) - sin{ x + EY T, = 3 sin(3x +4m) - T, = 3

6m
sin(3x +6m) » T, = 3= 2w

2) cos(Qx+2m) > T, =m, cos(2x +4m) - T, =21
3) Fundamental period is 2m for both sin 3x and cos 2x

Properties of even and odd functions: Moy
1) even * even = even
2) odd * odd = even _ /
3) even * odd = odd fen) I
4) even * even = even “x x
5) odd % odd = odd

6) If f(x) is even, f_"p fCdx =2 [} f(x)dx /

7) If f(x) is odd, f_”p f(x)dx =0

Fourier cosine and Fourier sine series:

f(=x) = f(x) - f(x)is even

f(=x) =—f(x) = f(x)is odd

g For a symmetrical ) e For a symmetrical
N range [-p,p] range [-p,p]
function is function is
symmetric with symmetric with
; | > X respect to they } > X respect to the
-v axis. -v P origin
: A
y ) A Y R -
A A
/N /7N ‘
\ -L / h R
: : I I ]I/ I[ X (a) Cosine integral
-L L / L _ )
N / L L
\' 4
Even/Cosine reflection Odd/Sine reflection Identity/Regular reflection \\\\
\
(b) Sine integral
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Ch.12: Fourier Series, Sine and Cosine Half Range

Expansions
Fourier series:
F(x) = %o + z a, cos <E[x> + Z b,, sin (llzx>
2 p p
n=1 n=1
Where:
. P D
ap = 1 J f(x)dx a, = 1 f(x) cos <E x) dx b, = 1 f(x)sin (Ex> dx
Cord T p T p

-p -
Note: When solving integrals as part of Fourier series, the following trig properties help:
e sin(nm) =0
e sin(—nm) =0
e cos(nm) = cos(—nm) = (—1)"
e —cos(nm) = (—1)**1
e sinxcosnx = sin((l + n)x) + sin((l — n)x) — this formula is on formula sheet.

Half range cosine or sine functions:
1) Determine ifit's odd or even. //’/\
a. f(—=x) = f(x) - f(x)is even - f X
b. f(—x) =—f(x) = f(x)is odd
2) FindPandT. ‘
3) Ifeven, do cosine half range: (a) Cosine integral

a. Find qy and a, ¥

L Note: ag =~ [ f(x)d > s cos (Sx)a N
1. ote: apg = — x)ax, a, = — X)COS| —X X
*plo S p 7
\

4) If odd, do sine half range: e ™
a. Find b, A
. 2 (P (nm —
i. Note: b, = —f f(x)sin[—x |dx W) smeinkgrd
pJo p
5) Ifyou geta function such as 2D then n#1 so solve for a; = = fp f(x) cos 2% x ) dx. The same applies
youg ﬂ(l—nz) 1 pJo0 P . pp
applies for by
6) Find F(x) = % + E a, cos (%:—T x) + E b, sin (%n x)
n=1 n=1
1, 2<x<-1
Ex: Expand the given function in an appropriate sine cosine function. f(x){0, -1<x<1

1, 1<x<?2

1) Draw it Even: (f(x) = f(—x)) so cosine half range
2) T=4,T=2PsoP=2 Because f(x)=0 -1 < x < 1,
you can ignore that part when

middle (usually 0)
p

4 2 @) nm dy = nm dx = 2  nm
) a"_p f(x) cos > x )dx = | cos > x |dx = mrsm 5
1

middle (usually 0)
(00

p 2
2 " .
3) ap= > f f(x)dx = j M integrating.
1
2

(o]

c F()_a0+ nm :1+ 2 _(nn) nm
) X —2 a, cos px 2 nn_Sll’l 2 Ccos px

n=1 n=1
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Ch.12: Fourier Cosine and Sine Half Range Representation

Cosine: reflect/mirror function over y axis and then repeat it on the interval given.
Sine: reflect/mirror function over origin and then repeat it on the interval given.
b- Consider the following function

) 0<x<2
f(’)‘{s 2<x<3

a) Sketch the Fourier Cosine Series of the function on the interval [—9,9]
b) To what values will this series converge at x =0, x = 7 and x = -9?
¢) Sketch the Fourier Sine Series of the function, on a separate graph, on the interval

—_— [-9,9] » == a : - @ T_

at
at

" " M A A ™ A o ﬁ

5 1 6 54 -3 - i\ a8 ¥ % 6 7 5
q - -1
2L

fled= &) for one pc({o/
Black = Nt peated €09

b) aw=-2 ) =2 A-9)=3
@ 2 @

: d= C(K) or one vod
T_ véiqckgrceenMCa) e

-9 f -n -p -3 -Rh 43 {=»
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Ch.13: Classifying PDE's, Separation of Variables, BVP

Classification of second order liner PDE:
Aaz +B62 +C62u+D6u+E6 +F G
a oxay T Cayr T Uax TRy T T

—4AC > 0 Equation is hyperbolic

Remember x? - xy — y? as order for A»B—C

. B2 — 4AC = 0 Equation is parabolic
B? — 4AC < 0 Equation is elliptic

IfG(xy) =0 The equation is homogeneous

* IfG(xy)#0 The equation is non-
homogeneous

Using separation of variables to solve PDE's:
1) u(x,y) = X(x)Y(y) so plug that in and derive.
a. Note that Z—Z = % (X(x)Y(y)) = X'Y since here Y(y) is treated as a constant.
2) Separate both variable and make it equal to —4
3) Solve either eigenvalues of the following;:
a 1=0,A+0
b. 1=0,1=—a%1=a?
4) Look at formula sheet to see what X(x) and Y(y) equal to depending on the above conditions.
Y+al =0-Y(y) =ce®
Y'=0-Y(y)=my+b
Y'+a?Yy =0- Y(y) = ¢, cos(ay) + ¢, sin(ay)
Y'—a?Yy =0- Y(y) = ¢, cosh(ay) + ¢, sinh(ay)
5) Solutionisu = X(x)Y(y)
Ex: Use separation of variables to find, if possible, product solutions for the given partial differential equation.
Uy =Uy+ U

] 9
1) - () = —(XY) +XY > X'Y =XY' + XY

Note:
X’ Y’+Y X' +1X=0 e lisan eigen value
2) X v =4 Y+(@+20)Y=0 ¢ X(x) is an eigen function
X(x) = cie™™
3) A+0:
) {Y(y) — cye= (DY

4) u(x,y) =X@)Y(y) = cre ¥ ce” 1Dy
Boundary Value Problems:
BVPs have boundary conditions and initial conditions.
There are 3 types of boundary conditions for heat, wave and Laplace equations:

1) Dirichlet u( ) Ex: u(x,0) = 0,u(x,L) = 0,u(0,t) = uy(t), etc
Note: u(0, t) means X(0) = 0. Use that as the condition.
ou ou u
2) Neuman anl( =) =() Ex el = O a|x=L =0, etc

Note: If given £| =0, X(x) mustbe derived in order to use the BC.
x=0

Ex: X(x) = Acos(ax) + Bsin(ax) — X'(x) = —Asin(ax) + Bcos(ax)
BC:X'(0)=0->=0+B(1) >B=0

. ou
3) Robm% + h*

=)
u( )
h is a constant

=—hx* (u(L,t) —up)

Xlx=L
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Ch.13: BVP Steps

To solve BVP:
1) Use separation of variables to get two ODE's:
a. Note that %% = 56; (X(x)Y(y)) = X'Y since here Y(y) is treated as a constant.
b. Attach all constants to terms that aren't ( )”. This term should also be the 2  variable you solve
for in step 4.
2) Rewrite BC's in useable terms.
a. Ifgivenu(0,t) =0, t > 0 thenyouknow u(0,t) = X(0)T(t) gives X(0) =0
i. X(0) = 0isused as a boundary condition for X (x)
3) Pick a variable and solve for X(x) or T(t) etcusing: A = 0, A = —a?, 1 = a? and the formula sheet.
Y+a¥y =0-Y(y) =cie™
Y'=0-Y(y)=my+b
Y +a?Y =0 - Y(y) = ¢, cos(ay) + c; sin(ay)
Y —a?Y =0 - Y(y) = ¢, cosh(ay) + ¢, sinh(ay)
i. Note:ifgivenY’ + 4a?Y = 0, then a® = 2a so plug 2« into the above equatons.
ii. Note: if 1 = 0 satisfies the BC but not IC, you will get a 4, value.
Ex: A=0: X"(x) =0- X(x) = byix+ by, applying BCs make b; = 0, X(x) = b,
A=0:T' +ht=0->T(t) =bse ™,  doesnotsatisfy IC
Then: u(x, t) = X(x)T(t) = b, x bze ™™ = Aje™™

Now when doing superposition principle (step 7), after finding that u(x, t) from 1 = a?
also doesn’t satisfy IC, you will have:u(x, t) = Age ™™ + Yo u, (x, t)

a. Write down applicable BC's. Plug in BC's to check if solution is valid.

i. Remember if BC is 5% =0, X(x) mustbe derived firstin order to use it.
x=0

4) Repeat step three with second variable but now you know what 4 is equal to.

5) u(x,t) = X(x)T(t), remember to combine constant coefficients.

. . _ X . X
a. Ifyou have somethinglike: u(x,t) = cos ((n+1)a) + sin ((n—l)a) then n # 1 because that

makes one of the terms = 0 o solve for A; and add that to the A, that comes in front of the
summation when you do the superposition principle.

6) Ifthereisan IC such that u(x,0) = f(x), show that it will not be satisfied for almost every u(x, t).
7) Use superposition principle: u(x,t) = >n=; U, (x, t) and check/plug in values from IC.
a. Ifgiven u(x,t) = f(x) where f(x) is not some cos or sin function:

i. Solve using Fourier series or half range sine and cosine functions and combine ay, a,, b, to
find solution.

Ex: problem set 9, #1
Or
b. If given u(x,t) = f(x) where f(x) is some cos or sin function:
i. Solve by solvingn = 1,2,3 ...and making that equal to f(x) from the IC. Use method of
coefficients to find which values of the summation stay.
Ex: if you have 6 sin (%) =) Ansin(%) then 4,, = 6, n = 2.nnow equals only 2 and no

other value.
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Ch.13: Heat, Wave and Laplace Equations

Heat equation BVP:

92u dou ”T” ”T”
General form: k —— + F(x,tu,uy) = a ) Y

Where: 0 L x

K
= k = — = thermal diffusion
pé

o p = density of rod, K = thermal conductivity, 6 = specific heat
* u(x,t) = Temperature function
] F(x, t,u, ux) is effect of surrounding medium on the rod
If we neglect the effect of surrounding medium, F(x, t,u, ux) = 0 gives:
*u _ du
o = ot 2
Note: When solving for T(t) in heat equation, use Y’ + a?Y = 0 - Y(y) = cle_“zx because you have kgTI; =

] Ca ' ' :
5';‘ which gives only T' so you can't use the other equations.

As :.d.-sg\ara-ﬁj'
f uix, 1)

Wave equation:

%u ?v
General form: aZuTxx = u, = a? 22 = 9 0] ¥ xen L x
With: a? = o where: T=tension, p =density of the string () Segmentof string
du
BC: u(0,t) =0, u(L,t) =0, IC: u(x,0) = f(x), (E) = g(x) = velocity
t=0
e 2%u  0%u
Soifgiven4-— =—5—a=
Notes:
: n " L] L] L . — X,, + AX = 0
* You will have an "a" value when doing separation of variables: u(x,t) = X(x)T(t) - T + a2AT = 0
e IfyouhaveT” + a?a?T = 0 - T(t) = B, cos(aat) + B, sin(aat)
e Make a = 1 for simplicity when asked to solve a wave function with no given "a".
Laplace equation:
) %u  d*u - -
Vu = Kx? + 6_}17 = 0, 0<x< a, 0< y < b, “:.J.\.=:“” n:r‘=:{}- L
du du
BC: — =0, — =0, IC: u(x,0) =0, u(x,b) = f(x)
dx| dx|
x=0 x=a
Notes:
Ca . X"+2X =0
e Th 11 :
1s will give two equations {Y" — Y =0
e 1 = 0 may saisfy 2 BCs and 1 IC but if it doesn’t satusfy all of them, move on to A = —a? (lecture 39,

11:46)
o u(x,0) =x = Ag(—b) # x thatis never equal so move on.
* When solving BCs for Y, if you can’t eliminate a constant (as shown below), isolate one constant and

substitute it back in so that there will only be one constant.
Ntor=0 5 <, coshaklx Sqpeia el = D

c, =-—3inhab ¢
s ‘o
SN
Yoy = - Bawetb ¢ - CoShay + oty
Cet\h e
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Heat Equation Example

. ?u _ du .
Given: k 97 = o Separate function.

1) Rewrite BC's.
2) Pick a variable and solve for X(x) or T(t) etcusing: 1 =0, 1 = —a?, 1 = a?
a. Plugin BC's for one of the two variables.
3) Repeat step three with second variable but now you know what 4 is equal to.
4) u(x,t) = X(x)T(t), remember to combine constant coefficients.
5) Ifthere is an IC such that u(x, 0) = f(x), show that it will not be satisfied for almost every u(x, t).
6) Use superposition principle: u(x, t) = Yp—q un(x,t)
a. Plugin values from IC.
b. Solve using Fourier series or half range sine and cosine functions or method of coefficients.
7) Combine ay, ay, b, to find solution.

2
Ex: Solve k% = %1;‘, 0<x<L, t>0, (BC)given:u(0,t) =0, u(L,t) =0, t >0, (1C)given: u(x,0) = ZSin%x
X"+2X=0

1) Separate: u(x,t) = X(x)T(t) - {T’ AT =0
2) Rewrite BC's:
a. u(0,t) =X0)T(t)andt>0-X(0)=0
b. u(L,t) =X(L)T(t)andt>0->X(L)=0
3) Knowing X" + AX = 0and X(0) =0, X(L) =0.
a A=0->X(x)=Ax+B
i, X(0)=0->A(0)+B=0->B=0
ii. X(L)=0->A(L)=0->A4=0
This gives X (x) = 0 but X(x) # 0 because then u(x,t) = X(x)T(t) would = 0.So A # 0
b. 1=—a? - X" —a?X = 0 - from formula sheet — Acosh(ax) + Bsinh(ax)
i. X(0) = 0 - Acosh(a(0)) + Bsinh(a(0)) =0 > A(1) +B(0)=0->A=0
ii. X(L) =) - Bsinh(aL) = 0 - sinh(aL) = 0 only atx = O,never atanyL » B =0
This gives X (x) = 0 again so 1 # —a?
c. 1=a?-X"+ a?X =0 - from formula sheet - X(x) = Acos(ax) + Bsin(ax)
i. X(0) =0 - Acos(a(0)) + Bsin(a(0)) =0 - A1) +B(0)=0->4=0
B = 0 - if B = 0,then X(x) = 0 again so disregard this
ii. X(L) =) - Bsin(al) =0 - if nm n?m?

sin(fal)=0->al =nr > a ZT-,sinceA =a? -7

:az

nm
d. X(x) = Bsin (Tx)
4) Now for T(t):T' + KAT = 0 - where 1 = a? from previous steps —» T’ + ka?T =0

Tl27'[2
a. From formula sheet: T’ + kaT = 0 - T(t) = ce %"t 5 T(¢) = ce 2
nm _kﬁ”_zt nm —k"z—”zt
5 ulx,t) =Xx)T(t) - bsin (—L—x> ce L2 " > D,sin (Tx) e = I?
nm ) kT

6) Initial conditions: u(x, 0) = ZSin%x and u(x, 0) = D, sin ( n x) e = L2~ > isnot satisfied because

n2n2
LT . nm —k— t
2 sinx # Dy, sin (Tx) e L2
7) So use superposition principle: u(x,t) = Yo q Un (X, t)
TL27T2
a. Now: IC: u(x,0) = Yn-; Dy, sin (n—: x) ez O Yim=1 Dy, sin (% x) = ZSin%x

. P . . . 2L, . T . nn .
i. This is half range sine series so find D,, = Zfo ZSlnzx * sin (T x) dx — solve this

Or:
__mD,nn _D_ln D.27r _2_1'[ D.=2n=1
11. nZl nsm(Tx)— 151n<Tx)+ 251n<T-x)+---— smz-x soD; =2,n=
8) Solution:

(2 (L s nm nmw _en?
iou(x,t) = Z (Zf ZSinzx * sin (Tx) dx) * sin (Tx) e ®
n=1 0

(o0}

nm _knz_n.z(t)
ii. Or: u(x,t) = Z 2 sin (Tx) e I?
n=1
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Algorithm for Heat Equation

Algorithm of Solving Heat Equation

! Yes
l Employ separation of variables to obtain two ODEs I . ug(x, t) = X(x)T(t) satisfies LC? -—D| End. (up(x, ) is a solution)
v

.
! ° |

.
es
¥, u,(x, t)satisfies 1C ? — I End. (£, u,(x, ¥) is a solution)

If A = 0. the ODE satisfies B. Cs and ends up with — Ne l
non-trivial solution?
(6.t)e5= Yes
No ¥ « Uolx,t “_E"“ un(x, t) -—"I End. (You found the solution)
satisfies 1.C 7

Yes No

If A = a®, the ODE satisfies B. Cs and ends up with

non-trivial solution? )
, Yes 5
No 4 - > Ty ug(x, t)satisfies LC ? —bl End. (X525 uy(x, ¥) is a solution)
Yes No l

If A = —a®, the ODE satisfies B. Cs and ends up with

non-trivial solution?
(xt)+Xe un(x, t) Yes "
No | UplX, n=1UnlX, —'l End. (You found the solution)
satisfies 1.C 7

| End. (There is no solution) |
No l

ug(x,y) + Ef=qun + Zi=y uy'
satisfies [.C 7

Yes
—+ | End. (You found the solution)

Heat Equation Algorithm N°l

| End. (The:e-is no solution) |
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Ch.13: BVP Steps

To solve BVPs:

1) Use separation of variables to get two ODE's:
a. Note that g—z = % (X(x)Y(y)) = X'Y since here Y(y) is treated as a constant.

b. Attach all constants to terms that aren't ( )". This term should also be the 2  variable you solve
for in step 4.

2) Rewrite BC's in useable terms.
a. Ifgivenu(0,t) =0, t > 0 thenyouknow u(0,t) = X(0)T(t) gives X(0) =0
i. X(0) = 0 can be used as a boundary condition for X (x)
3) Picka variable and solve for X(x) or T(t) etc using: 1 = 0, 1 = —a?, 1 = a? and the formula sheet.
Y+al =0-Y(y) = cie™
Y"” =0—>Y(y) =my+b
Y +a?Y =0 - Y(y) = c; cos(ay) + ¢, sin(ay)
Y" —a?Y =0 - Y(y) = ¢, cosh(ay) + ¢, sinh(ay)
i. Note:ifgivenY’ + 4a?Y = 0, then a® = 2a so plug 2« into the above equatons.
ii. Note:if 1 = 0 satisfies the BC but not IC, you will get a 4, value.
Ex: 2=0: X"(x) =0-X(x) = bix+ by, applying BCs make b; = 0, X(x) = b,
A=0:T +ht=0-T(t) =bse ™,  doesnotsatisfyIC
Then:u(x, t) = X(x)T(t) = b, x bye™™ = Aje™™

Now when doing superposition principle after finding u(x, t) from A = a? also doesn’t
satisfy IC, you will have:u(x, t) = Age™™ + Yo u, (x, t)

a. Write down applicable BC's. Plug in BC's to check if solution is valid.

i. Remember if BC is ﬁ =0, X(x) mustbe derived firstin order to use it.
x=0

4) Repeat step three with second variable but now you know what 4 is equal to.

5) u(x,t) = X(x)T(t), remember to combine constant coefficients.

a. Ifyou have somethinglike: u(x,t) = cos ((nz)a) + sin <(nf’i)a) then n # 1 because that
makes one of the terms = 0 o solve for A; and add that to the 4,
6) Ifthereisan IC such that u(x,0) = f(x), show that it will not be satisfied for almost every u(x, t).
7) Use superposition principle: u(x, t) = Yn=; U, (x, t) and check/plug in values from IC.
a. Ifgiven u(x,t) = f(x) where f(x) is not some cos or sin function:

i. Solve using Fourier series or half range sine and cosine functions and combine ay, a,,, b,, to
find solution.

Ex: problem set 9, #1
Or
b. If given u(x,t) = f(x) where f(x) is some cos or sin function:

i. Solve by solvingn = 1,2,3 ...and making that equal to f(x) from the IC. Use method of
coefficients to find which values of the summation stay.

Ex: if you have 6 sin (E;f) =) Ansin(%) then 4,, = 6, n = 2.nnow equals only 2 and no
other value.
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Ch.13: Superposition Principle, Dirichlet Problem

Superposition principle in Laplace:
u(,y) = 1 (%,) + 46, )
Where:
Uy (x, y) is the solution found for u(x, y) when A = 0 that didn't satisfy one of the ICs.
U, (x, y) is the solution found u(x, y) when 1 = a?
This will give you usually something like:

u(6,y) = 4(0) + ) A4 N 2

Then apply last IC/ substitute according to last IC and find half range cosine series.

Dirichlet: Y
Requirements: u(f""] =€
1) Has to be elliptic PDE (Laplace is elliptic). Y N\
2) utakes prescribed values on the entire boundary of the region R. '3};'];)[“:, 1" u‘g&:]y;[;“'
X
ulxg=0 =

Maximum principle:
A solution u to a Laplace's equation within R takes its max and min on boundaries.
He could ask "Where does the solution to the Laplace equation take its max or min?"

Non homogeneous BVP:
Superposition pr1nc1ple makes two homogeneous sets that can be solved individually

gL (a. b) (a b) 0 (a. b

Fiy) viu=0 Giv) = 0 . =0 0 + Fiy \-'“::“ vl

Ex: 3712‘+——0, 0<x<a, 0<y<b withBCs:

u(0.y)=f(). u(ay)=g90)
u(x,0) = h(x), u(x,b) =p)

£

So superposition gives: u(x, y) = U (x, y) +u, (x, y)
Where

ul(x y) = oz Uy ou ay2 =0, ul(O y) =0, ul(a y) =0, u;(x,0) = h(x), uy(x,b) = p(x). Find ul(x y)

au

uz(x y) ax2 =0, uZ(O y) f(y) uz(a y) g(y) u,(x,0) =0, u,(x,b) = 0. Find uz(x y)

The hlghllghted parts are homogeneous so you can solve using separation of variables.

Problen Prot

0 0<x<a 0<y<bh + = 0, 0<x<a 0<y<bh

(0, y) = 0, mla,y) =0, 0<y<bh ux(0, y) = F(y). ufa,y) = Giy), 0 < y<b

ty(x, 0) = flx), wx,b) = gx), 0 <x<a uy{x, 0) = 0, v b) =0, 0<x<a
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Ch.13: Non-Homogeneous BVP (Time Independent),
Integrating Factor

Non homogeneous BVP:
Boundary conditions #0 or there is any function that is not being derived.
Time Independent:
Constants and functions of x only are time independent. So below, constants 1, u, and g(x) are time

independent.
Given: kgi—z +F(x) = %%, u(0,t) = ug, u(1,t) = uy, ulx,0) = g(x)
1) Solve foru(x,t) = v(x,t) + @(x)
u  0*v ou 0v _ _ 0%u
a. Take 322 = 2 +¢"(x) and 3= 3 + 0 — plug both of those into equation: kﬁ + F(x)
du
~ ot )
i. This gives us: k%x—;’ + ko' (x)+ F(x) = %
2) Assume: “(x) + F(x) = 0 in order to solve. This gives k % +k+(0)= % which is a homogeneous

PDE.
3) BCsandICs:
a. BCy: u(0,t) =uy —» v(0,t) + 9(0) = u,
i. Assume v(0,t) =0, ¢(0) = u, so that you can get one homogeneous PDE
b. BCy: u(1,t) =uy, » v(L,t) + (1) = uy
i. Assume v(1,t) =0, ¢(1) = u, so that you can get one homogeneous PDE
c. IC: u(x,0) =g(x) mv(x, 0) =u(x,0) —p(x) = v(x,0) =gkx) — @)

This gives:

ODE with 2 BC Homogeneous PDE with 2 BC, 1 IC, can be solved by separation of
variables
Equation: (1) k" (x) + F(x) =0 0’v  ov
(2) k P RRliETS
BCs: @(0) = u, v(0,t) =0
(1) =uy v(1,t) =0
IC v(x,0) =ux,0) —@(x) = g(x) — )
4) Solve for (1) and (2).
a. Solve ODE (1) ¢"'(x) = C)) px) =

k integrate twice to get
i. Apply BCs to find constants ¢y, ¢,

ii. Plug new constant values into ¢ (x) =
2
b. Solve homogeneous PDE (2)= kg—xlzi = % with BCs: v(0,t) = 0, v(1,t) = 0,IC:v(x,0) = g(x) —
¢@(x) but plug your newly found ¢(x) into that.
5) Then (1)+(2)=u(x,t) = @(x) + v(x,t)

equation

Integrating factor:

When you arrive at vy, (t) + P(t)v, (t) = g(t), gives integrating factor of e
d

£ (Un " efP(t)dt) = g(t) * o) P(Ddt

Then isolating for v, (t) gives: v, (t) = —“%mfg(t) * e
e

JP®at ,then rewrite equation as:

[ P(t)dt
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Ch.13: Non-Homogeneous BVP (Time Dependent)

Non-Homogeneous BVP:
Boundary conditions #0 or there is any function that is not being derived.
Time Dependent:
Constants and functions of x only are time independent. So below, constants u,, u, and g(x) are time independent.

Given: k + F(x,t) = u(0,t) = up(t), u(l,t) =uq(t), ulx,0) = f(x)

1) Solveu(x,t) = v(x,t) + @(x,t), -from step 4; p(x,t) = uy(t) + a (u1 () —ug (t))
0%>u _ 9%v  d%¢ ou__9v , d¢ _ou
a. Take ozt o d— at =t plug both of those into the equation: k — + F(x) = Py

i. This gives us: k—+k +F(x t)——+;

2) _ in order to solve. This leaves us with k + F(x,t) = —t + Z;—‘f
& el ("')—5?

3) BCsand ICs:

a. BCy: u(0,t) =uy(t) =v(0,t) + ¢(0,t) - { ®(0,8) = up(®)

v(0,t) = 0 — to get homogeneous PDE

: = = oL, t) =uy(t)
b BGiull,t) =wy () =v(L,t) + (L 6) » {U(L, t) = 0 — to get homogeneous PDE

c. IC: u(x,0)=f(x)=1v(x0)+¢(x,0) - v(x,0) =f(x0)—¢@(x0)

This gives:
ODE with 2 BC PDE with 2 BC, 1 IC
fon: 2 a
Equation: ) e =22 Z ¢ @ v, D) =kIs+G(xt) =2
BCs: @(0,t) = uy(t) v(0,t) =0
@(L,t) = uy (t) v(L,t) =0
IC v(x,0) = f(x,0) — ¢(x,0)
4) Solve for (1) and (2).
29 _ _
a. Solve PDE (1) ax 0 integrate twice to get(p(x' t) =xe e

(u1 (t)—ug (t))

i. BCs:¢(0,t) =uy(t) » c; = ugt), L, t) =u (t) > ¢, =
ii. Plugbackinto ¢(x,t) = xc; + ¢, to find

1) The PiKIGQUARON can be used in all scenarios for time dependent BVPs. Simply plug in ug, u, and
you skip having to solve for ¢(x, t).

2
b. Solve still non-homogeneous PDE (2) k Q—Z +G(xt) = 2 but you do have homogenous BCs.

1) Find G, (x,t):

a) G(x,t) [from F(x,t) — —] Z G, (t) sm , use half ranges to solve.

2) Find v(x, t) = k + G(x,t) ==
b e (55 (0 sin %’f) 2 (S5 vn(6) in ™)

b) Plugin G(x,t), Py 2,and —mtov(x t) = k——+G(x t) =3

c) Isolate vy, (t) + P(t)vn(t) = g(t) outof the summation.
d) Solve for v, (t) using integrating factor. You will be left with a C,, after integration.

nmx
e) Superposition principle: v(x,t) = Z v, (t) sin - and solve for C, by
n=1
using half range identities or by using method of cofficients.
5) Plug everything back into u(x, t) = @(x,t) + v(x,t)
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Ch.13:Non-Homogeneous BVP(Time Dependent) Example

Ex: Find wlxt Lige is Frep H comtipming] I
» W) perge s shee o] £ 0ol sinfoxd
_&L‘i = 9_".1 O 4x < -E Poge ) )
P i _63,\;{. 2 -\n (¢) [m-r) sin (nTx)
"b(:‘]'
@ 410 cost ull,e)=0 ﬁ_ Z v Bsin (nTTX)
IE u(x,o):o L{%) n=i
YD * ét \/n ff) (-n.}.h:l Sln(_{\TTY)
T
D ulx X v (€ ¥l e ulx, )1 (-x)cos € | FF ¢ g 2 sind sin(nhTy)
"o
)7 o L6 iy [“.L{'}- Uo U")] = ZV:({:) sin (mrx)
L b(%c) =
= cost + x (0-cosé : bt
XPTER z [Vn‘ )+ Un(t) (n’“n“)] sin (nT1x)
oY -0 +
P : "al 2 sintsin (wrx)
Ry = v 4 Y= Ry T
e | | Ox* | [ | Sp VAR ()4 Vn (£) (nR 7Y = 2_sint
n77
Su = AV P =-(\- £
3733 - Ayt |
:RI + L\—K>Slf7{: 4 .a_. 2 g_{ v n*nté .
n(€))= 2 int
13 G & A 9¢ (en i Yo 205
(0 =0 >
Ypy VA )=0 v(1,®) Vo Y T bttt febal | dnE R
V(%0)= 0 - ¥x,0) = x-I A AT
42e) 5
M — -
\ (x/é)-. 2 Vn L“‘)Sln (n'n')() U(.x;f)-' r:é'-l Un tE)Slr) Ln'nx) s
ot = El?ngw“sin{- -cost.Cne” T f[sir]l'.nﬂx)
% : LT (ntats D)
b1 )G €)= £ Gale) Snlamx)
n=! P
1y v(x,0)= x-) =— 2 l: -2 +Cn}5an~nx)
(I-x)sint= nZ' Gn () sin (nTx) Ctlnolteteh ]
BN A— i
Half ~range 3ir8 !::ahf' -rangg  sine
! :_Q“—_-r Ch = ll ()(-'I)Siﬂ (n"ﬁ-"()Cb( ‘;-_9-__
Gin ()= Qf (1-)sint sin nTTxdx =2 sint n (4 1) Nt
’ e = L _ 2
) G NTT {n4-n"’-H) ‘NI
U—stln{"— r:éq 2 sint sin (nTrx) ¥ Xk
T wlx, €)= (I-x)cos €+
‘.12 nrrsint-cest +En1“ 6_ e:naﬂaq(sinwa))
N3 nniat+ 1 ')
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Ch.15.3: Fourier Integral

Used to represent certain kind of non-periodic functions that are defined on (—0, ) or (0, ).
The Fourier integral of a function on (—oo, ) is given by:

flx)= %fw(A(a) cos(ax) + B(a) sin(ax))da
0
Ala) = f f(x) cos(ax) dx — cosine representation

B(a) = f f(x) sin(ax) dx — sine representation
1) Find A(a)
2) Find B(a)
3) Plugin A(a), B(a) into f(x) = %fow(A(a) cos(ax) + B(a) sin(ax))da and solve. This integral is
going to be hella complicated.

Cosine and Sine integrals:
The Fourier integral of an even function on (—o, o) is a cosine integral

Ala) =2 joof(x) cos(ax) dx
0

B(a)=0
so: f(x) = %fooo(A(a) cos(ax))da — its already fooo it so you dont have to multiply the whole

integral by 2 like we did in previous chapters for half range functions.

The Fourier integral of an odd function on (—oo, ) is a sine integral.
A(a) =0

B(a) =2 foof(x) sin(ax) dx
0
So: f(x) = %fooo(B(a) sin(ax))da

Convergence of Fourier integral:
Let f and f' be piecewise continuous on every finite interval, and f is absolutely integrable on (—oo, )
then the Fourier integral converges to:

1) f(x) at a point of continuity

2 ——, ——ata point of discontinuity.
Here f(x)* and f(x)~ are the right and left limits at point x respectively.
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Formula sheet midterm 1

Function Laplace Transform
1 1/s
© /st
g™ 1/(s-a)
sin kt k/(s™+k%)
cos kt s/(s*+k%)
sinh kt k/(s-k?)
cosh kt s/(s%-k?)
" a>-1 ~ o N |Ta+ /s INa+ 1) = al'(a)
re) [l) =t 0T T V7 .
£ Tensform duivabw $"F(s)- 8" f{0)- s £ " (0)-... -£ ™D (0)
e £(t)  Tandakion Hooten F(s-a)
f(t-a) ZAt-2)  second fomslotion flarn | e E(s)

g(t) Z(t-a) }fH—crna)uW— £pcordl bnslation flesem

e "4 {g(tra)]

L aglnce o5 Period iC QM ndion

1 (1) Decivatives 0f fransform (-1)* d" F(s)/ds"
ftg (env slotion — F(s).G(s)
j-f f(r)dr ' F(s)/s
0 T(a/l ;g;u Crm @Q oy h)‘gﬁ {5’}
f (t) where f(t+T)=f(t) 1

T
jo e £(1)dt

1 _ {,—IT

S(—1t) e Oeljragwxcjr\?’p

—sly

O (F -0 e wnit step an},’ah
AR \/O(L'Q((ol /‘ﬂ‘@( d %M‘

Trigonometric ldentities:

sin(4 + B) =sin.AcosB +cos Asin B
cos(A4=B)=cosAcosBF+sinA4sinB

ol . 7 9
cos268=cos @—sin" @=2cos 8—-1=1—-

t
N f F@g(t — a) da
0

- 8l
2sin” &

sinAd-sinB = %[—cos(ﬁ + B) +cos(4 - B)]

1
cos.4-cosB = ;[COS(‘—I + B) +cos(4 - B)]

sin4-cosB = %[sin(ﬁi +B) +sin(4 - B)|
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Formula sheet midterm 2

Fourier Series for function period (-p to p):

nmw b4
2 +Z{a cos —x+b, sm—x)

n=1 P P

S(x) =

1 ¢p

0 =__[ .f(x)dxvan =
pr

Fou rier sine and cosine series:

HO‘ lg« prmm(x) = + Z (ancosn?) where ag :IZJ pf (dx
1]

trals Rnsh o i(b ;n_)

Solutions of Linear Ordinary Differential Equations:
Linear Equation

y' +ay=0 y(x) =cie”™
y'+a?y=0,a>0

Linear Equation
y'—a’y=0,a>0

ij” f(x)cos “Exdx b, = lj" £(x)sin 2% xdx
pr p plr p

2 (P . nmx
where b, =—f fx)sin—dx
PJy P
General Solution

y(x) = ¢ cosax + ¢, sinax

prf() mrxd
=— x)cos —dx
PJo p

51n (n7)70
$in (*/\71) o

o5 (nn) = (1)
Ces (- r7) -‘(oi(/"‘)

—Coslnn) -

(_ ,)r\-ﬂ

General Solution
y(x) = cie”™ + e, or

y(x) = ¢, coshax + ¢, sinhax

y' —ay=0 y(x) = ce™*

Orthogonal Sets:
On the interval [a,b], the set of {po(x), @i(x), p:(x), ...

b
(@m » @H) = J.a (om (x) ‘q)u(x)‘dx = 0 " m#n
Trigonometric Identities: N
sinfA+ B)=sin Acos Bt cos Asin B .
cos(Ax B)=cosAcosBFsinAsinB .
c0s268 = cos® @—sin* @=2cos’ §—1=1-2sin* 8 .
Sil'lA'SinBZ%[—COSIA-FB}+C03(A—B)] *
..l .
CosA-cosB = ;[cost A+ B)+cos(A- B}]
sinAw:osBz%[sin{A+ B) +sin(A- B)] ¢
1
For BCs, remember:
7[ [ )
sin(a) = 0 - a = nmn, cos(@) =0-a=02n-1) >
cos(0) =1, sin(0) = 0, sinh(0) =0, cosh(0) =1
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} is orthogonal if,

cosh(0) =1
sinh(0) =0
sinh(z) = 0ONLYIFz =0

s
cos(al) =0-> aL = (2n—1) 5

sin(nmt) =0
sin(—nm) =0
cos(nm) = cos(—nm) = (—1)"

T
cos(a) =0—-a=(2n—- 1)5
—cos(nm) = (—1)"*!
sinx cosnx = sin((l + n)x) + sin((1 — n)x)
— this formula is on formula sheet.
d .
I cosh(x) = sinh(x)
o No negative sign
d
Tx sinh(x) = cosh(x)
o No negative sign

e* +e7*
cosh(x) = —



X_e—

e
e sinh(x) = 7
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