Tutorial #7 - Questions

Question 1:
Determine the absolute optimum values of the function: f(x) = x3 — 12x + 3 on [—3,4]

Solution:
First we derive the function:
f'(x) =3x% — 12

We find critical points. Notice that there are no division by 0 in the derivative, this means we only need to find
when the derivative is 0.

0=3x%2-12
12 = 3x?
4 = x?
+2 =x

Lastly we test all critical points and endpoints to see which is the largest and which is the smallest:
f(=3)=-27+36+3=12

f(=2)=-8+244+3=19

f(2)=8-24+3=-13

f(4)=64—-48+3=19

This means the absolute max is 19, and the absolute min is -13.

Question 2:

Determine the intervals of increasing and decreasing: f(x) = xIn(x) — 3x

Solution:
First we derive to find the critical points:

f'G) =In(x) +-x -3 =In(x) — 2

0=In(x)—2
2 = In(x)
x = e’

We can see that we don't have any undefined slope that is defined in the domain of the original function (note
that the domain of the original functionis D = {x € R|x > 0})

We construct an interval table to get:

0 e? 0
1 e
In(x) — 2 — +
Total Sign - +

This means that our function is decreasing when 0 < x < e? and is increasing when x > e?



Question 3:
Find all x-values of the critical points and classify them as local max, local min, or neither:

1
f(x) = x3e3%°+3x

Solution:
First we derive to find the critical points:

1 2, 1.2
f/(x) — §x 3e3x +3x +x383x +3X(6x + 3)
2 1
f'(x) = x 3e3%"+3x <§ + x(6x + 3))

2 1
f'(x) = x 3e3%°+3x (§ + 6x% + 3x)

2 . 2
3p3x°+3x

3

X

f'(x) = (18x% +9x + 1)

2x%2+5x

2
Here we see that the derivative is undefined when x=0dueto x 3, e is never 0 or undefined, and

(18x2+9x +1) = (6x + 1)(3x + 1)

S 1 1
Which gives x = —jorx=-—-

We construct an interval table to get:

—00 — _1 O
3 6
-1 1 1 1
-2 + + + +
X 3
83x2+3x + + + +
(6x+1) — — + +
(B3x+1) — + + +
Total Sign + — + +
This means that our critical points are when x = — %, —%and 0.
X = —éis a local max
1. .
x=—-isa local min

x = 0 is not a local extremum



Question 4:
Give an example of any function and interval that does not meet the criteria of the Extreme Value Thoerem,
yet has both an absolute max and an absolute minimum.

Solution:

Many answers exist here:
One could simply change the interval to an open interval, but the extreme points are not the endpoints:
Ex: y = Sin(x) on (0,2m)

Or you could come up with a discontinuous function that has no vertical asymptotes in the interval and
absolute extreme points in the interval:

Exty =x +§ on [—2,2] Will be the line y = x + 1 with a hole at x=0, but will still reach its absolute max and

min at the endpoints.

Question 5:
Determine the inflection point(s) (if any) of the following function:

g(x) = ix4 +zx3 +2x?>—-5x—3
12 3

Solution:

When we derive we get:

1
g'(x) = §x3 +2x* +4x -5
g'x)=x*>+4x+4

Here we see that there are no slopes that are undefined, so we can factor to solve for the zeros:
0=x%+4x+4
0=x+2)(x+2)
x=-=2

We could create a table to test, but you can see that our second derivative is (x + 2)? which is always positive
or zero. This means this function has no inflection points.



Question 6:
Show that there is a critical point at x=1 in the following function. Find the second derivative at x=1. What
does the second derivative tell you about the critical point?
fx)=x*—4x3+6x2—4x+1
Solution:

fl(x) =4x3 —12x* + 12x — 4
f'1)=4-12+12-4=0
Since the first derivative is 0, this means that it is a critical point.
Finding the second derivative gives:
f'(x) = 12x% — 24x + 12

f"(1)=12-24+12=0

This tells us nothing about the critical point, we must use another test to find out that this is indeed a
minimum (and not an inflection).



