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MAT1330 A : Instructor Monica Nevins
Monday, December 11, 2017 : Final Exam
Faculté des sciences

Duration: 3 hours Mathématiques et statistique

Faculty of Science
Family name: Mathematics and Statistics

. 613-562-5864

BIIst name; oo

& 613-562-5776
Student number : X www.uOttawa.ca
Seat number : 0 585 King Edward
T Ottawa
ON K1N 6N5

Please read the following instructions carefully.

e You have 3 hours to complete this exam.

e Thisis a closed book exam. Except for Faculty-approved calculators (models:
Texas Instruments TI-30* and TI1-34*, Casio FX-260* and Casio FX-300%),
no notes, cell phones, smartwatches or related devices of any kind are per-
mitted. All such devices, including cell phones, must be stored in your

Marker’s us ly:
bag at the front of the room for the duration of the exam. AEIeRAiRG Ry

e Read each question carefully — you will save yourself time and grief later
on.
e There arc 9 questions, cach with point values as indicated. You must

show your work, your work must be legible, and when applicable
you must record your answers in the boxes provided. Question | Marks

e Where it is possible to check your work, do so. 1(/5)

e Good luck!

2(/8)

Very important: 3 (/6)
Cellular phones, unauthorized electronic devices or course notes are not al- 4 (/4)
lowed during this exam. Phones and devices must be turned off and put
away in your bag. Do not keep them in your possession, such as in your 5 (/8)
pockets. If caught with such a device or document, the following may occur:
academic fraud allegations will be filed which may result in you obtaining a 6 (/4)
0 (zero) for the exam.
7(/9)
By signing below, you acknowledge that you have ensured that you are com-
plying with the above statement. 8 (/4)
9(/3)
Signature: Total (/51)
SN

mi| yOttawa
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Question 1. (5 points) When a person coughs, their trachea contracts, which affects the
speed with which the air flows through the trachea. A mathematical model for the speed A

(in em?/s) of the air flowing through the trachea as a function of the radius r (in ¢m) of the
trachea is

A(r) =5(2 — ),
for 0.6 <r<2.

Find the maximum rate of air flow through the trachea. Justify, with calculations and
sentences, why your answer is correct and gives the maximum.
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Question 2. (8 points) Many animals hunt in packs to bring down large prey, for example
hyena hunting wildebeest. In consequence, the dynamics of their population demonstrate
the so-called Allee effect.

From one year to the next, the density x; of hyenas in one ecosystem changes according to
the discrete time dynamical system (DTDS)

62,2
T+ .'l't2 '

Ty =

(a) Give the updating function for this DTDS:
2
{0

——

flz) = 7 +4 xl

(b) Find the three fixed points of the DTDS algebraically; show your work.

2
x - b5
1t x

> Jtexd =40

S (X —4dxtP =0

:_> x ( 7(..7) <t () = Mistake: The factorization is wrong, you should use the
Quadratic formula for the solution: X =0 or 3 +- sqrt(2)
> %:o0.,3} o

nt= -“( < Lot = 0 igppt= ?

This question is continued on the next page.
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Question 2 continued. If you were unable to answer part (b), then you may use part (d) to estimate

xj. a5 and 2% to 1 decimal place and use these estimates for part (c)

(¢) For this DTDS, we have computed the derivative of the updating function for you

fl("') = 8‘111) 2"
(7 + 22)?

For each of z7, x5 and 23, determine whether this fixed point is stable or unstable, and
justify your answers with the appropriate calculations and the Stability Theorem

R

g o e

Fep|= S| < | - - et

(d) The graph of the updating function for the hyena population is given below. Starting
with an initial population density of g

1, draw a cobweb diagram for at least 3
steps. Label the functions, axes and the population densities xy. 25, 23 J=

04|

S

n //‘ j;ﬁ'u) No\ (
i / 20, BT

(e) Write a sentence to explain what happens to this hyena population in the long-run, if
the population density is initially zg =1 :

The Wp(dﬁnwm o plccmdtjwvb‘( 0.
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Question 3. (6 points) Show your work and simplify your answers.

N
1 — sin(x) —2005A X —l +5//LD'
(a) If g(z) = ~— then ¢'(z) = | —
29 4%
L=
( S R e — S PR R )

re s (J5 )

»
x P
(b) fy=2n(z) theny'=| 2 . 1‘\_ p} ‘—L\)Q + -’-70/

' b I
Y22 Inr duo + 205

2.0

(¢) If /™ 4 (f(x))* = 2%, then f'(x) = "’-f—?»o)
e -4 2f0°)

The answer will depend on @ and on f(x).

efm)- fé)() + 2]0010)‘{‘:',/0) = 2X-
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Question 4. (4 points) Evaluate each of the following limits using the methods from the

course, that is, without using sequences of numerical values. Show your work.

: x + 3|(5 4 .1")_ -
R | o

_ v&\’w -—(.X“(’g)cfg"")@ - ‘-g\'v\ —CI{'N)
X053~ -+ 3 Yo}~

= —=CT-3)
- -2

= /ZVL (K) CO""{—O /(>>

> P

(¢

\
= —I
L = - At W= <

>
) D
W= 0.

L crs K | é_‘H «é\—v\ —Lind =D
u > ot wuw - [,L?O"' ,
[ Aba 06 of drectly we Lffmged s Rubs

w Brn® e b, Moe work, ]
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Question 5. (8 points) In this question vou will study the graph of f(z) = zIn(z).
This question continues on the next page.

(a) Give the domain of definition of f(x):

x>0 o CO.,+%)

(b) Give all z-intercepts of y = f(x):

=0
x=0,\ 7

or 2&)0 =0 =)
Mistake: 0 is not in the domain.

Y =/
(¢) Determine the limit: lim f(z) =

IT—¥00

(d) Using methods from the course (that is, not sequences of numerical values), compute :

/
LH -
lim f(z) = 0 A\”’L Z"?( -
a—0t f( ) Waﬂ

o —_——
0P ¢ o
= o -xX <= 0
%20

(e) Compute f'(x) = ]n_)q -\' (

(f) Find all critical points of f, and determine where f is increasing or decreasing. Make a
table, for example.
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Question 5 continued.

(g) Compute f"(x) = —ﬁ
(h) Determine if there are any inflection points of the graph of f, and determine where f is
concave up or concave down.

J \ .
— > 0. no Vft’a.a%mw
Xzo

fm) 2 C‘ﬂn_am»euf oo C0.+¢0~)

(i) In the space below, sketch the graph of f(z) = xIn(x). Label all critical points, inflection
points and asymptotes, if any.

{1

5V

(j) Now, without further calculations, sketch the graph of g(x) = xIn|x|, justifying briefly
what property of the function g(x) you are using,.

See F-0) = -0 Laba| = -0
) is 1l gty abryg arym
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Question 6. (4 points) The nonzero equilibria of the DTDS N, = N2(2 + N?) are the
values x which satisfy the equation
z(2+2%) =1.

(a) Using the Intermediate Value Theorem, explain why there exists a solution x = ¢ to this

equation in the interval [0, 1].

2(242D-[=0
Do f()o) :70(2-#?03)—[. s L«JA‘ZA 2 CD/L7‘/\VLL(04§.
_\

fuy=o-[ <o, fas=[-3-(>0,
ﬁ%- ZthT. V.4 WM e)‘”é?é,

(b) Use Newton’s method with an appropriate function f and the initial guess 25 = 0 to
estimate this value ¢. Do 3 iterations and give your final answer with a precision of 4

decimal places. Write down f(x) and the formula you used.
Answers: -/‘@0) = 2-¢ 4 3
i 3 = 7?1 3%
~ (24X = R
f —
=21 A

f@)=| 20— " 4‘7(3

3
Tp+1 = — /
n+1 Xl\, 'l( 3

2t 4V

3
(1621 _
0 =0~ 2 S N¢
2+4~o$

0, = ]D(m\) = ﬂlg/‘(,
7§3 - ‘FDC”) n 0« 4—‘744

R
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Question 7. (4 points) Let
f(z) = arcsin(z® — 1)
(a) Compute f'(x). Simplify vour answer.
2X 2 - 19N <)
@ = Te(q ar
[ [7-x* oY

’_{Vao) . 279 - . 2,0 _ 2%
V=02 m—ﬁ J 2x"-2¢
2>

~
—

]K' ‘, 2'7(:;

(b) Find the equation of the tangent line to y = f(x) at x = 1. Show your work.

Answer: y =. CX"I D. ‘

fé(>:,,2_‘L_’t7,. ,7[’u)~;awc94k0
Ly -0

(¢) We have computed for vou: f”(1) = 2 and f”(1) = 8. Give the Taylor polynomial of
degree 3 of [ centered at the base point a = 1.

. i/ s 7/
‘7(’0) + ‘f(l) (X~1) +:§€~(}C>C'D + _;,r) ()V~()3

(d) Given that f(1.1) = arcsin(0.21), use your answer to (c) to give an approximation of
arcsin(0.21).

e 04 2 (I =4 L1 =15 £ =€ [ 4y 00203
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Question 8. (9 points) Find the following indefinite integrals. Show your work and check
your answers. You may use the backs of pages if necessary but then write a note where to
find your work. This question continues on the next page

y 2 "(
(\/‘_:%—:”H{,L‘: ——-7( — —%—7(
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New Section 2 Page 12



Université d’Ottawa | University of Ottawa 12

Question 8 continued.

) | 2 0 l
(c) ‘/.r‘ cos(4x) du = T?f S‘/p»l,lP/" +‘ & D s o — é;_s\//l'a?v -t C .

. a;yoz, ohf:cosﬁemo@o.
d = 20 0ln. Jg = ’qu‘sf\té)o'

- _%:wz-yklm - f—z'FsJ/uDo- 1 % ol

- o et - £\ [T sheo ol

fv(w\v’rxdbﬂ = —-JL;?VcrsMC —l--*—joh@o Lo

l
- . A
= - Xl ¥ 7 sy + (O

Question 9. (3 points) Determine if the following statements are always true or sometimes
false. Circle the correct option.

(a) Suppose f(x) = rz + cis a linear updating function for a DTDS z;,; = f(x;). Then the
general solution is x; = r'zy + ¢. true

(b) If (a, f(a)) is a critical point of f, then it is always true that f'(a) = 0. true

(¢) If f(x) is continuous everywhere on R, then it is guaranteed that f(z) is differentiable

at every point of R. true /

(d) It can happen that f”(a) = 0 but that the graph of f does not have an inflection point

at (u.f(n))./ false

(e) The Extreme Value Th(‘m‘(‘lll states that every function attains a global maximum and

a global minimum. true

= G55, o v 7 . fle+h) - f(z)
(f) The definition of the derivative of f at x is f'(x) = }JILI()I “Il—l(l/ false
" -
() Ky = rtcfoo'—m*)-hb*, wAM x = l—_grz ck> ch) /Wy 42 U/U"‘f/\w(.

(> e]. 0] a n=0. td)e). y=m. w J:x' @& x-0.
(o> Lo & & Citonaows ﬁmmm o cosel iitenal.
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