Lesson 13: Limits and Definite Integrals

Textbook Notes

Vv

The topics covered in this lesson are listed below and were extracted from the 12th edition of your
textbook: CALCULUS for Business, Economics, Life Science, and Social Sciences, by Barnett,
Ziegler, and Byleen.

Although the locations, reference numbers, and some of the illustrations of the topics may have
changed in the newer versions of your textbook, the material is identical and you are only
responsible for the topics as discussed below.

You can find the new locations of the lesson material in the current edition of your textbook by
consulting its Table of Contents and Index.

The Study Notes were created with Scientific Notebook, a menu-driven computation system, at a
time when Mathematica was unavailable at the Univerity. Today we use Mathematica. If need be,
you can easily replace any illustrations and calculations referring to Scientific Notebook in the notes
below by analogous Mathematica illustrations and calculations as illustrated in the Mathematica
Companion and the Mathematica Notes.

A

Section 6-4 (pp. 383-393)
THE DEFINITE INTEGRAL

Approximating Areas by Left and Right Sums

The shaded area in the graph below is the area between the x axis, the curve
f(x) = 0.25x* + 1 and the lines x = 1 and x = 5.
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Is it possible to find the exact value of this area? We cannot apply our standard geometric



formulas directly, but we can get an approximation of the area through a series of
rectangles. To do so, divide the interval [1,5] on the x axis into four equal parts, each of
length Ax = 1. Then place a rectangle on each subinterval, with the height of the rectangle
determined by the function evaluated at the left endpoint of the subinterval:
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Summing the areas of the rectangles, we obtain a left sum of four rectangles, denoted by
L4, as follows:

Ly =f1) - 1+/2) - 1+/(3) - 1+f(4) - 1
1.25+2.00+3.25+5
= 11.5

Since all rectangles are completely underneath the curve, it is clear that L4 underestimates
the area under the curve. We can therefore write

Ls=11.5 < Area
If we use the right endpoint instead, we obtain the following rectangles:
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Summing the areas of these rectangles, we obtain the right sum of the four rectangles,
denoted by R., as follows:
Ry =f2) «1+/(3) - 1+/(4) - 1+/(5) -1
2.00+3.25+5+7.25
=17.5
From the graph, it is clear that R4 overestimates the area. We can therefore write
11.5 = L4y < Area < R4 = 17.5

This approximation is fairly coarse, but the same method can be continued with increasingly
accurate results by dividing the interval into more and more subintervals of equal length. Of
course, this is not a job for hand calculation, but Scientific Notebook provides a tool for
doing this easily. You can access it by going to Compute Calculus > Plot Approximate
Integral in the menu. Here are the left and right rectangle approximations for the same
function and 16 equal subdivisions:
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For this case,
Ax = 2=L _ .25

16
Lie = f(1) + Ax + (1.25) « Ax +...+f(4.75) + Ax
= 13.59
Ris = f(1.25) « Ax + f{1.50) « Ax +...+f(5) - Ax
= 15.09

Thus, we know that the area under the curve is between 13.59 and 15.09. That is,
13.59 = Li¢ < Area < R = 15.09
For 100 equal subdivisions, computer calculations give us
14.214 = Ligp < Area < Ryoo = 14.454

The error in approximation is the absolute value of the difference between the
approximation and the actual value. In general, neither the actual value nor the error in
approximation is known. However, it is often possible to calculate an error bound—a



positive number which is guaranteed to be greater than the error in approximation.

The error in our approximation is the area between the rectangles and the curve. It is clear
that this area is smaller than the area of the difference between the rectangles in the right
and left sums: finding the sum of those small rectangles leads us to the next theorem.

Theorem (1—Error Bounds for Approximations of Area by Left or Right Sums) If
flx) > 0 and is either increasing or decreasing on [a,b], then

o) - fla)] - L5
is an error bound for the approximation of the area between the graph of f and the x

axis, fromx = atox = b, by L, or R,,.

Because the error bound of Theorem 1 approaches 0 as n — o, it can be shown that left
and right sums, for certain functions, approach one same limit as n — o.

Theorem (2—Limits of Left and Right Sums) If/(x) > 0 and is either increasing or
decreasing on [a,b], then its left and right sums approach the same real number as
n— o,

The number approached as n — « by the left and right sums in Theorem 2 is the area

between the graph of f'and the x axis from x = a to x = b.

Example (1 in Section 6-4) Approximating Areas

Given the function f{x) = 9 — 0.25x?, we are interested in approximating the area under

y=flx)fromx =2tox = 5.

Graph the function over the interval [0,6]; then draw left and right rectangles for
the interval [2,5] with n = 6.

Calculate L¢, R4, and error bounds for each.

How large should » be chosen for the approximation of the area by L, or R, to be
within 0.05 of the true value?
Solution

Here is the graph of the function followed by the left and right rectangles. In this
case, Ax = 0.5.
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Lo = f2) + Ax+ f(2.5) « Ax + f(3) « Ax + f{3.5)  Ax + fl4) « Ax + f(4.5) « Ax
= 18.53
Re = f2.5) + Ax+ f3) « Ax + f(3.5) « Ax + f{4) » Ax + f(4.5) + Ax + f(5) » Ax
= 15.91

The error bound for Ls and R is
error < [f(5) — f(2)| - % = 2.75 - 8/(0.5) = 2.625

or L, an ny, HHNA 1 SUC at error < 0. .
@\ For L, and R,, find n such that 0.05
) - fla)| - L=< < 0.05
3
2.75 - 8|3 < 0.05
3
-5.25]3 < 0.05
15.75 < 0.05n
15.75 _
0.05 o1

Problem (Matched—1 in Section 6-4) Given the function f(x) = 8 — 0.5x?, we are interested
in approximating the area under y = f(x) fromx = 1 tox = 3.

[TN) On a sheet of paper, graph the function over the interval [0,4]; then draw left and
right rectangles for the interval [1,3] with n = 4.
[(3) Calculate L4, R4, and error bounds for each.

How large should n be chosen for the approximation of the area by L, or R, to be
within 0.5 of the true value?
» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.
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The Definite Integral as a Limit of Sums

Left and right sums are special cases of more general sums, called Riemann sums, that
are used to approximate areas by means of rectangles.
Let /'be a function defined on the interval [a,5]. We partition [a, /] into » subintervals of
equal length Ax = (b — a)/n with endpoints (xo,x,x2,...,x,) such that
a=x90<x; <Xx2...<Xx,=05b
Then we have
Left sum: L, = f(xo)Ax + flx1 ) Ax +. .. +f(x-1 ) Ax
Right sum: R, = f{x1)Ax + fx2)Ax +. .. 4f(x, ) Ax
Riemann sum:S,, = f{c1)Ax + f(c2)Ax +. .. +f(c,) Ax

In a Riemann sum, each ¢, is only required to belong to the subinterval [x;_;,x;]. Left and
right sums are the special cases of Riemann sums in which ¢, is the left endpoint or right
endpoint, respectively, of the subinterval. If /(x) > 0, then each term of a Riemann sum
represents the area of a rectangle having height f(c;) and width Ax. If f{c;) < 0, then the
term of the Riemann sum associated with ¢, is the negative of the area of the rectangle.

Example (2 in Section 6-4) Riemann Sums

Consider the function f{(x) = 15 —x? on [1,5]. Partition the interval [1,5] into four subintervals
of equal length. For each subinterval [x;_;,x/], let ¢, be the midpoint. Calculate the
corresponding Riemann sum S,. (Riemann sums for which the ¢, are the midpoints of the
subintervals are called midpoint sums.)

Solution Here is the graph of the rectangles:
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Ss = flc1) *Ax+f(ca) « Ax+ flc3) « Ax + flca) « Ax

AL5) «1+2.5) - 1 +/3.5) - 1 +f(4.5) - 1
12.75+8.75+2.75 - 5.25 = 19



Problem (Matched—2 in Section 6-4) Consider the function f(x) = x> — 2x — 10 on [2,8].
Partition the interval [2,8] into three subintervals of equal length. For each subinterval
[xi1,x%], let ¢ be the midpoint. Calculate the corresponding Riemann sum S3.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Theorem (3—Limit of Riemann Sums) [ffis a continuous function on [a,b], then the
Riemann sums for f on [a,b] approach a real number limit [ as n - o,

Definition (Definite Integral) Let / be a continuous function on [a,b]. The limit I of Riemann
sums for fon [a,b], guaranteed to exist by Theorem 3, is called the definite integral of f
from a to b and is denoted

j " fe)d

The integrand is f(x), the lower limit of integration is a, and the upper limit of
integration is b.

Because area is a positive quantity, the definite integral does not truly represent the area
between a curve and the x axis. Instead, it represents the cumulative sum of the signed
areas between the graph of /'and the axis from x = a to x = b, where the areas above the x
axis are counted as positive and the areas below the x axis are counted as negative.

Example (3 in Section 6-4) Definite Integrals

Calculate the definite integrals by referring to the following graph of f{(x) and the indicated
areas.
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Area 4 = 2.33
Area B = 10.67
Area C = 5.63

M | fx)dx



(B)| jzf(x)dx
jZf(x)dx
Solution
[ fooydx = 233+ 10.67 = 8.34
[ feydx = =2.33 +10.67 - 5.62 = 2.71
j;ﬂx)dx = -5.63

Problem (Matched—3 in Section 6-4) Referring to the figure in Example 3, calculate the
definite integrals.

J. Sy
[B1 ] /0x)dx
[ flo)dx

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Properties of the Definite Integral

Because the definite integral is defined as the limit of Riemann sums, many properties of
sums are also properties of the definite integral.

Theorem (Properties of Definite Integrals)
m | " fydx = 0
b a
2| j fo0)dx = —j f00)dx
b T
3| j KO )dx = k j flx)dx, k a constant

PO |00 g = [ foes | glous

b c b
5. | j foo)dx = j o) + j o0
Example (4 in Section 6-4) Using Properties of the Definite Integral
If
2 2 3
_ 29— 8 2. — 19
J.Ode—2, J.Ode— 3,J.2xdx 3
then find

J.(z) 12x2dx
.[(2)(2)6 — 6x2)dx
_fsza’x

(D) | Iz 3x%dx

3 IZ 3x%dx



Solution
[ 12xax = 12 v = 12($) = 32
@1 [ (2x - 6x2)dx = 2 xdx— 6] x’dx = 2(2) - 6(%) - 12
Iszdx = _E x2dx = —13—9
_fz 3x%dx = 0
[i3xdx =3[ wdr+3 [ wax = 3(8 ) +3(142) =27
Problem (Matched—4 in Section 6-4) Using the same integral values as in Example 4, find
_f; 6x2dx
927 — dx)dx
_f;) 3xdx
_fj 3xdx
[ 1227

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Section 6-5 (pp. 393-405)
THE FUNDAMENTAL THEOREM OF CALCULUS

Introduction to the Fundamental Theorem
Suppose that the daily cost function for a small manufacturing firm (in dollars) is given by
C(x) = 180x + 200, 0 < x < 20
Then the marginal cost function is given (in dollars per unit) by
C'(x) = 180
The change in cost when production is increased from x = 5 units to x = 10 units is equal to
C(10) = C(5) = (180 - 10+ 200) — (180 + 5+ 200)
180(10 - 5)
= $900

Notice that 180(10 — 5) is equal to the area between the graph of C'(x) and the x axis from
x =5tox = 10.
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Therefore,

10

C(10) - C(5) = j 180dx

5
In other words, the change in cost from x = 5 to x = 10 is equal to the area between the
marginal cost function and the x axis from x = 5 to x = 10.
Example (1 in Section 6-5) Change in Cost vs. Area under Marginal Cost
The daily cost function for a company (in dollars) is given by

C(x) = —5x> +210x + 400, 0 < x < 20

Graph C(x) for 0 < x < 20 and calculate the change in cost from x = 5 to x = 10.

[33Y Graph the marginal cost function C'(x) for 0 < x < 20, and use geometric formulas
to calculate the area between C'(x) and the x axis from x = 5 to x = 10.

Compare the results of the calculations in parts (A) and (B).
Solution

(A) NE(EY)

10
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C(10) — C(5) = 2000 — 1325 = 675

C'(x) = —10x + 210, so the area between C'(x) and the x axis from x = 5 tox = 10
is the area of a trapezoid (geometric formulas are given in Appendix C of the
textbook):

C(5) + C(10)

Area = 5

(10— 5) = 1602&(5) = 675
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The change in cost from x = 5 to x = 10 is equal to the area between the marginal
cost function and the x axis from x = 5 to x = 10.

Problem (Matched—1 in Section 6-5) Repeat Example 1 for the daily cost function
C(x) = —7.5x% + 305x + 625

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

11



The connection illustrated in the previous example, between the change of a function from
x = a to x = b and the area under the derivative of the function, provides the link between
antiderivatives (or indefinite integrals) and the definite integral. This link is known as the
Fundamental Theorem of Calculus.

Theorem (1-Fundamental Theorem of Calculus) [ffis a continuous function on [a,b], and
F is any antiderivative of f, then

[ oy = Fb) - Fla)

Evaluating Definite Integrals

By the fundamental theorem of calculus, we can evaluate jif(x)dx easily and exactly

whenever we can find an antiderivative F(x) of f(x). Since the constant of integration C will
cancel out in the difference F(b) — F(a), we usually leave it out altogether when evaluating
definite integrals. Furthermore, we use the notation F(x)|z (the dashed line at the beginning
of the symbol is added by Scientific Notebook, you should not write it down when calculating
by hand) as an intermediate step in the calculation to represent the change in F(x) from

x =atox = b. Thatis, F(x)|% = F(b) — F(a).

Example (2 in Section 6-5) FEvaluating Definite Integrals
Evaluate ﬁ <2x +3e" — %)dx.

Solution
J.2<2x+3e"’— %)dx = ZJ.zxdx+3J‘2 e*"dx—4.|.2 %dx
1 1 1 1
- 2962—2‘j+3exﬁ—41n|x||§
=(22-1%>)+Be?-3e')+(4In2-4Inl)
=34+3e?-3e—4In2 ~ 14.24

Problem (Matched—2 in Section 6-5) Evaluate j T <4x —2e" + %)dx.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (3 in Section 6-5) Definite Integrals and Substitution Techniques

5

Evaluate_[ 5 i 0 dx.
0 X

Solution We will solve this problem by using substitution in two different ways.
Method 1. Use substitution in an indefinite integral to find an antiderivative as a
function of x; then evaluate the definite integral:

X _ 1 |
Ix2+1odx* ij2+102de

Let u = x> + 10, du = 2xdbx,

12



1 1 -1 [(L
2.[x2+102xdx— 2Iudu

1
> Inju|+ C

%ln(x2+10)+C

We choose C = 0 and use the antiderivative % In(x? + 10) fo evaluate the definite

integral:

[ —dc= L+ 10)
oxvale*?n(er )0

~ Liss- Lin1o ~
—21n35 2lnlO 0.626

Method 2. Substitute directly into the definite integral, changing both the variable of
integration and the limits of integration: In the definite integral

5
J. > X dx
0o x~+10
the upper limit is x = 5 and the lower limit is x = 0. When we make the substitution

u = x> + 10 in this definite integral, we must change the limits of integration to the
corresponding values of u:

x = 5impliesu = 5> + 10 = 35
x = 0impliesu = 0° + 10 = 10
Thus, we have

5
j 2] 2xdx
0o x+ 10

351d
10714

= L (tnjul 33

= %(11135 ~1n10) ~ 0.626

I zx dx =
0o x*+ 10

1
2
1
2

Problem (Matched—3 in Section 6-5) Use both methods described in Example 3 to evaluate

I 1
dx.
j 0 2x+ 4
» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (4 in Section 6-5) Definite Integrals and Substitution
Use method 2 described in Example 3 to evaluate

[ 5=ia
-4

Solution Ifu =5 —1t, then du = —dt, and
t = limpliesu =5—-1=4
t = —4impliesu =5-(-4) =9

13



Notice that the lower limit for u is larger than the upper limit. Be careful not to reverse
these two values when substituting into the definite integral:

[ Fiai=-] Fican
= —j: Judu

4
= —_[ u'?du
9

9
(3w -307)
_ {%_%) - 33—8 ~ 12.667

Problem (Matched—4 in Section 6-5) Use method 2 described in Example 3 to evaluate

5
[ —ar
2 J6—1t
» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (5 in Section 6-5) Change in Profit

A company manufactures x television sets per month. The monthly marginal profit (in
dollars) is given by

P'(x) = 165-0.1x, 0 < x < 4000

The company is currently manufacturing 1500 sets per month, but is planning to increase
production. Find the change in the monthly profit if monthly production is increased to 1600
sets.

Solution
1600
P(1600) — P(1500) = I (165 — 0. 1x)dx
1500

= (165x — 0.05x2)|1%39

(165(1600) — 0.05(16002)) — (165(1500) — 0.05(15002))
136000 — 135000

= 1000

Thus, increasing monthly production from 1500 units to 1600 units will increase the
monthly profit by $1000.

Problem (Matched—S5 in Section 6-5) Repeat Example 5 if
P'(x) = 300-0.2x, 0 < x < 3000
and monthly production is increased from 1400 sets to 1500 sets.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and

14



techniques presented in the previous example.

Example (6 in Section 6-5) Useful Life

An amusement company maintains records for each video game it installs in an arcade.
Suppose that C(z) and R(¢) represent the total accumulated costs and revenues (in

thousands of dollars), respectively, ¢ years after a particular game has been installed.
Suppose also that

C'(t)=2
R'(t) = 9¢7°%
The value for which C'(¢) = R'(¢) is called the useful life of the game.

[T3) Find the useful life of the game, to the nearest year.
Find the total profit accumulated during the useful life of the game.

Solution
(A)
R'(t) = C'(1)
96—0.51 =2
o050 — %
_ —n2
0.5t =1In 5

t = —2ln% ~ 3 years

Thus, the game has a useful life of 3 years.
[(3Y The total profit accumulated during the useful life of the game is

P(3) - P(0) = j ZP’(t)dt
- [ ®w-cupa
- | "(9e05 — 2)dy
0

- (e,

= (~18¢7%% - 213
= (~18¢7'5 — 6) — (~18¢° - 0)
= 12— 18¢™'S ~ 7.984 or $7984

Problem (Matched—®6 in Section 6-5) Repeat Example 6 if C'(t) = 1 and R'(t) = 7.5¢7%7.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (7 in Section 6-5) Numerical Integration with Scientific Notebook

15



Evaluate j: ¢~ dx to four decimal places.

Solution The integrand e does not have an elementary antiderivative, so we are unable to
use the fundamental theorem to evaluate the definite integral. Instead, we use a
numerical integration routine that has been programmed into the Scientific Notebook
software.

To do so, we first write the integral by going to the menu Insert > Operator... and
selecting the single integral sign. We then write the lower and upper limits of
integration as a subscript and a superscript, respectively, of the integral sign. We write
the expression e~ dx by using the superscript button (or pressing crtl+H) to write the
exponents. The result is J.zl e dx. We then place our cursor anywhere in the expression

and go to Compute > Evaluate Numerically in the menu. The result appears next to
the expression.

2 2
j edx - 1. 6289
-1

(Note that you can adjust the number of decimal places shown by going to the menu
Tools > Computation Setup... and the General tab.)

The routine used by Scientific Notebook is an approximation algorithm, more powerful
than the left-sum and right-sum methods discussed in Section 6-4.

Problem (Matched—7 in Section 6-5) Use Scientific Notebook to evaluate J.?z ﬁdx to four
decimal places.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Recognizing a Definite Integral: Average Value

The definite integral can be used to find the average value of a continuous function over a

range. For example, say the following is a graph of the temperature, in Celsius, over a
10-hour period.

Y f{t)=-0.4C-+4t+20

30 T

20

0 1 2 3 4 5 6 7 8 9 10
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If we had a finite number » of measurements, we would simply add them up and divide by »
to find the average value. But how do we proceed with a continuous function? It would seem
reasonable to take the value of the function at » regular intervals and compute the average
of those n measurements. We would thus get an increasingly precise average with greater
n. This is analogous to taking Riemann sums. Because of the definition of the definite
integral as the limit of the Riemann sum of » rectangles as » — o, we can use it to find an
exact average value.

10
Average L J. (=0.4¢ + 4t + 20)dt
10 Jo

_ L gal  op )‘10
10( 0.44 + 27+ 201) |

1 (_2 03 2 _
— 10( 2-(10%) +2(10%) +20(10) 0)
— L (-20%0 1 400) ~ 26.7°C

10 15

In general, the formula for the average value of an arbitrary continuous function /' over an
interval [a,b] is

Definition (Average Value of a Continuous Function fover [a,)])

- 1 : jh o)

Example (8 in Section 6-5) Average Value of a Function
Find the average value of f(x) = x — 3x? over the interval [-1,2].
Solution

s [ o= s [ - e

_ 1 £_3>‘2:_i
3(2 A )

Problem (Matched—38 in Section 6-5) Find the average value of g(t) = 61> — 2t over the
interval [-2,3].

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (9 in Section 6-5) Average Price
Given the demand function
p = D(x) = 100005
find the average price (in dollars) over the demand interval [40,60].
Solution

17



1 !
Average price = b—a ja D(x)dx

S j60100e-O~OSde
60— 40 J 4

100 (% 005
50 406 dx

5 —005x |60
40

~70.05¢

= -100(e™ —e7?) ~ $8.55

Problem (Matched—9 in Section 6-5) Given the supply equation
p = S(x) = 100>
find the average price (in dollars) over the supply interval [20,30].

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Section 7-1 (pp. 411-420)
AREA BETWEEN CURVES

Area between Two Curves
Consider the area bounded by y = f(x) and y = g(x), where f(x) > g(x) > 0, fora < x < b, as
indicated in the following graph:

. // s 7/ s /////III///// /////
Lo
a

It is clear that

18



Area between /(x) and g(x) = (Area under f(x)) — (Area under g(x) )
- jhf(x)dx - jhg(x)dx
- [ - gtyax

It can be shown that the preceding result does not require f{x) or g(x) to remain positive
over the interval [a,b].

Theorem (1-Area between Two Curves) Iffand g are continuous and f(x) > g(x) over the
interval [a,b], then the area bounded by y = f(x) and y = g(x) for a < x < b is given
exactly by

b
A= [ () - go))ax

Example (1 in Section 7-1) Area between a Curve and the x Axis
Find the area bounded by f{x) = 6x —x>and y = 0 for 1 < x < 4.
Solution We sketch a graph of the region first:

10T
y o1 >
9T y S/
i // ////
8T v/
//
7T /
6__
1 /
4__
3 -t
9+
1+
0 f f f f f f
0 1 2 3 4 5 6
X

(The solution of every area problem should begin with a sketch. If you are not
comfortable with Scientific Notebook’s graphing tools, you can sketch the area by hand
instead.)

Since f(x) > 0on [1,4],

19



4
A= I (6x — x?)dx
1

(-3
<3x 3 |

- (- 4) - (o - &)

_48_ 64 _ 1
=48 3 3+3
=48-21-3
=24

Problem (Matched—1 in Section 7-1) Find the area bounded by f(x) = x*> + 1 and y = 0 for
-1 <x<3.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (2 in Section 7-1) Area between a Curve and the x Axis
Find the area between the graph of /(x) = x> — 2x and the x axis over the indicated intervals:

[ (1.2]
[_17 1]

Solution We begin by sketching the graph of f:

4__
y

-1+

From the graph, we see that f(x) < 0 for 1 < x < 2, so we integrate —f(x) to get the
area.

20



Since the graph shows that f(x) > 0 on [-1,0] and f(x) < 0 on [0, 1], the
computation of this area will require two integrals:

A= Iif(x)dﬁj;(—ﬂx))dx

0 1
= I (x? = 2x)dx + J. (2x — x?)dx
-1 0

(),
-1 3 0

3
4 —
3+ 2

Problem (Matched—2 in Section 7-1) Find the area between the graph of f(x) = x> — 9 and
the x axis over the indicated intervals:

W

[0,2]
G 2.4]

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (3 in Section 7-1) Area between Two Curves
Find the area bounded by the graphs of /(x) = %x—k 3,g(x) =—=x*+1,x=-2,and x = 1.

Solution We first sketch the area by going to the menu Compute > Plot 2D > Implicit and
adding more Items Plotted.
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mkﬂ
/ A
/.

2 1 g(x)=-x>+1

We observe from the graph that f(x) > g(x) for =2 < x < 1, so
1
a=[ () - g)dr

- jlz((i + 3) (2 1)>dx

Problem (Matched—3 in Section 7-1) Find the area bounded by f(x) = x> — 1,

gx) = —§x 3, x=-1,andx = 2.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Example (4 in Section 7-1) Area between Two Curves
Find the area bounded by f{(x) = 5 —x? and g(x) = 2 — 2x.
Solution First, graph [ and g on the same coordinate system.
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Since the statement of the problem does not include any limits on the values of x, we
must determine the appropriate values from the graph. The graph of f'is a parabola and
the graph of g is a line, as shown. The area bounded by these two graphs extends from
the intersection point on the left to the intersection point on the right. To find these
intersection points, we solve the equation f(x) = g(x) for x:

fx) = g(x)
5-x2=2-2x
x2-2x-3=0
x+1)x-3)=0
x=-1,3

You should check these values in the original equations. (Note that the area between the
graphs for x < —1 is unbounded on the left, and the area between the graphs for x > 3 is
unbounded on the right.) The graph shows that f(x) > g(x) over the interval [-1,3], so
we have

3
A= (o) - g(0)dx
— fl(s ~ X2 (2 2x))dx

3
= j (3 +2x —x?)dx
-1

= <3x+x2—i>‘3
3714

- (3(3)+32— 33—3> - (3(—1)+(—1)2— (_3;)3> = 32 % 10.667

Problem (Matched—4 in Section 7-1) Find the area bounded by f(x) = 6 — x* and g(x) = x.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.
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Example (5 in Section 7-1) Area between Two Curves
Find the area bound by f{x) = x> — x and g(x) = 2x for -2 < x < 3.
Solution Here are the graphs of f and g:

\ 7

y=g(x)

y=1(x)

ol

/ *l
Examining the graph, we see that f(x) > g(x) on the interval [-2,0], but g(x) > f(x) on
the interval [0,3]. Thus, two integrals are required to compute this area:

0 3
A= [ () - g@))dx + | (g(x) - flx))dx
-2 0

- IO (x? —x — 2x)dx + J.3(2x — (x* = x))dx
2 0
- J‘:(xz — 3x)dx + Iz(3x —x?)dx
0 3
= <x3—3 - %x2> ‘_2 + (%xz - )g—3> ‘0
(_

3
(- (F ) G- $-0

- 26,9 _ 179 _
=3 + 3 6 13.167
Problem (Matched—>5 in Section 7-1) Find the area bounded by f(x) = 2x* and

glx) =4-2xfor-2<x<2.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Application: Income Distribution

The U.S. Census Bureau compiles and analyzes a great deal of data having to do with the
distribution of income among families in the United States. For 2003, the Bureau reported
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that the lowest 20% of families received 4% of all family income and the top 20% received
47%. The following table and graph give a detailed picture of the distribution of family
income in 2003.

Income level | x y
Under $24000 | 0.20 | 0.04
Under $42000 | 0.40 | 0.14
Under $65000 | 0.60 | 0.30
Under $98000 | 0.80 | 0.53

Percent of income | , -+
0.9t
08+ I+
07+ &
! RS
Py
0.6 &
+ 0\0
0.5+ S
I
)
04T 4@
1 $
O\&
03T
02 1 Lorenz Curve
T y=1(x)
0.1t
0.0 ——F—+—F+—+—+—+—+—+——F+—+—F+—+—F+—+—+—+—+—+—
00 01 02 03 04 05 06 07 08 %9 ,f,o
Percent of families

The graph of y = f(x) in the preceding graph is called a Lorenz Curve. The variable x
represents the cumulative percentage of families at or below a given income level, and y
represents the cumulative percentage of total family income received. For example, data
point (0.40,0.14) in the table indicates that the bottom 40% of families (those with incomes
under $42000) received 14% of the total income for all families in 2003, data point
(0.60,0.30) indicates that the bottom 60% of families received 30% of the total income for all
families that year, and so on.

Absolute equality of income would occur if the area between the Lorenz curve and y = x
were 0. In this case, the Lorenz curve would be y = x and all families would receive equal
shares of the total income. That is, 5% of the families would receive 5% of the income, 20%
of the families would receive 20% of the income, 65% of the families would receive 65% of
the income, and so on. The maximum possible area between a Lorenz curve and y = x is

%, the area of the triangle below y = x. In this case, we would have absolute inequality: all
the income would be in the hands of one family and the rest would have none. In actuality,
Lorenz curves lie between these two extremes. But as the area between the curves

increases, the greater the inequality of income distribution.

We use a single number, the Gini index (named after Italian sociologist Corrado Gini), to
measure income concentration. The Gini index is the ratio of two areas: the areas between
y = x and the Lorenz curve, and the area between y = x and the x axis, from x = 0 to x = 1.
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The first area equals f(l)(x — f{x))dx and the second (triangular) area equals l, giving the
following definition:

Definition (Gini Index of Income Concentration) If'y = f(x) is the equation of a Lorenz
curve, then

Gini index = 2 j ;(x —fx))dx

The Gini index is always a number between 0 and 1. A measure of 0 indicates absolute
equality—all people share equally in the income. A measure of 1 indicates absolute
inequality—one person has all the income and the rest have none. The closer the index is to
0, the closer the income is to being equally distributed. The closer the index is to 1, the
closer the income is to being concentrated in a few hands. The Gini index of income
concentration is used to compare income distributions at various points in time, between
different groups of people, before and after taxes are paid, between different countries, and
SO on.

Example (7 in Section 7-1) Distribution of Income

The Lorenz curve for the distribution of income in a certain country in 2005 is given by
f(x) = x>°. Economists predict that the Lorenz curve for the country in the year 2020 will
given by g(x) = x'%. Find the Gini index of income concentration for each curve, and
interpret the results.

Solution Here are the Lorenz curves for both years:

2005 2020
y1ot y1ot
08+ 0.8+
0.6 ] y=x 0.6 ] y=x
0.4 ] 0.4 ]
02 y=f(x) ol y=f(x)
0‘00.0 02 0=4 | 0=6 OIS 1=0 0‘00.0 0=2 0=4 | 0=6 OIS 1=0
X X

The Gini index in 2005 is

2 I;(x —flx))dx =2 j;(x —x2%)dx = 2(%){2 - ﬁx”’) ‘;

(L __1 1\ 4
_2(2 o) ~ 0444

The projected Gini index in 2020 is
1 1 1
_ _ _ 18 _ofL.2_ 1 23
2jo(x fx))dx 2jo(x X8 dx 2<2x Sex )‘0
oL __1L .
—2(L-5) ~0.286
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If this projection is correct, the Gini index will decrease, and income will be more
equally distributed in the year 2020 than in 2005.

Problem (Matched—7 in Section 7-1) Repeat Example 7 if the projected Lorenz curve in the
year 2020 is given by g(x) = x*%.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Section 7-2 (pp. 421-432)
APPLICATIONS IN BUSINESS AND ECONOMICS

Probability Density Functions

We will now take a look at the use of the definite integral to determine probabilities.
Suppose that an experiment is designed in such a way that any real number x on the
interval [c,d] is a possible outcome. For example, x may represent an 1Q score, the height
of a person, or the life of a lightbulb in hours. Technically, we refer to x as a continuous
random variable.

In certain situations, it is possible to find a function /' with x as an independent variable such
that the function f'can be used to determine the probability that the outcome x of an
experiment will be in the interval [c,d]. Such a function, called a probability density
function, must satisfy three conditions:

EM /) > 0 forall real x.
EM The area under the graph of f(x) over the interval (-, «) is exactly 1.
EM If [¢,d] is a subinterval of (—«,x), then

d
Probability(c < x < d) = j o)

Example (1 in Section 7-2) Duration of Telephone Calls

Suppose that the length of telephone calls (in minutes) in a public telephone booth is a
continuous random variable with probability density function

0 %e‘”“, ifr>0
[ =
0, otherwise

[T3) Determine the probability that a call selected at random will last between 2 and 3
minutes.

[(33) Find b (to two decimal places) such that the probability of a call selected at
random lasting between 2 and » minutes is 0.5.

Solution
(A)
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3
Probability(2 < t < 3) = j % o4t
2

= (™|,
=112 50,13
We want to find b such that Probability(2 < t < b) = 0.5. Therefore,
b
L ~t/4 ¢ —
jz Letar— 0.5

_ e—b/4 + e—l/z =0.5
et = o712 _ (.5

— b _pe0s—0.5)

b = 8.96 minutes

Thus, the probability of a call selected at random lasting between 2 and 8.96
minutes is . 5.

Problem (Matched—1 in Section 7-2)

In Example 1, find the probability that a call selected at random will last 4 minutes
or less.

Find b (to two decimal places) so that the probability of a call selected at random
lasting b minutes or less is .9.
» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

One of the most important probability distribution functions, the normal probability
distribution function, is defined as follows:

]((X) _ 1 e—()cfy)z/er2

o421

where p is the mean and o is the standard deviation. Here is its familiar bell-shaped graph:

y
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Since je*"’zdx is nonintegrable in terms of elementary functions (that is, the antiderivative
cannot be expressed as a finite combination of simple functions), probabilities such as

d o
Probability(c < x < d) = —1 I o-G-1)?20% g
J2n Ye

are generally determined by using tables of areas under the normal curve or computers that

employ refined techniques of approximation.

Continuous Income Stream

Suppose that your aunt has established a trust that pays you $2000 a year for 10 years.
What is the total amount you will receive from the trust by the end of the 10th year? Since
there are 10 payments of $2000 each, you will receive

10 x 2000 = $20000

Let us now assume that the income stream is continuous at the rate $2000 per year. That is,

after % year you will have received 2000(%) = $500, after 2 years you will have received

2000(2) = $4000, after 5.3 years you will have received 2000(5.3) = $10600, and so on. The
area under the graph of /(r) = 2000 from 0 to ¢ represents the amount accumulated ¢ years
after the start. The total income over a 10 year period is thus also given by the definite
integral

10
j 20004 = 2000¢|2 = 2000(10) = $20000
0

Let us now apply the idea of a continuous income stream to a problem where the income
rate is not constant.
Example (2 in Section 7-2) Continuous Income Stream

The rate of change of the income produced by a vending machine located at an airport is
given by

A1) = 5000204

where ¢ is time in years since the installation of the machine. Find the total income produced
by the machine during the first 5 years of operation.

Solution The area under the graph of the rate-of-change function from 0 to 5 represents the
total change in income over the first 5 years, and hence is given by a definite integral:

5
Total income = j 5000e%-0% gt
0

125000042
125000¢%946) — 12500004
152675 — 125000

$27675

Thus, the vending machine produces a total income of $27675 during the first 5 years of
operation.

Problem (Matched—2 in Section 7-2) Referring to Example 2, find the total income produced
(to the nearest dollar) during the second 5 years of operation.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.
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In reality, income produced from a vending machine is not usually received as a single
payment at the end of the year, even though the rate is given as a yearly rate. In this type of
problem, it is convenient to assume that income is actually received as a continuous
stream; that is, we assume that the rate at which income is received is a continuous
function of time. The rate of change is called the rate of flow of the continuous income
stream.

Definition (Total Income for a Continuous Income Stream) [f/(¢) is the rate of flow of a
continuous income stream, the total income produced during the period from t = a to
t=>bis

b
Total income = I ft)dt

Future Value of a Continuous Income Stream

Recall the continuous compound interest formula
A = Pe"

where P is the principal (or present value), 4 is the amount (or future value), r is the annual
rate of continuous compounding (expressed as a decimal), and ¢ is time in years.

Now suppose that the income produced by a continuous income stream is invested as soon
as it is received at a rate », compounded continuously. How can we find the total income
produced and the interest earned by this income? Since the income does not arrive as one
lump sum at the beginning but rather as a continuous stream, we cannot simply use the
continuous compound interest formula directly. Instead, by using a Riemann-sum approach,
we are able to devise another formula:

Definition (Future Value of a Continuous Income Stream) [f /() is the rate of flow of a
continuous income stream, 0 < t < T, and if the income is continuously invested at a
rate r, compounded continuously, then the future value FV at the end of T years is given

by
T T
FV = [ fier™u = e [ firyear
0 0
For example, returning to the trust set up by your aunt, suppose that you invest the income

as soon as you receive it at a rate of 8% compounded continuously. At the end of the 10th
year, the future value will be

T
FV = erTj ft)edt
0
10
_ e0.0S(lO)J. 2000e-098 4
0

10
= 20006 | 0%y
0

_ os( e 008 )\10
2000e (—_0‘08 0

= 2000e%8(~12.5¢7%% + 12.5) = $30639
Since the money coming from the trust is $20000, you will have earned
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30639 — 20000 = $10639 of interest during the 10 years.

Example (3 in Section 7-2) Future Value of a Continuous Income Stream

Using the continuous income rate of flow for the vending machine in Example 2, namely,
A1) = 500004

find the future value of this income stream at 12%, compounded continuously for 5 years,
and find the total interest earned. Compute answers to the nearest dollar.

Solution Using the formula
T
FV = eT j At)edt
0
withr = 0.12, T = 5, and f(t) = 5000e"*, we have
FV = 01205 J‘S 5000004 o012t 7y
0

5

= 50006 [ 0%y
0

_ 0.6 e—o.oxr>‘5
5000¢e 008 .

= 5000e%0(~12.5¢704 + 12.5)
= $37545

Thus, the future value of the income stream compounded continuously at the end of 5
years is $37545.

In Example 2, we saw that the total income produced by this vending machine over a
S5-year period was $27675. The difference between future value and income is interest.
Thus,

37545 -27675 = $9870

is the interest earned by the income produced by the vending machine during a 5-year
period.

Problem (Matched—3 in Section 7-2) Repeat Example 3 if the interest rate is 9%,
compounded continuously.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

Consumers’ and Producers’ Surplus

Let p = D(x) be the price-demand equation for a product, where x is the number of units of
the product that consumers will purchase at a price of p$ per unit. Suppose that p
represents the current price and x is the number of units that can be sold at that price. As
you can see in the following graph, if the price is higher than p, the demand x is less than x,
but some consumers are still willing to pay the higher price.
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Consumers who are willing to pay more than p but are buying the product at p are saving
money. We call consumers’ surplus the total amount of money saved by all consumers
willing to pay more than p. Through a series of Riemann sums, it is possible to show that
this amount is equal to the area between the graph of p = D(x) the line p = p.

Definition (Consumers’ Surplus) If (x,p) is a point on the graph of the price-demand
equation p = D(x) for a particular product, then the consumers’ surplus CS at a price

level of p is
[ (0G) ~ pax

which is the area between p = p andp = D(x) fromx = 0 tox = X.
The consumers’ surplus represents the total savings to consumers who are willing to
pay more than p for the product, but are still able to buy the product for p.

Example (4 in Section 7-2) Consumers’ Surplus
Find the consumers’ surplus at a price level of $8 for the price-demand equation
p = D(x) =20-0.05x

Solution
ES YN Find x, the demand when the price is p = 8:
P = 20— 0.05%
8 =20-0.05x
0.05x = 12
x =240

BN Sketch a graph: 20 — 0.05x
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ES¥EN Find the consumers’ surplus:
cs = | "(D(x) - p)dx
0
240
- j (20 = 0.05x — 8)dx
0

240
- j (12 = 0.05x)dx
0

= (12x - 0.025x%) 2%
= 2800 — 1440 = $1440

Thus, the total savings to consumers who are willing to pay a higher price for the
product is $1440.

Problem (Matched—4 in Section 7-2) Repeat Example 4 for a price level of $4.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

The analogous amount for p = S(x) a price-supply equation is the producers’ surplus.

Definition (Producers’ Surplus) If (x,p) is a point on the graph of a price-supply equation
p = S(x), then the producers’ surplus PS at a price level of p is

PS - jo(p — S(x))dx

which is the area between p = p and p = S(x) fromx = 0 to x = X.
The producers’ surplus represents the total gain to producers who are willing to supply
units at a lower price than p, but are still able to supply units at p.

Example (5 in Section 7-2) Producers’ Surplus
Find the producers’ surplus at a price level of $20 for the price-supply equation
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p = S8(x) =2+0.0002x>
Solution

ET XN Find x, the supply when price is j = 20:
B = 2 +0.0002%

20 = 2+ 0.0002x?

0.0002x> = 18
x2 = 90000
x = 300

BTN Sketch a graph: 2 +0.0002x>

p

20 7

15 1

10 7

BN Find the producers’ surplus:
X 300
PS = j (B — S(x))dx = j (20 — (2 +0.0002x) )dx
0 0

300 3N (300
= [ (18 -0.0002x7)dx = (1&—0.0002%)‘
0 0

= 5400 — 1800 = $3600
Thus, the total gain to producers who are willing to supply units at a lower price is
$3600.
Problem (Matched—S5 in Section 7-2) Repeat Example 5 for a price level of $4.

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

In a free competitive market, the price of a product is determined by the relationship
between supply and demand. If p = D(x) and p = S(x) are the price-demand and
price-supply equations, respectively, for a product, and if (x,p) is the point of intersection of
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these equations, p is called the equilibrium price and x is called the equilibrium quantity.
Example (6 in Section 7-2) FEquilibrium Price and Consumers’ and Producers’ Surplus

Find the equilibrium price, and then find the consumers’ surplus and producers’ surplus at
the equilibrium price level if

p = D(x) = 20— 0.05x
and
p = S8(x) =2+0.0002x>
Solution

ETXN Find the equilibrium point. Set D(x) equal to S(x) and solve:
D(x) = S(x)
20 — 0.05x = 2 +0.0002x2
0.0002x% +0.05x - 18 = 0
x% +250x — 90000 = 0
x = 200,-450

Since x cannot be negative, the only solution is x = 200. The equilibrium price can be
determined by using D(x) or S(x). We will use both to check our work:

5 = D(200) = 20 — 0.05(200) = 10
p = S(200) = 2 +0.0002(2002) = 10
Thus, the equilibrium price is p = 10, and the equilibrium quantity is x = 200.
ES A Sketch a graph of the two functions:

P

20

15 7

10

ET¥EN Find the consumers’ surplus:
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X 200
S = j (D(x) — p)dx = j (20 = 0.05x — 10)dx
0 0

200
- j (10 — 0. 05x)dx
0

= (10x - 0.025x%)|2

= 2000 — 1000 = $1000

ETYN Find the producers’ surplus:
PS = [ (p-S(x))dx
0

200
- j (10 — (2 + 0.0002x2) )dx
0

200
- j (8 — 0.0002x2)dx
0

200
<8x 0. 0002£> ‘
3 /1o

= 1600 — 1%& ~ $1067

Problem (Matched—®6 in Section 7-2) Repeat Example 6 for
p = D(x) = 25-0.001x2
and
p=58kx)=5+0.1x

» Solve this problem in Mathematica. This problem is designed to reinforce the ideas and
techniques presented in the previous example.

End of Textbook Notes for Lesson 13
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