The ABC’s of Calculus,
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August 12, 2017 Edition

Solutions to Exercise Sets

Revised Sept. 7, 2017

Exercise Set 1.

1. PQ =(-2,-1),PR=(1,-3). So PQ + PR = (—1,—4).

2. PR = R— P (with points (msert Word) as vectors) and so PR = (2, —1) —
(1,2) = (1,-3), while RS = § — B = (0,1) — (2, —1) = (—2,2). . 2PR —
RS =2(1,-3) — (~2,2) = (4,-8)

— — —

3. PQ + QR + RS = PS (addition rule for vectors) so PS = § — P =
= (
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5. 8Q -5PQ+QR=@Q — S —5(
6. SR+SQ — QP = (—1,-3).

7. QS +25Q — 3PS = (2,3)

8. PR+ QR— QS = (3,-5).

9. RQ—RP+35Q0=0Q—-R—(P-R)+3(Q—5) =(-5,-1)
10. QR+ RS — SP + PR = (1,—4)

1L [PQ| =@ — Rl = |(=2,-1)| = /(=2 + (1) = VA+ 1=+
12. -~ |PR+ RS| = |PS|,|PS| = |S — P| = V2

Pl=2-2

13. 2(Q5| — |PS| =2((S - Q| - |S -



14.
15.
16.
17.
18.
19.

20.
21.

22.

23. P

24.

25.
26.
27.

28.

29.
30.

2PQ +3QR| = |2(4 — P) + 3(R — Q)| = V&)
*PR=—RP,|PR| = |RP| . |PR| — |[RP| = 0.
12PQ 4 2QP| = |2- 0| = 0, since PQ = —QP.

13PR — 3|QR| = |3(R — P)| — 3|R — Q| = 3v10 — 3V13.

2|PS| — |25P| = 2|PS| — 2|SP| = 0, (Since |SP| = | — PS| = | PS|).
1SQ| + 2|PR| — |PQ| = 14210 — /5

|QS + SQ — RS| = | — RS| = |RS| = 2v/2 (Since QS + SQ = 0).

v = (2,3) = tanf = b/a and (2,3) is in Q1, so § = arctan(b/a) =
arctan(1.5) = 0.9828 radians.

(—1,2) is in Q2 — 0 = arctan(—2) + 7 = —arctan(2) + 7 = —1.1071 +
3.1416 = 2.0344 rads.

Z) =Q—P=(-1,0)—(0,1) = (—1,1) is in Q3. Thus, § = arctan(1) +
=2 + 7 = 5% radians.
(2,—5) is in Q4, hence § = arctan(—2.5) + 27 = —arctan(2.5) + 27 =

5.0929 radians.
¥ lies along y-axis, hence 6 = 7/2 radians.
(=2,4) is in Q2 so § = arctan(—2)+m = — arctan(2) +7 = 2.0344 radians.

(3,—4) is in Q4 so 0 = arctan(—4/3) 4+ 27 = —arctan(4/3) + 27 = 5.3559
radians

PQ = (0,1) — (2,—1) = (=2,2) is in Q2, so § = arctan(—1) + 7 =
— __ 3w

—arctan(l) + 7 = —7w/4+ 7 = °F.

The point is in Q3 so 6 = arctan(1) +7 = § +7 = %’T

Here the point is in Q4 so 6§ = arctan(—1) 4+ 27 (insert word)

Exercise Set 2.

Yes. - =(0,-1,1)-(1,1,1) =01+ (=1) - 1+ (1)(1) = 0

v-Z=(0,-1,1)-(0,1,-1) = 0—1—1 = —2. On the other hand

7] = /02 + (=1)2 + 12 = /2 while |@| = v/2 also .". |7]|w] = (V2)? = 2
so that ¢ - 2 = —|w||v]. Hence ¥, Z are antiparallel (even though they are
actually negatives of each other here).

8

W so Z is a multiple of w of &, w must be parallel.

N\H

o. (T+w)-2=1(1,0,2)-(0,1,-1)=1-04+0-1+2(—1) = —2 so they
Cannot be orthogonal.

We want (¥ + W) - Z = 0. So this means that («(0,-1,1) + (1,1,1)) -
(0,1,-1)=0or ((0, —cv,cx)+(1,1,1))- (0,1, -1) = 0, i.e., (1,1 —a, 14 a)-
(0,1,—1) = 0. Evaluating the dot product we get 1-0+(1—a)—(14+a) =0
or —2a = 0 which forces a = 0. Hence @ L 2, or av+ @ L Z for o = 0.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Yes. (U+72)
(Note that

-Z=((0,-1,1)+(0,1,-1))-(0,1,—1) = (0,0,0)-(0,1,—1) = 0.
0-Z =0 for any vector Z.)

Look at the vectors PR and P@. Since R is to be the midpoint of the line
segment from P to @ it’s clear that [PR| = 1|PQ|. On the other hand
(draw a picture) we see that PR = %P_Q too! Hence, (z—a,y—b,z—c) =
PR = 1PQ = (x1 — zo,y1 — Yo, 21 — 20) = (520, Lot 21-20) from

2
which z —a = %(ml —x0),y —b=850 2 —c= Solving for a, b, c
we get the result.

Z1—Z0
D) .

” 9

. This is similar to #7 previously except that we replace ”%” there by ”a”.

2. W+ FZ—F = (1/2,3/2,—1/2) so ¥ (@ + Z— &) = (0,~1,1) -
(1/2,3/2,-1/2) = —3/2 — 1/2 = —2.

—7/2. V=il = (—1,-2,0), T+ 7 = (1/2,3/2,—1/2) and the result follows.
This question should have read: Evaluate (x — 1u)- (w4 x). The solution

is the scalar, 9/4. This is because 14 - (W +Z) = 0 and x- (W +x) = 9/4.

[\~]

—9/4. Note that Z- Z = 3 while & - @ = 3

—4. Observe that -2 = —2,VU - U = V2 and Vi - @ = V2 Yes, this is

always true and called the Schwarz... (insert word)

1
8

—3/2. Here -0 =0, - & = 3/4,7-7 = 2.

2. Observe that &+ 7 = (
77— 3/4

V1T

213
3 4
(gag)
221
3’33
—i—3j

,—1.3) and (Z + 7) - (7 + ¥) = 11/4 while

N

)

—18

15
4

lu| = V14; u+v = (3,8,6); u—v = (3,—4,-8); 2u = (6,4, —2);
3u+4v = (9, 30,25).

Exercise Set 3.

1.

We need to find a vector @ in the direction of ¥. So let @ = ¥/|9| where
L2

= — —1)2 2 2 > 1 (_ — [ __1 .
7 = VCZ+ 22402 = V5. Then @ = 5(-1,2,0) = (-4, %.,0) ..

1 2
COSx = ——=, COS = —F=,CosvY = U.
V51008 = Jpyc0s7 =0



10.

11.

12.

i is already a unit vector so its coordinates are its direction cosines.
oy o— L R — A — L
cos = ﬁ,cosﬁ 0, cosy 7

As before we let @ = ﬁ where |7] = /22 + (—1)2 + 12 = v/6 so that @ =
Z(2.-11) = (%,—%, %) So, cosa = Z5,co8 f = — 7z, cosy = .

. Here @ = % where |7] = /02 + (—=2)2 + 12 = \/5. So, i, the unit vector

in the direction of ¢/, has direction cosines given by cosa = 0,cos 8 =
—%, cosy = %
Here |0 = /(—2)? 4+ 3% + 42 = /29 so that @, given by @ = \/%(—2,3,4),

is a unit vector in the same direction as v. It follows that cosa =
4

_ 2 =3 =
m,cosﬂ 351 C0ST = 55

. . . — L —_ L
Since « is already a unit vector we know that cosa = 73 €08 8= 7 and

cosy = % So a = arccos(1/v/3) = 0.9553, 3 = arccos(—1/+/3) = 2.1863
and y = arccos(1/v/3) = 0.9553 rads.

Remember that «, 3,7 must all belong to the interval from 0 to
7r

v = (—3,0,3) means that @ = I% is a unit vector in the same direction

as ¥ where |7] = v/18 (why?) So, @ = —(—3,0,3) means that cosa =

V18
—\/%fs,cosﬁ = 0, and cosy = \/iﬁ. Using our calculator we get a =
arccos (f\/%) = 2.3562rads; 8 = /2, and vy = arccos (\/%) = 0.7854
rads.

Note: We could reduce 3/v/18 to 1/v/2 using the simplifications \/% =
3 3 3 e

= but since we need to use our calculator anyhow,

V92 T V2 T 3V2 T V2
this isn’t necessary.

7= (1,-1,2) so |#]| = v6 and @ = %(1, —1,2) is in the same direction

as ¥. Tt follows that cosa = 1/v/6,cos f = —1/v/6,cosy = % or o =
arccos (%) = 1.1503; Barccos (—i) = 1.9913; v = arccos (l) =

V6 V6
0.6155 rads.
U= (-3,-2,-1) has |0]| = vV/9+4+ = /14 so cosa:f\/%,cosﬂ:

—\/%,cosv = —ﬁ and o« = arccos (—%) = 2.5011; S arccos (—ﬁ) =

2.1347; ~ = arccos (—ﬁ) = 1.8413 rads.

7 = (-1,2,-2) has |[#] = VI+4+4 = /9 = 3. Hence, cosa =
—1/3,cos 8 = 2/3,cosy = —2/3 which imply that o = arccos(—1/3) =
1.9106; 8 = arccos(2/3) = 0.8411; v = arccos(—2/3) = 2.3005 radians.

U= (%,O,C) means the cosa = %,cosﬁ =0and cosy =c. But |i] =1
also (insert word) that cos? a + cos? 8 + cos?y = 1 or % +0+cos?y =1
or cos?y = 1/2 which implies that cosy = :I:%. However ¢ < 0 (given),
SO cosy = —% or v = 3w/4 (or 2.3562 radians (insert word))

U= (%,@,%) means that cosf = b. But |@| = 1 also implies that
%+COS2ﬁ+% =1 or cos? 3 =1/3, ie., cos B = +£1/+/3. Since b > 0 is
given we get 3 = arccos(1/v/3) = 0.9553 radians.



13.

14.

15.

16.

@ = (a,—1/2,1/2) and |@| = 1 implies that cos? v+ ; + 1 = 1 or cos® o =
1/2, i.e., cosa = ﬁ:%. Since a < 0 we get cosa = —% or alpha = 3w /4.

—

@ = (0,1,c) and |@] = 1 both imply that 7= + cos®y = 1 or cos?y

15/16, i.e., cosy = i\/lf) (since ¢ = cosy > 0 is given). Hence v =

arccos (@) = 0.2527 radians.
i = (%7197—%) ,|@] = 1 gives us % + cos? B + i =1lorcos’B=1/2 ie.,
b=rcosff = i%, i.e., cos B = % since b > 0. Hence, 8 = 7/4 radians.

W = (a,b,c) and we know that \/% = cosf, A5 = cosy. But cosp =
0 = b = 0 while cosy = —\/% = c¢=—1. But @ L (1,-1,3) means
that (a,b,c)-(1,—1,3) =0, i.e.,, a — b+ 3¢ = 0. Combining our results we
geta=b—3c=0—-(-3)=3,. .7 =(3,0,—-1).



Exercise Set 4.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25.

26.

27.
28.

© ® N o oo w

vxw=(1,2,3) (Use the expansion of the determinant)

0,3,0) and ny = o x ¥ = (0,—3,0)
3,—1,2) and ny =@ x ¥ = (—3,1,-2)

=
1
S
X
g
1

n1:17><u7=

c'o S—
0
\
e
[N}
(e
w
0
|
e
B
[0.¢)
S~—

n; = Uxw = (—0.32,0.2032,0.48) and ny = @Wx v = (0.
Since w = —2v the vectors are antiparallel.

Since v = 2w the vectors are parallel.

Since vxw = (1,2,1) # 0 the vectors are neither parallel nor antiparallel.
Since v = 2w/3, the vectors are parallel.

Since w = —2v the vectors are antiparallel.

0, the zero vector.

1

-1

0, the zero vector.

-1

0 = Arcsin (1/2) = 7 /6.

0 = Arcsin (v/3/2) = /3

6 = Arcsin (v/3/1/5) = 0.8861 rads.

Find ¢ first: ¢ = /8 = +2v/2. It follows that v - w = #++/8. Since
|v| = v/5 and |w| = 3 we get § = Arccos (+v/8/(3v/5)) = 1.1355 or 2.006
rads.

vxw = (b+a,—b+a,—2) and vxw = (2,2, —2) both imply that b+a = 2
and —b+a=2. So,a =2,b=0. Thus, § = Arcsin (1) = 7/2.

Since the area is equal to (1/2)|v x w| we get Area = (1/2)|(2,—1,4)]

=v/21/2.
Area = v/54/2. Same idea as the previous one.

We don’t really need S since the area of the parallelogram is simply twice
the area of APQR. So, Area = 2(1/2)|(6,2,—8)| = v104.



29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

40.

Area = (1/2)(VI50 + V72)

OP x 0Q = (2,2,2) and the required volume is (1,1,1) - (2,2,2) = 6.
10. Same idea as the preceding one.

Expand both sides and simplify.

Expand both sides and simplify.

Expand both sides and simplify.

Expand both sides and simplify.

Expand both sides and simplify.

Expand both sides and simplify.

Expand both sides and simplify.

|v x w|? = sin? 0|v|?|w|? and |v - w|? = cos? O|v|?*|w|?.
o [vx w2+ |[v-w|? = |[v[2w|?(sin? § + cos? 0) = |v[}|w|?.

Expand both sides and simplify.

Exercise Set 5.

10.
11.
12.
13.
14.
15.
16.
17.

8xr+ 13y + 2z = 32

2z —3y+2z2=2

z=0
z—y=3
y=2
r=—-2

2 —y+3z2=4

—g + % —z=2
r+y—2=0
r+2y+2z=0
Parallel

Not parallel

Not parallel

Parallel

0.9553 rads (or 54.7°)
1.3806 rads (or 79.1°)

1.3508 rads (or 77.4°)




18. 0.5148 rads (or 29.5°)

10. i:y—1/2 _ z—|—1/2.
—2 1 3

20. rz—1 _ y—1 _ z—O.
1 2 -1
21. Let v =(0,1,0) and P(0,0,1). Then we must have Az+By+C(2—1) =0
and B — C = 0. Combining these two equations we get that the plane
Il : Ax + By + B(z — 1) = 0 contains both v and P. Since A, B can be

any two numbers, this gives an infinite number of planes.

Exercise Set 6.

1
= ,orx=—1+4+2t, y=—t, z=1+1¢.

1.
2 -1 1
-2 -3 -0
2. x_z :y1 :23 ,orx=2—-2t y=3+1t, z=3t
-2 1 -5
3. r :y+ =z ,orx=246t, y=-1-2t, z=5+9t.
6 -2 9
3 —4 9
g TS Y A = 340t y=d4 11t z=-9+t.
9 11 1
-5 3
) le,yT:Z—i_l ,orx=1 y=5+t, z=-3-—1.
-0 -1
6. z :L,y:O,or:ﬁ:%, y=0, z=1+2t.
2 2
2
T x_|—1 :t,y:1,22070r$=—2—t, y207 z = 0.
-1 -0
g. 2 5 _Y Tr=lora=1-2t y=—t, z=1, 0<t<L
-0 -0 -1
9. z :y :Z ’01';1;:—t7 y:Qt, Z=1+t7 0<t<1.
-1 2 1
-0 -2
10.95:-1,1/T=Z1 Jorx=—1, y=2t, 2=2+¢t 0<t<l.
z—1
11. l =ty=1l,z=—-l,orz=1—¢t y=1, z=-1, 0<t<1.

x+2 y—1/2 5
5/2  —gj2 0 T tab v

13. x=—-1+4+¢t, y=1, z2=0.

12.

4. x=t, y=—-t, z=1.
15, 2 =1+t y=3+2t, z=-3—1.
16. z=1, y=1—-1t, z2=1+1.

z—0 y—2 z+1
17. = =
7 —4 1 5




18.

19.

20.

21.
22.
23.
24.
25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

x—1 y+1 =z-1

2 3 -5
x—0 y+1 =2z-0
-1 10 7
r—1/2 y—-0 z-2
3 -1 —4
r=-1, y=2, z=3+1t.

r=1+¢t y=-34+1 2z=2-+1t.
=+t y=+t, z=-+t.
r=—t, y=2—-t, z=-1.
cosf =0s06=m/2o0rf=90°.

cosf = f% < 0. So, 6§ = 2.618 and the angle between the planes is

7 — 2.618 = 0.5236 rads, or 30°.

1
cos = — > 0. So, 8§ = 7/4 rads, or 45°.
V2 /

1
cos = — > 0. So, § = 1.4615 rads, or 83.74°.
V84

12
cosf = —5 < 0. So, § = 2.0714 and the required angle is 7 — 2.0714 =
1.0701 rads, or 61.31°.

7
cos) = ———= < 0. So, # = 3 and the required angle is 7 — 3 = 0.141

5v/2

rads, or 8.13°.
r=—-141t y=1-2¢, z=3t.

r=1-y/2,z=y2=ax+y—2=1—-y/2)+y—y/2=1-y+y=1
for any value of y. So, every point P(z,y,z) on the line also lies on the
plane and the result is clear.

% has direction vector vi = (1,2,3). % has direction vector vo =
(2,—1,1). So, cosf = 3/+/84 > 0, i.e., § = 1.237 rads or 70.89°.

The direction v of the line .Z of intersection of the planes is given by
finding the cross product of their normal vectors. So, v = n; X ny =
(3,—1,3). Next, we need a point on £ to completely determine .. It
suffices to choose a point that lies on both the planes. For example,
setting x = 0 and solving for y,z in the equations for II;, IT, we get,
y =3,z =3. Thus (0,3,3) in on .Z. The parametric equation of the line
isthen x =0+3t, y=3—t, z= 3+ 3t. Incidentally, we now have three
points namely, (0,2,6), (0,3,3) and (3,2,6) (set ¢ = 1), that can be used
to determine the desired plane. Its normal is then given by (0, -9, —3) or,
more simply by (0, 3,1). Its equation is then 0(x—0)+3(y—2)+1(2—6) = 0
or 3y + z = 12.

This is because we have seen that every unit vector v = (cos a, cos 3, cos )
where the cosines are the direction cosines of v. Since the line has direction
v, these terms must appear in the denominator of the expression for the
symmetric equations.



10

Exercise Set 7.

ot

10. (—
11.
12.

=~ W

© ® N o

Exercise Set 8.

- W

o

10.
11.
12.
13.
14.
15.

© 0 N o

(V2/2,-3v2/2)
(0,v2/2)
(—V3—1/2,1—-+/3/2)
(—3.933, —3.087)
(3v/3,3)
(2.61/2, —1.4V/2)
(1,0)
(—v2/8,3v2/8)
(vV3+3/2,1—3V3/2)
(—2.455,3.313)
(3.236,2.351)

(5,-2)

(v2,0)
(V3+1/2,1-V3/2)
(3,1)

S

3,




16. (v2/2.v/2/2)

Exercise Set 9.

1. (3v2/2,-3v2/2)

2. (1/2,4/3/2)

3. (=1,0)

4. (—1.763,2.427) or (—3sin(r/5), 3 cos(r/5)).

5. (V2/2,v2/2)

6. (—3.098,—0.634) or (—3v/3/2 —1/2,-3/2+/3/2)

7. (1,-5)

8. (7,-2)

9.0=3,2),2 ' =2+3,yY =y+2,2 —y =0,and 2’ +¢y' = 0.
10. O = (1,0), and use (2.62)-(2.63), with 6 = 7/2. Then ¢/ = —

12

Exercise Set 10.

l.e=ty=0t-1)/2,0<¢<3.

2. x=ty=t>2—-1,-1<t<4

x=t+t+1l,y=t, |t| <2

4. r=t,y=t>—6, -6 <t < o0

5. x=—t/2,y=1¢1<t<2

6. x=ty=v2—1%[t| <V2
T.x=ty=(2t2+1)/3, -3<t<5
8. x=(t2-3)/2,y=t,0<t<1
9. z=vV1-222,y=t,0<t<2

10, z=ty=+/(1—-12)/2, -1<t<1

Exercise Set 11.

1. z = 2cost,y = 2sint,t € [0, 27

2. x =1+ cost,y = —sint,t € [0, 27]

11



12

3. 2 =+2cost,y = —1+4+/2sint,t € [0,27]

4. x=1++12cost,y = —1 +4sint,t € [0, 27]
5. 2 =—1++/5cost,y =2 —+/5sint,t € [0,27]
r=+/Tcost,y =3 —/Tsint,t € [0,27]

x =+/3cost,y = —2sint,t € [0,2n]

x = 2cost,y = 3sint,t € [0, 27]

© ® N o

x=+/3cost,y = 1++/5sint,t € [0,27]

10. x = —2++/2cost,y = —2sint, t € [0, 27]

11. 2 =1++/12cost,y = —1 + 4sint,t € [0, 27]

12. 2 = =24 /1/2cost,y = 1 + (1/2)sint, t € [0, 27]

Exercise Set 12.

1. . =+/2cost, y=+/3sint, tc[0,2n].

2. x =3cost, y=1-—2sint, te]0,2n].
r=—14++2cost, y=2++/3sint, tc]0,2n].
r=3++/5cost, y=—1++2sint, te]0,27].
5. ¢ = =3+ 2cost, y=—4—3sint, te€]0,2n].

6. © = 1(2cost — V6sint), y = %(2cost + V6sint), t € [0,27]. c.c.
orientation

7.2 = 3V/3cos(t) —sin(t),y = V3sin(t) + Scos(t) + 1, t € [0,27]. cc
orientation

8. x = 3sin(t) + % cos(t)—1, y= —é cos(t) + ? sin(t)+2, te€]0,2n].
c.c. orientation

9.z = g(\/gcos(t) — V2sin(t) + 3v2),y = g(\/gcos(t) + V2sin(t) —

V2), t€0,27]. c.c. orientation

10. © = =3 +3sin(t), y=—4—2cos(t), te€[0,2n]. c.c. orientation

Exercise Set 13.




5. = —19t% + (19/2)V/2t — 229/152, y = 19> — 113/152.
6. = —6t2+6t—9/8, y=06t2+5/8.

Exercise Set 14.

1. Hyperbola
2. Hyperbola
Ellipse

- W

Parabola

ot

Hyperbola
Parabola
Hyperbola

Ellipse

© »® N >

r =42cosht, y=42sinht.

10. x =1++/2cosht, y = —1=++/2sinht.

11. x = +sinht,y = +cosht.

12. © = (1/2)(cosht + sinht), y = (1/2)(cosh¢ —sinht),t € R

Exercise Set 15.

1. y={/x/2, x € R.

2. y=a22>0.

3. 22 +y*=9,z,y€[-3,3].

4. y =sin(cosz), x € [0,7/2].

5. 22+ (y/2)? =1, |z| <1, |y| < 2.

6. y=(x—-132+Vz—-1-1,1<z<2
7. (x—1)2%-9y?/9=1,2<0,0r z >2.
8. y=cos(2ln(z — 1)), z > 1.

Exercise Set 16.

L y'(x) = 1/(48%2), y"(x) = —3/(16t"/?)

13



14

o

10.

11.

L

© w N o

~

=2vt+1,y"(z) =2

= —tant, y"’(x) = —sec®t

8

8

8

~

S S R S

— — — — — — — — —

2 EE EEEEEE
|

8

8

2tant, y”(z) = 2sec®t

1/2)tanht, y”(z) = (1/4)sech®t

~

tanht, v’ (z) = 3sech®t
t/(2t — 1), y"(z) = —6/(2t — 1)3
=-2/(t—1)% y"(z) =4/(t - 1)°

=—e 2 y"(z) =23

8

(
3
6

~

8

8

~

3

<

= —(2/3)tant, y"(x) = —(2/9) sec®t

o

14. s 15. J 16.
17. : : Hyg, " FF "19. ‘ :

20.



Exercise Set 17.

1. 4n
2. 97
47

- W

27

1/4
2v/2/15
72 /4
81/20

© ® N e o

1096/105
10. 1/60

Exercise Set 18.

1. 52/3

2. 2v/2

42

2v2

21n(2)v/5

o

—(1/2)v2 = (1/2) In(1 + v2) + V5 — (1/2) In(—2 + V/5)
(1/2)v/5 = (1/4) In(=2 + v/5)

9. 16 [7/% \/1 = (3/4) sin ¢ dt = 19.38

10. 3/2

- W

® N> o

Exercise Set 19.

1. (=3,0)
V3,-1)
44/2,4V/2)

2, —2/3)

(-3
2. (
3. (~
4 (2,
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(1,V3)

(0,4)

(0.97,0.7)

(0.9, —0.43)

(—2.5,4.3)

(-1.73,1)

(V2,m/4) or (=v/2,5m/4)

(3v/2,57m/4) or (—3v/2,m/4)

(v/5,—0.46) or (—/5,2.68)

(4,7/2) or (—4,—7/2)

(4,7) or (—4,0)

(v/5, Arctan (—2) 4 2n7) or (—/5, Arctan (—=2) —7m+2n7), n = +14+2,...
(v/13, Arctan (—2/3) + 2n7), or (—/13, Arctan (—2/3) — 7 + 2n)

(5, Arctan (4/3) + 2n7), or (=5, Arctan (4/3) — 7 + 2n7), n = 4142, ...

(5,—mw/2 4 2nm) or (=5, 7/24 2nw), n=+1+2,...

(V2,57 /4 + 2n7) or (—/2,5m/4 — 7 +2nw), n=+£1+£2,...




32.
33.
34.
35.
36.
37.
38.
39.

i s
\
30. = 31.
22+ y? =5z
24yt =2y—x
r = (1/2)(cos @ — sin ).
r2sin20 = 6
y = (tan o)z
y=—-2
tanf = —1
r = —4sec26.

Exercise Set 20.

10.

> W

© »®» N o oo

{(r,0):0<r<1,0<0<mw/2}
{(r,§):0<r<20<60<m}

{(r,0):0<r<sin20,0 <0< r/2}

{(r,0) : V3 <r < 2sinf,7/3 <0 < 21/3}
{(r,0):3/2<r<1+cosf,—m/3 <6 <7/3}

{(r,0) : (4/3)cos§ <r <1/(1+cosf),—m/3 <0 <m/3}
{(r,8) :4csch <r <8,7/6 <6 <5r/6}

{(r,0) :3+2sinf <r <2,771/6 <0 <117 /6}

{(r,0) : 0<r <sinf,0 <0 <w/4} U {(r,0) : 0 <r < cosb,
w/4<6<m/2}

{(r,0) : 0 <r <sech,0<6 <m/4} U{(r,0):1<r <sech,
/4 <0 <m/2}

Exercise Set 21.

1.
2.

0.37-3% =3.33
2tan(m/3) = 2V/3

17
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3. 24rw

4. 7/3

5. 4m/3+2V3
/16

97 /2
m/2—1

© o N o

1/2 +37/8 4+ 1n2
10. 25v/3/2 + 257/3
11. 1

12. 47/3

Exercise Set 22.

1. 7/2
2. V2(1 —e™?)
3. 117/20

372
2

5. m/13
6. 2400 — 1)

7. 7V1+(1n?’)2(97r _ 1)

In3

8. 4

9. 3(r*Vm2+ 1+ Va2 +1-1)

10. 7/2+3/3/8
11. ~ 0.642
12. 16/3

Exercise Set 23.

1. Continuous as it is a polynomial.

2. Not continuous as limit doesn’t exist. Try directions x = 0 and y = x.
Both give different limits.

3. Continuous.
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4. Continuous.

5. Not continuous as limit doesn’t exist. Try the directions y = 0 to see this
as it gives a value of 0 # f(1,0).

Continuous.
Not continuous. Limits exist and are 0 but f(0,—1) # 0.

Not continuous. Limits don’t exist.

L e

Continuous.
10. Continuous
11. Discontinuous
12. Continuous
13. Discontinuous
14. Continuous
15. Continuous
16. v/3

17. 36

18. 7

19. 27

20. All points on or to the right of z = y?
21. 5

22. 8

23. 0

24. Does not exist
25. 1

26. 2

27. 1

28. 2

29. 0

30. Does not exist

31. Does not exist

Exercise Set 24.

1. fr = 322 + 2y, fy =22 —2y.
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®© N

10.

11.

f;r = —y2/3€2> f’g = 2y/l‘
fo = 20€™ (2 + zy), f, = 223%™

cfe=e%, f,=3e%(x +Iny) + e /y

fe=2(x—2y+3), f, = —4(x — 2y +3)
f:(=3,2) =2, £,(-3,2) = 3.

fo(4,-1) =1/3, f,(4,-1) = —1/3.
f+(1,2) =6, f,(1,2) = —1.

That f is not continuous at (0,0) is easy because f(z,0) = 0 yet f(z,z) =
2 for all z. Taking a limit as  — 0 gives the result. Use the definition of
partial derivatives to show that f,(0,0) =0 and f,(0,0) = 0.

We use the definition of continuity of f at (0,1): Let € > 0 be a given
number. We need to find a number § > 0 (usually depending on €) such

that if /22 + (y — 1)2 < 4, then |f(z,y) — f(0,1)| <e.
First note that /2 + (y — 1)2 < ¢ implies that

lz] = Va2 < /22 + (y — 1)2 < §. In addition, 22 + (y — 1)% > (y — 1)°.
From the theory of inequalities we get that
2’(y—1)? _2’(y—1)?
xz,y) — f(0,1)| = < =22 = |z]* < 8%

So, if we choose § so that §° = ¢ then we will indeed have |f(x,y) —
f£(0,1)] < e. In other words, § = /¢ satisfies the definition, that is, given
any number & > 0 there is a ¢ (namely § = /) such that whenever
the points (z,y) lie in the circle /22 + (y — 1)? < ¢, of radius J, then

\f(a:,y) - f(0’1)| <Ee.

Recall that f,(a,b) = limj_ w and similarly for f,. Set-
ting @ = b = 0 and using the given fact that f(0,0) = 0 we get that
£k, O) 100 (h ) =0 for any h # 0. Taking the limit gives 0. This
proves that fI(O 0) = 0. A similar proof applies in the case of f, and

f4(0,0) = 0.

Exercise Set 25.

%y(y In(z) + 1)

2y2™ In(2)? 4 27Y In(2)
T
%(m In(y) +1)

2(—y> + 22)
(g% + 22)2

2z (yz? 4 1) ey’



10.
11.
12. —

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

© »®» X >

21

e® cosy

122yz

—sin(zx cos(y))z2 COSQ(y)

0

y(—zyzsin(zyz) + cos(xyz))

0
2T

(x2+y2+22)3/2
Folm /4, —1,2) = 0

fey = 3z cos(z?y) — 2%y In(zy2) sin(2?y) + 22 In(zy=2) cos(z?y).

foy- =6 3”3Z2y2zln(3) (In3)%2%y®2* + 3zy*2°In3 +1).

fa:xz = 121‘y2.
Foon = 16zyz
yzz — (1‘2 + 22)3 !

fow = 62y, fyy = —42, foy = fyo = 32° — dy.

fxa: = fyy (Iz_zg)z); fly fyL = 272)2

foa = (@ —2)e¥™7", fyy =2e¥™ 7, foy = fyz = (1 —x)e¥™".
fro =8, fyy = —62 46y, fuy = fyo = —

-2

4

Exercise Set 26.

. Not differentiable because f,(0,0) does not exist, even though f;(0,0) = 1.

Differentiable as it is a polynomial (so both partial derivatives exist and
are continuous everywhere).

Not differentiable because f;(0,0) and f,(0,0) do not exist.
Differentiable, as each term is differentiable then so is their product.
Not differentiable by definition

Not differentiable, even though partials exist and are 0 at the point, the
definition of differentiability fails.

Differentiable as f is a polynomial.
Not differentiable, as the partial derivatives do not exist at O.

Not differentiable as the partial derivative wrt x doesn’t exist at the point,
even the other partial derivatives do exist there.
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10. Not differentiable as the partial derivative wrt x doesn’t exist at the point.
11. 3dz + 2dy
12, 3dx +2ydy

Exercise Set 27.

1. 14/5

2. 7v/2/50
6/V5
2v/3 —4
4/5

- W

o

10/3
2//6
11/3
V2/2
10. 1

11. v/80In2.
12. V13/37
13. —1/12

© 0 N o

14. —2); rate of decrease = 3

15. (1/6,2/3,—1/2), rate of increase = /26/6

16.

(-1
(
(0, —4, 8), rate of increase = v/80 = 4v/5
(

17. (4sin6 + 36 cos 6, +6sin 6 + 24 cos 6) = (—33.4, —21.4).
18. (—4,—2). Maximum rate = 2v/5 = 4.47.
19. B, y%i + 2xyj

20. C, i+ 2y]

21. A, ei—+ 2ej

22. B, sinyi + x cos yj

23. B, 2i + 3j

24. C, —0.08i — 0.16j

25. B, 2V/3

26. D, 3i +2j

27. A, ¢
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17
28. A, U

29. B, (1,2)

Exercise Set 28.

1.

Use the Mean Value Theorem of this section. Let u be any vector, Now,
writing 0 = (0,0) we know that f(u) — f(0) = Vf(P*) - (u—0) =
V f(P*) - u, where P* is some point in 2.

In addition, the assumption Dy, f(P) = 0 for all points P € & is equivalent
to saying that V f(P)-u = 0 (even though u is not necessarily a unit vector,
this is still true, see?) It follows that, in particular, D, f(P*) = 0 too,
that is, Vf(P*) -u = 0, too. Therefore, f(u) — f(0) =0 or f(u) = f(0).
Since u is arbitrary, this means that the function f takes on the value
f(0) at any vector/ point u, or that f or a constant function.

Exercise Set 29.

10.
11.
12.
13.
14.
15.
16.
17.

.0

yr =32 +r—s+1)2, y =6t (2 +r—s+1)2
fs = 3523 + 4st? — 3t, f, = 353t 4 45%t — 3s
fo=—s/VIT =S, fo =1V =2

df /dt = 4(2t3 + 3t> — 6t + 1)

f _ yzcos(\/zyz+1) f _ zzcos(y/xyz+1) f _ axycos(vzyz+1
T 2\/xyz+1 »JY T 2\/xyz+1 1JE T 2\/xyz+1

r=1,y=—1,2=—1we get f, = —cos(v/2)/(2v2)
fe=22%251n2., f, =4t

), Finally, when

fo=2(s+t—1)eEH=D f, = 2(s 4t — 1)els+=D*,

fs = 10s, fy = 10t

fo=4x(2® +?), fy = (@® +?)

fs = 4s(s? +t2) cos((s? + t2)?), fi = 4t(s® + %) cos((s? + ?)?)

df /dt = (2 cos®t+sintcost—1)et, d?f/dt? = —(2—4cos? t+3sint cost)e’
fo=9225+ 2t f; = 25+ 10t

1/7
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18.
19.
20.

zr =0,29g = —4
Z,=2p, 20 =0

fs:Oaft:O

Exercise Set 30.

10.

11.
12.
13.
14.

15.

16.

17.
18.
19.
20.
21.

. n=(1,0), T=(0,1).
.n=(2,-1)5, T=(1,-2)/V5.

n = (2,0,—1)/v/5, or any other vector (a, b, c) whose scalar product with
T gives zero. T = (2,-3,4)/v29.

n=(0,-1,0), T = (1,0, —1)/v2.
n=(2,1)/v5, T = (1,-2)/sqrt5.
n=(v3,1)/2, T =(-1,V3)/2.

Let r(to) = P(zo, Yo, 20) on €. Then £5f0 = Y2Y0 — 2220 jg the tangent

3 2
tO t() to

line and t3(z — mo) + t3(y — yo) + to(z — z0) = 0 is the tangent plane.

Note that t = 6. So, we get £=5¢ = y%f“ = 2212% and a(z —6a)+6a(y —
18a) + 36a(z — 72a) = 0.

x+lfﬂ/2:y—1:%andm+y+\/§z:4+ﬂ'/2.

x:e—&—et,y:%—é,z:\/§+\/§tand6x—%+\/§z:2—e%+62.
xz?—k%t,y:g—%t,z=1+2t,andx—y+2\/§z:\/§.
r=1+2t,y=—t,z=1+3t and 2x — y + 3z = 5.
r=—-148t,y=13+12t,z = 24t and 2z + 3y + 62 = 7.

=l = 31_/?;,: 217;1 orwl—’zl:y_—_f: =4 and 12z — 4y + 3z = 12

Let o > 0. Then z =y = t and z = t\/2. So, we get i Z\_/go,
and x+y+ﬁz:4xo.
If 2o < 0, then let = y = t, 2 = —t\/2, where t < 0. In this case we get

%o = ¥l — Z__\;g, and z +y — V22 = 4dxg

Let y = t! Then € = (t2,t,t*). We get ””7_1 = yT1 = Z217 and
2v4+y+4z="1.

%:%: f;/é and 2z +y—2=2
2r+4dy+z2z=15,z=1-2t,y=2—-4t, 2=5—1t.
dr—4dy—z2=6,z=24+4t,y=—-1—-4t, z=6— 1.
3r+4dy—3z=14,andx=1+3t, y=2+4t, 2= -1 - 3t.

z =1 is the tangent plane. x =y = 0,z = 1 + 2t is the normal line.



22.

23.
24.

25.
26.
27.
28.
29.
30.
31.
32.

33.

34.

35.

35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.

25

89U—8y—z=4,aundf—”—l—{—%1

+
I3

Ll
'S

x—!—y—z:land%*l ==

z = —1 is the tangent plane while x = 1,y = 1,2 = —1 + ¢ is the normal
line.

r—y+22-35 =0, and 271 —¥=l _ 23

_ -3 _ y—4 _ 247
17z + 11y + 52 = 60 and 222 = Y= = 217,

x+11y+52:18and%1:972:z+1'

<
-
N
|
N

2x+y+11z:25and%*1:

T
5x + 4y + 2 = 28 and 232 = 478 = 226,
3z —-2)—2y—1)+(z—4)=0o0r3z+2y— 2z =4.
20 —-2y—2=6

For example, z = y/x2 + y? at (0,0). It cannot have a normal line as one
or more of the partial derivatives may not exist at the point in question.

The equation is equivalent to the ray x + y/2 = 0 or y = —2x, through
the origin. Thus (1, —2) is a tangent vector and (2,1) is a normal vector
everywhere, including (0, 0).

The tangent plane is parallel to the xy-plane at the points (0,3,3) and

(0,3, —7). It is parallel to the yz-plane at the points (5,3, —2) and (-5, 3, —2).

It is parallel to the zz-plane at the points (0, —2,—2) and (0,8, —2).

dor — 2y — 3z = 3.

4i+ 25 + k.
r+2y+22=9

z=2xr—1
z=3xr—2
z=2x+ 2y —?2

z=2x+4y -3
z=x+y+1
z=2x+2y+1
4

7

26

Apologies for the identically
numbered questions 35.
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49.
50.

ol.

92.
53. i
54.

95.

56.

o7.

2V/2
(O, 1, 1)

s
3i j+ -k
1+e_]+4

(17 _176)

Exercise Set 31.

10.

11.
12.
13.
14.
15.

16.

. No

. Yes. A potential function is given by f(x,y,2) = y+ 23y + 323+ C, where

C'is a constant.

Yes. A potential function is given by f(z,y, 2) = 2%y + yz + C, where C
is a constant.

No
No

Yes. A potential function is given by f(z,y,2) = zy + sinzz + C, where
C is a constant.

Yes. A potential function is given by f(z,y,2) = zyz + C, where C is a
constant.

Yes. A potential function is given by f(z,y) = z + 22y — y? + C, where
C is a constant.

No

Yes. A potential function is given by f(x,y) = x + lzs% + C, where C
is a constant.

divF =3, curl F = 0.

divF =z + z, curl F = (22%y, 2 — 2292, y).

divF = e® cosy + e¥ cos z + e* cos y; curl F = (e¥ sin z, e* sin x, e” sin ).
divF = 3sin? z cosz + 3sin® y cosy + 3sin? z cos z; curl F = 0.

divF =1/ +1/y+1/z; curl F = 0.

: _ 2z 2y 2z . _(__ 2z 2z 2y
divF = 22 1y2 + v2tz2 + ez curl F = ( V1220 T 224220 22447 )



17.
18.
19.
20.
21.
22.

23.

24.
25.
26.
27.

28.

29.
30.

31.

32.
33.
34.

35.

36.

37.

27

2a+y+2)

curl F = (22%yz +y? + 223 + C.
0

5/9

16.

Find the partial derivatives, add them, and simplify. For example, f, =

2z __2 _ =2(@?-y?) — 2@?—y?) :
W’ fy = ZE27<Ey2 Then fww = W and fyy = W SO, their
sum 1S zZero.

Similar to the preceding one, just one dimension higher: Here f,, =

2 2 2 2 2, 2 2,2 2 .
—W’ fyy = wv fez = % Adding them up and

simplifying we get the result.
.. _ 2_.2_ 2
Wiiting £(2,3:2) = (22 + 72 + 22) /2 we got fo = 2Lt g

2?2y 42> faz oy’ 227 Adding them and simplifying we

G e T TG
get, the result.

Use the definitions, expand and then simplify the result.

Use the definitions, expand and then simplify the result.

fAg—gAf

Assume F, G are each twice differentiable. Then we know that V - (V x
F) = 0 and similarly, V- (VxG) = 0. But V- (VxF) =V (cG) = cV-G.
Since ¢ # 0, .. V- G = 0. A similar proof shows that V- F = 0.

Since V-F = 0 use of Exercise 25 above gives us that Vx (V xF) = —AF.
But VxF =cG. ... —AF =V x (¢G) = ¢(V x G) = ¢*F, and the result
is now clear. A similar proof applies to the other quantity.

VxF = (202y—22%2, 2y%2—2xy?, 2222 —2y2?). It follows that F-(VxF) =
0 and so the two vector fields must be orthogonal.

No

Yes. A potential function is given by f(z,y, z) = y+ 2%y + 323+ C, where
C is a constant.

Yes. A potential function is given by f(z,y,2) = 2%y + yz + C, where C
is a constant.

No
No

Yes. A potential function is given by f(z,y,2) = zy + sinzz + C, where
C is a constant.

Yes. A potential function is given by f(z,y,2) = zyz + C, where C is a
constant.

Yes. A potential function is given by f(z,y) = z + 22y — y> + C, where
C is a constant.

No
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. . . . 2 1
38. Yes. A potential function is given by f(z,y) = z + =5~ 4+ C, where C
is a constant.

Exercise Set 32.

1. —314/2
2. 1386.63

3. 16vE-1)
4. 24.

5. \/510g2

6. m:ﬂ(%mw);(z,g,z): (%,0,0).

7. m=2r%(z,y) = (T(WS'Q) , 7r(ﬂ;2)>.

8. V2/4.

©
—

10. 18
11. 2095 4

Gl

12. 5*3\/5, the same answer!

Exercise Set 33.

I
12
5 8e —5H
8
29
3. =2
30
L T
192
15+ cos1l — cos4
5.
2
6. 8
1.1 .17 1
7. a)=, b)—, ¢)==. d) ——.
93 Py O35 D~
8. 0

9. —2mab



10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

4R

3
13

0

1

4/3
4/15
8/15
e+7/20
11/3

2m

119/30

Exercise Set 34.

10. f
11.
12.
13.
14.

15.

flz,y) =ysinx + xcosy + C

fz,y) ye® +x4+y+C

flzyy)=a¥+C

f(z,y) = Arctan (e*¥) + C

f(@,y) = sin(In(zy)) + C

f(z,y,2) = In(zyz) + C

flz,y,2) =In(z® + 32+ 22) + C

f(2,y,2) = sin(zyz) + C.

f(z,y,2) = In(sin(zyz)) + C
f(z,y,z) = sin(zy) + sin(yz) + sin(zz) + C.

—1/2.

1

3

0

-1

Exercise Set 35.

29



. a) Using vertical slices:
S ={(z,y): 0<y<a?0< e <2},

or,
b) Using horizontal slices:

S ={(z,y)  Vy<z<2,0<y <4}t
Both descriptions are correct.
. a) Using vertical slices:
T ={(z,y): 20 <y<2,0<z <1},

or,
b) Using horizontal slices:

9:{(Jc,y):0<x<g

0<y<2).
Both descriptions are correct.

. Using either vertical or horizontal slices we find:

X ={(x,y): —2<x<3,-1<y<4}.

Both descriptions are given by the same set of inequalities as the region
is a rectangle.

. a) Using vertical slices:
S ={(z,y) 2’ —4<y<4-2",-2<2 <2}

or,
b) Using horizontal slices: . = % U % where

%:{(%y):—\/ﬂ@m 4—y,0<y<4},
and

<5’2={(w7y):—\/M<x< 4+y,—4<y<0}7
. a) Using vertical slices:
T ={(z,y): -1 <y <z, -1<z <3},

or,
b) Using horizontal slices:

T ={(z,y):y <z <3,-1<y <3}

. a) Using vertical slices: J# = J# U J#, where
J={(z,y): 22 -2<y<1—20<x <1},

and
o ={(r,y): 22-2<y<z+1,-1<x <0},

or, using horizontal slices,

b) A& = 3 U #; where
Ay ={(z,y):y—1<r<1-y,0<y< 1},

and
%={(m,y):—<y<7—2<y<0}-



31

7. a) Using vertical slices:
W ={(z,y):2* <y<Vr,0<x <1},
b) or, using horizontal slices:
W ={(z,y): ¥ <2 <Vy,0<y <1}

8. a) Using vertical slices:
T 2
&=q@y): =\~ (x—*> Sy<sinz,0<z <o,

or (this part is hard),
b) Using horizontal slices: & = & U & where

& ={(z,y) : arcsiny < z < 7 — arcsiny, 0 < y < 1},

and

T w2 0 w2 0

9. a) Using vertical slices: 7 = 73 U Z5 U I3 where:

A ={(wy): 0<y<z+2,-2<z< -1},

To={(z,9):0<y <1, -1 <z <1},

Fs={(r,y):0<y<2—2,1<z <2},
or, using horizontal slices,

b)
T ={(z,y):y—2<2r<2—y,0<y<1}.

10. a) Using vertical slices:

54:{(x,y):3—\/1—x2<y<3—|—\/1—x2,—1§x<1},

or, using horizontal slices,

b) ¥ = % U% where

4 ={(z,y): —1<2<1,0<y <3},

% ={(0,): —v/T- (-3 <o <VT-(y-373<y<4},

11.

N

S ={(r0):0<r<3,-<0<

}.

w| 3

T
6
12.
W ={(r,0):2<r<3,0<0<2r}.
13. fzﬁl Ugg where
L =40r0):0<r<1,0<60<

.,szz{(r,ﬁ):ogrgl,wgggﬂ}_
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14.
4cosf —+/16cos?2—12 « T
= 0):0<r< T<o<l
M {(Ta ) r 5 5 6}
15.
¢ ={(r,0): 0 <7 <1+cos6,0<0<m}.
16.

.,S,”:{(T,H):OSTQCOSBH,—% <46

N
ol
ings

17. € = €1 U %> U 63 where:

1 1
%1:{(r,9):0<r<4,—arcsin4<0<arcsin4},

o1 us
Cp = (730):Ogrgcscg,arcsmzéﬁé5 ,

7r 1
G =1(r0):0<r < —oscld,—5 <O —aresin o

18. In polar coordinates: #Z = %1 U %o U %3 where:

or, in Cartesian coordinates (vertical slices):
w-{ena-vitacycvima P )
or, using horizontal slices: Z = %1 U %> where
P ]
2= { @) VI P <o VIR0 <<},
19. In polar coordinates: Z = %1 U %o U X3 where:
%’1:{(7«,9):0<r<1,0<9<5},

%2:{(r79):csc9<r<177r<9<3F},

%3_{(7”79)11<7’<sec@,?mgegﬁ}

or, in Cartesian coordinates (vertical slices): Z = %1 U (%2 U %s) where
By = {( <y<vV1—22,0< 1}
B UAs ={(z,y):0<y<1,-1 <z <0},

or, using horizontal slices (simplest of all):

X = {(my x<\/1—70 <y < }



20. In polar coordinates:

y:{@ﬁyogrngEQ%gegg}

or, in Cartesian coordinates (vertical slices): . = .1 U .3 where:

V3z V2
Y1—{(x,y)3<y<\/§z,0§x§% )
V3 2 V2 s
= i <y< -, =<zT<V2 .
21. Ryo = {(z,y 2t <y<z,0<z<1}

2. Ry =

(

(
23. Ry = {(x,

(2,9): 0< 2 <y/2,0 <y <2}

(

)
)
):0<y<V1—2,0<2<1}
)
)

25. Ky = VY Sz <y,0<y<1}

Exercise Set 36.

Ll
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=2
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w

ot
w
3

\
o
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®
wle

M
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10.

Exercise Set 37.

1. 1/2
2. 1/2
3. 1/6




34

10. 3410 (1/2) = 2+ Lin(2/3)
11. &
12. ¢
13.
14. 1

15. 4+ 2n
16. 12

17. 4

18.

[SJ[eY

19.

Al olo

20.

Exercise Set 38.

4 VY
1. I:/ / (zy® + x) dx dy
0o Jo

43

3 z?
2
3.1 :/ / sin(r2?) dy doe = —
0 0 3
el6 —1

4

Z is bounded below by y = 0, above by y = 22, on the left by = = 0.

1
5. 1= 5(1 — cos 1) (Use Fubini!)



10.

11.

12.
13.

14.

15.

16.
17.
18.
19.
20.

o

a)
1 .1 e 1 3
b)Iz// xdasdy—l—// rdrdy = -.
0 JyiI—y 1 Jlny 4

4 2 9 poVE 212 2349
/ / (Z/+332)dydx+/ / (y+a2)dyde = — +=— =
0o Jyz 0 J-3 21 28

/01 /yﬂf(m,y)dxdy.

2/3 = /01 /_i(y—l—x)Qdyda:.

/4

2 —2cos?2
e?3 1
V2/3-1/6
1/2

7895

35

84 °

Exercise Set 39.

> W

ot

3
2

(9In2)/2

1/3

1/6

2v/5 — In(v/5 — 2)
28

Exercise Set 40.

1.

7/24 +/3/16.
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- W

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

© ® N e o

37/2. Use polar coordinates.

(9 — 533/2).
m(le—1)
G+
39

77(1 —cos1)

3/4

4

/3

2In(sec1+ tan1)
4 /3

4v

—2s

/4
2m
6uv
/3
4
-1/8

Exercise Set 41.

1.
2.

- W

10.
11.

© ® N e o

A vertical elliptic cylinder

A right-circular cylinder whose central axis is the y-axis.
A vertical hyperbolic cylinder

A parabolic cylinder whose vertex is the z-axis.

A hyperbolic paraboloid

Hyperboloid of one sheet

Hyperboloid of two sheets

Right-circular cylinder whose central axis is the xz-axis
An elliptic cone

An ellipsoid

A hyperbolic paraboloid




12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

37

An elliptic cylinder whose central axis is the y-axis.
Elliptic cylinder
Hyperbolic cylinder
Hyperbolic paraboloid
Right-circular cylinder
Parabolic cylinder
Hyperbolic cylinder
Elliptic cone

Hyperboloid of two sheets
Ellipsoid

Hyperboloid of one sheet

Elliptic paraboloid

Exercise Set 42.
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o
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10.
11.
12.

13.
14.

15.

16.

r=uy=uv2=3v>-2u?+6,u,veER
y=u,z=uv,x=ve"/3, u,v € R

T =u,z=0,y =3 (sin(uww) —u?), u,v € R

x = 3sinucosv, y = 3sinusinv, z = 3cosv, u,v € [0, 27|
x=2cosu, y=v, z=2snu, u € [0,27], v € R.
x=ucosv, y = (1/2)usinv, z=u/3, v € [0,27], u € R.

T =u, y=+/ucosv, z =+ /usinv, u >0, v € [0, 27].
x=14wucosv, y=24usinv, z=v, u € R and v € [0, 27]

x = cosu sinv, y = (1/2) sinw sinv, z = (1/4) cosv, where u € [0, 27],
v € [0,7].

x =wvcosu, y =vsinu, z=wv,u € [0,27],v € R
r = (1/y/2)sinhu, y = (1/2)coshu, z=v. u,v € R

x = (24 cosv)cosu, y=(2+ cosv)sinu, z=sinv. where u,v € [0, 2),
andc>a>0

r(u,v) =ui+2cosvj+2sinvk

r(u,v) = 2cosu sinvi+ 2sinu sinvj+2cosvk, weR,ve](02n]
1

r(u,v) = gsinhui—I—coshuj—i—vk

r(u,v) =v cosui+vj+ 2usinuk
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17.
18.
19.
20.

922 + 4y = 362
T+y+z=2
y2 - 2,2 =1

2+ + 22+ 12-8y/22 +y2 =0

Exercise Set 43.

o

10.
11.
12.
13.
14.
15.
16.
17.

18.

19.

20.

-

© ® N o»

4/61

V/3/120

7R3 /4

0

2w arctan(H /a)
2

2

-4

1.33uC'. The answer gives the total charge on the plate.
ad/e

/4

L3r

27 \/5
1497 = 30/ / 31+ 4r2dr df
0 0

%. Note the answer here!

Exercise Set 44.

1.




ot

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

- W

© % N

39

—67

—147v/2
2/3
1/2

127

—2m

—24m
27/4

6257 /2
3m
1/30
6m
1207

12

Exercise Set 45.

- W

dr = / F (r(t)) - v'(t)dt where € is given parametrically by r(t) =
%

(2cost,2sint,2), 0 < ¢t < 27 and r'(t) = (—2sint,2cost,0). Further-

more, F (r(t)) = (2cost — 2sint, 4,4 cos?t). It follows that

27
/ F(r(t)-r'(t) dt:4/ (cos?t — costsint + 8cost) dt = 4,
€ 0

as before.
367

0

0

-2

80w
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7. 2567
8. —18m
9. /4
10. —/3/6
11. V xr =0 and the result is clear.
12. Break up the line integral into two parts and use the previous result.
13. 87
14. 0
15. —7
16. (—2,3,0)/V13
17. (vy + z,—1,y2)
18. 0
19. —7
20. 0

Exercise Set 46.

1.2

2.2

9/2
1/2

5. 95/1512

6. /3/1/2xexydydzdm = -7
o Jo Jo 2
1/V2 V/1-222-3y%
b /1/f/ \/ﬁ/ V1-2z2—3y? ydzdy do.
8. Project the solid .7 on to the zy-plane and use y-slices for the description
of Rya.

1 v 1-y? 1—22—y?
9. / / / zdz dx dy.
o Jo 0

10. Projecting .7 on the zz-plane we substitute = 0 into z = 1 — 22 — 2 to
get the projection Z. Using horizontal slices in the yz-plane we find

Ry, ={0,y,2) : 0<y<V1l—-2z2 0<z<1}

Next, for a fixed point (0,y, z) € %, an x-slice goes from 0 to a point on
the surface where now z is written as a function of y, z, i.e., 22 = 1—y?— 2



11.

12.

13.

14.

15.

16.

41

which gives x = y/1 — y2 — z (since we are in the first octant). It follows
that

Vi-yr—z 1 pVI=z pf1-y2—2
I:// / zddiyZ:/ / / zdx dydz.
Ry JO o Jo 0

See the previous Exercise and look at the same region &, but now change
the slice to a vertical slice to get #,,. This gives the integral

1 y2—z 1— y 1 —y2—z
I—// / zdxdA,, = / / / zdx dz dy.

This time we project .7 onto the zz-plane. In this case the projected
region Z is enclosed by the parabola z = 1 — 22 (since y = 0 on the
xz-plane) and the coordinate axes. Since we want %, we need to take a
horizontal slice of Z in the xz-plane. This gives us the description,

Ro ={(2,0,2):0<2<VI—2, 0<z<1}

Now, for a fixed point (,0, z) € Z,. a y-slice goes from 0 to a point on the

surface where now y is written as a function of z, z, i.e., y2 =1 — 22 — 2

which gives y = v/1 — 22 — z (since we are in the first octant). So, as
before, we get

Vi-y2—z 1 pVi—z pVI—a2—z
I:// / zdydAm:/ / / zdydxdz.
Rz )0 o Jo 0

Once again we refer to the previous example but where we change the slice
of #Z from horizontal to vertical to get Z,,. We get

Row = {(2,0,2):0< 2<1—2% 0<2<1}.

The iterated integral now becomes,

\Vi1-y2—=z 1 pl—z? V1-z2—2
I:// / zdydAzxz/ / / zdydz dx.
Rz JO o Jo 0

Evaluating the innermost integral in Exercise 8 we get,

1 V122 1—22—y?
1= / / / zdzdy dx.
o Jo 0

In polar coordinates, z = 7 cos ), y = rsin 6, 2 = 22+ and the Jacobian,
J = r. Since we are integrating over a quarter circle we get 6 € [0, 7/2]
not the full circle, i.e.,

1 7T/2 1 T 1 T
_ 1 1 — r2)2 :7/ 122 gr =
2/0 /0 r( r°)*dr df 1), 7 ( ro)*dr 51

Of course, all the previous integrals, # 9, 10, 11, 12 and 13 give the same
answer!

11—z l—z— y
Mass-/ / / (x2 + o —l—z)dzdydx—%
5

(Z,9,2) (E’ i 18) (Don’t forget to divide by the Mass!)
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17.

18.

The total charge in .7 is simply the triple integral of the density function
(just like in c.m. problems). In this case the total charge in  is the
iterated integral,

a pVa?—z2 pifa?—z2—y2
Total charge =1 = / / / xyz dzdydz.
o Jo 0

Evaluating the inner integral first we get

1 a pvVa?—z2
I=- / / zy(a® — 2% — y*)dy da.
2 Jo Jo

Changing to polar coordinates we find, (don’t forget the Jacobian!)
1 /2 pa ab
]:,/ / 3 (a? — r?) cosf sinf dr dd = — Coul.

a) Project this eighth part of 7 onto the xy-plane and describe the region,
Rye. You'll get

/1= az? — by? /1= aa? 1
{((E,y,Z)ZOiZS #7 Ogyg baxv ngéﬁ}

From this to the integral is an easy matter.

b) Use the elliptic coordinate transformation in the hint. The Jacobian is
found using the usual determinant. Integrating out the innermost integral
we get a double integral of the form

— b2
Y dydzx.
c

8/}5/ S T an?
o Jo

In this case note that 72 = ax? + by? and the region of projection %,¢ is
a quarter-ellipse with az? + by? = 1 on the ellipse itself and so rmax = 1.
From this we find,

Rrg ={(r,0,0):0<r <1, 0<6<m/2}.

Combining this information we get the double integral in polar coordinates
in (c).

¢) Next,

8 71’/2 1
Volume of . = — rv1—r2drdf.
vV abe /0 /0

8 !
= rv1—r2dr
2V abe /0
47

8 } _
3 3V abe’

2V abe

as required.
d) Finally,

ar? +by? 4+ c2* = R? «— (i) z? 4 (;) y? + (—) 22 =1.
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These coefficients are now the “new”a, b, ¢ in (c). So replacing a, b, ¢ in (c)
by a/R? b/R?,c/R? in the volume expression in (c) we get,

47 47 47 R3

3,/ b c N 3,/ abe  3Vabe
R? R? R? RS

as required.

Exercise Set 47.

16384
75

93
6. —
35

27
7. —. Project onto the zy-plane. Using vertical slices there we get I =

3—z 3—z—y 3—z
// / mdzdyda:*// 3—xz—y)dzdydz.

10.

11.

Ul O

12.

4
13. —
327

261
32

14.

2m 1
15. 47 /5. Use spherical coordinates. Then I = / / / p*sinp dp de db.
o Jo Jo

16. (ma*sin® B)/2
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17.
T 2T 1 T
— = / / / zrdzdrdf (cylindrical coordinates)
12 0 0 r2
1 V1—x2 N\ 2 4y2
= / / / zdzdydz, (rectangular coordinates)
—1J V122 Jx24y2
27 pmw/2  pcot e csco
= / / / (p cos p) (p?sing) dpdp db.
o Jr/a Jo
(spherical coordinates).
18. 1/2
19. 747/3
20. 25m/2
21. 47/15
22. 1
6
1
23. —
3 12
2. L
12
1
25. —
60
3
26. —
6 2
27 1
"3
1
28. -~
6
1
29. —
) 12
1
30. 3

Exercise Set 48.

2. 47a®

—87

ot

Sra* /4
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11.

12.

13.
14.
15.
16.
17.
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Let F =r = (x,y,2). Then V-F = 3. Applying the Divergence Theorem
with F = r we get

//yr.ndsz///yv.rdvz///ggdvzgv_

Solving for V' we get the result.

An easy calculation shows that

Vir|? = V(2? + y* + 22) = (22, 2y,22) = 2r.

//y(V|r|2)~ndS:2//yr.ndszz?)_v’

by the preceding exercise. Solving for V' once again gives the answer.

So,

180
3
116647 /5

Stokes’ Theorem tells us that

//y(VxE)-ndS:[nglr:—gt //yB-ndS’7

by hypothesis. Combining the first and last terms of the previous display

we get
/] {<vXE>+5‘B}.ndso,
” ot

where we can justify taking the derivative of the integral as the integral of
the derivative. Now it must be the case that (V x E) + %—}? =0, or else an
argument similar to the one at the top of p. 483, but applied to surfaces
instead of solid regions, gives a contradiction.

8w
167/3
1447
a®be

127

Exercise Set 49.

—_

N

=~ W

. (0,0), global max., value 1.
(1, -2), global min., value 1
. Saddle points at (1,2/3), (=1, —4/3), No local max/min

. Absolute min at (0,0), even though D = 0. Absolute min. value, 0
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Saddle point at (0, 0).
Absolute minimum at every point (x,y) on the line y = 1 — «.

Absolute min at (0,0), value = 0 and absolute max at every point on the
unit circle 22 + 3% = 1

Saddle point at (0,0); Loc. min at (1,1), value = 2
Saddle point at (0,0)

No interior critical points. Absolute max at (1, 1), value = 2 and absolute
min at (0,0), value = —1

Absolute min at every point (x,0) and (0,y) with value = 0. Absolute
max at (1,1), value =1

Absolute max at (+1/3/2,1/2) (value = 14) and absolute min at (0, —1/2)
value =4

Saddle points at (7/2,0) and (3pi/2,0). Absolute max at (7/2, £1), value
= cosh(1). Absolute min at (37/2,+1), value = —cosh1. Note that
cosh(—1) = cosh(1)

(z,x), for any = € R. global max., value 2

(0,0), saddle point, even though D = 0. Note that f(x,2/v/3) > 0 for
x> 0and f(z,2/v3) <0forz <0

No interior critical points. (The apparent critical point at (1,0) is not in
2.) A local and so global minimum at (—1/4/3,0) (value = (1 —2v/3)/3)
and a local and so global maximum at (1/+/3,0) (value = (1 4 2v/3)/3)
on perimeter of ellipse

(6,3,4), Max value = 288
7/V3
Absolute max at (1/2,1/2) value = 1/4. No absolute minimum

Global max at (£v/2,0), value = 2/e. Global min at (0,++v/2), value
= —2/e. Saddle point at (0,0)

Dimensions are a cubical box having a side length = 1/2/3. The maximum
volume is 2v/2/(3v/3) = 0.54m3

Yes, it’s true. Find the first partials in both cases and set them equal to
zero. The proof is too long to put here. (Maybe on the website.)

Exercise Set 50.

1

[\

3
4

3,1), min. value = 22.
8, —3), max. value = 13.
-1

3,—1), min. value = 5.

(
(
(
(

1/2,1/2), min value = 3/4.



10.
11.
12.
13.
14.
15.
16.
17.
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47

x=y=2z=>500/3

(1,1,1)/4/3, a max with value v/3; —(1,1,1)/v/3 a min with value —/3
36.

(5,3,5/3), min value = 45.

r=y=2z=25

1/e3 occurs at (1,1,1).
+27

Vi2—1

(£1,0) max value = 2; (0,0) min value = 0.
(+£+/3,1)/2 max value = 14; (0, —1/2) min value = 4.
(0,5) max value 275; (0,0) min value 0.

(1/2,1/2) min value = 1/2

Min value = 4+1/+/2.

Exercise Set 51.

e e e T e e T
S N =)

16.

17.

18.

© ® N> T w N

m =9, and (Z,7) = (1, 2).
m =2 (z,7) = (2.1,0.3)

3m
2

(:3)
1447
27/3
6
g
72 /2

272

. V3/2

. 3V14/2

. 19v/5/15

. V15/6.

. 2v/5 —In(V/5 — 2)

9v37  3In(v/37 - 6)
2 4

64 5
357

2567
15




