MAT2122 Multivariable Calculus (Fall 2018)
Assignment 1 solutions (95 points)

1 (7 pOintS). Find an equation of the line passing through the points P = (—5,0,4) and @ = (6, —3,2). What is
the distance between P and Q)7

Solution: By the general formula this equation is

_0P1.78. @

where
OP = (~5,0,4)
and
PO =00 — OB = (6,-3,2) — (=5,0,4) = (11,-3,—2) , ¥
whence
v{t) = (=5,0,4) ¢ - (11,-3,~2) ,

or, in the coordinate form,

z(t) =-5+11t,

y(t) = -=3t, @

2(t) =4-2t,

where v(t) = ((t), y(t), 2(1)).
The distance between P and () is the length of the vector ]@, © ie.,

VI F (<37 + (=2 = vi31. ()

Absence of minor mistakes. @

2 (7 points). A triangle has vertices A = (0,0,0), B = (1,1,1), and C = (0,2, 3). Find its area.
Solution: The sides of the triangle issued from the vertex (0,0,0) are the vectors (1,1,1) and
(0,2,3 @ Therefore, the area A of this triangle is equal to one half of the area of the parallel-
ogram spanned by (1,1,1) and (0,2, 3 @ ie.,

A= 5}}(1,1,1) x (0,2,3)]| ©
The vector product in question is
I e | . _ @
=i, 3)—3)0 3 i—3j+2k=(1,-3,2),

! 11
(1,1,1) x (0,2,3) = [1 ‘+k‘ ):
0 0 2

so that its length is

V124 (=32 +2=vV1+9+4=V14, ©

Yo
iy

whence

A=

Absence of minor mistakes. @
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3 (5 points). Find the volume of the parallelepiped spanned by the vectors i,3j — k, and 4i + 2j — k.

Solution: The volume of the parallelepiped spanned by 3 vectors u, v, w is the absolute value of
the triple product u - (v x w) (which does not depend on the order of the vectors u,v,w), and
coincides with the abolute value of the determinant of the matrix whose rows are the coordinates
of the vectors u, v, and w. In our case u = i,v = 3j — k, and w = 4i + 2j — k, so that the

above matrix is
1 0 0

0 3 -1 @

4 2 -1
and its determinant is 3(—1) — (—1)2=-3+4+2 = —1,® whence the volume is | — 1| = 1.

Absence of minor mistakes. @

4 (10 pOintS). Find an equation of the plane that passes through the points

(a) (0,0, 0), (2, 0,-1), and (0, 4, -3);

(b) (1, 2,0), (0, 1, -2), and (4, 0, 1);

(c) (2 -1,3), (0,0, 5), and (5, 7, -1).
(0,

Solution: (a) Let A = (0,0,0), B=(2,0,—1),C = (0,4, —3). Then the plane (ABC') contains the
vectors

u=AB=0B - 0A=(2,0,-1) - (0,0,0) = (2,0, 1)
and

v=AC=0C — OA = (0,4, -3) — (0,0,0) = (0,4, -3) ,

so that it is orthogonal to the vector

ij k ~ ~
w=uxv=|2 0 —1:iO 1—j2 1+k2 0:4i+6j+8k:(4,6,8).@
0 4 -3 4 -3 0 -3 0 4

Thus, a point P = (z,y, z) belongs to the plane (ABC) if and only if the vector
AP = 0P —0A = (x,y, 2)
is orthogonal to w, or, equivalently, to w' = (2,3,4), i.e., if and only if 1@ -w' = 0. © Therefore,
20+ 3y +42 =0
is an equation of the plane (ABC). ©
(b) For A=(1,2,0),B= (0,1, — ) and C' = (4,0, 1) the plane contains the vectors
u=AB=0B-0A=(0,1,-2)—(1,2,0) = (—1,~1,-2)

and
v=AC =0C —O0A = (4,0,1) — (1,2,0) = (3,-2,1) ,

so that the plane is orthogonal to the vector

S T 1
wouxv=|-1 -1 2| =i 25| ikt Y= Ssiosjesk= (=5, -5,5). @
A I R Y e E N A E

Thus, a point P = (x,y, z) belongs to the plane (ABC) if and only if the vector

ﬁ:O?—O—zl:(x—l,y—Q,z)
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is orthogonal to w, or, equivalently, to w’ = (1,1, —1), i.e., if and only if@-w’ =0. © Therefore,
(x—1)+y—2)—bz=x+y—2—-3=0
is an equation of the plane (ABC). ©
(c) For A= (2,-1,3),B=(0,0,5), and C = (5,7, —1) the plane contains the vectors
u=AB=0B—-0A=(0,05)—(2,—1,3) = (=2,1,2)

and
v=AC=0C - 0A=(57,-1)— (2,—1,3) = (3,8, —4) ,

so that the plane is orthogonal to the vector

i j ok i i
weuxv=2 1 2[=il} 2|52 2|2 Y2 Zonimoj-10k = (=20, -2, —19) .
S R - R BT R

Thus, a point P = (z,y, z) belongs to the plane (ABC) if and only if the vector
ﬁ:ﬁ—O—ﬁ:(:c—Q,ijl,z—?))
is orthogonal to w, or, equivalently, to w’ = (20, 2, 19), i.e., if and only it AP-w' = 0. Therefore,
20(z — 2) + 2(y + 1) + 19(z — 3) = 20z + 2y + 192 — 95 = 0
is an equation of the plane (ABC). ©

Absence of minor mistakes. @

5 (4 points). Find the first order partial derivatives of the function z(z,y) = /a2 — 2 — y2 at the points (0,0)
and (a/2,a/2).

Solution:
%@ >:8 az—xz—yzz_ 2x _ x @
oz Y 2v/a2 — 1% — 32 a2 — 12— g2
In precisely the same way
0z B Y
a_y(xvy)__ CL2—.§L’2—y2’
whence
0z 0z
0z 0z a/2 1 V2 @
—(a/2,a/2) = —(a/2,a/2) = — =——=—
8:c< /2:0/2) 8y< /2:0/2) Va2 — (a/2)? — (a/2)? V2 2

Absence of minor mistakes. ©

6 (4 points). Find an equation of the plane tangent to the graph of the function f(z,y) = zcoszcosy at the
point (0, 7).

Solution: The partial derivatives of the function f are

fi(z,y) = (zcoszcosy)., = cosy(z cosx), = cosy(cosz — xsinx)



and
/ / .
fy(x,y) = (vcoszcosy), = —wcoszsiny, ©
so that for the point (zo,yo) = (0,7)

f<x07y0> 207 f;<x07y0> =—1 ) f;(on,yo):O@

Therefore, the tangent plane equation is

2 = F(0,90) + F2(@0, 50) (& — 70) + £ (@0, 50)(y — y0) = —z . D)

Absence of minor mistakes. ©
7 (6 points). A particle following the path c(t) = (ef,e~*, cost) flies off on a tangent at t = t; = 1. Compute the
position of the particle at time ¢; = 2.
Solution: The equation of the considered tangent line 1 is
1(t) — c(to) = (t —to)c(to)
or
1(t) = elto) + (¢t — to)élty) . &

In our case ty = 1, and

On the other hand,

so that
¢(tg) = ¢(1) = (e, —e*, —sinl) , ©
whence

1(2) = (e,e ', cos1) + (e, —e*, —sin1) = (2¢,0,cos 1 —sin 1) . @

Absence of minor mistakes. @

8 (5 points). Compute the matrix of partial derivatives of the functions
(a) f(z,y) = (e",sinzy),
(b) f(z,y,2)=(z—y,y+2)
(c) f(z.y) = (@+y,z—y,zy),

Solution: (a)
e’ oe”
ox oy e’ 0
Df(z,y) = = ©
d(sinzy) O(sinxy) YCOSTY X COSTY

Ox y



(b)

Df(z,y) = Oe—y) de=y) | _ |y 4| @

(d)

Df(z,y,2) = “lo 1 5| @

oz—y) da—y) Ox—y) L=
ox dy 0z

Absence of minor mistakes. @

9 (7 points). Let g(u,v) = (e“,u+ sinv) and f(z,y,z) = (zy,yz). Compute D(go f) at (0,1,0) (a) by using
the chain rule; (b) by a direct calculation using an explicit form of the function g o f.

Solution: The derivatives of the functions g and f are, respectively

Het Oe¥ u
Dy (u,v) ) . o -
u,v) = -
g O(utsinv)  O(utsinv) 1 cosv

ou ov

o y z 0
Df(x,y,2) = o = @
% 8iy2 % 0 z y
The evaluation of f at the point (0, 1,0) and of g at the point

and

£(0,1,0) = (0,0) &

100
Df(O,l,O)( ) @

0 01

gives



and

10
Dyg(0,0) = ,@

1 1

whence
10 1 00 1 00

D(g £)(0,1,0) = Dg(0,0)D(0, 1,0) = = ©

11 0 01 1 0 1

Absence of minor mistakes. @

10 (7 points). Compute the second partial derivatives and verify the theorem on equality of mixed derivatives for
the function f(x,y) = e~ 4 a3

Solution:

8f — _y2efzvy2 +4.T3y3 7 @

ox
0*f Con?
oL =yt 1oy, (O
0
9f = —2zye ¥ 4 3z'y? @
Ay
82
8—;; = 2z 4 4x2y2675’3y2 + 6aty | @
0? 3}
p) af ~ By (—926‘“’2 +4x3y3) — —gye ™ 4 2ayPe i 4 1203y, (O
oY Y
02 0
B af " or (—20ye + 30ty?) = —2ye " 4 2ayPe ™ 4 12072 ©
yOx x

Absence of minor mistakes. @

11 (6 points). Find all second order partial derivatives of the function z(z,y) = x2y?e?*Y.
Solution: The first derivatives of f are
P ) = 2P a2y = 2ay(1 4 ) | (D
and, in the same way (since f does not change when one switches = and y),
fola,y) = 222y (1 + xy)e*™ ©

Therefore,
foola,y) = 29°(1+ wy)e*™ + 20y°e>™ + dwy®(1 + zy)e*

= 20%(1 + 4y + 22%y*)e*™V | @

and in the same way (see above)

" (x,y) = 20%(1 + day + 22°y?)e*™ . ©
vy



Finally, the mixed second derivative is

fo (@, y) = 4wy (1 + zy)e®™ + 22°y2*™ + 4a?y® (1 4 wy)e*™

Ty

= 20y(2 4 Sxy + 22%y*)e*™ . @

Absence of minor mistakes. @

12 (8 pOintS). Find the second order Taylor approximation for the function f(z,y) = ey’ cos(zy) at the point
0,0).

Solution: The partial derivatives of the function f are

0
8_f = —2z¢ " cos(zy) — ye Y sin(xy) | ©
x
0
8_£ = —2ye Y cos(zy) — ze Y sin(xy) | ©
82f 22 9 242 —a2q2 .
—= = —2e Y"cos(xy) + 4x’e Y"cos(zy) + 2xye Y sin(zy
0x?
+ 2zye Y sin(zy) — y2e Y cos(zy) ©
92
5 8f — daye™" Y cos(zy) + 222" "V sin(zy) — e~ Y sin(ay)
10y
+ 202" sin(zy) — zye ™ Y cos(zy) )
o2
o°f = —2¢77Y cos xy) + 4y267$2*y2 cos(zy) + nye*mQ*yQ sin(zy
0y?

+ 2zye " "V sin(zy) — 22e =" Y cos(zy) | )
so that for the point (zg,y0) = (0,0)

f('r()ay()) =1 )
0
6—£($an0) =0 )
0
6—5@0790) =0 )

o f ©
@(ﬂfoayo) =-2,
P f
dwdy
0 f
oy’

Thus, the second order Taylor approximation of the function f at the point (zg, o) is

($0an0) =0 )

(ifoyyo) =-2.

fap=1—at—y2. O

Alternatively, this approximation can be found by using the 2nd order Taylor formulas for the
functions exp and cos at the neighbourhood of 0:

expt 214+t +t2/2, cost =1 —12/2,



8
whence by dropping the terms whose order is higher than 2

2,2

f(a:,y)%“(l—x2—y2) (1_x2y ) > —g?—y?.

Absence of minor mistakes. @

13 (8 pOintS). Find the second order Taylor approximation for the function f(x,y) = x cos(my) — ysin(wx) at the
point (1,2).

Solution: The partial derivatives of the function f are

g—i = cos(my) — my cos(mx) , ©

g_f = —mwsin(my) — sin(mzx) , ©
Y

2

% = 7T2y sin(WSU) ) @

2
aiéfy = —msin(my) — mcos(mx) , @

0 f

8—y2 = —7mx cos(my) , @

so that for the point (zo,y) = (1,2)

(a0, ) = cos(2) — 2sin(m) = 1,
%(1’0, Yo) = cos(2m) — 2w cos(mw) =1+ 27,
g—‘:];(xo, Yo) = —msin(27) — sin(w) =0,

02 f ©

(0, %0) = 272 sin(m) =0,

da?
2
aax—gy(xo, Yo) = —msin(2m) — wcos(mw) = 7,
2
%(:po,yo) = —7?cos(2m) = —m? .
Y

Thus, the second order Taylor approximation of the function f at the point (zg,yo) is

f(x,y)%1+(1+27T)(:1c—1)+7T(:1c—1)(y—2)—7%2(y—2)2 @

Alternatively, this approximation can be found by using the 2nd order Taylor formulas for the
functions sin and cos at the neighbourhood of 0:

sint ¢, cost =1 —12/2



whence by dropping the terms whose order is higher than 2
F(a,y) = (14 (& = 1)) cos(2m + 7y — 2)) — 2+ (y — 2)) sin(x + 7(x — 1))
=1+ (z—1))cos(m(y—2))+ (2+ (y — 2)) sin(mw(x — 1))

TWoD s y-2) e - )

> (1+(z—1)(1— 5

%1+(1+27r)(x—1)+7r(x—1)(y—2)—%(9—2)2-

Absence of minor mistakes. @

14 (11 points). By using first and second order Taylor's approximations find approximate values of
(2.03 +1)%/(3.98 — 1)%.
Solution: Let ( 2
z+1
[, y) = —3
(@3) (y—1)?
Then we have to find approximate values for f (2 03,3.98). © Let us first find the values of the
function f and its derivatives at the point (xq, yo) @
f(x07y0) =1 ’ @
2(x +1 2
f;:ﬁa fgly(anyO):g)@
+1)? 2
! — _2(‘/'17 ! _ _Z
fy (y_1)3 ) fy(x(]ay()) 3 )
2 2
fa/c,x: (y_1>2 ) fglzlg;<x07y0):§7 @
" (l‘ + 1)2 " 2
fyy = (y _ 1)4 ; fyy(l‘myO) = g ’ @
IS PR >
fa:y - (y _ 1)3 fxy(xmyo) - 9"

The first order Taylor approximation is
¢1 = [f(w0,90) + fr(T0,y0) - ( — 20) + fgl;(x07y0) (¥ — %)

2 2
120082 (—0.02) ~ 10333,

3 3
and the second order Taylor approximation is
. " ( anO) 2 " ( anO) 2 "
P2 =1 + f(x —x0)" + f(y —Y0)” + fay(x — 20)(y — v0)
1 5 1 , 4
=p1+ 9 0.03 + 3 0.02° — g 0.03 - (—0.02)

— o1 +0.0005 ~ 10338 . ¥

Absence of minor mistakes. @



