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[10 points] Problem 1.
Solve the following linear first-order differential equation by using the method
of integrating factor

x
dy

dx
+ (x+ 1)y = 3x2e−x

Write the solution in explicit form.

Solution.
Dividing by x we get the linear equation in standard form

dy

dx
+

(
1 +

1

x

)
y = 3xe−x.

Multiplying the differential equation by integrating factor

e
∫
(1+ 1

x)dx = ex+lnx = xex

we arrive at the following equation

xex
dy

dx
+ (x+ 1)exy = 3x2.

Then
d

dx
(xexy) = 3x2.
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By integrating both parts with respect to x, we get

xexy(x) =

∫
3x2dx = x3 + C.

Hence,

y(x) = x2e−x +
C

xex
.

[10 points] Problem 2.

Determine which of the following differential equations is exact and solve it

(a) (2 + cos2 (xy))dx+ (2y − sin2 (xy))dy = 0

(b) 3x2(1 + ln y)dx+ (
x3

y
− 2y)dy = 0

Solution.

(a) Since
∂

∂y
(2 + cos2 (xy)) = −2x cos (xy) sin (xy)

and
∂

∂x
(2y − sin2 (xy)) = −2y sin (xy) cos (xy),

i.e. they are not equal, this differential equation is not exact, and the differential
expression in the left had side is not an exact differential.

(b) Since

∂

∂y
(3x2(1 + ln y)) =

3x2

y
and

∂

∂x
(
x3

y
− 2y) =

3x2

y

then it is exact differential equation, and the differential expression in the left
hand side is an exact differential of the solution F (x, y) = C. Hence,

∂F

∂x
= 3x2(1 + ln y) and

∂F

∂y
=

x3

y
− 2y.
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Therefore,

F (x, y) =

∫
3x2(1 + ln y)dx = x3(1 + ln y) + g(y).

From
∂F

∂y
=

x3

y
+ g′(y) =

x3

y
− 2y

we get

g′(y) = −2y and g(y) =

∫
(−2y)dy = −y2.

Thus
F (x, y) = x3(1 + ln y)− y2 = C.

[10 points] Problem 3.
Perform the proper substitution to solve the differential equation by the method
of separation of variables

dy

dx
=

√
4x+ 2y − 1− 2

Solution.
By the substitution z = 4x+2y−1, and from dz

dx = 4+2dy
dx we get the differential

equation for z(x):
1

2

dz

dx
− 2 =

√
z − 2

Then
dz√
z
= 2dx.

Therefore,
2
√
z = 2x+ C and z(x) = (x+ C)2.

Hence

y(x) =
1

2
z − 2x+

1

2
=

1

2
(x+ C)2 − 2x+

1

2
.

[10 points] Problem 4.
Solve the initial-value problem for the following Bernoulli equation

2xy
dy

dx
= 2x3 + y2, y(−1) = 4.
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Solution.
We rewrite the equation in the form

dy

dx
− 1

2x
y = x2y−1.

Then by substitution z = y−(−1−1) = y2, and from dz
dx = 2y dy

dx we get

y
dy

dx
− 1

2x
y2 = x2

and
dz

dx
− 1

x
z = 2x2.

Multiplying the last equation by integrating e−
∫

dx
x = e− lnx = 1

x we get

1

x

dz

dx
− 1

x2
z = 2x

or
d

dx

(z
x

)
= 2x

and
z

x
= x2 + C.

Hence
z = Cx+ x3.

By inverse substitution we get

y2 = Cx+ x3.

From the initial conditions

42 = −C + (−1)3

we find
C = −1− 16 = −17.

Therefore
y2(x) = x3 − 17x.
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It follows from the initial conditions that

y(x) =
√
x3 − 17x.

[5 points] Bonus question.
Solve the following first-order differential equation

ydx− (4x2y + x)dy = 0

Solution
We rewrite the equation in the form ydx − xdy − 4x2ydy = 0 and dividing by
x2 we get

ydx− xdy

x2
− 4ydy = 0.

It follows from ydx−xdy
x2 = d

(
y
x

)
and 4ydy = 2d(y2) that by substitution

z =
y

x
and u = y2

we get the following equation

d
(y
x

)
− 2d(y2) = 0

or
dz − 2du = 0.

Then
z = 2u+ C and

y

x
= 2y2 + C

Thus
x =

y

2y2 + C
.
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