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return the question paper with your examination booklet(s).

[10 points] Problem 1.

Solve the following linear first-order differential equation by using the method
of integrating factor

dy

o

Write the solution in explicit form.

+ (z + 1)y = 3z *

Solution.
Dividing by x we get the linear equation in standard form

d 1
=LA (1 + —) y = 3ze ",
dx x

Multiplying the differential equation by integrating factor

ef(l—k;l;)dx _ ex—i—lnm — 26”

we arrive at the following equation
dy
re'—Z + (z 4+ 1)y = 3a°.
o T @+ 1)ey

Then

d
e (ze®y) = 3%,



By integrating both parts with respect to x, we get
re'y(x) = /3x2da: ="+ C.

Hence,

[10 points| Problem 2.

Determine which of the following differential equations is exact and solve it

(a) (2 + cos? (zy))dx + (2y — sin? (xy))dy = 0

3
(b) 322(1 + Iny)dx + (% —2y)dy =0

Solution.
(a) Since

(%(2 + cos® (zy)) = —2x cos (zy) sin (xy)
and 5

5 (2y = sin” (zy)) = =2y sin (wy) cos (zy),

i.e. they are not equal, this differential equation is not exact, and the differential
expression in the left had side is not an exact differential.

(b)  Since

0 32 o 3 32
—(32%(1 + In = — and —(— — 2y) = —
8y( ( Y)) y 8x( ; Y) y

then it is exact differential equation, and the differential expression in the left
hand side is an exact differential of the solution F(z,y) = C. Hence,
OF oF a3

— =32%(1 +1 d — =" —2y.
5. = o¢ (1+1Iny) an oy



Therefore,

F(z,y) = /3x2(1 +Iny)dr = 2°(1 +Iny) + g(y).

From s ; ;
x p x
=Ty =——2y
oy y (¥) Y
we get
g (y) =—2y and g(y) = /(—2y)dy = —y°.
Thus

F(z,y) =2*(1+Iny) —y* = C.

[10 points] Problem 3.
Perform the proper substitution to solve the differential equation by the method
of separation of variables

d
—y:\/4x—|—2y—1—2
dx

Solution.
By the substitution z = 4x+42y—1, and from g—é = 4+2§—i we get the differential
equation for z(x):

1dz
—— — 2= -2
2dx Ve
Then i
z
— = 2dx.
7z x
Therefore,
2vz=22+C and z(z)=(z+C)>.
Hence ] 11 ]
=—z—2 - = - 29 —.
y(x) 52— 2+ g 2(:1:+C’) T+

[10 points] Problem 4.
Solve the initial-value problem for the following Bernoulli equation

dy
vy =200 4y y(—1)

3



Solution.
We rewrite the equation in the form

dr 2z

Then by substitution z = y~ (11

dy 1 2 2

ydx_Qxy -7
and p .

z

= Ty =922

dx xz o

Inx

Multiplying the last equation by integrating e /T =e

ldz 1 5
—— - —=z=2
rdr 22
or i
z
—(Z) =9
dx (:c) v
and
Z =240
Hence
z=Cx+ 2>
By inverse substitution we get
y? = Cz + 2°.

From the initial conditions
42 =—-C+ (-1)°

we find
C=-1-16=—17.
Therefore
y? (1) = 2° — 17z

4

1

I

=% and from £ = 2yg—g we get

we get



It follows from the initial conditions that

y(x) = a3 —17z.

[5 points| Bonus question.
Solve the following first-order differential equation

ydr — (4z*y + 2)dy = 0

Solution

We rewrite the equation in the form ydzr — xdy — 42*ydy = 0 and dividing by

x? we get

dr — xd
pde —dy 40,
x
It follows from ydxm;fdy =d (%) and 4ydy = 2d(y?) that by substitution
»=2 and u= e
T

we get the following equation

d (3> —2d(y?) =0

T
or
dz — 2du = 0.
Then
z=2u+C and g:2y2+0
T
Thus
T = Y
2y 4+ C



