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Introduction

The following notes cover the theoretical material presented in the course
MCG 4102 / 5108 Finite Element Analysis, which is only introductory in
nature. Although the finite element method is a mathematical approach to
solve many different types of partial differential and integral equations, the
presentation is deeply rooted in mechanical engineering, as it is the back-
ground of most students who take this course. The document was prepared
with the help of several textbooks, in particular:

N-H Kim and BV Sankar, Introduction to Finite Element Analysis and
Design, Wiley, 2009

J Fish and T Belytschko, A first course in finite elements, Wiley, 2007.

FL Stasa, Applied finite element analysis for engineers, Saunders College
Publishing, 1985.

IH Shames and CL Dym, Energy and finite element methods in structural
mechanics, Taylor & Francis, 1985.

DL Logan, A first course in the finite element method, 4th edition, Thom-
son, 2007.

JN Reddy, An introduction to the finite element method, 3rd edition,
McGraw Hill, 2004.

MA Bhatti, Fundamental finite element analysis and applications with
Mathematica and Matlab computations, Wiley, 2005.

Questions and comments from the students over the years have also
tremendously contributed to shape the document into its current form. Nico-
las Sagot prepared most of the figures. All cited and anonymous contributors
are gratefully acknowledged, and future comments are welcome.

Finally, the reader should keep in mind that the present document is lim-
ited to linear elasticity. Nonlinear behaviours (related to non-infinitesimally
small displacements and/or deformations, material nonlinearities, such as
plasticity, or changing boundary conditions/contact issues) are not covered.



Chapter 1

Introduction to FEA: Trusses

Learning Outcomes:

By the end of reading and attending the lecture of this chapter, and solving
the listed practice problems, the student should be able, for a simple truss
problem, to:

-Discretize a physical system
-Write or use the element stiffness matrix in the global coordinate system
-Write the assemblage stiffness matriz and associated displacement and load
vectors
-Explain and apply boundary conditions
-Solve system of equations for displacements or forces
-Determine internal forces as well as stress and strains associated with
displacements and forces
Evidence of Learning:

A student has achieved the learning outcomes when he or she is able to
correctly analyze a simple problem, following all the previous steps.
Evaluation Strategies:

Test problems in at-home assignments
Teaching and Learning Activities:

-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems
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Trusses: structures composed of straight members connected at joints by
pins (Fig. 1.1). Most or all members in a truss do not experience bending
or torsional moments.Given: external forces, geometry, material properties.

Figure 1.1: Truss bridge example.

Unknown: displacements at each joint; axial elongation, strain, stress, force
for each member.

1.1 Discretization
Let us consider each member of a truss as an element (Fig. 1.2):

e

[ ..

Figure 1.2: Bar element.

Element e in Fig. 1.2 has two nodes, i and j, at either end. Forces are
transmitted from one element to the next at nodes. Bar elements can only
take axial forces (beam elements also allow bending moments, as will be seen
later). ¢ and j (lowercase) are the local node numbers within the element.
I and J (uppercase) denote global node numbers in the whole structure.
Elements are also numbered (Fig. 1.3).
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(0,10) discretization @
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(12,6)
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(12,0) !

OV'(0,00 D 60°
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® ®

Z:000h Onode [Jelement

Figure 1.3: Example of discretization of a given truss.

Nodal coordinates:
Node number x coordinate (in) y coordinate (in)

1 12 0
2 12 6
3 0 0
4 0 10
Element data (connectivity table):
Element Node : Node j Material flag
1 1 2 1:0.5-in (diameter) steel
2 3 1 2 : 0.4-in aluminium
3 3 2 1
4 4 2 2
5 3 4 1

1.2 Element stiffness relationship in local co-
ordinates

Let (2,%') be the local coordinate system for Element e, with z’ along the
length of element from ¢ to j, and 3’ perpendicular to z’.

The nodal displacements are noted as u; and v, in 2’ and y', respectively,
at Node i (Fig. 1.4). The corresponding forces are noted F,, and F},. Simi-
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Figure 1.4: Bar element with degrees of freedom in local coordinate system.

larly, the nodal displacements are noted as u; and v} in 2" and ¢/, respectively,
at Node j,with corresponding forces F;; and Fy ;. From elementary strength
of materials, 6 = AE, where ¢ is the aX1a1 elongatlon L the member length,
P the axial force, A the cross-sectional area and F the elastic modulus. It
is assumed that the elastic range is not exceeded and that A is constant. In
other words, writing § = u} — uj,
/
?‘," B AJE((ZJ __7";]2) , where F; = —F}; for equilibrium.
Because bar elements do not withstand transverse forces, Fy; = F,; = 0.
In matrix form,

1 0 -10](d F,
ap |0 00 of )|l ) E,
rl-101 o0 Fl,

0 00 o] (¢ Fl,
With global nodal coordinates (z;,y;) and (z;,y;) for Nodes ¢ and j, re-

spectively, the element length can be computed as L = /(z; — ;)% + (y; — v:)*.
The other two properties A and F can be specified for each element. Con-
cisely,

[K e'] {U e’} = {F e'} , where [K e'} represents the local stiffness matrix,
{U e’} the local nodal displacement vector, and {F e/} the local nodal force
vector for the element. "e" denotes element, " ' " denotes local coordinate
system.
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Example 1 for Element 3:

1 0 -10
AB3) g3) 0 0 0 O
[K¥] =T -1 0 1 0
0 0 0 O
Material flag set to 1: 0.50-in steel: A® = 2(0.5)* = 0.196 in®

E( ) =30 x 10 psi
=/(0—-12)2+ (0 — 6)2 = 13.42in
438 0 —438 0
0 0 0 0
—438 0 438 0
0 0 0 0

Then, [K®)] =10 Ibf/in

1.3 Transformation from local to global coor-
dinates
In 2-D, the global (z,y) coordinate system shown in Fig. 1.5, position vector

7 to an arbitrary point P can be written as 7 = 7’17 + ry7 In the rotated

ﬁ
coordinate system attached to the bar, (2/,y'), 7 = =Tl i+ Iy j

Reminder: Scalar product "." of any two vectors @ and v':
w.U = ||| || v || cos( ). Therefore in 2-D,
_ H —> —>
[ —rm 2+ryj —rx/z z—l—ry]
=r,+0 = ry cos(z’,x) + Ty ¢ cos(y x)
— — — — — - — -
] =rpi.g dryj.j =rpi i +ryg. j

=047, = 1y cos(z’,y) + 1y cos(y', y)
In matrix form,

(=t o]

or {rap} = [Tep| {rhp}, where

B [ cos(z',z) cos(y,x)
[T2p] = | cos(a’y) cos(yy) | In other words,
L cos 6 cos(f + %) = —sinf ‘ o
[Tep] = cos(d — Z) = sinf ( CQO)SQ } with 6 as in Fig. 1.5.
L 2
More practically,
[Top] = fn l—m ], with [ = % and m = yj;yi.
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> x

Figure 1.5: Local and global coordinate systems.

T

Note that computing [ = z]% and m = is a foolproof way of
obtaining the direction cosines cosf, and cos#,, respectively (Fig. 1.6),
whereas calculating rotation angles first and taking their cosines and sines
afterwards is associated with frequent errors in practice.

It can be shown that [Tp] is orthogonal, i.e. [Top] ™" = [Top]” .Therefore,

{ryp} = [Tep]" {r2p}

Note that similarly in 3-D (if needed) position vector 7 to an arbitrary

Yi—Yi
L

point P can be written as 7 = rm z + @7 +r, k In the rotated coordinate

é
system, (2,9, 2), T =rp i +ry j +7, ¥ . From the definition of the scalar
product,

BN — — — — — — - — - — - —

ot =1y t.0 +ry gt Aokt o =rpd i Frygoi Frak
:rI—l—O—i—O = 1y cos(z’, x) + 1y cos(y’, x) + 1y cos(2, x)

PG o= g AT T kT =T g T Ak
:O+ry+0 =Ty cos(x ) r/cos(y y) + 1. cos(2’,y)

g =ret.k+ryg.k+r. k. k :rz/@ k—i—ryj k+rz/k.k
=040+, = 1y cos(a’, z) + 1y cos(y, z) + 1 cos(Z, 2)

In matrix form,
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(xi:yj) j (xj,yj )

(x;5Yi)
i (%)

v

Figure 1.6: Direction cosines in 2D.

Ty cos(2’,z) cos(y',x) cos(?,x) T
ry b= | cos(ay) coslyy) cos(zry) | { 1y
T, cos(z’,z) cos(y,z) cos(Z,z) T
or {rsp} = [T3p] {rsp}, where
cos(z’,x) cos(y,x) cos(Z,x)
[T3p] = | cos(z’,y) cos(y,y) cos(Z,y)
/

cos(z’,z) cos(y,z) cos(?,z)
It can be shown that [T3p] is orthogonal, i.e. [Typ] ' = [T3p]" . Therefore,
T
{rsp} = [Tsp]" {rsp}-

1.4 Global element stiffness relationship

The 2-D transformations of coordinates shown in Section 1.3 for the position
/ !/
vector also hold for displacement vectors { Zf } at Node i, and { :}LZ } at
( J
Node j.

In the following, the notation [Thp] = [ Lomm } is used with [ = ==

m

and m = 274 We get

u I m O 0 U;
Ui _ | mm 0 0 Vi or more concisely:
u; 0 0 [ m U ’
U} 0 0 —m I Vj
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U;
e/ . e — TQTD 0 ‘)= v
{U“} = [R]{U°} ,where [R] = { 0TI } and {U°} u;
Uj
in
Similarly, {F'} = [R] {F°}, with {F°} = ?yz
xj
ij

(K9] {U} = {F“} becomes [K®] [R]{U°} = [R]{F°}, or
[R]" [K] [RI{U°} = {F°}, since [R]" [R] = [R]™" [R] = [I].
More simply, [K¢] {U°} = {F°}, where [K¢] = [R]" [K¢] [R] is the global

element stiflness matrix

2 Im =1 —=Im
Im m2? —lm —m?
el — AE
Kl=7 12 —Ilm I? Im

—Im —m? Im m

where [ = \/({L‘] — l’i)2 + (y] — yi>2’ and with [ = % and m = yjzyz"

2

Example 2 for Element 3:

To—T 12—0

m = s = 50 _ (4472
351 176 —351 —176
176 88 —176 —88

[K®] =10° Ibf/in

—-351 —176 351 176
—-176 —88 176 88

1.5 Assemblage

The original structure is put back together from individual elements. This
is done based on the compatibility of nodal displacements: the z- and y-
displacements at one node must be identical (in the intended design) to
those of the other nodes from other elements to be merged. Note that in the
present case, each node has 2 degrees of freedom.

Example 3 for the truss in Fig. 1.7, determine the assemblage stiffness
matrix in terms of the 2x 2 global stiffness submatrices [KIE,J] .
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(0,10) discretization @

(12,0)

® ®

Onode [Jelement

OV(0,0) D 60°

’/’

’// ----e”
’,’

5 (12,6)

~ .
rd Y

/ L
e X
//’

’/’

’/’

2,000 1b

Figure 1.7: Figure 1.3 repeated here for convenience.

Procedure: let us first create a null assemblage stiffness matrix [K?] in-
volving global node numbers 1 to 4.

1 2 3 4
O2x2 O2x2 Oaxa  O2xo
[}(a]:: 02x2 02x2 02x2 02x2

02x2 O2x2 02x2 O2x2
02x2 02x2 02x2 02x2
From the connectivity table, Element 1 has global node numbers 1 and
2, s0 _
Ky
1)

K0 = |
2,
1

=W N =

= A

[ 7
(1
Element 2:has global n(:)de numbers 3 and 1, so
(2)
K(Q) = 73
S| R
3 global node numbers 3 and 2, so
3
¢
(3)

= A

3
Element 3 has
3

[K(?’)} =

=

2,3 ]
Element 4 has global node numbers 4 and 2, so
) -

(4
) - |

4 4
s K3

= A
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Element 5 has global node numbers 3 and 4, so

5 5
K] [K%é’% K|
K43 K4,4

Finally,
1 2 3
1 2 1 2
T 0 B e
[Ka]: K2,1 K22 +K22+K22 K
K KL K3+ Ké‘é? + K
0o K(4) ng

)
3

10

5
KY)
Kj4+—Kj

Note that each individual 2x2 element stiffness submatrix is symmetric,
and [K*?] is symmetric. Also note that, depending on the connectivity table,
some submatrices may have to be transposed to fit in the assemblage matrix.

1.6 Application of loads

By design, the (known) external loads in a truss can only occur at the joints

(nodes).

Example 4 for the truss in Fig. 1.7, the x- and y- components of the ap-
plied load are F, = —2,000 cos 60 = —1,0001bf and F,, = —2,000sin60° =
—1,7321bf. The load is applied to Node 1. There is an unknown reaction
force in the x-direction at Node 3 (roller) and two unknown reaction forces

in the x- and y-directions at Node 4 (pin).

(—1,000 ) F,
1,732 F, Node 1
0 e Node 2

a O FZ/
0 F, Node 3

R$4 Fa:
| R, | F, Node 4

1.7 Application of restraints on nodal displace-

ments and solution

After assemblage, the system equation is of the form [K*|{U%} =

{F},

)

4

=W N =
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where {U®} is the vector of nodal displacements.

{U“}T ={uy v uy vy ... uyn UN}T, where N is the maximum
number of nodes and u;, vy are the z- and y- displacements at global node
number /. For now, no restraint on the nodal displacements have been con-
sidered, and the whole structure can fly into space!!! This is a rigid body
motion, and {U%} cannot be determined because [K“| cannot be inverted
(singular matrix, i.e. its determinant is zero). Restraints MUST be applied.

After the restraints corresponding to the boundary conditions are en-
forced (ug = 0, and uy = vy = 0 for the truss in Fig. 1.7), the system equation
becomes [K]{U} = {F}, where [K] is non-singular, therefore [K] ™" exists,
which implies a unique solution for {U} = [K] ™" {F}.

There are different methods for enforcing displacement restraints:
e Method 1 (to be used when known displacements are not zero)

Consider the system knul —+ ]{712U2 + ]{?13U3 = f1 s
korur + kogug + kazus = fo
Fsiur + ksgug + kszuz = f3
Let us impose us = Uinown, therefore the set of equations above is equiv-
alent to e.g.
Eiiuy + kigug + kisus = fi
Uz = Uknown
ksiuy + ksgug + kasuz = f3
The symmetry has been destroyed but can be restored by transposing
terms involving uy to the right-hand side, and with uy,own replacing us :

ki 0 ki Uy J1 — F12Uknown
0O 1 0 Uy p = Uknown . Note that f5 disappears:
ks1 0 Fkss u3 f3 — k32Uinown

a known displacement leads to an unknown reaction force.
e Method 2 (interesting for programming of the finite element method)

Consider the same initial system as above. Let us select a large number
B (6 to 12 orders of magnitude larger than the largest coefficient k;;). [ is
added to k;; if u; is prescribed, and the right-hand side of the i—th equation is
changed to (8 times the prescribed value. In matrix form, the system becomes
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k11 E1io k13 U1 fi
ko1 (koo + ) Fkos Ug =4 B X Uknown
k31 (D) k33 us f 3

Symmetry is preserved, and this method is very easy to implement in a
computer program. For practical purposes, ts = Uxnown-

e Method 3 (to be used when known displacements are zero)

When the boundary conditions are enforced, the initial system equation
[K*| {U*} = {F*} is rewritten into [K|{U} = {F'} by simply removing the
rows corresponding to the unknown reactions, and the columns corresponding
to the known (zero) displacements.

1.8 Processing of results

Assemblage displacement vector

Determine {U*} from {U} and the boundary conditions.

Reaction forces

Determine the unknown reaction forces (if needed) from {F*} = [K*] {U"}.

Element resultants

FElement resultants include axial elongation, strains, stresses and forces in
each element, all of which need to be checked against failure criteria i.e. max-
imum allowable displacement, maximum allowable strain, yield stress and
buckling (if compression is present). The element resultants are computed
from the nodal displacements. For Element e, going back to the definition of
the axial elongation, § = v — u;, where u; = lu; + mv; and u} = lu; + mu;.

At this stage, u;, v;, u;, v; and [, m are known therefore 6 can be computed,
and so can the axial strain ¢ = %. The material is assumed to be elastic,
therefore, the axial (also called normal) stress 0 = Fe can be determined,
and so can the axial force F' = 0A. Note that for J,e,0 and F, positive
values denote tension, while negative values denote compression. Make sure
to check that these signs make physical sense.
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Internal forces

Internal forces can be determined as described above, i.e. from the element
strains. Another, sometimes more direct, method consists in writing the
equilibrium of one element of interest and using the known displacements at
its nodes. Of course, all methods must yield the same results!

Example 5 determine the internal forces in Element 3 of the truss in Fig.
1.7, from

v F®
[K (3)} u3 = 3’@) (in the global coordinate system)
2 F
(%) Fy(g)
or from
uh F, agg)/
/ (3)
v F . .
[K®)] 38 = u3 (in the local coordinate system).
u ()
2 Fx2
/
Vg Fy(g’)/

1.9 Examples

Assignment 1.

For additional parctice problems, use the results in the statement of As-
signment 1, and find yourself [K (2)} , [K (4)} and [K (5)} .



Chapter 2

Linear elasticity - Principle of
virtual work

Learning Outcomes:
By the end of reading and attending the lecture of this chapter, the student
should be able to:

-FExplain and apply the concepts of stress and strain in linear elasticity
-Write equations of static equilibrium for an infinitesimally small
component
-Fxplain and apply strain-displacement relations
—FExplain and apply linear elastic constitutive relationships
-Explain and apply the principle of minimum potential energy
-Explain and apply the principle of virtual work
Evidence of Learning:

A student has achieved the learning outcomes when he or she is able to
correctly analyze a simple problem combining several or all of the previous
items.

Evaluation Strategies:

Test problems in at-home assignments
Teaching and Learning Activities:

-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems

14
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This is a short review of linear elasticity in statics and equilibrium prin-
ciples, including the principle of virtual work for use in finite element formu-
lation.

2.1 Stress at a point

Consider a deformable body in static equilibrium, loaded as shown in Fig.
2.1:

After cut
~—l

F F;

y F
X

3 Fl F—S»

Figure 2.1: Static equilibrium of a body.

E; F,

- =
The external forces F, Fy, ... are transmitted through the deformable

body in a complex manner. When the body is cut along some plane, a force

— —

R is required to maintain static equilibrium. R has a normal component R,

and two tangential orthogonal components R;; and R;s. Consider small area
AA instead of A. Then, AR,, ARy, ARy act on AA. The normal stress

0, is defined as o,, = Ali‘m % and the two shear (tangential) stresses as
—0
oy = lim AARX and o4 = lim %. For an infinitesimal volume element
AA—0 AA—0

of a body positioned at a point in a global (z,y, z) coordinate system (Fig.
2.2):
(1% subscript: facet normal; 2" subscript: direction)



CHAPTER 2. LINEAR ELASTICITY - PRINCIPLE OF VIRTUAL WORK16

Figure 2.2: Some of the stresses acting on an infinitesimal volume element.

2.2 Equations of static equilibrium

Consider an infinitesimal 2-D volume element of thickness ¢ (Fig. 2.3). It
is assumed that the normal and shear stresses vary from point to point in
the body in some continuous manner. Therefore, a first order Taylor series
expansion is used.

bs, b, : components of body force per unit volume.

Equilibrium in z-direction:

(e + 8"” dz)dy — 04,dy + (o, + 8g;”’ dy)dx — oy,dr + bydrdy =0

Equlhbrlum in y-direction:

(Oyy + 60”“ wdy)dx — oyydr + (04 + 8”” 2dr)dy — 04ydy + bydrdy =0

Finally, in 2-D, d"“ + (%yz +b, = O and 0,, = 0y, for moment equi-

60'zy +8ayy —|-b -0

librium.
Similarly in 3-D, a"” + 85;7” + 8‘7“‘ +b,=0 and o, =0, for mo-
aaw + aw + 80zy -+ b =0 Ozz = Oz
aow n 8ayz n aazz 4b =0 Oy = 0y

ment equilibrium.



CHAPTER 2. LINEAR ELASTICITY - PRINCIPLE OF VIRTUAL WORK17

do.
yy
ayy + dy dy . +60yxd
T yx ay y
|
do
. Oxy a;y dx

X
L.
€« dy bx T— + adxx

|
B l

Oyy

Figure 2.3: Stresses acting on a 2-D cross-section.

2.3 Strain at a point

Consider a square element whose sides are of unit length (Fig. 2.4). Under
the action of the external loading, the element will deform such that the sides
of the square are no longer perpendicular.

By definition, 2¢,,= 7, +7v, > 0 when angle B’OA’ becomes smaller than

5 Strain is dimensionless.

2.4 Strain-displacement relations

For small deformations strains and displacements are related as follows:

ou ov ov
In 2-D elements, Exzx = G Eyy = 5y 26y = —|— o
where u, v are the displacements of a pomt in the x and y directions.
In 3-D elements, Epg = g; Eyy = gz €py = ‘?9—1;
— Ou v _ v Ow _ Ow Ju
2696?/ T Oy + Ox 25yz — 0z + By 2620 = Ox + Oz

where u, v, w are the displacements of a point in the x,y, z directions.

In matrix form, {¢} = [L] {U}, where,
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_ .-+ After deformation

=Xar — Xa

Figure 2.4: Strains in 2-D.

e in 2-D elements, {e}" = [e10, E4ys 260y] 5 [L] =

e oF
SIESEES

and {U}" = [u, 0]

e in 3-D elements, {E}T = [€2a, Eyys €22 2E0y, 2642, 2644 , [L] =

ofPlroro
ey oPlr o ©

Yo oQro oFw

and {U}" = [u, v, w)

2.5 Compatibility equations
In 2-D, since 2¢,, = g—;‘ + 2 ey =2 and g,y = g—’;,

2¢ 2 2 2 2o . .
% ;5;/ =Z 63;2 z fgy = aazcgw + 6aigy, hence an extra relationship, called
compatibility equation, between three strains and two displacements.

Similar compatibility equations are obtained in 3-D. Compatibility equa-
tions are automatically satisfied in the stiffness approach used in the displacement-
based finite element method described in this course.




CHAPTER 2. LINEAR ELASTICITY - PRINCIPLE OF VIRTUAL WORK19

2.6 A constitutive relationship - Hooke’s law

The uniaxial Hooke’s law ¢ = FEe, where FE is the elastic modulus, can be gen-
eralized, and is expressed in 3-D elements as {c} = [D] ({e} — {&0}) + {00},
where [D] is the material property matrix, {¢} the stress vector, {e} the
strain vector, {eo} the initial strain vector, and {oo} the initial (or residual)
stress vector.
{U}T - [Ufwﬁ Oyy; Ozz5 Oay, Oyz, er]
(e} = [Cams Eyys E2zr 26mys 2642, 2622

1—v v v 0 0 0
v 1—v v 0 0 0
B B v v 1—v 0 0 0
[D] (1+v)(1—2v) 0 0 0 132V 0 0
0 0 0 0 1;2” 0
0 0 0 0o 0 ==

E : elastic modulus, v : Poisson’s ratio

Other specific [D] matrices will be found for plane stress, plane strain, or
axisymmetric analyses (see Chapter 5). [D] is symmetric for both isotropic
and anisotropic materials. In the isotropic case, only E and v are needed.
{00} represents stresses that are known to exist in a material before it is
loaded. They must be specified by the analyst. {g¢} may be the result of
crystal growth, shrinkage, or temperature changes.

Note that in different textbooks, shear stresses are often noted with 7
(e.g. 04y is noted 7,,), and shear strains are often noted with v (e.g. 2¢,, is
noted 7,, ).

2.7 Principle of minimum potential energy

How to find the mechanical equilibrium of a structure other than by writing
the equilibrium equations for each component of the structure, and hoping
to be able to solve for all of them (Note: this only works for statically de-
terminate systems)? The principle of minimum potential energy (presented
in this section, and which you've encountered many times in physics) and
the principle of virtual displacements (presented in next section) are power-
ful tools to look for the equilibrium of a whole structure at once (including
statically indeterminate systems).

The principle of minimum potential energy (PMPE) states that: "out
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of all the possible displacements fields that satisfy the geometric boundary
conditions (i.e. prescribed displacements), the one that also satisfies the
equations of static equilibrium results in the minimum of total potential
energy for the structure (or body)."

The total potential energy II is defined as the sum of the strain energy
(internal potential energy U;) and the external potential energy U, from the
external forces. Il = U; + U,. For conservative systems, the loss of external
potential energy during the loading process must be equal to the work W,
done on the system by the external forces, or —U, = W,, and therefore
IT = U; — W.. Il is a function of functions (strains and displacements) and is
called a functional. Minimizing II is called a variational problem. The first
variation of the total potential energy 0II = dU; — W, must be zero, i.e.
5Uz - (5W6.

In a global Cartesian (x,y, z) coordinate system,

0U; = [ (Oaw0Eae + Oyydeyy + 0206, + 2040e0, + 20,06, + 20.,0e.,) dV.

Using matrix notation, 6U; = [,, {d}” {o} dV.

For the work of external forces, considering a body force {b} (per unit
volume), a surface traction {s} (per unit area) and N point loads {f,}, then

oWe = [i, (be0u + bydv + b.0w) dV + [, (sp0u + s,0v + s.0w) dA

+ 307 (fraoOu + foy00 + frabw).
Using matrix notation, 6W, = [, {6U}" {b}dV + f4 {6UY {s}dA
+ P2V SUY {f,}, where
{b}" = [bs, by, b.] : body force vector
{s}" = [54, 5, 5.] : surface traction vector

{fp}T = [fpws fpys [pz] - point load vector
{6U }T = [0u, dv, dw] : first variation of displacement vector

Eliminating {0} using the linear elastic stress-strain relationship, the
PMPE becomes

I {56} D] {e}dV =
I {oc}7 {go} v — [, {oc}" {ao} dv

+ Jy {0UY (b} aV + [, {0U} {s}dA+ 357 {5U}" {f,}-
Going back to the total potential energy, it is given by

0= 3 fy e DbV — fy {2} (Do} aV + fi {2} oo} dv
~J AUy v — Uy (s} dA - SN UY ()

Example 6 consider the elongation A and an azial force P in a uniaxial
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stress member (bar) of uniform cross-sectional area A, length L and modulus
of elasticity E (Fig. 2.5). One end of the bar is fized.

AN

N
v

f
{

L+A

AN
v

Figure 2.5: Extension of a bar.

80:0, 00:0,b:0ands:0.

Il =1Fs?AL — PA  with e = £, therefore Il = LE(2)?AL — PA.
We want A for equilibrium, i.e. A for minimum II.

WM = ESAL— P =0 <= A= %L this is well known!

Note that % = ETA > 0, therefore, A really minimizes II.

2.8 Principle of virtual work

This principle, also known as the principle of virtual displacements, will be
very convenient and useful for finite element formulation of complex prob-
lems. Work is the product of a displacement and the component of the force
in the direction of the displacement. Virtual work is imagined to occur when
the forces are real and the displacements are virtual (imagined), or vice-versa,
but this not used herein.

Statement of the principle of virtual work (PVW): if the work done by
the external forces on the structure is equal to the increase in strain energy
for any set of admissible virtual displacements (i.e. satisfying the prescribed
displacements), then the system is in equilibrium.
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Let us denote the virtual displacements in z, y, z directions as du, v,
dw (not variations!). The virtual displacements will cause virtual strains
0€a, 0€yy, 02, 0Eqy, 0Ey2, O€ 2z

In matrix form, the PVW becomes

Jy 0y {orav = [, {5UY {b}dV+ [, {6U}" {s} dA+> 0=V {oU} {f,},

V{oU}, {oe}.

with notations as in Section 2.7.

This is known as a weak form of the equilibrium equations because this
equation only contains first derivatives of displacements whereas the original
equilibrium equations (see Section 2.2 + Hooke’s law) contain second order
derivatives of the displacements.



Chapter 3

Finite element for beams

Learning Outcomes:

By the end of reading and attending the lecture of this chapter, and solving
the listed practice problems, the student should be able, for a planar beam
structure, to:

-Explain the theory of beam bending in one plane
-FExplain the discretization and interpolation of beam elements
-FExplain the determination of the local stiffness matriz and load vector for
beam elements
-Write the element stiffness matriz and associated displacement and load
vectors in the global coordinate system
-Write the assemblage stiffness matriz and associated displacement and load
vectors
-Explain and apply boundary conditions
-Solve system of equations for displacements or loads
-Determine internal loads as well as stress and strains associated with
displacements and external loads
Evidence of Learning:

A student has achieved the learning outcomes when he or she is able to
correctly analyze a problem combining several or all of the previous items.
Evaluation Strategies:

Test problems in at-home assignments
Teaching and Learning Activities:

-At-home reading before class
- Lecturing
-In-class practice problems

23
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-At-home reading/reviewing after class
-At-home practice problems

3.1 Theory - Beam bending in one plane

The deflection of the neutral axis of a beam at any location z is represented
by v(z) (bending in a plane). The deflections are supposed to be small
compared to the length of the beam (typically less than 3% of length — if this
is not the case, a more advanced theory must be used). The material is also
supposed to be linearly elastic. Finally, it is assumed that the beam cross-
section has an axis of symmetry in the plane of bending, and that planar
cross-sections remain planar during deformation. Let us take point P on the
beam neutral axis, and point @) at distance y from the neutral axis (Fig.
3.1, left). After deformation (Fig. 3.1, right, in which the deflection v(x)
and rotation 0(x) of the cross-section are grossly exaggerated), relationships
between different variables can be established as follows. Let us introduce
u(z) the longitudinal displacement of @) due to the deformation.

v : local deflection of the beam

fl—z : local slope of the beam, physically interpreted as the rotation of the
local cross-section of the beam, therefore g—; =40.

From trigonometry, tanf = "> and because 0 is very small, 6 ~ tan@.
Therefore, one can write

—y% = u(z) : longitudinal displacement due to v(z).

Recalling that a longitudinal strain is obtained by taking the first deriv-
ative of the longitudinal displacement, one obtains

—y% = ¢, : longitudinal strain due to v(x).

Because the material of the beam is assumed linearly elastic, the local
constitutive equation is such that the longitudinal (i.e. normal) stress in the
beam at point () is 0, = Fe,, where F is the material’s elastic modulus. In

_ d*v
other words, o, = —yE 3.

In beam cross-section A, the external normal force is N(z) = / o.dA.

A
Because o, varies linearly in the y-direction, N(z) = 0.

In beam cross-section A, the external bending moment is

M(z) = —/yadi = Eg%’/y%lfl. Recalling /ysz = [ : second mo-

A A A
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y
Q
\x
Side view, before After

Figure 3.1: Beam deformation.
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ment of area, one obtains, M(z) = EI 2273. This is the global constitutive
equation for the beam, i.e. it expresses the relationship between the deflec-
tion and the global external loads applied to the beam.

Note that beam deflection analysis also often aims at determining the
bending stresses in the beam. To do so, one simply applies

o, =—yk 2273 = —M for each location of interest in the beam.

Considering the free-body diagram of an elemental beam segment of

length dz (Fig.3.2), one can get additional relationships as follows. Let us

y ﬁm‘m?m

A

Figure 3.2: Free-body diagram of an elemental segment of beam.

introduce ¢(z) the transverse distributed load (force per unit length — not
necessarily constant).
Z M =0:—-Vdx +dM = 0, therefore V (z) = dﬂfkg‘”)

Y F =0:—dV +qdz =0, therefore % = g(x).

In the absence of distributed load, obviously, ¢(x) = 0.
Finally, the governing equations for the beam are:
EIZy = M bending moment

dg?

3
ET 372 = % =V transverse shear force
4 . .
El % = Cfi—‘; =q transverse distributed load

3.2 Discretization

Consider the beam element shown in Fig. 3.3:
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y i e
e

Figure 3.3: Beam element and its degrees of freedom.

In the absence of distributed loads, the equilibrium equation for the el-
ement is % = 0, for which the general solution is a third-order polynomial
v(z) = ¢1 + cow + c37? + cq.

The element’s end conditions can be expressed in terms of the following
nodal values:

Nodei: v(0)=v; =¢
dz(o) =0; =c
Node j: v(L) = v; ¢y + coL + csL? + ¢4 L?

I —

dzzl(xL = 9j = Cy + 2C3L + 3C4L2

In matrix form, the same relationships can be written as:

(% 1 0 0 0 C1
o, | o1 0 o e o .
v, =11 7 12 3 o or {U¢} = [A]{Q}, where [4] is
(9j 0 1 2L 3L2 Cy

called coefficient matrix.
By inverting [A], we can solve for {Q} in terms of {U°}.

- 0 0 0
A7 =1"5 _2 5 1
2 L 12 L
2 1 2 L
17 3 12
Finally, v(z) can be written in matrix form as:
v(z)=[1 223 {Qr=[1 z 2? x?’][A]*l{Ue},

=[N]{U°} with[N]=[1 x 2* 2 ][A]"
[N] = [ Ni(z) Na(z) Nj(z) N4§a:) |, or more explicitly,

_ 322 223 22 x 32 223 x2 x3
N=[1-%+%% o-%+5 H-% -S+5 ]
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We note that [N]|,—o=]1 0 0 0
[N |e=z=[0 0 1 0
(] le=o=[0 10 0]
(o) le=2 =10 00 1]

3.3 Element stiffness and load vectors

Let us assume that at Node i of the beam element, nodal force F; works

in displacement v;, nodal moment M; works in rotation 6;, and similarly at

Node j, F; works in displacement v;, nodal moment )M; works in rotation 6.
The principle of virtual work for the element is:

/ [0} (o} dv = {sUey" 3 MR WU} v (o).

Here, {6c}" = 0e,, and {0} = 0,, as the other components are zero.
Then,

L
/ de,0,dV = / ( / (_y(d2§;§x )(— Eddj; )dA) dx
A

/ E[(dzs;)gx))(di;;(;))dx since /deA -
0
A

From v(x) = [N]{U*¢}, one can derive di;;(;) :dx2[ 1{U°} = [B]{U*},
and “5 = (5] {5U°},

woe (B — [+ F4% B 2+%]

Then,

/ U BRI )L gy / "B (60 (B [B] (U} da
— (Ue)T / B" BI(B]dx {U°} .

0
Finally, the PVW yields:

(5Ue)" / Bldx {U} = {6U)" YUY

EmED

In other words,
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F
BT Er ey = § P er U = (7
0 J
M;
12 6L —-12 6L
6L 4L?> —6L 2L2
. e _ ﬂ

Wth K =251 J1p 6r 12 6L
6L 2L*> —6L 4L?

element aligned with the r—axis, and bending in the xy—plane.
So far, we only considered point forces and moments acting in the dis-
placements and rotations, respectively. For a distributed load w(z), the

virtua% work of external forces is:L
/ So(z)w(z)dz = {5U} / INTT w(z)de = {6U<}T {F,} where {F,}

0 0
is the nodal force vector representing a distributed load on the basis of work
equivalence.

. Note that this is for an

For w(x) constant)
/N1 qd:z:

qL

/N2 )qdx fﬁ

{Fu} = =9 2 (Fig. 3.4).

/N3 qdx _Qg

12
/N4 qdz
Vs

q -

N /N N N N qL qL
2 I I 2
,. L Ny v Jai?

12 12

Figure 3.4: Constant distributed load and its nodal equivalents.
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3.4 Assemblage and solution

Consider the example shown in Fig. 3.5:

M
P
y l c
5 Q O
L L

> L
gy

N

Figure 3.5: Example of beam problem.

Let us descritize the beam into two elements of same length (Fig. 3.6).
Having nodes where loads and reactions are applied makes the analysis con-
venient.

C Y1 |II /I Va Ve T"s
> >

0, 0, 03

Figure 3.6: Degrees of freedom for problem in Fig. 3.5.

In this example, there are two elements, with two nodes per element, and
two degrees of freedom per node.

Procedure: let us first create a null assemblage stiffness matrix [K%] in-
volving global node numbers 1 to 3 (Fig. 3.6).

1 2 3
O2><2 O2><2 02><2 1
K =
[ ] 02><2 02><2 02><2 2

O2x2 O2x2 O2x2 3
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From the connectivity table, Element 1 has global node numbers 1 and
2, s0

[ 1 1
e = | 4 K
| Kop Ky |
Element 2 has global node numbers 2 and 3, so
2 2
e = | K5 1
K3y K3z |
Finally,
1 2 3
K i) 022 1
(K] = ) @ @ 9
Kyi K, +2K2,2 K2,23
O2x2 K K 3

Elements 1 and 2 have the same stiffness matrices

12 6L —-12 6L
6L 4L> —6L 2L2
_ BI
K= 1 1o 6L 19 —6L |- Therefore,

6L 2L? —6L 4L?

12 6L —12 6L 0 01 u F
6L 4L —6L 2L 0 0 0, M,

12 —6L 24 0 —12 6L v
al _ EI 2 . 2
K)=T5 | 61 212 0 812 —6L 212 0, works in M,
0 0 —12 —6L 12 —6L Vs Fy
0 0 6L 2> —6L 4L | 0, M,

The assemblage nodal displacement vector is

{Ua}T: [ U1 91 (% 92 V3 93 }

Let us now determine the assemblage nodal force vector, or assemblage
load vector. Can we identify some components in the generic load vector
(FY'=[F M, F, My F3 M3 ]|?

A free-body diagram of the system (Fig. 3.7) gives F; = Ra, Fy = —P,
My =M, F3 = Rec and M; =0 and M3 = 0 (obviously, H4 = 0).

So far, we have 6 equations and 8 unknowns: Ry, Rc, and vy, 01, vg, 05, v3, 03.
However, the boundary conditions are such that v; = v3 = 0, therefore the
actual number of unknowns is 6, and the problem can be solved.

Because v; = v3 = 0, we eliminate the corresponding columns of [K*“],
and because R4 and R are unknown, we eliminate the corresponding rows
of [K“] to solve for the unknowns. Then,
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4 MQ P 1R

.
7

H,
Figure 3.7: Free-body diagram of beam in Fig. 3.5.
417 —6L 2I? 0 0, 0
BI —6L 24 0 6L Vg B -P
L3 217 0 8L? 2L? 0, ) M
0 6L 217 412 05 0
For the case where P = 1,0001bf and M = 0,
0, — 2502 Vo = _167L3 0, =0 02 — 250L2
1 EI 2 EI 2 ) 3 EI

From these solutions, and extracting two rows of the assemblage system,
one can determine the reaction forces R4 and R¢ corresponding to v; = vz =

0 as
( 3\

pr| 12 6L —12 6L O 0 vo | | Ra
L1 0 0 —-12 —6L 12 —6L Re |-

03

Finally, R4 = 5001bf and R = 500 Ibf k Noté that a value slightly differ-
ent from 500 may be obtained due to round-off errors during calculation.

Once the displacements and rotations are known along with all the shear
forces and moments, the bending stresses can be calculated at critical loca-
tions, using the classical equations of strength of materials. Do not forget
that, in practice, design criteria based on maximum allowable stress or dis-
placement must include safety factors. Review your notes from Machine
Design or Strength of Materials courses as necessary.

3.5 Example

Assignment 2.
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3.6 Beam element with axial loading

Outside of buckling and stress stiffening (e.g. a taut guitar string), which are
nonlinear cases, we can linearly superimpose the results from bar and beam
elements, because displacements, strains and rotations are assumed to be
small. Note that in many textbooks and software packages, such combination
is described by the term frame element (Fig. 3.8).

¥

>

Vi
0, CI > e

Figure 3.8: Combined bar and beam element, or frame element.

u;

e kg ar 0 : eI
[K ] = [ [](3)] ] [k?fg[) ] ] :| with {U } = [ U; Uy V; 6)1 Vj 0]‘ :| .
L eam
With more convenient {U e}T = [ w v 0 u; vy 0 ], [K€] can be
re-organized into:
.
0 12E1, 6EL 0  _12BL. GEL
3 2 3 2
0 6EL 4EI, 0 _6EL  2EL
R T S
OL _12EI, __6EL 6 12EI, _ 6EL
3 1,2 L3 7,2
0 6ET, 2ET, 0 _6EI.  4EL
L2 L2

Note that this is for an elemLent aligned with the x—LaXis_, and bending in
the xy—plane. If the element is oriented at an arbitrary angle € from the
x— axis of the global reference frame, we have (Fig. 3.9), and [K¢] above
becomes [K e’} .

w, = lu; + mu;

v, = —mu; + lv;
0. =0, . : : .
, with [ and m determined as in Sectionl.4.
u; = luj + mu,
v = —muy + lv;

9;:9j



CHAPTER 3. FINITE ELEMENT FOR BEAMS 34

Local d.o.f. Global d.o.f.

Figure 3.9: Local and global degrees of freedom for a 2-D frame element.

In matrix form,
() o T ¢ .. )

U; m 0 0 0 0 U;
v, -m [ 0 0 0 0 v;
0; | _ 0 01 0 0 0 0;
up 0O 00 I moO u; [’
vl 0 0 0 —-m [ O or
g L0 00 0 o 1]

\ Vs \ 7
or {U“} = [R]{U°}. Note that [R] is different from that in Section
1.4. Then, the element stiffness matrix in the global system is [K¢] =
Trre
[R]” [K“][R].

3.7 General 3-D beam (or frame) element

We want to include

e axial behaviour along x—axis (bar)
e bending behaviour in zy—plane (beam)
e bending behaviour in zz—plane (beam)

e torsional behaviour about x—axis

Items 1 and 2 have been taken care of in Section 3.6. Bending in xz—plane
needs attention because it is similar to bending in xy—plane, but instead
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of 0, = g—;, we have 0, = —%, and instead of M, = EIZ(‘%’, we have
M, = —EI,%% (Fig. 3.10).

0.

h/)
)
——
u x

Figure 3.10: Degrees of freedom for a general 3-D beam element.

12 —6L

— 2

Therefore, [ke]xz = % —f]i_é/ 46[2/
—6L 217

—12

—6L
212
6L
4172

Torsion about longitudinal axis is represented by stiffness matrix [£$, q..] =

| 1 -1
Lt -1 1
Finally, for the general 3-D beam element:

ko) 0] (0] [0]
O [KBeamley (0] [0]
[0] O] [FBeamlez (0]
[0] [0] O] [Forsion]

With more convenient

, nodal displacement vector {

/

\

{Ue}T = [ U; vy Wy ezm eyi ezi U vy
[K€] can be re-organized into:
(K] = Ki 61.6 Kier.12

e e
K?...12,1...6 K7...12,7.‘.12

g“ } and load vector { M
xj

Mrj

Uy ) Fy; )
u; Fyj

V; Fyi

v; Fy;

0; B M,;

wy N F,;

Oy My

w; F.;

Hyj Myj
eu’ﬂj y, \ MIJ )
wi Onj 0y 025 ],
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48 0o 0 0 0
0 2L ¢ 0 0 %k
12E1, 6EI,
[Ke :| — O O L3 O L2 0
1...6,1...6 0 0 0 % 0 0 )
o o -2 o0 ® 9
0 %= 0 0 0 B
42 0 0 0 0
0 —EF= 0 0o 0 G
. 0 R
[Kl...6,7...12} = 0 0 0 _GJ 0 0 )
L
0 0 S o 2L 9
[0 -0 0 0 L
(-4 0 0 0 0 0 ]
0 _12LEBIZ OEI 0 191 —Gf—gz
[K’? 12,1 6} - 0 0 _12L3y %‘J 6L2y 0
S 0 0 6(1]51 2 2]2[ 0
0 0 —25 0 —r 0
o e 0 0 0 2k
— AE —
= 0 0 0 0
L
0 BB ¢ 0 0 S8LL
. 1o o B oo L
[K7...12,7...12] - 0 0 0 GJ 0 0
L
6E1, 4E1,
0 0 oL 0 = 0
0 —%= 0 0 0 4Bk

Note that this is for an element aligned with the r—axis. If the element
is oriented at an arbitrary angle from the x— axis of the global reference
frame, [K¢] above becomes [K 6/}, and the components of displacements and
rotations at each node of the element can be transformed from the local
(rotated) coordinate system to the global coordinate system as done in Sec-
tions 1.3 and 1.4. Overall, the degrees of freedom for the element can be
T, 0 0 0
0 Tl 0 0
0 0 Tl 0
0 0 0 L

expressed as {U¢} = [R]{U°}, where [R] = and

,x) cos(z

,y) cos(z’,y) |. Then, the element stiffness ma-
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trix in the global system is [K¢] = [R]" [K¢][R]. Note that [R] is different
from that in Section 1.4.
There are several ways to define a coordinate system attached to a 3-D
beam. We now show one that is compatible with all the notations above.
Let the beam element extend along the x’'—axis between Nodes i and j.
To properly define the 3-D beam element, a third arbitrary node (Node k)
needs to be created in the z’z'—plane outside of line i — j (Fig. 3.11). Let
‘_/ij denote the vector between Nodes ¢ and j, and X_/Zk the vector between
Nodes ¢ and k. The coordinate system attached to the beam is constructed
such that:
— = —
ZL'/ = VZ]/ HV”

Y

_ (2 — @)/ L

in other words, {3:’ } =< (y;—w)/L
(2 — z)/L

with L = \/(z; — 2:)%+ (y; — y:)> + (27 — 2)%;
- = — — —
Yy =V xVi/ Hvzk X Vz‘jH;
—_ = =
=2 xvy.

Figure 3.11: Third node for 3-D beam element orientation.

The stresses in a frame element are determined as follows. After solution
of [KI{U} = {F} for the whole sturcture (i.e. after the assembalge sys-
tem of equations was built, and boundary conditions applied, and resulting
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system inverted), {U¢} for any specific element in the structure is knwon.
For a specific element, {U®} = [R] {U°} needs to be computed, from which
(K1 {U¢} = {F°} can be obtained. {F*} contains the axial force F}, the
shear force V; and the bending moment M, at Node 7, and the axial force FJ' ,
the shear force Vj' and the bending moment M j' at Node j. At Node i (and

similarly at Node j), the axial (or normal) stress 0.y, = i the maximum

/

bending stress ohending = :I:— where A; is the cross—sectlonal area, [; is the
second moment of area, and ¢ is the distance from the neutral axis to the
extremal face (e.g. top or bottom) of the beam, all at Node i. The resulting
maximum total stress is Oiotal = Taxial T Thending. NOte that shear stresses
are negligible for long members in bending; they are only relevant in direct
shear.



Chapter 4

Interpolation functions -
Integration formulas

Learning Outcomes:

By the end of reading and attending the lecture of this chapter, the student
should be able to:
-Explain the concepts of compatibility and completeness of the interpolation
functions
-Explain the need for mesh sensitivity analysis and know how to do one
-Fxplain how various interpolation functions can be constructed in 1-, 2- or
3-D elements
-Apply efficient integration rules over elements

Evidence of Learning:

A student has achieved the learning outcomes when he or she is able to
reproduce the knowledge and abilities listed above.
Evaluation Strategies:

Test problems in at-home assignments
Teaching and Learning Activities:

-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems

39
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From the principle of virtual work, it is evident that in stress analysis
problems, the variables of interest are the displacements (vector). In thermal
analysis, the variable of interest would be the temperature (scalar). In fluid
flow problems, the variables of interest would be the fluid velocities (vector)
and the pressure (scalar). Below are ideas and results regarding interpolation
functions for these variables and integration over element length, surface
or volume that can be used for yet other studies (electromagnetism, mass
transfer, etc...).

4.1 Compatibility and completeness require-
ments

Compatibility

For C%-continuous problems, the interpolation function must be continuous
along the boundaries of the element. For C'-continuous problems, the func-
tion and its first derivative must be continuous (Fig. 4.1).

\
&

I~ ——-—
| ~@———
[N S

R

Figure 4.1: C%-continuous function (left), and C!'-continuous function (right).

Many problems are C°-continuous once formulated using the weak form
(2-D stress, strain, axisymmetric stress, 3-D stress analyses), but some are
C!-continuous or higher. Elements that obey the compatibility requirement
are said to be conforming (vs. non-conforming). Some non-conforming ele-
ments are useful, but they should be used with extra caution.
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Completeness

For C"-continuous problems, the interpolation function must be capable of
representing a constant value of the variable as well as partial derivatives of
up to order n+1 as the element size decreases to a point. Example in uniaxial
stress analysis: let us assume u = ¢;+cox. If ¢ = 0, u = ¢; = constant : rigid
body mode (displacement of the whole body without straining). Also, Z—Z =
¢y = constant : this allows for a constant strain in the element. Therefore,
the interpolation function u = ¢; + coz can be used for a C°-continuous

problem.

Mesh sensitivity analysis

With both compatibility and completeness requirements satisfied, conver-
gence of the solution during mesh refinement can be achieved (Fig. 4.2).
Regardless of the expectations, convergence of the solution during mesh re-
finement is a verification that MUST be done for every analysis (except for
bar elements) when using a finite element code. Note that, typically, conver-
gence of displacements can be obtained with a coarser mesh than convergence
of stresses.

Omax ———_-F—+-———GXEICt
+

2 == B R

4 16 4 16 64 clements

Figure 4.2: Example of convergence of solution upon mesh refinement.

4.2 One dimensional (1-D) elements

Note that a 1-D element can be used in 2-D or 3-D problems! An element is
one-dimensional if, in its own coordinate system, the element has only one
dimension. The same idea applies to 2-D and 3-D elements.
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Interpolation functions considered herein are based on polynomials or
rational functions. The functions can be developed with global, natural (or
serendipity) or length coordinates, depending on the base of integration.
Many different types of elements can be created, but not all will be useful.

4.2.1 2-node C’-continuous element

Global coordinates (Fig. 4.3)

0 i j
I > X

Figure 4.3: Global coordinates.

For variable ¢, we pose ¢(z) = ¢; + cax,
ool =t «{ & 1= al(@).

At Nodes i, j, we require  ¢(x;) = ¢; = ¢1 + cox; .
¢(x;) = ¢; = c1 + e

Innmumﬁﬂm,{jj}::{l1”]{(“}<n{w}:LM{Qy

1 X Co

1
Solving for the vector of constants yields al_|1 @ 0 :
Co 1 Xy qu

ﬂmwwzuﬂ[lm]%%}m

]_l'j

o(x) =[1 2] [A]7 {¢°} = [N] {¢°} with [N] = [ =],

Natural coordinates (Fig. 4.4)

Let us define a local, normalized coordinate r defined relative to the global
coordinate .
r=0atz=7=3(z; +z;), and —1 <7 < +1 with r = i(%z
7 7
With these coordinates, [N] = [2(1—7) 1(1+7)].
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i ro

@ — @
O F:—] ]’°=+1
} > X

Figure 4.4: Natural coordinates.

Length coordinates (Fig.4.5)

not a node

)4
& —®
[ J

Figure 4.5: Length coordinates.

Let us consider an internal point p (not a node) in Element e, and define

__ length pj __ length ip
L = length i and L; = length i) °
Obviously, 0 < L; <1, 0<L;<1,and L; + L; = 1.

Then, [N} = [Lz LJ]

4.2.2 2-node Cl!-continuous element

See development of beam element in global coordinates in Chapter 3 (Section
3.2, Discretization). Note that this element is C%-continuous in v, but C!-
continuous in 6.
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k (xg, vi)

3 F(x,, V. .
A l (xu yz) _] (xj’ yJ)

> X counterclockwise

Figure 4.6: Global 2-D coordinates.

4.3 2-D elements

4.3.1 Triangular C’-continuous element
Global coordinates (Fig. 4.6)

We pose ¢(x,y) = ¢1 + ¢ + c3y or
C1
Pz, y) =1 = ylq & } =1 = y/{Q}.
C3
At Nodes i, j, k, we require ¢(x;,y;) = ¢, = ¢1 + caxy + c3y; for [ =i, j or

gbi 1 T, Y C1
In matrix form, ¢; o=1|1 = y ca por {¢°} = [Al{Q}.

. Lz Yk C3
Solving for the vector of constants yields {Q} = [A] " {¢°} .
Then, d(z,y) = [1 = y][A]7" {¢°} = [N]{¢}
and N;(x,y) = my1 + mo1x + ma1y
Nj(x, y) = Mi2 + Moo —+ msay
Ni(z,y) = muz + masx + mazy
where miy = (xjyp — zxy;) /24 mor = (y; — yi) /24 ma = (v — x;) /24
mig = (Try; — Tiyk) /24 mag = (yp — vi)/2A maza = (7; — 1) /2A
miz = (T — 2;9:) /24 moz = (yi —y;)/24 ma3 = (v; — ;) /2A
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Iz oy
and A = %det 1 z; y; | = area of triangle ¢jk.
I e yk

Area coordinates (Fig. 4.7)

Figure 4.7: Area coordinates.

Let us consider an internal point p (not a node) in Element e, and define

L __ area area pjk L __ area ipk and L __ area area ijp
area ijk’ area ijk’ area ijk

Obviously, 0<Ll <lforl=4,jork,and L; + L; + L, = 1.
Also, Li(x;,y;)) =1 Li(z;,y;) =0 Li(xg,yx) =0
Lj(zi,y:)) =0 Lyj(xj,y;) =1 Ly(ag,yx) =0
Li(wi,y:) =0 Li(vj,9;) =0 Li(zg,ye) =1
As can be seen in Fig. 4.8, triangles piij and poij have the same area
(they have the same base and height), therefore L, = constant is a line

parallel to the opposite leg 7j. L varies linearly between 0 and 1. It can be
shown that [N] =[L, L; Lyl

Example 7 show that L; = N;.

1 = y
1
5 det 1 T; Yj
[, — area pjk __ 1 Lr Yk
v 7 area ijk A
I = @ivkmowy) i —yp)et (@ —2;)y
t 2A

Li = my1 + max + ma1y = N; QED.
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k

Lkzl

Figure 4.8: Area coordinates with L, = constant.

4.3.2 Rectangular (quad) C’-continuous element

Natural coordinates (Fig. 4.9)

<

We have —1 <r < +4+land -1 <s<+1 withr = “’;i ands:y%.
Then, ¢(z,y) = [N; N; N, NJ{¢°}

b;

with Ni= (14 7)(1-5) and (¢} = %

Nj=11+7r)(1+5s) (;

Np=;(1-7r)(1+s) z
Ne=3(1=7)(1-3s)
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y
A

=

v

A
v
A
v

<l

v
=

Figure 4.9: Natural 2-D coordinates.

Three rules

1. N,, =1 at Node m, and 0 at other nodes, for m =i, 5, k or [.

2. The value of N, varies from 1 (at Node m) to 0 (at any other node),
form=1i,j,k or l.

3. N$+N]+Nk+Nl:1 VT,S

4.3.3 Curved elements

So far, all the elements considered have had straight edges. Curved ele-
ments (with more nodes) may be needed to describe curved boundaries more
accurately (or with fewer elements). A mapping can be used between the
straight-edged parent element and the curved element (Fig. 4.10). In an
isoparametric mapping, the same interpolation functions are used both for
the variable of interest (¢) and the description of the geometry.
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=

y
A

> x

Figure 4.10: Parent element (left), and curved element (right).

mapping

k(-1,1) A j(,1)

> r

@
1(-1-1) i(1,-1)

Y 4

N

k (xg ) 7o)
Pl

I (xy) o
Xi Vi

r X

Figure 4.11: Mapping between parent and real geometries.

For simplicity of presentation, let us stick with linear elements (straight

edges), as in Fig. 4.11:

To map the geometry, we want = = [G; G; Gy G

Yi

(G, G Gy GJ{ Y
y=] J k 1) Un

Ui

Z;
Lj
Tk
Xy

and

We may want to use the interpolation functions defined previously for the
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variables of interest, such that N,,(r,s) = G,,, for m =1, j, k or L.
When both the geometry and the variables of interest are interpolated
with the same functions, an element is called an isoparametric element.

4.4 3-D elements

4.4.1 Four-node, C’-continuous tetrahedral element (pyra-
mid)

, <

k

Figure 4.12: Tetrahedral element.

O(z,y,2) =1 + cox + c3y + a2

4.4.2 Eight-node, C’-continuous brick element

s /] 5
3 /2

4 1

Figure 4.13: Brick element.
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O(x,y,2) = 1 + cox + c3y + c4z + c5TY + CeYz + 2T + csxYz

4.4.3 Axisymmetric elements

A problem is axisymmetric if the body of interest is a body of revolution AND
if the material properties, boundary conditions and loads do not change with
6 in a global cylindrical coordinate system attached to the body (Fig. 4.14).

/
rd0

dz
dr

Figure 4.14: Cylindrical coordinate system for axisymmetric problem.

In an axisymmetric problem, the variable of interest is a function of r
and z only, therefore the problem is actually two-dimensional. For volume
integrations, dV = rdrdfdz = 2nrdrdz = 2nrdA.

4.5 Integration formulas

Building a stiffness matrix or a force vector calls for many integrations of the
interpolation functions and their derivatives over the element length, surface
or volume.
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4.5.1 Direct integration

Length coordinates

L?Lf dl = %l where dl is an elemental length between nodes ¢ and

J, and [ is the length of line between nodes ¢ and j. Exponents o and S must
be positive integers. Recall that n! =n x (n —1) x --- x 1.

Area coordinates

L?Lf L]ldA = %QA where dA is an elemental area of the ele-
ment, and A is the area of the triangle formed by nodes i, j and k. Exponents
a, f and v must be positive integers.

Such formulas will be used when we build elements in the following chap-
ters.

4.5.2 Numerical integration - GGaussian quadrature

1-D formulas

zj
Consider I = f(z)dz. First we need to use natural coordinates, such
T;

that, when x = z;, r = —1 and when x = z;, r = +1.

Take © = x; + 3(z; — ;)(1 + ). Then, do = %dr = Jdr, where J is
the Jacobian of the transformation (Note: the notation is not useful in 1-D,
but becomes very convenient in 2-D and 3-D). Here, J = 1 (z; — ;). Finally,
according to the Gauss-Legendre quadrature,

1= [ty - )i = [ = T3 faru

(index & has nothing to do with the node index).

where wy are the weight factors, r, the base points, and n the number of
Gauss points (see numerical methods textbook for values of wy and ry). A
polynomial of degree p is integrated exactly by employing n = %(p+ 1) Gauss
points or nearest larger integer. Note that the location of Gauss points has
nothing to do with that of the element nodes.
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2-D and 3-D formulas:

Similarly in 2-D,

1ot
I—/ frsdeSNZZfr,,sJ

and in 3- D

7j=1 =1

+1 p+1 41
I—/ / fT,S,tdrdsdtNZZZf TiySjslh wij,i,

Therefore, in 2—D, with dxdy = det [J

Kez//BT

and in 3-D, with dxdydz =det [J

e

Ni , ON; __ ON; Oz

or — 0z or
AN; 9z
F] F]
N, \ _ | b
5K, i
ot ot
Thus, we have
ON;
&% -1
8yZ = [']]
oN;
0z

kl]lzl

drds

| [B] dzdy = / / B]det [J] drds,

| drdsdt,

1+l el
dxdydz—/ / / Bl det [J] drdsdt

where [J] is the Jacobian matrix of the transformation.
[J] shows up in many other instances, anytime coordinate changes are

needed. For example, for each interpolation function
1N ay 4 ON; 9z
Oy

or 0z 87‘
9y Oz
g 68N
gs Js
dy 0z 8N
ot ot 0z
ON;
5,
I5)
IN;

QD
=

4.6 Example

Assignment 3.

or, in matrix form,
ON;

=715 %




Chapter 5

Stress analysis in 2-D with
linear triangular element

Learning Outcomes:

By the end of reading and attending the lecture of this chapter, and solving
the listed practice problems, the student should be able, for a 2-D stress
analysis with linear triangular elements, to:

-Distinguish between plane stress, plane strain and axisymmetric problems
-Explain the full derivation of a finite element (leading to the stiffness
matriz and load vectors) from the principle of virtual work
-Write the assemblage stiffness matriz and associated displacement and load
vectors
-Explain and apply boundary conditions
-Solve system of equations for displacements or loads
-Determine element resultants
Evidence of Learning:

A student has achieved the learning outcomes when he or she is able to
correctly analyze a problem combining several or all of the previous items.
Evaluation Strategies:

Test problems in at-home assignments
Teaching and Learning Activities:

-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems

53
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5.1 Plane stress

The plane stress model is appropriate for a thin plate loaded uniformly across
its thickness t in a direction parallel to the mid-plate plane (Fig. 5.1). The
thickness need not be constant. Plane stress state implies: 0., = 0 and

Opr = 0y, = 0.

loading YA

N

Figure 5.1: Plane stress problem (top view, left; side view, right).

5.1.1 The shape function matrix [/V]

In plane stress, element nodes have 2 degrees of freedom: the x and y com-

ponents of the displacements. For a triangular element (see Chapter 4)
4 )

Vi

u(z,y) | _ ; 0 N 0 N, O uj
U(.CC,:I/) Nz Nj 0 Nk (]
Uk

\ Uk W

or {U} = [N]{U"}.

5.1.2 The strain-nodal displacement matrix [B]

Recalling that for 2-D small deformations,
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0 o] 0 0 :
Eav = G+ Eyy = g, and 2e5, = o + 3¢ In matrix form,
20
Eax oz 5 U
o= [ 0 g [ { e @ -mw
26xy 9y oz

Finally, {e} = [L] [N]{U°} = [B]{U°},

ON; ON; ONy
ox 0 ox 0 ox 0

. ON; ON; ON,
with [B] = [L][N]=| 0 9% o 2% o 2%
ON; ON; 8]\fj a]\/j ONg INg
oy oz oy ox y oz

If, as we found in Chapter 4 for a triangular element,
NZ‘<JI, y) = M1 + mo1 & + ms1y
Nj(x,y) = myg + maox + Mmaay
Ni(z,y) = maz + mazx + magy
ma1 0 ma 0 mos 0
then [B] = 0 mas1 0 ms3o 0 mss
mgz1 M1 Mgz Mgz 7M33 123
Since the m;;s are known functions of the nodal coordinates, [B] is known.
Note that in this case, [B] is composed of constant entries. In other words,
in a 2-D triangular linear element, strains are constant over an element, and
so are stresses. If a better resolution is needed, more elements or different
elements (of different shape and/or higher order) are required.

5.1.3 Constitutive relationship

For plane stress, the constitutive relationship for a linear elastic material

0-3333
{o} =[D] ({e} — {eo}) + {00} is written with {c} =< oy, 7,
Oy
O zx0 Exz0 1 v 0
{00} = O yy0 s {60} = Eyy0 and [D} = % v 1 0
T 20 2240 00 L~
If the self-strain vector {eg} is a result of temperature change AT, then
a; AT
{eo} is given by {eq} = ¢ AT » (no shear in isotropic materials) where
0

oy is the coefficient of thermal expansion. Note that €., is not zero in general:

E—

Erz = E(Uxx + Uyy) + €220-
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5.1.4 Finite element formulation (triangular element)

Recalling the principle of virtual work written for one element:
fy (5Y" o} aV = [y (YT (b} dV+ [, (6U)" {5} dA+22N (6UY" {1,).
V{oU}, {oc}.
Using {e} = [B]{U*¢}, then {dc} = §([B]{U°}) = [B] {6U*} because [B]
is independent of {U¢}, and {de}" = {U°}" [B]"
Similarly, {U} = [N]{U¢}, leading to {6U}" = {6U¢}" [N]" . Therefore,
the PVW 1s equivalent to
fy. B {a} dV — [, [N {b} av
— [ IN] {s} dA = S0V [N {f,} = {0},

but smcjg {a} = [D] ({e} — {e0}) + {ao} and {¢} = [B]{U*°},
(fy.[B [BldV){U°} — fve [D]{eo} dV
+ J,. [B {00} dV — fve {b} dV
— [0 IN] {s}dA = S22V [N {f,} = {0} .

Finally, [K¢]|{U°} = {fe} where
= [i. [B]" [D][B] dV is the element stiffness matrix and {f¢} the
nodal force vector is made of five components:

{fe} = fve DJ{eo} dV Jv. B {Uo} av
+fve {b} dv+fAe 5} dA"‘Z [ ] {fp}
ey ={ror - {f§0}+{fb}+{fe}+{fe}

Note that the previous derivation is general and not limited to 2-D cases.
It is done here for convenience.

5.1.5 The element stiffness matrix [K°]

From above, [K¢] = [, [B [B] dV where both [D] and [B] (in our case)
are composed of constants and dV = tdxdy.

Therefore, [K¢] = [B]" [D] [B] [ . tdzdy. For reasonably small elements, ¢
may be taken as a constant average value. Then, [K¢] = [B]" [D] [B] tA. Note
that in our case, [K¢] is a 6x6 matrix because [B]" is 6x3, [D] is 3x3 and [B]
is 3x6. This is consistent with the fact that there are 6 nodal displacements
per triangular element.

Example 8 determine [K€] in the case shown in Fig. 5.2:
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j(0.2) i(4.2)

®

¥
L. o

k (0,0)

Figure 5.2: Triangular element.

Steel plate: E = 30 x 10° psi

v=0.3
t = 0.25 in (constant)
A=3det | 1 z; y; | =3det| 1 0 2| =4in?
0 1

=0.25in"

Moy = (yj - yk)/2A = 3;
0

(AN

ma1 = (z, — ;) /2A = 2X4 ()
/

mao2 = (Yp — i) /2A = 553 = —0.25 in~' may = (z; — 2)/2A = 0.50 in™
mas = (y; —y;)/2A =0 maz = (z; — 2;)/2A = —0.50 in™!
025 0 —0.25 0 0 0
Then, [B]=| 0 0 0 0.50 0 —0.50 [in~%
0 025 050 -0.25 —050 0
1 v 0 33.0 9.89 0
D= v 1 0 | =989 330 0 | x10°psi (Ibf/in?)
00 % 0 0 115
Finally,
[ 206 0 —2.06 1.24 0 —1.24
0.72 144 —0.72 —1.44 0
]~ B R
2.88 0
Sym 8.25 |

5.1.6 The element nodal force vector {f¢}

Self-strain

{f%}r = [, Bl [Dl{eo}dV = [,.[B] [D]{eo} tdzdy.
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Considering thermal strains only, with oy, and AT constant,
then {f%} = [B]" [D] {eo} tA.
{f<} is 6x1 because [B]" is 6x3, [D] is 3x3 and {go} is 3x1.

Example 9 (continued from above): determine {f%} if ap = 6.0 x 1076
in/(in.F) and the temperature increases by 150 F.

a; AT 900
{eo} = ¢ AT 3 =< 900 p x 107° in/in.
0 0
( 9,650 )
0
e1 —9,650
0
\ —19, 300 J
Prestresses
{fs} = Jy. [BI" {0} dV = [,. [B]" {00} tdzdy = [B]" {00} tA.
O z20
{fS} is 6x1, and {oo} = ¢ Oyyo
O zy0

Body forces

by
b } tdxdy.

Y

0
U= o wav =g | Y0 |
Ny,

0 N,
Recalling that for a triangular element, N; = L; for | = i, j or k, where

L; is an area coordinate,
([, Libstdzdy )
[ e Libytdxdy
(fey = fAe L;bytdxdy
PY [ Libytdady
fAe Lib tdxdy
L [ Libytdady
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with [, Lib,tdedy = qreranbet2A = 0.t A.
( b )
by
Finally, {f¢} = % lb)x (if b, and b, are constant).
y
bz
( by )
Surface tractions
N 0]
0 N;
el T . Nj 0 S
U =L sy aa=f | B 0|4 faa
N, 0
0 Ng

Surface tractions are only present at the surface of the structure. Let us
consider an element e with nodes ¢ and j (but not k) on the global boundary
(Fig. 5.3).

surface

A traction
T—) X

Figure 5.3: Surface traction.

A surface traction is assumed to act on leg ¢j. Then, dA = tdl, and
N = Ly =0 on leg ij.
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( [ Lisgtdl )
flij LzSytdl
ey |
Ji, Lysytal
0
\ 0 J
( Sx 3\
Sy
If s, and s, are assumed constant, then {f¢} = ﬂTJ zx for leg ij on
Yy
0
0

the global boundary.

Example 10 determine {f¢} (dimensions from Fig. 5.2)

1,600psi D i @

y

L.

Figure 5.4: Surface traction on triangular element.

2,000 psi  § @

sy =10
s, is not constant over leg jk. Effective s, = 292200 — 1 800 psi.
( 0 ) ( O ) ( O 3\
0 0 0
vt ) Sz | o2sx2 ) 1,800 | ) 450
{fs} ) Sy - 9 0 — 0 1bf
S 1,800 450
Sy . 0 . 0

Vs
(This is with respect to the local node ordering i, j, k)
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Point loads

N0
0 N
e p=N T p=N | N;j 0 P
TAES vl AR el NI R
N, 0
L 0 Nk J
[ Ni(zp, Yp) for )
Nig$p’yp;§py
v _ xo=N J Nj(p, Up) fre
{fp} a Zp:l Nj(Tp, Yp) foy
Ni(p; Yp) fpa
\ Ni(2p, Yp) fpy J

Example 11 determine { f;} for a point load acting at coordinates (0.6, 1.6)
for the element above, with f,, = 1,500 Ibf and f,, = —2,300 Ibf.

Ni(z,y) = mi1 + max + ma1y
Since Nj(z,y) = miz + Moz + mgay , calculation of all m;;s is needed.
Nk(l', y) = Mi3 + mMos3X™ + mssy
The only ones that have not been calculated yet are:
mi1 = (Tye — 21Y;)/2A =0
mig = (Tpyi — TiYr)/2A =0
mi3 = ($1y] — x]yl)/QA =1
Therefore, at © = 0.6 and y = 1.6,
N;=0+4+025x06+0x1.6=0.15
N; =0-0.25x%x0.64+0.5x1.6=0.65
N,=14+0x06-0.25x1.6=0.20
(225 )
—345
el 975
{fe} = 1,495 1bf.
300
—460

\ )

5.1.7 Assemblage
Example 12 see Fig. 5.5
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® ®

® @

Figure 5.5: Assemblage of two triangular elements.

Connectivity table: Element # Node i Node j Node k

1 9 1 3
2 3 4 2

U2

1 1 1 (%

IR

For Element 1, [KW] = Ky KY K\ Ul

1 1 1 1

Ky Kf K ”

Us

Uus

2 2 2 (%

K KD KD

For Element 2, [K (2)} = Kﬁ,) Kﬁ) Kg) v4

2 2 2 4

Ké:a) K§4) Kz(z) Us

V2

By assemblage, with {U“}T =lu; v ux vy uz Uz Uy V4.
[K] is first zeroed out, and then entries are added.
1 1 1
Ké; (1)K£2) ©) (1)K£3) o
" K3 K5 + Ky Koy + Ky K. ol s :

[K®] = b D 5 D B {5 | - [K% is symmetric.

Ky K *(’2)[(32 K3 4(’2)[(33 K?él)

0 Ky Ky3 Ky
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£
3+ )
1
3+ 1
1

{r} =

5.1.8 Prescribed displacements - Solution

[K®] is singular, therefore prescribed displacements must be included for
solution. Finally, the system to be solved is [K]{U} = {f}, from which

(U} =[K]7 {f}.

5.1.9 Element resultants

From the computed displacements {U¢}, one can determine the strains and
stresses in the element.
{e} = [B]{U*} . For a triangular element, the average strains across the
Exe = Mo1U; + Mool + Mozl
element are: &, = ms31v; + Mms3av; + Ms33vy,
26351/ = M31U; + M21V; + maaU; + Ma2v; + M33Ug + Ma3Vk
The average stresses across the element are:

{7} = [DI([BI{U*} = {e0}) + {00} -

5.2 Plane strain

The plane strain model is appropriate when a long prismatic member of
constant cross section is held between two fixed rigid planes (Fig. 5.6). Plane
strain state implies: €,, = 0 and €,, = ¢,, = 0.

12 se 12 y
L N X

fixed plane fixed plane

Figure 5.6: Plane strain problem (side view, left; end view, right).
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All the results for plane stress apply, except that the constitutive rela-
tionship is changed: {o} = [D] ({e} — {e0}) + {00}

1—-v v 0
IR
(1+v)aAT
For a temperature change AT, {eq} =

(14 v)oy AT
0
thermal strains.

Note that 0., # 0 = V(04 + 0yy) + 0220 — Eeno With €,,0 = AT for

5.3 Axisymmetric problems

A >
V, _
£

line load

Figure 5.7: Axisymmetric problem

Strains considered (Fig. 5.7): {s}T =lerr €00 €z
87","

stresses considered: {o}” = [0,
with

257’2] 9
009 Oz arz] ;
— Ou
~ or ’
u
€9 = a;

v

Ezz 9
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where u and v are the radial and axial displacements, respectively.

Q

2
ar
1

In matrix form, {e} = [L|{U} with {U} = { Q; } and [L] = 6 g
o0 %
dJz Or

With the same shape function matrix [N] and the same nodal displace-
ments vector {U°} as in plane stress, {¢} = [B] {U°} with [B] = [L] [N].
Moy 0 Moa 0 Mos 0
N9 N9 Moo

B: T T r
3] 0 mgyr 0 mg 0 mgs

m31 M1 M3z Mg 17133 TN23
Note that % is not a constant, but a function of » and z. The constitutive
relationship is {c} = [D] ({e} — {&0}) + {00}

1—v v v 0
. B E v 1—-v v 0
with [D] = D) 5 b 1—u 0
o0 o ]
CttAT
OétAT . .
For a temperature change AT, {0} = . Determination of
OétAT
0

the element stiffness matrix, load vectors, etc... is done using numerical
integration, because the integrands are now functions of r and z.

Example 13 [K¢] = [, [B]" [D][B]dV = 2 [,. [B]" [D][B] rdrdz.

5.4 Example

Assignment 4.



Chapter 6

Finite elements for plates and
shells

Learning Outcomes:
By the end of reading and attending the lecture of this chapter, the student
should be able to:
-FExplain the theory of thin plate bending
-Fxplain the derivation of a plate element using the principle of virtual work
Evidence of Learning:
A student has achieved the learning outcomes when he or she is able to
reproduce the knowledge listed above.
Teaching and Learning Activities:
-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems

66
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Plates are flat; shells are curved plates.

6.1 Introduction - Bending of thin plates

6.1.1 Geometry

As shown in Fig. 6.1, the plate’s surfaces are at z = +¢/2 and its midsurface
at z = 0. The assumed basic geometry of the plate is as follows: ¢ < b and
t < ¢ (if t >~ 0.2 or 0.2¢, thick plate). The deflection w due to ¢ is assumed
to be much less than the thickness: w/t < 1.

7R
/',I,
A0 [ ¢ . X

/ y

2b

Figure 6.1: Thin plate geometry.

6.1.2 Kirchhoff assumptions

They generalize ideas taken from beam bending. Consider a differential slice
of plate (Fig. 6.2). Loading ¢ causes the plate to deform laterally in the
z-direction, and the deflection w of point P is assumed to be a function of
x and y only. That is, w = w(z,y), and the plate does not stretch in the
z-direction.

The Kirchhoff assumptions are as follows:

1. Normals remain normals. This implies that shear strains ¢,, and ¢,
are zero. However, ., # 0 : the plate may twist in its plane.

2. Thickness changes can be neglected, and normals undergo no extension,
ie. g, =0.
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W LW 4

t/2I P+ IZ ‘

t/2I 0 X, U

Figure 6.2: Differential slice of plate, before loading (left), and after loading
(right). Similar displacements in y — z plane.

3. Normal stress 0., has no effect on in-plane strains €,, and ¢,,, and is
considered negligible.

4. Membrane or in-plane forces are neglected here (they can be super-
imposed at a later stage). Therefore, the in-plane deformations in
the z- and y-directions at the midsurface are assumed to be zero, i.e.

u(z,y) =v(x,y) =0.

According to the above assumptions, any point P has displacements

u=—za = —z(g—fﬂ’) in the z-direction
_ _ ow . . .
v=—zf=—2(5) in the y-direction
where g—lg’: and %—Z are the slopes at the midsurface.
_ Ou __ %w _ Ov __ 2w _ Odw —
Esm_%__zaxza 5yy_3_y__zay2> 522_5: )
_dw | ou — _dw | ov — _du 0 _ o, 0%
260, = Ox + 0z — O’ 263/2 oy + 0z — O’ 25xy Oy + ox 228x8y
Because in small deflection theory, the square of a slope may be regarded
d2v
(o ; 1 _ dz? ~ d’v ; ;
as negligible (recall that in 2-D, ;= = Tr(pe ~ where 7, is the radius
1 : : )
of curvature), the curvatures () of the plate are given simply as:
92w Pw " 92w
Kaw = —gg2 Ky = — g2 and  Kgy = — 520y
Therefore we have: e, = 2 Kyy
Cyy = Z hyy

280y = 22 Ky
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6.1.3 Constitutive relationships

Plane stress state can be used (Assumption 3), and then:

O wa 1 v 0 2 Kgg
_ _E
Op ¢=172 |V 1 10 2 Kyy
—UV
o 00 =~ 22 Ky

These expressions clearly show that the stresses vanish at the midsurface,
and vary linearly over the plate thickness (Fig. 6.3).

ya
AR

”
v
1 ,,
S Y
I A L —
g a.
Ry Xz
< /7 dx
’)"/ G-xx
4
,, P / N > X
Pl \ Oxy
Oyz Tyy Oyx

Figure 6.3: Differential plate element with stresses shown on edges.

The stresses distributed over the side surfaces of the plate, while pro-
ducing no net force, result in bending and twisting moments. These moment
resultants per unit length (N.m/m = N) are denoted M,,, M,, and M,, with

t/2
M., = / 204002

—t/2
t/2
M,, = / 2 0yydz
—t/2
t/2
My, = / 2O gydz
—t)2
My, = M,, because 0,y = 0y,
M, 1 v 0 K
Finally, ¢ M,, » =D | v 1 0 Ry ¢ with D = B
Mg, 0 0 1;2” 2Ky

bending rigidity of the plate.
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The maximum stresses on each edge of the plate are located at the top
or bottom at z = +1¢/2:

_ 6M. _ 6M _ 6M
O zx max = t_2ma Oyymax — toya and O zymax — t;y-
Note that these formulas are similar to the formula for beams, where

Mz c

0ze = —==¢ when applied to a unit width of plate , with ¢ = ¢/2.
Introducing the shearing forces (or transverse shear line loads, Fig. 6.4),

t/2
Qx = / szdz

—t/2

t/2
Qy:/ oy.dz

—t/2

Figure 6.4: Differential plate element with differential moments and forces.

6.1.4 Equilibrium equations

From Fig. 6.5, the equilibrium in the z-direction yields:
%dmdy + af%’dmdy + qdzdy =0
Equilibrium of moments about the z-axis yields:
—(%zrda)dy — (Gtdy)de + Qydudy = 0
Equilibrium of moments about the y-axis yields:

(%pzdy)dz + (Bf=dx)dy — Qudxdy = 0
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2q
Y Q“er £

5‘ dH’ ”a'a* T
Myt "““3’4

Then, aQ” + aQy +q=0 , therefore Q, = —Da%(g%g + f?;?g)) 7
6Mzz 6 T _ o o 8211] 82w
or T -~ Qa=0 Qy——D@(@—I-W)

OM 8 © _
e 2 =@y =0
and finally, D(5% + 2555 + 54) = ¢
In concise form, V*w = ¢/D. These are the governing equations of plate
deflection.

Note: the theory of thin plates neglects the effects on bending of o,, as

well as €,, = %& and ¢,, = ng. However, the shearing forces @), and @,

resulting from o,, and o,, are not negligible. In fact, they are of the same
order of magnitude as the lateral loads and moments.

6.2 Finite element formulation (rectangular
element)

6.2.1 Element type

We will consider the 12-degree of freedom (d.o.f) flat-plate bending element
shown in Fig. 6.6:

Each node has 3 d.o.f.: a transverse displacement w in the z-direction, a
rotation ¢, about the z-axis and a rotation 6, about the y-axis. The rotations
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(i /+ k
) [ y /
x z* i

Figure 6.6: Rectangular shell element.

are related to the transverse displacement by 60, = ‘?9—1; and 0, = —‘g—g (a

negative w displacement is required to produce a positive rotation about the
y-axis). The displacement vector for the element is:
(U =[wi 0 Oy wj 60n; 0, wi O Oy wi Ou Oyl

6.2.2 Displacement function

Because there are 12 d.o.f., we select a 12-term polynomial in x and y as
follows:

W = 1 + cox + c3y + caw? + csxy + cey? + cra + csxy + coxy? + croy +
11Ty + crawy’.

The function allows for rigid-body motion and constant strain, but con-
tinuity of slopes between elements is not ensured. Along side i — j (x-axis),
W = ¢ + cox + a2 + 7

8—1;’ = ¢y + 247 + 3c72?

%—Z = ¢35+ 52 + cg2? + e
The displacement w is a cubic as used for the beam element, and g—z‘; is
the same as in beam bending. The four constants ¢y, ¢o, ¢4, ¢7 can be defined
by invoking the end point conditions of (w;, w;,0y;,0,;). Therefore, w and
g—f are completely defined along side ¢ — j. On the other hand, the normal
slope 88—1;’ is a cubic in z, with four constants, and only two d.of. left (6,;,0,;).
Therefore, this slope is not uniquely defined, and function w is said to be
nonconforming. However, this element has proven to give acceptable results,
and to converge.

Constants ¢; to c;2 can be determined by expressing 12 simultaneous

equations linking them to the values of w and its slopes at the nodes:

3
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1 =z y 22 ay v 22 2%y xyr P 2y wy? 1
0 01 0 =2 2y O 22 2zxy 3y 2 3xy? :
0 -1 0 -2z —y 0 =322 22y —y> 0 —32%y —33 C1o
w
ow
o = PR}
B
ox
At nodes i, j, k, [, we require:
( wz A
Ha:i
Oy
wy
exl
\ O ) _
Uow oy 2wy oyl ) wiye wylo oy wlye wy)
0 0 1 0 r; 2y, 0 2 2wy 3y? x3 3zy?
0 -1 0 -2z -y 0 =327 2y, —y? 0 =32y, -y} €1
Vo oy o owy oy w sty myp oy wy iy C12
0 0 1 0 x 2y 0 2wy 3y? T} 3z1y?
0 -1 0 =21 —y 0 =327 2my -y 0 =3zju -y |

In compact matrix form, {U°} = [A] {Q} and {Q} = [A] " {U°}.

Finally, { 22 3 =[P][A]""{U°} = [N]{U*}.

Ox
The specific form of [N] can be found in the documentation of finite
element packages.

6.2.3 Principle of virtual work

For an element,

Sy f0eY {o}dv = [, {oUY {b}dV+ [, {6UY {s} dA+Y =7 {sUY {f}
V{oU}, {oc}.
Focusing on the left-hand side,
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65903: 4 Oz
Jy {56}T{0}dvae{ Oy, } {Oyy }dv

20€ 4y Ty

T t/2 559& g Oz
oo A5 oy av = [ [ 28 Gy ¢ {0 g deia
—t/2 20Ky

Oy
. (SKLmI T t/2 Oxx

Sy 0e} {o}dV = [,. 8 0Ky, (/ 2{ oy pdz)dA
20Ky —t/2 Oy

OKpa T M,,
Sy {02} {o} dvae{ Ofiyy } { 4 }dA
20K gy M,,
5'%:1::(: g Ry
Jye {6e}" {o}aV = Jac { Oty } [D] { Fyy } "
0
0 )

1 v
with [D] =D | v 1
0 0 5

Ky —2c4 — 6c7x — 2c8y — 6c1170Y
From {x} = Kyy = —2cg — 2cqx — 6C10Y — 6C12TY
{ 2K 4y } { —2¢5 — 4cgx — 4cgy — 6c1122 — 619y }
or {k} = [R]{Q}, with {Q} = [A] ' {U*}, one can write {x} = [B] {U°},
where [B] = [R] [A] "
Finally,
[y {oe} {o}dV = {sU°}" [,. [B]" [D][BldA{U*}.

6.2.4 Element stiffness matrix [K*|

From above, [K°¢| = [,. [B]" [D][B]dA.
[K€] is a 12x12 matrix. It can be found in the documentation of finite
element packages.

6.2.5 Element nodal force vector {f¢}
e Body forces:

{fe} = [y IN]" {o}av



CHAPTER 6. FINITE ELEMENTS FOR PLATES AND SHELLS 75

e Surface tractions:

e T
{fs} = Ja IN] qdA
For a uniform load ¢ acting over the surface of an element of dimensions
2b x 2¢, the force and moments at node i are (similar expressions for j, k, [):

fu, 1/4
fo,; ¢ =4qgbcq —c/12
fo,, b/12

Finally, [K¢|{U°} = {f°}. Apply boundary conditions and solve.



Chapter 7

Method of weighted residuals

Learning Outcomes:

By the end of reading and attending the lecture of this chapter, and solving
the listed practice problems, the student should be able to:
-Fxplain and apply different methods of weighted residuals to solve a
governing equation
-FExplain and apply the Galerkin methods to formulate a 1-D finite element
problem
Evidence of Learning:

A student has achieved the learning outcomes when he or she is able to to
reproduce the knowledge and abilities listed above.
Evaluation Strategies:

Test problems in at-home assignments
Teaching and Learning Activities:

-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems

76
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So far, we have always used the principle of virtual work (or, equivalently,
the minimum of potential energy) towards finite element (FE) formulation.
What happens when such principles are not available? FE formulation can
in fact be generalized to virtually all problems describable by ordinary or
partial differential equations (ODE or PDE). For simplicity, let us limit our-
selves here to linear statics, with [K]{U} = {f} being the end point of the
formulation.

7.1 The method of weighted residuals

7.1.1 (General concepts

Consider a governing equation involving one independent variable:
f [T (x)] =0 in domain {2
where T' represents the function sought (e.g. temperature), which is a
function of z only. In addition, let us specify the boundary conditions (BC):
g1 [T(x))]=0o0nTIY
go [T(x)] =0 onI'y
where I'; and I'y include only those parts of () that are on the bound-
ary. Let us approximate the solution with an approximate function 7' given

by T = T(z;a1,- - ,a,) = Zé_l a; N;(x) which has n unknown constant
parameters a; and satisfies the i)_oundary conditions exactly. The N;(x) are
referred to as trial functions. If the approximate solution T is substituted in
the goxierning equation, some residual error R(z;aq,--- ,a,) appears:

f (w501, an)] = Rlwsaq, -+ an).

The method of weighted residuals requires that parameters a; be deter-
mined by satisfying:

wi(x) R(x;ay,-+ ,a,)de =0 ,1<i<n

Q
where the w;(x) are n arbitrary weighting functions. Many functions can
be used; the most popular methods are described below.
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7.1.2 Point collocation

b
w;(x) = 6(x —x;) (Dirac function) such that / d(z —x;)de =1 for x = x; .
b
d(z — x;)dx =0 for x # x;

The x; are the collocation points and are selected arbitrarily by the ana-
lyst.

If /(5(9@ —x;) R(x;aq,- -+ ,a,)dr = 0 is evaluated at n collocation points,
Q
n algebraic equations in n unknowns (a;) result:

R<x1;a'17"' 7an) =0
R(wy;ay,-++ ,a,) =0

R<xn;a1a to 7an) =0
Once the a; are determined, the approximate solution 7T is found, and the
problem is solved.

Example 14 solve the ODE: % +10002% = 0 for 0 < x < 1 with T(0) =
T(1) =0, using Ni(x) = x(1 — 2?) (satisfies BO)

T = a1Ny(z) = ayz(1 — 22)
R(z;a1) = 2L + 100022 = —6ayz + 100022
Collocatlon pomt (chosen): z; =

/(5 R(z;a1)dx =0 <:>/5 —6ayz + 10002?)dx = 0

<:>R xl,al) =0
& —6ay(3) +1000(3)* =0

1000
= a; = ETR

Finally, T(z) = 1224(1 — 22) (dashed line in Fig. 7.2).

12

7.1.3 Subdomain collocation

The domain 2 is subdivided into n subdomains over which w;(z) is unity
and 0 elsewhere.
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1 for z in

wy(z) = 0 for x not in €y

1 for z in Q,,
0 for x not in €2,

wy(z) =

w(x) A
1 Wy Wy Wy
n=23
0
> X
P 2, se b
Q

A
v

Figure 7.1: Subdomain collocation.

If /wz(x) R(z;ay, -+ ,a,)dx = 0 is evaluated for 1 < ¢ < n, n integral
Q
equations result:

R(z;ay,- - ,a,)dr =0
1971

/ R(z;ay, -+ ,a,)dz =0

n

These equations can be solved for a;, and T determined.

Example 15 same problem as above: solve the ODE: %Q + 100022 = 0 for
0<z<1withT(0)=T(1)=0, using N1(z) = (1 — 2?)

A~

T = a;Ni(z) = ayz(1 — 2?)
Only one integral of the residual needs to be evaluated (because one
parameter, a;).

R(z;a1) = 2L + 100022 = —6ay2 + 100022
1
/0 R(z;a1)de =0 & ap = 00
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o~

Finally, T'(z) = %%z(1 — 2?) (thin solid line in Fig. 7.2).

Note: this method is equivalent to the Ritz (variational) method.

7.1.4 Least squares

The method of least squares requires that the integral I of the square of the
residual R be minimized:

I = /[R(a:;al,--- ,ay)|?d.
Q
In other words, parameters a; need to be determined so that [ is mini-

mized. This is done by writing:

%zOz%/ﬂ[H(m;al,--- ,an))?dr =0

dan dan
Because the limits on the integral are not functions of «a;, the order of
integration and differentiation may be interchanged to give:

/ O [R(w;a4,--- ,a,)]?dr =0 etc... , or /Rg%dx = 0 etc...
Q Q

oL — ()= -2 /[R(:E;al,---,an)]Qdm:(]
Q

dar
Finally, we observe that in this method, w;(x) = %, 1<i<n.
The n equations obtained will be used to solve for the n parameters a;.

Example 16 from above: R(x;a;) = g + 100022 = —6a;x + 100022

OR _
oy = 6z

1
R 7. _ __ 1000
/0 Raalda:—0<:>a1 =5

Finally, T'(z) = %%2(1 — 2?) (dotted line in Fig. 7.2).

7.1.5 Galerkin

In the Galerkin method, the trial functions N;(z) are used as weighting func-
tions, that is w;(z) = N;(z).

If /Nz(a:) R(z;ay, -+ ,a,)dx = 0 is evaluated for 1 < i < n, n integral

Q
equations result and can be solved for n parameters a;.

Example 17 Ny(z) = z(1 — 2*) from above
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0T
40+
30+ N i N

20T ‘ v N\

t T + t t t t t t 1
0.0 0.1 02 03 04 0.5 06 0.7 08 09 10
X

Figure 7.2: Comparison between solutions.

1
/ (1 — 2?)(—6arz +10002?)dx = 0 < a; = 4
0 ~

Finally, T'(z) = 29%°z(1 — 2?) (medium solid line in Fig. 7.2).

Note: this method is equivalent to the Rayleigh-Ritz (variational) method.

7.1.6 Comparison with exact solution

The exact solution to the above problem is T'(z) = 2%x(1 — 2®) (thick solid
line in Fig. 7.2), while our approximate solution was assumed to be of the
form T(z) = a;z(1 — 22). None of the methods seems to do an outstanding
job, but the trial functions have not been worked on. In what follows, we
will use the Galerkin method in combination with trial functions that are no
longer applied to the entire domain, but applied locally over each element.
This is a very successful method.

7.2 The Galerkin finite element method

7.2.1 Formulation

Piecewise continuous trial functions (or shape functions) will be employed
for each element. For a 1-D problem, as in Fig. 7.3:

The problem domain a < x < b is divided into M elements. A typical
element e has two nodes j and k& with coordinates x; and z;. The field variable
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Figure 7.3: Piecewise formulation.

y at nodes j and k has values y; and y;. Since each element has two nodes
and since a unique straight line may be drawn between two points (Fig. 7.4),
the interpolation polynomial to be used must be of the form y* = mx +b. In
other words, we wish to express y°(z) in the form y°(x) = y;N;(x) + yxNi(x)

with N;(z) = ﬁ and Ny(x) = ;k__i{j Clearly, y°(z;) = y; and y°(zx) = Y-

1 N, N,

J

X
Figure 7.4: Linear interpolation over one element.

Let us now resolve the problem in Section 1 by the Galerkin FE method

using six equally spaced nodes.
Over one element, T = N;(x)T;+ Ny, ()1}, where T; and T}, are analogous

to the previous unknown parameters a; and as. For all the elements, from 1
to M,
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281/ N;( Ty, Ti.)dx = 0

Zezl Nk( VRe(; T}, Ty )dx = 0

.7
. . : N; . .
In matrix notation, with [N]7 = { N] Ei; }, the previous equations
k
become:
Tk

Ziul [N]" R (2; Tj, Ty )dw = {0}.

The res&dual R° for a typical element for the present problem is
Re = €17 1100022,

Therefore, Z / d2T€ +10002%)dx = {0}. For simplicity, let us
drop the summation sign (corresponding to a routine assemblage).
Tk
/ [N]T(£LF + 100022)da = {0}

Tk
& / N LT g / [N]710002%dz = {0}

J

Recalling the integration by parts rule: / dv edr = [uv]® / —vda:

T
/ [N]Td;gdx = HN]T%]? —/ LIN]TLE 4z, and then,

J

T jxk
[[N]T%]?_/ LN gy +/ [N]710002%d2z = {0}.

Since we already know that 7° = [N; Ny] { g} } = [N{U*},
k

NP — [N + [ V1000220 = (0}

J J
Note that not using the interpolation to calculate [[N ]le}xk allows for

dz lz;
imposing gradient boundary conditions, and is convenient.
Finally, [K¢|{U°} = {f°} where
Tk
[K¢] = LIN]TLIN]dz (element stiffness matrix) and

j o
{f}y=1[N ]TdTe]m_ +/ [N]71000z2dx (nodal force vector).

After assemblage and i;nposition of boundary conditions, the system
[K]{U} = {f} can be solved. The solution matches the exact solution.
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Two linear shape functions applied locally give much superior results than a
cubic function applied globally (as done in Section 1 of this chapter).

7.2.2 Application: 1-D heat transfer in a pin fin

Let us derive the governing equation for the temperature 7' () in a circular
pin fin of varying cross sectional area A and perimeter P (Fig. 7.5):

Base
of fin ! m

K ) ; Insu}ated
L~ tip
S
>
— X y
hP(T —T,)dx

i d
A —[T— g A+ (g A)dx
dx

Figure 7.5: Pin fin.

Conduction (through fin) and convection (with surrounding fluid) are

present.
g A —(¢z A+ L(q,A)dz) —hP(T —T,)dz =0
conduction conduction convection
in out out
¢. : heat flux

h : convective heat transfer coefficient

T, : ambient fluid temperature far removed from fin

Finally, the steady state energy balance on an infinitesimal slice yields:

— (g A) — hP(T —T,) = 0.

Applying Fourier’s law of heat conduction (this is a constitutive relation-
ship, like 0 = Fe) whereby ¢, = _k%7 where k is the thermal conductivity,



CHAPTER 7. METHOD OF WEIGHTED RESIDUALS 85

and the minus sign is necessary because ¢, is assumed positive in the direc-
tion of decreasing temperature, the governing equation for 1-D heat transfer
is:

L (kALY — hP(T —T,) = 0 for 0 < z < Ly, subject to two boundary
conditions T'(0) =1, .

&(Ly)=0

Let us now derive equations to obtain an approximate solution using the

Galerkin FE method.

FElement characteristics:

L
—
S ————
j k
X; .
X

Figure 7.6: 1-D element with nodes ;5 and k.

For a typical element (Fig. 7.6), the Galerkin formulation yields:
Tk,

/ (N7 [L (KAL) — hP(T — T,)] dz = {0}.
J -

Integrating/ [N]"'4 (kAYT)dz by parts,
T J

/ [N 4 (kALY dz =

J
Tk

[[N]"EALT]™ — | LIN"kA%Lda.
These terms will cancel out upon assemblage, %3
a,ndatx:Lf,%zo

Therefore,
Tk T Tk
- [N RAL s~ [ NhPTds s [N RPT = (o)

J J J
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By using 7' = [N]{U*°} and noting that [/NV] is only a function of z, we
get [Ke]{U°} = {f¢} where
(K] = [K;] + [KZ,] and
Tk
Ko = [ A VTRAL N
.
(K¢ ] :/ [N]ThP[N]dz, and
B
{f} = INJThPT,dx.
The vector of nodal unknowns {U¢} is {U°}* = [T} Tj], and the shape
function matrix [N] is [N] = [N; N
Let us consider parameters k, h, A, P and T, to be constant in any given
element by using the values at the midpoint of the element, where © = 7.

Then,
K| B { 11 }

T L —1 1
5 2 1
e] — hPL
[Kcv]_ 6 |:1 2:|7and
{f = WTLTT 1 , where L = x, — z;.

The assemblage of these 2x2 matrices is performed as usual to give a sys-
tem of IV equations in the N unknown nodal temperatures, where M = N —1
is the number of elements. Overall, [K°][{U*} = {f*}, and the prescribed
boundary temperature is applied, leading to [K]{U} = {f} which may be
solved for {U}.

Note: the Galerkin formulation leads to what is called a weak formula-
tion: because of the integration by parts, the order of the derivative in the
governing equation (strong formulation) is reduced in the working equations.



Chapter 8

Steady state thermal analysis

Learning Outcomes:
By the end of reading and attending the lecture of this chapter, the student
should be able to:
-Explain the governing equation in 1-D steady state heat conduction
-Apply the Green Gauss theorem
-Explain and apply the Galerkin methods to formulate 2-D and
axisymmetric finite element problems in heat transfer
Evidence of Learning:

A student has achieved the learning outcomes when he or she is able to to
reproduce the knowledge and abilities listed above.
Evaluation Strategies:

Test problems in at-home assignments
Teaching and Learning Activities:

-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems
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In the illustrative heat conduction problem that was considered in the
previous chapter, thermal radiation and heat generation were not included.
In addition, we need to look into 2-D and axisymmetric problems. Let us
start with a 1-D problem.

8.1 1-D heat conduction

8.1.1 Governing equation

The governing equation for temperature 7' is given by (Fig. 8.1):
L (kALY — hP(T —T,) —ecP(T* = T) + QA =0 where
k : thermal conductivity of the material (W/m°C)

h : conductive heat transfer coefficient (W/m?°C)

e : emissivity of the body surface (-)

P : perimeter

A : cross-sectional area of body

T, : ambient fluid temperature far removed from body
T, : receiver temperature for radiation

Q : heat generation rate per unit volume (W/m?)

o : Stefan-Boltzmann constant (5.670x107% W/m?K*)

Boundary Lateral Lateral
convection convection radiation
Boundary
i ~ radiation
0 Boundary conduction Boundary
X <
heat flux heat flux

/o
\ \) Boundary

Internal convection

Boundary

radiation
source

Figure 8.1: 1-D heat conduction problem.

Note that:
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e k., h,c may be temperature dependent

e absolute temperature (K) must be used if radiation is present

8.1.2 FE formulation
Using the Galerkin method for M elements such as in Fig. 8.2,

Figure 8.2: 1-D heat tranfer element.

M
Z » / [N]TR¢dx = {0} where [N] is the shape matrix function. In

what follows, we drop the summation sign representing the routine assem-
blage process. Therefore,
[N]TR¢dx =
e
/le INJT [ (KAST) — hP(T — T,) — eo P(T* — T4) + QA] da = {0},
Integrating the first term by parts,
INTRAL]? — [ £INT kAo

_ / IN|ThPTdz + / (N|ThPT,dz — / (N|Teo PT dz
le le

le

+ / [N|Teo PT dx + / INJ"QAdx = {0}.

The first term is relatled to the heat transfer rate per unit area in the
z-direction: ¢, = —k%. It will contribute to the assemblage equations for
only the two elements at each end of the body. Therefore, this term needs
to be evaluated for elements 1 and M only.
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Boundary conditions

Heat transfer to and from the ends can be a combination of convection ¢,
radiation ¢, and prescribed heat fluxes ¢;. (Think: into end: ¢, ¢, ; out of
end: ¢ey, ¢, Fig. 8.3).

QCV

A

qs

dr

Figure 8.3: Equilibrium of one end of the body.

An energy balance on the end of the body gives:
Gz + qs = qevt Qr, OF Gz = Qoo+ Gr — Gs-
Note that ¢, is positive if the heat flux is imposed toward the surface.
At Node j, gqe, = hj(T — Ty )
¢ = e50(T* = T)
qs = q;
Therefore, for the integrated term at z = x;,
[N]TkAngx:xj = [N}T(_QIA”x:xj
= [N}TAJ'(_QCU —qr + QS)‘z:xj
= (=[NI"h;A;T + [N]"h; A; T,
—[N}TéfjAjO'Tll + [N]Té‘jAjO'T;lj + [N]TAJQJ) |z:a:]-
Similarly at Node i, with ¢, = —q¢.,— ¢, + ¢ (Fig. 8.4)
_[N]TkA%’ﬂ?=l‘z = [N]TAi(_qcv —qr + QS)’a:::ci
Finally, the integrated term is given by the SUM of both right-hand sides.

Element characteristics

As usual, T' = [N]{U*}.
For convenience, we write T4 = T3T = ([NJ{U*})3[N{U*}.
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qCV

v
A 4

qs 7.

qr

Figure 8.4: Equilibrium of other end of the body.

From the Galerkin method, we can write [K°|{U°} = {f¢} with
(K] = [K3] + K] + [K7] + [K ] + [K7p] and

{1y ={far +{m + /g + {/as}t + {7} + {/fip} where subscript B
denotes those terms arising from boundary conditions. Furthermore,

5 = [ N RAEN s
[Ke,] = / [N|ThP[N]dz,

1) = [ INVeoP(NHU P Ve,
(K5 5] = [N heAdN] o, + [NV s A5 [N] s,

(K] = [N s Ao (U} [N o, + [NV 5 Ay ((NU D [N o,
(o) = / IN|ThPT,de,

{7} = | IN]"eo PT}}du,
le

(fo) = / INITQAdz,

{feon} = [N]"hiAiTuiloma, + [N]"hjAjTujl o=,
{fip} = [N]"eiAio T | oms, + [N]T€j A0 T | 1=s;, and

(2

{f;B} = [N]TA’LQ’LLU:J‘Z + [N]TAij|x::c]--
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8.2 2-D heat conduction
Consider a plate of variable thickness (Fig. 8.5).

Prescribed Lateral radiation

temperature

Boundary
heat flux

Internal

heat source Lat. —=

heat flux
\/
Insulation

Lat.
convection

Boundary
convection =

Boundary
insulation

(Y
%

Boundary

radiation Boundary heat flux
(may be at a distance)

Figure 8.5: 2-D heat transfer problem (top view, left; side view, right).

8.2.1 Governing equation

Energy balance on volume tdxdy yields:

0 (1.4 9 (140

g (kt5e) + 5o (ktG,) — WT = T,) — eo(T* = T}') + g5 + Qt = 0, where
h, e, qs are the sums of their contributions on two lateral faces. Note that ¢
is positive if directed as shown above. Using the governing equation to derive
the FE formulation will require use of the Green-Gauss theorem.

8.2.2 Green-Gauss theorem

It can be seen as a multidimensional version of integration by parts. Starting
from the divergence theorem:
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e in 3-D:

14 S
H

q is any vector, dV a volume element, dS a surface element bounding V,

and 7 a unit vector always normal to closed surface S and always directed
outward (Fig. 8.6).

Figure 8.6: Normal to the surface.

e in 2-D:

/ V- qdA = / ¢ - 7WdC, where the integration path around path C
A c

must be performed counterclockwise.

Let us now derive the Green-Gauss theorem. Let ¢ = 87, where 3 is a
scalar function of =,y and z, and P a vector. Then,

/Vv?dvz/V_v-(ﬂﬁ)dvz/sﬁﬁ-ﬁds.

With V- (3p) = V- P + V3 - P, where V3 denotes the gradient of
— — —
scalar function 3, i.e. V3 =224 + g_y J+ 2%,
one obtains:

/ V- (BP)dV = / BV - pdV + / V3-pdVv = / B -7 dS, from which
|4 Vv Vv S

we derive

e in 3-D:

[ v Fav = [ 67 Tas - [ vs-Fav
OIV S 1%
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e in 2-D:

/w.mA:/w.mC_/w.mA.
A C A

Since p, is independent of p, and p, and vice-versa, it follows that

e in 3-D:

/ BLqY = / BpangdS — g—ﬁprd\/

/ﬁapydv /prnde /aypy
/ BV = / Bp.n.dS — / P p.dV
S \%

e in 2-D:

/ BeedA = / BpangdC — / % p,dA

/ BRLAA = /C Bpyny,dC — Aa—ypydA

8.2.3 FE formulation

Again, the Galerkin method is used, and only one element e is considered.
With shape matrix function [/V], the Galerkin method requires
9 (1.40T or
£ (ktss kt%-) — h(T — T,
/ [N]T ax( (9x) +4 y( 4 ) ( ) dr dy — {O}
. —eo(T* =T ) +qs+Qt
Applying the Green-Gauss theorem to the two terms containing 2"¢ order
derivatives, we get
/ E[N]Tkt‘g—fnde’ — AE%[N]Tktg—gdxder
/ E[N]Tktg—znydC - Aeaﬁy[N]Tktg—gdxdy
—/ [N]ThTdxdy + / IN|ThT,dzdy
Ae Ae
—/ [N]T60T4dxdy+/ IN|TeoTAdzdy
Ae Ae

+/Ae [N]"gqsdzdy + /A [NT' Qtdzdy = {0}
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One can combine / [N)* (k9En, + kg—:gny)tdC into /CS[N]T(—qn)tdC’

Ce
where ¢, represents the heat flux from conduction in the direction of the
outward normal of the boundary (Fig. 8.7)

9ev

y =TT 4k \
‘ . global q:3

boundary

Figure 8.7: Equilibrium of boundary.

—

QnZQn'W’WIthq—n):qq:Z +ay J 7Qn:_kg_£na:_kg_§ i

nyandn, = 7 -1,

- -
ny=j-n.

On the global boundary, an energy balance (on an area basis) gives:
4n + 4sB = {4wB + @B O Gy = QqewB + GrB — 4sB,
imposed convective radiative
heat flux heat flux heat flux
with g, = hp(T — T,g) and ¢.p = ego(T* — Ty).
Therefore,

|7 (an)eac -

/ [N)Tq.ptdC — | [N]ThpTtdC + / [N]ThpT,ptdC
e Ce
—/ {N]T&TBO'TZ%C[C—F/ [N]TéTBO'T;lBtdC.
ce ce
Recalling that T' = [N]{U¢} and T* = ([NJ{U*})3}[N]{U*}, the Galerkin

method condenses the problem into
(KU} = {f} with
[K¢] = [KZ,] + [K,] + [KE] + K] + [KE, 5] + [K7p] and
{fey ={/ar A+ w06 +H{7esr {7 + {71

The element stiffness matrices are given by:

e
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o) = [ BN NYsdy, (K5) = [ G NIk (N dody,
Ke) = [ INH{Vldody,

K51 = [ (Ve IN{U Y N dedy

(Kep) = [ [N hat[N)dc

Kip) = [ (VI enot((VI{U} NI,
Ce
and the element nodal force vectors by:
{f&r = [ [NI"hTudzdy,
Ae
(11} = [ INV"eoT dady,
Ae

(Uih= [ NP gdedy

(a} = | (N Quaaay,

(s} = [ M7 hotToC,
i) = / INJ"epotTydC, and

Uish = [ INFa.ptac

8.3 Axisymmetric heat conduction

For simplicity, let us just consider an isotropic, heterogeneous body with
a volumetric heat source. The governing equation for axisymmetric heat
conduction is:

1O (pp 9Ly + 2 (kD) 4 Q = 0.

The boundary conditions for convection and imposed heat fluxes are given
later during the FE formulation, because it is more convenient then. Using
the Galerkin method on an axisymmetric element basis,

/ [(N)T 22 (rkSE) + 2 (K9L) + Q] dV = {0}, where dV = 2wrdrdz.
Ve

r or

Because r is independent of z, %(kfg—fﬁ" = %Oﬂk?’)_z)-
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Applying the Green-Gauss theorem to the two terms involving 2"¢ order
derivatives,

ZW/S[N]TT]{J%—ZTLTCZC — 27r/ 2 IN"rkSEdrdz

e

s2m [ (NJPrkSEn.dC - QW/Ae%[N]TT,C%_ZMZ

+27T/ [N]TQrdrdz = {0}.
Ae
On the global boundary (Fig. 8.8), an energy balance gives:

qch

/ qsp

3z
global
boundary
r
Figure 8.8: Equilibrium of boundary.
Gn + 4sB = qewvB O Gn = GewB — (sB, with qn = _kg_z:nr - k%”z; and
devB = hB(T - TaB)-
Therefore,

—27r/ [N|Thpr(T — T,p)dC + 27T/ [N|TqsprdC

—2m / eg[N]Trk;g—fdrdz —2r /A E%W]T'r’kg—fdrdz

o / (N]TQrdrdz = {0}.

Recalﬁ;g that 7= [N]{U¢} , we obtain [K¢]{U¢} = {f¢} with
[K¢] = [K7,] + [KZ.] + [KE, ] and

{rey=A{ray +{fis}t + {fes}-

The element stiffness matrices are given by:
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[K7,] =27 / 2 N|TrkZ[N]drdz,

(K¢, = 27r/ ZINrkL[N)drdz,
[KS 5l = 27r/ [N]Thpr|N]dC,

Ce
and the element nodal force vectors by:

1f6) = 27r/Ae IN/TQrdrdz,

(fep} =2n / (N]7quprdC, and

e

{fo} =2 / NV Byt T dC.

e

98



Chapter 9

Fluid flow analysis

Learning Outcomes:
By the end of reading and attending the lecture of this chapter, the student
should be able to:
-Explain the finite element formulation of a 2-D potential flow using the
Galerkin method
-Explain the finite element formulation of a 2-D incompressible flow using
the Galerkin method
Evidence of Learning:
A student has achieved the learning outcomes when he or she is able to to
reproduce the knowledge listed above.
Evaluation Strategies:
Test problems in at-home assignments
Teaching and Learning Activities:
-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems

99
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Note: please refer to a fluid mechanics course for details on the derivation
of the governing equations used in this chapter.

9.1 2-D potential flow

An ideal fluid is incompressible and frictionless. The flow of an ideal fluid
is called potential flow. No real fluid is frictionless, but outside the bound-
ary layer, frictional effects may be neglected. The flow of an ideal fluid is
also irrotational. Applications of potential flow include flows around airfoils,
groundwater flow, flows through reservoirs, around corners.

The continuity equation in 2-D is given by g—z + g—Z = 0, and the irrota-
tional flow condition by g—“ — % = 0, where u and v represent the x and y
components of the fluid velocity. The following developments are restricted
to flow around symmetric bodies without lift (Fig. 9.1).

y
=< -

Figure 9.1: 2-D potential flow.

9.1.1 Velocity potential formulation

The irrotational flow condition is satisfied exactly if the velocity potential

¢ is defined by u = —% and v = _g_;j‘ Subbing these equations into the
continuity equation yields Laplace’s equation: % + % = 0.

On an element basis, the Galerkin method gives
/ E[N 1T [82—¢ + giyf] dxdy = {0}, where the shape function matrix [N]

Ox?

depends on the element type used. From the Green-Gauss theorem, we get
/ e[N]T%nde - /A ZINT % dxdy

ozr
+/C [N]Tg—(;’nydC’—/A(%[N}Tg—(;’dmdy:{o}.
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In other words,

_ / [N]Fun,dC - / [NJFun,dC

—/Ae%[N]T%dxdy _ AP%[N]T%dxdy — o).

Representing the velocity potential ¢ as ¢ = [N|{U¢}, where {U¢} con-
tains the values of the potential at the nodes of element e, the above equa-
tion can be combined into [K°[{U} = {f°} with [K°] = [K¢,] + [K,] and
{fy={fit +{fis}

The element stiffness matrices are defined by

Kz = [ BN G N)dnay,

Ae

K5 - [ %

[N]T 3 [N]dady

and the element force vectors by

(Fin) = [ (M7 un.dC and {£55) = [ (VV"om,dc
. .
If a 3-node tcl;iangular element is used (see Céhabpter 4), then
[ m%l Mo1Mao2  M21MM23 |
[KS,] = A | magmar  m3y  magmas
| T23TM21 123122 m%g
[ m§1 Mm31Mmaz  M3giMmss |
[Ke]=A| maama1  m3y  maamss
3313y 133132 m§3

The integrals for {f°} need to be evaluated on the element boundaries
only. However, each direction cosine takes on opposite signs on legs shared
by two elements. Therefore, the contributions from internal legs cancel out
during assemblage, and {f°} needs to be evaluated only for those elements
with legs on the global boundaries.

Example 18 evaluate {fSgz} in the case below (Fig.9.2):

On leg ij, we have Ny = L, = 0, thus v = L;u; + L;u; (linear variation
as required)

L;
{feg} = —/ L; » (Lyw;+ Ljuj)n,dl, where [;; is the length of leg ij.
lij O
2u; + uy
e Lijna
{fopt=—"5"Q w+2y

0
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J u; n
y k E >
i u;
component of u at Node i,
. global linear variation assumed
boundary
Figure 9.2: Boundary loading.
2v; + v
Similarly, {fSz} = —l“% v; + 2v;
0

One method for determining n, and n, for any leg of the element is now
presented. Let us define vector ﬁ; running from node ¢ to node j along leg
ij (Fig. 9.3).

=l

— - —
rij = (v —x) v + (Y —¥i) J
— - -
n =Nz 1 +ny)J
> 7T
- 1
— T X k — 7 J
n = T_T, where cross product @ x b =det | a, a, a,
Tij X
by b, 0.
i — YiT¥ — _EiT% = PAY) )2
Finally, n, = %=, n, = ===, and I = \/(z; — 2:)* + (y; — v:)*.

Similar results are obtained for leg jk and leg ki.
One may also write V,, = un, + vn,, and then
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{fist = {fup} + {55t = —/ [NTV,dC, with V,, = —22, where n

represents the coordinate in the direcction of the outward normal.

The average velocities @ and v for a typical triangular element e can be
determined from

u= —g—f = —ZIN{U} = —ma1¢; — mazdh; — mazy,

U= —3—3 = —%[N]{Ue} = —M310; — M320; — M33Py,

where the values of ¢;,®;, ¢, are known from the solution of [K[{U} =

{/}

9.1.2 Stream function formulation

The continuity equation is satisfied exactly if the stream function v is defined
by u = ‘?9—15 and v = —g—i’. Subbing these expressions into the irrotational flow
condition yields ?927% + %ﬁ =

Lines of constant 1) (streamlines) are perpendicular to the lines of constant
¢. The FE formulation is very similar to that with the velocity potential and

is not derived here.

9.2 2-D incompressible flow

Let us consider the laminar flow of a viscous fluid for the case of moderate
Reynolds numbers (Fig. 9.4). For example, let us determine the 2-D velocity
field for a fluid moving through a duct with an obstruction.

LLfpppfpy tf el g fpidpid

7\
—_——

e /| Cm—

T/ 77 77l Ji77 777777

Figure 9.4: 2-D incompressible flow.

The continuity equation for an incompressible fluid is given by %—i— g—; = 0.
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The Navier-Stokes equations in the z- and y-directions are

pluGe +v5e) = — 5+ u(Gt + 54) + b

p(udt +v38) = =2 + (58 + 53) + b,

where p is the fluid density, p is the pressure, ;1 the absolute viscosity, b,
and b, body forces per unit volume in the z- and y-directions, respectively.

Let us note at once that the left-hand side of the above equations makes
the problem nonlinear. Applying the Galerkin method to the continuity
equation, we get

[N]F(8% + g—;)tdxdy = {0}, where ¢ is the thickness (can be taken as
Ae

unity) introduced so that the terms in the integral are volumetric flow rates.
Assuming u = [N{U¢} and v = [N|[{U¢} with
(UK = [u; u; wg) and {US}T = [v; v; vy for triangular elements,
the previous equation can be recast in matrix form as

[FG{U) + IKGHUSY = {0}, where

K¢ = / INJT 2 [N}tdady and [K?] = / [N]T 2 [N]tdady.

Ae Ae
Applying now the Galerkin method to the first Navier-Stokes equation
yields
U u 2U 2'LL
[N (p(uGe +03%) + 52 — (58 + 58) — by)tdady = {0}

Ae
where t is introduced so that the terms in the integral have units of

force. Applying the Green-Gauss theorem to the terms involving 2"? order
derivatives, and representing pressure p over an element by p = [N|{U; }, one
obtains ([K§,] + [K7,] + [K¢,] + [K7,) {Us} + (K5 H{Us} = {7}, where

Kz = [ INTONHUS 2N ey

Kpd = [ NN} 5 [N oy
K5 = [ &IV (Vitdady,
Ki) = | &N w Nledady,
[Ke,] = / e[N]Ta%[N]tdxdy, and

(e} = / IN] btdrdy.

Ae
The integrals around the element bounding C'® need not be considered, be-
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cause the velocity components are usually prescribed on the global boundary.
In a similar fashion, if the Galerkin method is applied to the second Navier-
Stokes equation, ([K7§,] + [K7,] + [K7,] + [K,) {US} + [5G, {Us} = {f;

where

(K] = [,
(K] = (K7,
(K. = Ky,
(K5, = K5,
Ky, = /Ae[N]Ta%[N]tdxdy, and

(5= [ 7ty

A
Combining all the equations relative to one element, one gets

(K] (K7 (0]
(K] + RG]+ [KG] + K [0] (K7
(0] (K] + [0, + K0+ (KT, [KG

{0}
=4 {/2}
{3}
A possible assemblage would produce a vector of nodal unknowns as
Uy =uy -+ wu, vi -+ v, p -+ p|, but this would re-
quire increased bandwidth of the assemblage system equations. Instead, Let
us denote the above submatrices and subvectors as follows

(KM [K2 (K U} {r'}
(K2 (K] [K] {Usy ¢ =4 {1
(K] (K] [K*] {U;} {°}

and let us now use subscripts to indicate the entries within each subma-
trix, e.g.

(K] (K] [Kis] Tk
(K] =K"= | [Ka] [Kyl [Ky] | and {f7} ={f*} =14 f3
[K31] [K3] [Kg] 3

On an element basis, with {U°}* = [u; v; p; w; v, pj up v pil,

{U.}
U}
{U;}
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(Kn] Ky Ky (K] Ky (K3 [Kig] o [Kqg o [KGg) ]
(Kh] (KR IKE] (K] [KE] (K] (K] (K] (K]
(K] (K] [RGY] (K] K] [KG5] [Kys] [KG5] (K]
(Kor]  [Kaf [KG]  [Ka] [K3y [KG5]  [Kasl [KG3 [
(KGi] (K] (RG] [K5,] [K33) [KG3] [Kas] [KG3] G5
(K] [R5 (RG] [K5,] [K33] [KG5] [Kgs] [KG3] [KG5)
(Kai] [Ksp [Ki]  [Ka] [Kas [K35]  [Kasl [Kas (K]
(K] (RG] (RG] [KS,] [K33) [KG5] [Kasl [KG3] [Kg)

i LKgﬂ K] (K] K] (K] (K] K] (K] (K] ] A

\
The assemblage is now possible such that the vector of nodal unknowns
is
{U}T - [ul U1 D1 e Up  Up pn] .
Note that the matrix is not symmetric, and that the system is nonlinear
(matrix depends on {U}).




Chapter 10

Transient and dynamic analyses

Learning Outcomes:
By the end of reading and attending the lecture of this chapter, the student
should be able to:
-FExplain the finite element formulation of dynamic structural or transient
thermal problems
-Distinguish betwen consistent and lumped mass matrices
-Fxplain two- and three-point recurrence schemes as solution methods
-Fxplain the link between finite elment formulation and modla analysis
Evidence of Learning:
A student has achieved the learning outcomes when he or she is able to to
reproduce the knowledge listed above.
Teaching and Learning Activities:
-At-home reading before class
- Lecturing
-In-class practice problems
-At-home reading/reviewing after class
-At-home practice problems

107
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Transient and dynamic refer both to unsteady, time-dependent or prop-
agation problems. Transient is mostly used for non structural analyses,
while dynamic is used to describe structural problems. So far, we have only
dealt with discretizations in space, e.g. ¢(x,y) = [N(z,y)]{¢°}, where {¢°}
is composed of constants. In time-dependent problems, time ¢ is impor-
tant. We could use a space and time discretization such that ¢(x,y,t) =
[N(z,y,t)][{¢°}, but this increases the number of dimensions by one. This
complexity can be avoided by using partial discretization, where the vector
of nodal unknowns is a function of time: ¢(z,y,t) = [N(z,y)]{¢°(t)}. We
will no longer have [K¢]{¢°} = {f¢}, additional terms will appear.

10.1 Dynamic structural analysis

Using d’Alembert’s principle, the elemental inertial and damping forces {df;}
and {dfp} are given by

{df;} = —p{i}dV and {dfp} = —[u]{u}dV, where p is the mass density,
(1] is the viscous matrix, {i} the acceleration vector and {u} the velocity
vector, and the minus sign describes that these are forces that resist displace-
ments.

Then, the principle of virtual work in dynamics, for one element, is

[y {oe} {o}dV =

Jyre {u} {0} AV + [ {ou}" {s}dA + 3257 {ou}" {f,}

~ e {00} pliyaV — J,. {50} () {i}av.

V{ou},{de}

Note that, with {u} = [N|{U*}, .

i} = 4{u} = L(NI{U}) = INJE{U} = [NH{U}, and similaly;

fii} = [N){0e). ,, |

One finally obtains [M¢|{U¢} + [D¢]{U®} + [K|{U*} = {f¢}, where [K¢]
and {f¢} are the same as in statics, and [M€] is the element mass matrix,
While [De] is the element damping matrix.

~ N
= [ VI (Vv

The viscous matrlx [,u] is not known in general. After assemblage, [D] is
usually taken to be of the form

[D] = a[M] + B[K], where «, 5 are experimentally determined constants
(Rayleigh damping). In any event, the assemblage system of equations can
be written as
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[M]{U}+[D]{U}+[K]{U} = {f} once boundary conditions are applied.

Example 19 determine [M€] for a 2-node, 1-D element

— [ INTTpIN]dV = fle{Lj} L, L) Ade
LiL

1.2
z' (]
. pAdzx

[M@]-%[f ;]

10.2 Transient thermal analysis

If an energy storage mechanism is included into the steady state heat transfer
equation, the 1-D governing equation becomes

pcAL = D(RAZLY — hP(T — T,) — o P(T* — T) + QA, where

p : mass density

¢ : specific heat (at constant volume or constant pressure).

In 2-D,

pet'sr =

s (KtSE) + 5L (KGE) — W(T —T,) — ea(T* = T}!) + ¢, + QI, where

t : thickness of the 2-D region (not to be confused with time ¢).

In 3-D,

et = 5 (kGE) + 5, (k50) + Z(kGE) + Q.

For axisymmetric problems

pel = 12 (pkOT) 1+ B (KOT) 4 Q.

Using partial dlscretlzatlon T = [N]{U*(t)}, where the shape function
matrix [/V] is unchanged compared to the steady state case,

and {U°(t)}T = [T1(t) -+« T,(t)], where T;(t) is the temperature of
node 7 at time t, and n is the number of nodes defining element e.

Applying the Galerkin method to the above equation in the 2-D case
yields

pct % — 2 (kt9l) — @(kfa—TH— :
N Oz oy _ = f hich
fAe[ (T T ) _|_ EU(T4 4) — g — Qt dil?dy {0}7 rom winic
is derived
= [,[N]" pct[N]dxzdy in 2-D,
= [,[N]F pcA[N]dz in 1-D,

= [, [N]"pc| d:cdydz in 3-D, and
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[C¢] = [, 2n[N]" per[N]drdz for axisymmetric problems.
Example 20 determine [C°| for a 3-node triangular element in 2-D

[C¢] = [,.[N]" pct[N]dady =
L;

[C€] = fAe L; ¢ pct[L; L; Lyldzdy
Ly,
L2 LiL, L

Cl= [, | LyLi L3 L;Ly | pctdady

J

LyL; LyL; L?

2 11
[C€] = % 1 2 1 |, where A is the element area.
11 2

Assemblage of the matrices is done as usual, and the initial and boundary
conditions must be imposed before solving.

10.3 Lumped versus consistent matrices

Consistent matrices are those obtained directly from their definitions for mass
and capacitance matrices. They are not necessarily diagonal which, as will
be seen in the next section, may make it more difficult to solve the problem.
Therefore, consistent mass and capacitance matrices can be made into diag-
onal lumped mass and capacitance matrices, but note that this not done by
mathematically correct diagonalization procedures. There are different ways
of doing it. A rule of thumb consists in summing the entries in a given row
in the consistent matrix, dividing the result by the total of all entries, and
allocating this result to the diagonal entry of the row under consideration.

O :|
l .
2

Advantage: in addition to simplifying the solution process (see below),
initial oscillations of the solution have been reported not to occur if lumped
matrix is used (Fig. 10.1).

[enR I

Example 21 [M¢] = pAL [

[N N[N

} becomes [M€] = pAL [

[N
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TA

v
~

Figure 10.1: Comparison of transient solutions, with consistent capacitance
matrix versus lumped capacitance matrix.

10.4 Solution methods

10.4.1 Two-point recurrence scheme

Let us consider equation [C]{U} + [K]{U} = {f}.
Temporal elements can be introduced to discretize the time domain, and
the weighted-residual method can be used from time ¢ to t+ At, or ¢; to t;11 :

/t.tiﬂW [[C]{U} + [K|{U} — {f}| dt = {0}, where the weighting func-

tion W is a scalar.
With the help of the shape functions, we can represent vector {U} by
{U} = N{U;} + N;11{U;11}, where the shape functions are linear in time
(Fig. 10.2).
Note that {U} = {U;} at t =t;, and {U} = {U;1} at t = t;1;.

1 N, Ny

1

A 4
~

L At fir1

Figure 10.2: Linear timewise interpolation between time ¢; and ¢;.
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t—t;
At

For convenience, let us write N; = 1 — & and N, ; = &, where £ =
with At =t;.1 —t;. Then, 0 < ¢ <1, and

{U} = (1 = {Ui} +&{Uiy1}, from which it follows that

{U} = dt{U} dg{U}%

{U} = £ - O{U} + {Uin )]G or

{U} = —3{U} + {0}

Similarly,

{f} = A={f:}+&{fis1}, therefore the weighted residual method yields,
with df = At d¢

1 [C] [—ﬁ{Ui} + ﬁ{UiHH
/Wv RN {0y Uy b Avde = {0}, or
0 ~ (1= (£} + €}

{ / Wig + [KAt / Wfdf} (Ui} =

l /de At/Wl— dg]{U}
4 [At/o W —¢ dg} (i} + {At/o ngg] (i),

Dividing both sides by / Wd¢ gives:

€]+ O[K]AL) (Ui} =
(€] = (1= O)[KIAL UL} +[(1 = 0){fi} +0{fixa}] At , where

/ngg
f=J0
1 .

Wd¢

0
Depending on the choice of weighting function W, 6 varies.

Point collocation

at time ¢; : # = 0 (forward difference, or Euler’s method)
at time “*1 : § = 1 (central difference, or Crank-Nicholson’s method)
at time ;1 : @ = 1 (backward difference)
1£0 =0, [C) {Uin} = [[C] - (KA {U} + {fi}At
known at any time ¢, including ¢ =0

e If lumped (diagonal) [C] is used, {U;41} can be explicitly calculated:
explicit method.
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e If consistent [C] is used, [C]~ must be calculated: implicit method.

e Potential problems with stability and accuracy of solution.

I£0=1,[[C]+ [K]At [ {Uina} = [CHU} + {firr} AL
known at any time t,
because { fi;1} is the forcing function

e Implicit solution because [K| cannot be lumped.

e Method always stable, but accuracy deteriorates if At increases.

15 ] {Ua} = [[C] = [KISH{US + SIS} + {finn}]

known at any time ¢

Implicit solution.

Stability problems if At above critical value.

Accuracy decreases as At decreases.

Most accurate method of the three.

Subdomain collocation

with W =1 from ¢; to t;;1 : 0 = %

Galerkin method

withW:Nizl—ﬁzgzé

Ifo= %, the solution is more accurate than if # = 1, and more stable
than if § = %

Note: if [C] or [K] is temperature dependent, the equations are nonlinear
and require an iterative solution such that {U}* = (1—-0){U;}V +0{U; 1 }7,
where j is the iteration number. Exception: when 6§ = 0, no iteration is
necessary, because all is known at ¢.
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10.4.2 Three-point recurrence scheme

Let us consider equation [M]{U} + [DI{U} + [K|{U} = {f}, and let t, 1, t,
and t; 1 respectively represent ¢t — At, ¢, and t + At. The weighted residual
methc;d requires '
oy | IMR{UY + DU} | o,
A e A
Assuming N; | = —%7"(1 —7r) withr = tg’?, At =t —t; =t;—t; 1
N,=(1+nr)(1-r)
Nz’+1 = %T‘(l + 7”)
Then, for t; 1 <t <t;,1, -1<r <1, and dr = &

E.
Nia N; Niy
1
U > [
liv A7 4 7 liv1

z
) >
< <

N
rd

Figure 10.3: Quadratic interpolation between t; 1, t; and ¢;,1.

In a fashion similar to what was done with the two-point scheme, we get:
[[M] + +[D]AL + N KA Ui} =

[2[M] — (1 = 29)[D]At — (5 — 2\ + 7)[K]A{U; }

+[=[M] + (1 = 9)[DIAt = (5 + A = V) [K]APHT; 1}

—(E A=A fica} + (3 =20+ ) A i} — AAB{ fira ),

+1 +1
/ %W’r(l—&—r)dr / W(%—H‘)dr
—1 _ J-1
1 y V= | .
/ Wdr / Wdr
-1 -1

This is because {U} = x[(=3 +r){Ui1} = 2r{U} + (3 + r){Uis1}],

(U} = zz{Ui1} = 2{U;} + {Ui1}], and
{f} = Niei{ fica} + Nl fi} + Nipa{ fira }-

where \ =
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w A ¥
Point collocation at t;_; 0 —%
at t; 0o 3
attin 1 3
Subdomain collocation % %
Galerkin, based on N;_; —% —%
on Nz 1—10 %
on Niyp 3 s

10.4.3 Initial conditions

In the three-point scheme, the values of {U;} and {U;_1} are needed to de-
termine {U;;1}. In particular, initial conditions (i.e. information at time ¢,
and for which i = 1) are needed to start the solution scheme.

Let us write [M]{V} + [D{V} + [K]{U} = {f} with {U} = {V'}. The
initial displacements and velocities are noted {Up} and {V5}. We need {U, }.

Euler starting method (less accurate)

Using the forward difference scheme or Euler’s method, % ={Vi1}.
For i =1, we get {U1} = {Up} + {Vo } At.

Crank-Nicholson starting method (more accurate)

Using the central difference scheme or Crank-Nicholson’s method,
Vi _ Vi—l ‘/7, Vi—l Ui Ui—l .
(Vi) g D) bVt (] Uik L) 4 (7,,)), with
{U"}_A{g"‘l} = {‘/i}+2{v"‘1}, from which {V;} is determined.

For i =1, we get {U;} = [2% +[D] + [K]%]l
x { |28 + (D] - [K]57] {Uo} + 2AMI{Vo} + SE{fo} + 511} }

Once {Up} and {U;} are known, the three point scheme can proceed with
any of the methods in Section 10.4.2.

10.5 Introduction to modal analysis

Many times in dynamic structural analysis, the nodal displacements are
not really needed. Instead, the natural frequencies of the sustained vi-
brations are of interest. Natural frequencies occur when the forcing func-
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tion {f(¢)} is identically zero, and damping is negligible. Therefore, let us
consider [M){U} + [K]{U} = {0}, and represent {U} as {U} = {U}es*!
(j2 = —1), where {U} is the eigenvector corresponding to natural frequency
w. Then, {U} = (jw)*{U}e** = —w?{U}e’'. The initial equation be-
comes (—w?[M] + [K]){U}e** = {0}. Since only non-trivial solutions for
{U} are sought, the determinant det(—w?[M] + [K]) must be zero, guar-
anteeing that matrix —w?[M| + [K] is singular. det(—w?[M] + [K]) = 0
can be solved for the natural frequencies w of the structure. If N nodes
are used in the discretization of the structure, and each node has m d.o.f.,
we get m/N natural frequencies (vs. an infinite number for a continuous
structure, i.e. not discrete). The frequencies obtained on the low end of
the spectrum are quite accurate if enough elements are used. Eigenvectors
(i.e. such that (—w?[M] + [K]){U;} = {0}) are usually normalized such that
{U;}T[M){U,} = 1. They represent mode shapes. They are also used to con-
struct solutions to problems with damping and/or forcing functions (mode
superposition).



