MAT1348C DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

5. Propositional Logic (January 22)

Lec 4 Mini Review.

atomsv” literalsv" conjunctive clausesv" DNFV
contrapositive of a conditional statementv’ converse of a conditional statementv’
Using the laws from the Table of Logical Equivalences...

o to prove two propositions are logically equivalentv’

o to show a proposition is a contradiction/tautologyv’

o to find a DNF of a given propositionv’
o to find a logically equivalent proposition using specified connectivesv’

VALID ARGUMENTS

o Anargument (P A P, A --- A P;) — C'is called a valid argument if and only if the
conclusion C'is true whenever all the premises P, . .., P are true.

¢ In other words, (Py A P, A --- A B,) — C'is a valid argument if and only if
(PLAPyA--- N\ P;) — Cis a tautology.

Questions to Ponder about Arguments.

o What if, for some truth assignment, the premises are all true, but the conclusion is false?

I all premises are T Hhan P,A-ARg will be T T +he Conclusion is
“H\lr\l for this fruth assl‘gnmem; (PI/\...(\PR_)_;C will\oe of the form T=F
whichis F Thus, the agument would not be afaublogy,hnce invald.

o What happens when any one of the premises is false?

IE, for sometruth assignment; atleast one premisels Ffhen PA--AR,
Will be F As we Know,

F—(anything) is T
Thus, for any truth assighmertt inwhich af least one premise s F,
The agument FA-~AP,—=>C will be T-
Lmportant! T, for Somettuth assignmant, the argument is T, it-cloes
Dot mean +he argument is valid.
Tnorder tobe valid) FA-AR,—C must be ataulogy!
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o What if the set { P, P, ..., P, } of premises is inconsistent?
Inconsistent means for every fruth g&_signmmj; at least ong premise is F.
. for every truth_assignment, the conjunction B A~ AR) of premises will b2 F

> o elery Truth assignment; Yhe argumnt will B2 oF the Brve (F)DC (urichisTrogedi ofC)

oo for every uth asSi gnment; thy argumant (P./\---/\ﬁ)—éc will be T.
2 The argument- (P,/\---/\ﬁg)—% will ke a Fautdlagy,hence avalid &g wner
o What if the conclusion is true?
T, B sonv fruith aesignmant) the concluSion Cis Ty then, for Hhattruth aSSi(jhmr\’);
the argument [(P,/\ - -/\Pz)*"Q] vaill o | IM because (an\;%'\v\g}—%T is T

Bul one such truth assignment oloes. hot guatantee Hnat +ho avgumuﬂ' [(ﬂ A-NFe)> cl
iS a fauivlogy. (v be valid, ¥he aguent mast be T Brall tuth assignments)

¢ An argument with premises P, ..., P, and conclusion C' is called invalid if
(PyA--- A Py) — C is not a tautology.

o If an argument is invalid, then a counterexample is a truth assignment for which

o In other words, a counterexample is a truth assignment which certifies that
(PyA--- A P;) — Cisnot a tautology.

Example 5.1.
2 premises) R AV B
2 -B Is this argument valid? If not, give all counterexamples.
S C A

Tt's a valid o«r‘aummf- it and Onl)l iF KP\VS>/\(‘|5)]—>(‘7A) is q taufolegy
arﬂuMan(ﬁ AR)C

premise F; | premisef, |condusionC

g |8 A |wveabr)]->Ga)

A B

T T T E F T _
DO | T T F F T i anpin:
F T T F T T when A<T, B=F
F F = T T T both premises are T

| but concdsionis F

ﬁv ‘
+he ar@wmrﬂ' S ot a’i’audﬂogy

o L - . .
* These notes are solely for the personal use of students registered in MAT1348. 60 ﬁ- [1>) Ihvaa\ d
——
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/p}\TRUTH TREES (A.K.A. SEMANTIC TABLEAUX) /p}\

7%
o A truth tree is an alternative structure for examining all the ways that a compound
proposition, say X, can be true.

o Unlike a truth table, the size of a truth tree does not grow exponentially as a function of
the number of propositional variables in X; instead, the size of a truth tree varies
depending on the number of logical connectives in X, and the order in which we grow
the tree.

o We place X at the root of a truth tree: the root is at the top of the tree and the rest of the
tree “grows” down from there using branching rules.

BRANCHING RULES FOR TRUTH TREES (A.K.A. SEMANTIC TABLEAUX)

Splitting Rule Non-Splitting Rule

avhb allb
7\ l

a b Qa
b
Splitting Rule (:D eM org als LﬂWS) Non-Splitting Rule

1(aAb) 7(0‘1‘”3)
/ N\

ia
Ja b )
Splitting Rule Non-Splitting Rule
>b
(1/ \ T1(a->b)
!
Ja b o
b

(Torplication Law)



One More Non-Splitting Rule

17a

l
a

(Double Negattion Law)

Two More Splitting Rules

as—b 1eb)
/ \ 7\
a A a a
b -1b b b

(Bicondihonad Law 0&b = (anb) V(‘!am@)

HoOwW TO GROW A TRUTH TREE

> Truth trees grow from the root (at the top), by branching rules, down to the leaves (at
the bottom).

root | grons down from root by

S N branching fules
VAN

leaF wll \? "leaves” at the botfom
@ eof Teof

leq leaf

> Each proposition in a truth tree is called unchecked until
o itis a literal (just an atom or just the negation of an atom), or

o its branching rule has been applied to all paths stemming down from the
proposition’s location in the tree.

> Starting from the top, one unchecked proposition at a time, apply the branching rule of
each unchecked proposition to all paths that stem down from the unchecked proposition.

> Once the branching rule has been applied, the proposition becomes checkedv’
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> Fact. From each leaf (at the bottom of the tree so far), there is a unique path going back
up to the root. .‘-

(F\L \NP
e %

unique path—> |€Q
fromeach leaf 4o root

> A path from a leaf back to the root is called inactive or closed if it contains an atom as
well as that atom’s negation; otherwise the path is called active or open.

when a path from leaf 4o (oot contains

Some atom and that atom's negafion
(path confains a contradictionr) the
poth becomes “closed”/ “inaciive"

or *dead"

> A path from a leaf back to the root is called complete if there are no unchecked
propositions on that path.

> Each complete open path tells us one way that will make the root true.

> The tree is complete (i.e. done growing) when each path from leaf to root is
closed or complete.

Example 5.2. Grow a complete truth tree for the compound proposition P: (e — —b) — (bAc).

root P+ |(@->7b) — (bAc) /Cl//

T(a —->7b)(6 bAC
by

a
17b¢ cv
lea$
"-same here &itsa complete
A1 leat dctive path

the path fromhis [eaf o ~sWhen'bis Tand ¢ isT
+he root does ot contain theroot P isT

any corfradictions and all
Pr opos.hons have been chacked-

$its a complete ackive path
> when'aisT and bisT the oot P s Hue

Tnsummary, the complete active paths Jell us that P is T whan

alb isTor when bACiST ie P= (@Ab)y(bAc) ¢ What 15 this P!
a DNF &or P!
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DETERMINING WHETHER THE ROOT OF A TRUTH TREE IS A CONTRADICTION

Question to Ponder. Suppse we grow a complete truth tree with X at its root.
What does it mean if all paths are closed/inactive (“dead”) ?

T+ means +he oot can never be ttue.
.. the oot is a conttadiction.

Example 5.3. Use a truth tree to determine whether each of the following compound
propositions is a contradiction. If it is not a contraction, give all counterexamples (that is, give all
truth assignments that make the proposition true, thereby certifying that the proposition is not a

contradiction). N
i. l(ﬁP S Q)A (=P A ﬁ;)\ ;oo{' ii. tp S Q) A (=P A-Q) 5oo+'
LYoy Fra
10
7 P/\'1\ Qv i} ? \&
TP 8 l l
L Je I8
P 1P open 7%
Fl) 3& Since thate is an open Pa"\,'H‘\Q (oot can be
True. & tharoot is net a contradiction.
& 1S noT ion
Since all paths are *dead* tha roof is Counmx ?rv:\Q_(g (to P"gf oot = ks ?Mmdidi @
never True- Jotherest 1S a Contradiction ¢ =F ond Q=F ) the roof is T

STUDY GUIDE

Important terms and concepts:

¢ valid argument invalid argument counterexamples
o truth trees (semantic tableaux) branching rules open vs. closed paths

¢ using a truth tree to check whether a proposition is a contradiction
Supp. Ex. List §1#2,5,6,7c

Exercises




