MAT1348C DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

4. Logical Equivalences & Valid Arguments (January 18)

Lec 3 Mini Review.

consistent set of propositionsv’ The Island of Knights and Knaves puzzlesv’

DNFv' atomsv’ literalsv" conjunctive clausesv’ disjunction of conjunctive clausesv’

LOGICAL EQUIVALENCES

Example 4.1. Using only the Laws in the Table of Logical Equivalences, prove that
P—Q=-Q— —P.

P>Q=T7PVQ  (Tmplication Law)
= QVip  (Commutative Law)

—

=TIQVIP  (Pouble Negation Low)
=-1Q—>TP (Tmplication Low)

Conditional Statement, Contrapositive, and Converse For a conditional statement P — @), there
are two other conditional statements which are related to P — () in important ways:

o (@ — P iscalled the contrapositive of P — ().

o @ — P iscalled the converse of P — Q).

¢ In Example 4.1, we proved that a conditional statement P — () is logically equivalent to
its contrapositive, namely Q) — —P.

¢ This is not the case for a conditional statement and its converse!

Exercise 4.2. Using a truth table, prove that P — () is not logically equivalent to its converse
@) — P. Give all counterexamples, that is, list all truth assignments for which
(P— Q)<< (Q— P)isF.

P & |pPsala->P| (P>8)<>(Q>P)  Sine (P>8)<>@-p)
Tl T T T is not- a-tawfology,
T ElE o = P->Q ishot logically
F T| T F E equivalent+p its
FE| T T T Converse Q-»p

Counterexamples: Wheh P=T, @=F, or when P=F, @=T,+h tuth values
0F P->Q and Q—>P differ

* These notes are solely for the personal use of students registered in MAT1348.
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THE TABLE OF LOGICAL EQUIVALENCES

PR 1T when
PisForQisT

2 woys o think about 4
@

outof P/ap
e)(aoﬂg ohgisT
andotheris F

( a bit like factoring -

awoy o
switch A/
With 11

P-Q=-PVQ

Implication Law

2.| PQ=(PAQ)V(=PA—-Q)
Biconditional Laws
3| PQRQ=FP—->Q AN (Q—P)
4. PV-P=T
Negation Laws
5. PAN-P=F
6. PVF=P
Identity Laws
7. PANT=P
8. PVT=T
Domination Laws
9. PAF=F
10. PvP=P
Idempotent Laws
11. PANP=P
12. -——P=P Double Negation Law
13. PvQQ=QVP
Commutative Laws
14. PANQ=QAP
15. (PVQ)VR=PV(QVR)
Associative Laws
16. (PANQ)ANR=PA(QAR)
17. | PV(QAR)=(PVQ)AN(PVR)
Distributive Laws
18. | PAN(QVR)=(PAQ)V(PAR)
19. “(PAQ)=-PV-Q
De Morgan’s Laws
20. “(PVQ)=-PAN-Q




HoOw TO USE THE LAWS IN THE TABLE OF LOGICAL EQUIVALENCES

Example 4.3. Prove (zAy)V(zA—y)V (-zAy)=xzVy

RMIVERAVEXAY) = [RAGVIYIVAXAY)  @istributive law)

= [XAT]VAaxAY) (negation law)

= (X)VExAY) (identity law)

=XV 1) AXKVY) (distributive. law)
=T /\(x\/%) (nega'h'omaw)
= Xy Gdenﬁhg low)

So (KMVEAMV(IXAY) = xvy

Example 4.4. Prove that (a A —b) A (-a V b)

is a contradiction N_Q‘]’_C COh'f'rO\U\l‘CﬁDh = F

AV
(amDAGavb) = an(1bAGaVh) (associative law)

= a.A[(brma)VEabAb)]  (distributive low)
=aA [(—xb/\'x )V F__l (domination Jaw)
Ea/\[—xbmé] (identity law)
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= aA(nan1b)  (commutnive law)
= (am o) Ao (associative law)

= FA1b (neaation law)

= F (domination law)

Jo (MDA GaVD) = F  so (@A (avb) js a contadiction.

Example 4.5. Find a DNF for (p —¢q) vV (=(pV q) AT)
P=g)VOlpvg)Ar) = (1pvg) VA(pvg)Ar)  (implication low)
= PV V(| PYRAY) (associative aw)

=1pVqV((pA1g)Ar)  (DeMorman's law)

= VgV (’l A1g.AY) (associative [aw)
J b f

conjundrive Conjunctive  Conjuncrive
clouse Clouse clousz

% v v

%o (p-g)VOIpVg)AY) = HPVEV (pATgeAY) aind Hhis i5in DNF
Since s a digjunction
of conjunchive clauses.

Example 4.6. Find a compound proposition that is logically equivalentto X AY  that uses
only the logical connectives — and —.

XAY = 17 (X/\\O (double negation law)
=1(X V1Y) (DeMorgan's |aw)
=7 (X%’IY} (implication Jaw)

Thus, We found a proposition 71(X->1Y) suchthar XAY =71(X->7Y) and
1(X=7Y) uses only +he logical connectives — and 1.
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Example 4.7. Find a compound proposition that is logically equivalentto p — (¢Vr) that
uses only the logical connectives — and A.

P>(GVr) = pV(gyr)  (mplication low)
= 1[pVigvr)] (double negation)
=1 ET/P/\'I (%Vr)] (DeMorgan's law)
= J}P N7 (abvrﬂ (double hegation law)
=1 pAgATT)]  (DemMorgans low)

Thus, P> (gVr) E‘?}}p/\(-zobl\'lr)] and ’r[vp/\(*zoomr)] uses only +he
logical connectives 1 and A\

ARGUMENTS

¢ An argument is a set of propositions in which one (called the conclusion) is claimed to
follow from the other propositions (called the premises). In other words, an argument is a
compound proposition of the form

argument:  (RAPAAR) —C

where RPN C ]5'”')6‘
are +he, premises conclusion

=> an argument 15 a conditional stafemert Whose premiseis +he.
Conjunction of propesitions
o Sometimes, arguments are written vertically like this:

Py
P

By
o C




VALID ARGUMENTS

o Anargument (P, A P, A --- A P;) — C'is called a valid argument if the conclusion C' is
true whenever all the premises P, . .., P are true.

o In other words, (Py A P, A --- A P;) — C'is a valid argument if and only if
(PLAPyA--- A\ P;) — Cis a tautology.

Example 4.8. Prove that the following argument is valid:

d premises: R: avsp
- PZ: _‘A
conclusion &C - B

(this argument is called Disjunctive Syllogism)

(it is one of the Rules of Inference)

<O Toshow +hi]s‘|s A Valid argunmunt, we must prove that
[(WeNaR]—B  i5atfautlogy

Lets usethe Lows oF = o show (AVBNIA2B =T

(AVBAIA—=B = T(BVBNIA) VB (implication law)
= (AVB) V1AV B (De Morgans law)

= ((AVB)VA)VB  (double nugation)

= (A\{@\/(A\/e)) (associative law)
T (negation law)

Sin@+he argume nt is =T, it5 atautology  f4he argument s Vald

Wl

STUDY GUIDE

Important terms and concepts:

¢ truth table method for Knights and Knaves puzzles
o DNF (atoms, literals, conjunctive clauses)
o converse versus contrapositive of a conditional statement

¢ using the Laws in The Table of Logical Equivalences
¢ valid argument

Exercises Rosen §1.3 (using Laws) # 21, 23, 29 Supp. Ex. List §1#1, 3, 6b, 7c, 8
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