MAT1348C DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

3. Knights & Knaves Puzzles, DNF (January 15)

THE ISLAND OF KNIGHTS AND KNAVES

These problems are based on puzzles in Raymond Smullyan’s book What is the name of This Book?

The Island of Knights & Knaves. There is an island far off in the Pacific, called The Island of
Knights and Knaves. On this island, there are people called knights who always tell the truth,
and there are people called knaves who always lie. Knights and knaves are indistinguishable by
sight. It is assumed that all inhabitants of The Island of Knights and Knaves are either knights or
knaves.

Important Facts.

¢ If an inhabitant of The Island makes a statement, whether it is a true statement or a lie
depends on the truth value of the entire statement as a whole.

¢ Thus, any statement made by a knight is T.
o Any statement made by a knave is F.
Basic Questions to Get Started.

¢ Could a knight (of The Island) say “I am a knight.” ?

Nes, because his statement would be T which is the
only pessibility for g Knight-

¢ Could a knave (of The Island) say “I am a knight.” ?

Yes, because his statement would be F which s the
only pessibility for a Knight-

¢ Could a knight (of The Island) say “I am a knave.” ?

No, because "I am a Knave” wonld be F, and o Knight
Cannot lie.

¢ Could a knave (of The Island) say “I am a knave.” ?
No, because "I am a Knave” wonld be T, and a Knave
Cannot $ell the rudh.

* These notes are solely for the personal use of students registered in MAT1348.
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Example 3.1. Strolling on The Island of Knights and Knaves, we meet two inhabitants A and B.

Person A says: “Out of the two of us, at least one of us is a knave.”

Is A a knave?

IF A 1S a Knave, then thestatement “at least one ofus is d
Knave" is T, which would confradict $he fact $hat a Knave,
must lie.

¢« A cannot be a knave.
What type of inhabitant is B?

Since A cannot be a Knave but he is an inhabifant of The Tslond
of Knightsand Knaves, it follows +hat A must be o Knight:

do AS Staement must be T, which maans at- least- one of +hem
IS a knave and it's nof'A.

vo B Must be o Knave

@ Example 3.2. Strolling on an island, we meet an inhabitant A.
i W

i says: “EitherIam a knaveorelse2+ 2 =5." What can we conclude?

Asns “(Alsa Knave)@D(2+2 =5)" and we Know (2+2=5) is
Coses «TfAlsa ngm’, Han his stee ment
‘(Alsa Knve)D (242 =5)" = FOF = F
but it’s impossible for a Knight fo lie ¢, Ais nota Knight:
+I£ Als a Knave, then his Stete ment
"(Alsa Knaie)P (242 =5)" = TOF =T
but it’s impossible for a Knave tospeak fruth 2. Ais nota Knave.

Conclsion Since A is naither a Knight nor a Knave, $he island we
are on i not the Tsland o€ Khlghfs and Knawves .




A TRUTH TABLE METHOD FOR KNIGHTS AND KNAVES PUZZLES % _

General Approach.
égg/ For each inhabitant X, define an “I-am-a-knight” atom for X:

x:t Xis a Knight”

IfF xis T, +hen
X is a Knight:

If xisF, then
X is a Knave.

Translate all speakers’ statements into compound propositions.

Note. You might need to define extra atoms if any statement’s truth value depends on

*always Use Knight

another “fact”. a 4 |7av 4 | #?;yr;a
Ex A soys T am a Knove or Tl eatmy hat T T| TGk
) a g
TElF[EA
T T
WA . .
> Define a: "Alis a Knight” FFEI T
Lo . . /
4 A will eahis hat” A 4 Havh
Aisa Aeats |A's stodemant (‘l
knight = wis hat | 1S Trua
translate: Asoys: 1o V-Hy Aisa o | Aostusona
knghf eathis hat | 1S False
Aisa Aeats | A's stodewant
knave»  Wishat | s Trne
b SR | “ohe o
Construct a truth table that includes all speakers’ I-am-a-knight atoms and all speakers’

statements.

on The Island of Knights and Knaves.

" sense for The Island).

The rows of the truth table correspond to an exhaustive list of possibilities.

In each row, check whether all speakers’ statements’ truth values are compatible with
“ their type in that row. If so, then the truth assignment of that row is a possible scenario

. Sometimes, the conclusions we can make only answer one aspect of the puzzle (maybe
we don’t know if A is a knight or a knave, but we still know B is a knave, etc.)

Some puzzles might have more than one possible solution (more than one row that makes



Example 3.3. We awake to find ourselves on an Island. We think it may be The Island of Knights
and Knaves, but we are uncertain. We meet two inhabitants A and B dressed in knightly attire.

Person A says:
Person B says:

What (if anything) can we conclude?

DISJUNCTIVE NORMAL FORM

o An atom is a proposition containing no logical connectives (just a propositional variable).
o A literal is an atom or the negation of an atom.

o A conjunctive clause is a compound proposition that contains only literals and (possibly)
the connective A, and no atom appears more than once.

o A compound proposition is said to be in disjunctive normal form (DNF) if it is a
disjunction of conjunctive clauses.
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Facts about DNF.

o Every compound proposition is logically equivalent to a proposition in DNF.

o DNF is not unique, but all DNF of a given compound proposition X are logically
equivalent to X, hence logically equivalent to each other.

Ex. a=b = @\b)Vaaab)V(1aAb) +—one QF,)E;:”OI@ DNE

a->b = (70) V(b) +—another possible DNF of g >b

Using a Truth Table to Obtain a DNF for a given Proposition.
e Let X be a compound proposition consisting of the propositional variables p, ..., py.
e Construct a complete truth table for X.

e For each row in which X is T, write a conjunctive clause corresponding to the truth value
of each of the atoms p1, ..., p;.

e The disjunction of these conjunctive clauses is a DNF for X.

Example 3.4. Use a truth table to determine a DNF for the compound proposition X, defined as
follows:

X: =(peq Vg .
conjunctive clauses

X Foreach row wherg
P 4| peg |Tpeq) | 7g [1(p>@)Vg XisTe
TT| T F E E
T F T T T «p/\*l%/
FT| F T |F T TpAg
FF| T F T T IpAgy

A DNF for 3 is - P14V (pAg)V (o)
Thus, lpeg)V g = (PrgNpAg)Vaphig)

STUDY GUIDE

Important terms and concepts:

¢ The Island of Knights and Knaves  via reasoning or with the truth table method
o DNF (atoms, literals, conjunctive clauses)

Exercises Rosen §1.2 #10, 12, 21, 23 Supp. Ex. List §1 #1a,2,4a, 6a,7a,8 §2#1,3,5,6
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