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2. Logical Equivalence, Translation between English and Propositional Logic,
and Consistent/Inconsistent Sets of Propositions ( Jan. 11 )

Lec 1 Mini Review.

X proposition X truth value X compound proposition

X logical connectives:

p ¬p
p q p ^ q p _ q p� q p ! q p $ q

Precedence of Logical Operators.

LOGICAL EQUIVALENCE

� Two propositions p and q are called logically equivalent if the biconditional statement
p $ q is a tautology.

� Notation: if p and q are logically equivalent, then we will write
p ⌘ q.

� Note: ⌘ is not a logical connective; it’s just short for “is logically equivalent to”.

Example 2.1. Using a truth table and an explanation, prove that (p ! q) ⌘ (¬p _ q).

⇤ These notes are solely for the personal use of students registered in MAT1348.
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Unless specified Otherwise by parentheses , the order

of precedence of logical connectives is

I. 7 2. ^ 3. V 4. → 5. a 6. +0

e±7pvq→qnr means (Gp)vq)→(qnrj

Pq p→q 7p Tpvq ( p→q)←oGpvq )

T T T F T T

T F F F F T

F T T T T T

F F T T T T

sinuthebiconditional statement (p→q)←oGpvq ) is Tforall truth
assignments,

it's .atautology . By definition
,this means that p→q is

logically equivalent to 7pVq :°p→q= > pvq



Example 2.2. Are all tautologies logically equivalent to each other? Explain.

TRANSLATION BETWEEN ENGLISH AND PROPOSITIONAL LOGIC

For the examples in this section, let us define the following propositional variables:
b : “A bear eats berries.”
f : “A bear eats a fish.”
r : “A bear is near the river.”
s : “A bear sees a fish.”

Negation.
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• Suppose P is a tautology ,
where P is some compound proposition .

• Then
,

for all truth assignments ( of whatever atoms P consists of ) ,
the truth

Value of P is T (by def . of tautology)

• It now follows that the bi conditional statement P a T is of the form

Tat for all truth assignments .
 % Pat is a tautology .

⇒ P = T
.

So any tautology is logically equivalent to T

% all tautologies are logically equivalent to each other
.

* assume these refer
to one particular bear

.

Commontranslationsinehglish

7p :
"

It is not the case that p .

"

E± . 7r :
" Itema bear is near the river .

"

"

A
bear is

not
near the river

.

"

FI .
75 :

" A bear does Itsee a fish
"

FI
"

A bear does Iteat berries .

"

translation to propositional logic : 7b

E± "

Itoha bear does not eat berries .

"

7GB )
=



Conjunction.

Disjunction.

Exclusive Or.
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Commontranslationsinehglishpnf
" Pandq .

"

" Pbutq
"

"

E± .

' ' Abearseesafishbutshedoesnteachafish . smf

÷ Tf

Commontranslationsinehglishpvq" Porq.

"

*
" unless " isnotalwaysusedasan

"punlessq
.

"
inclusive Orinehglishbutthiswill
betheaccepkdconventionfor 1348 .

FIA bearcats berries Unless sheseesafish
-

- -

BVS
b V S

E± .
Abeareatsberries

@
fish .

bvg
-

Vb

W W
L ft

Commontranslationsinehglishpoq' '

Eitherporq .

"
*

'  ' either .
or

"

isnotalwaysusedasanexclusiveorinehglishbutthiswill
" porqbutnotbolh .

" betheacopkdconventionfor 1348 .

E± .

"

Eitherabeareatsfishorsheeatsberries .

"

fob

⇐-
b

EIRVS :

"

Abearisneartheriverorsheseesafishbutnotboth "

* important note on translation : you are only translating between English and

propositional logic . The propositions themselves

dwt
makesensewith

respecttothe " real World "

.to#EbEnex...itis
irrelevant

to consider howarealbearwouldbehave ... Justyna the given propositions .



Conditional Statement
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psoq
•

Pisthepre_mseorhypol_W.qistheonc_usohoro@e.Important_psqisntlogicaHyequivalenttoitscon_vereqsPoowhentrans1atingconditionalstatementsyoumustbecarefu1nottomixuppremiseandcondusion.xinthefo1lowingcharteachphraseisanEnglishtranslationofpsqpsqCommontranslationsinEhglish4ifPthenq.l

'
"

qifp .

"

" ifp ,q .

"

"

Pimpliesq .

"
" qisimpliedbyp .

"

11 qfollowsfromp .

"

"

Pisa sufficient condition forq .

"  '  '

A sufficient condition forqisp .

"

" A necessary condition forpisq .

" "

qisa necessary condition forp .

"

iponlyifq .

"  "

qifp
"

" whenever itisthecasethatpithenq .

"
" qwheneverp .

"

" whenp , q .

" " qwhenp .

"

E± .

" Abeareatsberriesonlyifsheisnotneartheriver . b→,r

÷o 7r

FI
"

#qbeafkih.tk#tdh .

"

s→f
5

→ f



Biconditional Statement
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E±" Abeareatsafish whenever she's near the river .

"

r→f

÷ r

E± .

"

A bear does neteat berries when she sees a fish
.

" soib

÷
←

s

E± .

"

A sufficient conditionforabeartoeatafishisthatsheseesafish
.

"

s→f
-

F -

s

EI .

"

AIarycondihondrabenareafhislhatsdeafsh.lt f→s
f S

p→q

*hercisTb_tshowthatp←q=(q→p)^(p→q)

so we have translations : 1
. ( Pifq ) andfponlyifq )

2. (pisnecessaryforq) and ( pissufficientforq )

Note . q→p is called thereof p→q

Thus
, abiconditionalstatement is logically equivalent tome

conjunction
of

a conditional statement and its converse .

Commontranslationsinehglishpcq" Pifandonlyifq .

"

"

ifpthenq ,
and conversely.

"

"

P is necessary and sufficient foray .

"

EI .

"

Abeareatsberriesifandonlyifshedoesnotseeafish .

"

#
-

- bas

b a Ts



TRUTH ASSIGNMENTS

� Let P be a compound proposition consisting of propositional variables p1, . . . , pk
� An assignment of truth values to each of the variables p1, . . . , pk is called a truth

assignment of P .

Ex. The compound proposition P : ¬(p _ q) has 4 possible truth assignments
(corresponding to each row of the truth table).

One possible truth assignment of P is p = T , q = F .

Example 2.3. Consider the following compound propositions regarding a particular bear:
P1 : “A bear eats berries unless she is near the river.”
P2 : “A bear eats fish if and only if she is near the river.”
P3 : “Either a bear eats berries or she eats fish.”
P4 : “A bear eats berries and she is near the river.”

(a) Determine the truth value of each of P1, P2, P3 for each of the following truth assignments

i. b = T f = T r = T ii. b = T f = T r = F

(b) Construct a complete truth table for the propositions P1, P2, P3, and P4

(c) Is it possible for P1, P2, and P3 to all be simultaneously true for this bear? Explain.
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bvr

for
botf
bnr

B :

bvristvtsopist
B :

bvristvtsopistPz :forisT←T so Rist
Pz :forisT←FsoRist

Bibtof is TOT so Bis F B :# is

TQTSOBISF

P,
R B P4

b f r bvrforbtof bnr

T T T T T F T

T T F T F F F

T F T T F T T

T F F T T T F

F T T T T T F

F T F F F T F

F F T T F F F

F F F F T F F

Yes
,

the truth assignment b=T
,

f=F
,

r=F
makes P

, ,Pz ,
and B all have

truth value T
. $0 does the truth assignment b=F

,
f=T

,
r=T )



(d) Is it possible for P1, P2, P3, and P4 to all be simultaneously true for this bear? Explain.

CONSISTENT/INCONSISTENT SET OF PROPOSITIONS.

� A set {P1, P2, . . . , Pn} of compound propositions is called consistent if there exists at least
one truth assignment that makes all the propositions P1, . . . , Pn true at the same time.

� Otherwise, for each possible truth assignment, at least one of the propositions Pi is false;
in this case, the set {P1, P2, . . . , Pn} is called inconsistent.

Example 2.4. Is the set {P1, P2, P3} of compound propositions defined in Example 2.3 consistent
or inconsistent? Explain.

What about the set {P1, P2, P3, P4} ?

A Question to Ponder. Suppose {P1, P2, . . . , Pn} is an inconsistent set of propositions. What (if
anything) can we conclude about the conjunction (P1 ^ P2 ^ · · · ^ Pn) ?

STUDY GUIDE

Important terms and concepts:

logical equivalence translation between English and propositional logic
truth assignment consistent vs. inconsistent set of propositions

Rosen Exercises 1.3 # 17–33, 1.1 # 23, 1.2 # 1, 5, 9, 11
7

No
.

The rows of the truth table cover an exhaustive list of all possible
truth assignments for the compound propositions P , , Pz , B ,

and Py ,
so

we can see that there is no truth assignment ( row of table ) for which

all 4 of P , , Pz , B ,
and Py are true at the same time .

The set { P
, ,

Pz
, PB is

conmen
because Here exists

taste
truth

assignment that makesa_H3ofR , Pz
,

and B T
, namely b=T

,
f=F

,
r=F

The set { P
, , B , B) RB is

inconsistent

because there is

notruthagmtthat makes AIKOFR , Pz
, B ,

and Py T

• If { P
, ,Pz ,

...

s Pn} is inconsistent
,

Men for every possible truth assignment ,

at least one of the propositions Pie { P, spz ,
. " ,Pn} is F

.

Q . what happens to a conjunctive clause like RNZA . . npn when we Know

at least one of the propositions Pz is F ?
of .

The entire conjunction will be F.

% for every truth assignment, the conjunction Rnpzn .  " npn contains at least one F

Thus
,

if { R ,
. . , Pn} is an inconsistent Set

,then The conjunction Rnpzn . .  npn
is a contradiction

.


