MAT1348C DISCRETE MATHEMATICS FOR COMPUTING ELIZABETH MALTAIS

2. Logical Equivalence, Translation between English and Propositional Logic,
and Consistent/Inconsistent Sets of Propositions (Jan. 11)

Lec 1 Mini Review.
v’ proposition v’ truth value v' compound proposition

v logical connectives:

plalpAglpValp®a|lp—q|p e q]
o 1T | T | F | T | T
T F TIFlF | T[T | F | F
FlT FT[ F| T | T | T [ F
FFfF I F | F | T | T

Precedence of Logical Operators. [AnleSs Speciﬁed Otherwise b)( parenthsses, the order
of preadence of |ogical connectives is

L7 2 A 3V 4> Ho o 6O

ex. IpVg—> g Ar means (p)vg) —(qAr)

LOGICAL EQUIVALENCE

o Two propositions p and ¢ are called logically equivalent if the biconditional statement
p <+ ¢ is a tautology.

o Notation: if p and ¢ are logically equivalent, then we will write
p=q.
o Note: = is not a logical connective; it’s just short for “is logically equivalent to”.

Example 2.1. Using a truth table and an explanation, prove that (p — ¢) = (—p V ).

P 4l p>g [P [TPVE (p->9) > (1pV4)
TT| T F T T
TF| F | F| F T
FT| T T T T
FF| T T T T

Sincethe biconditional statement  (p>¢ )e—>(apvg) is T for all ruth
pssignments, it's afautology- By defnifion, this means that P4 s
logically equivalent to 7pVq, N P>¢ = IpVe

* These notes are solely for the personal use of students registered in MAT1348.
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Example 2.2. Are all tautologies logically equivalent to each other? Explain.

e Suppose P is a faufvlegy, where Pis some compound plopositioh.

o Than, forqll fruth assigments (of whadever gtoms ¥ consists of), the Hfith
Value 0F P isT (by def of favtvlogy)
o T+ non follows that +he. biconditiona| Statement P <> T is of 4he form
T T foradl fruthassighments. o PesT S o fautology.
= P=T

So any “autolody is log cally equivalent fo T
2 /| Tautologies are. logically equivalent 4o <ach other.

TRANSLATION BETWEEN ENGLISH AND PROPOSITIONAL LOGIC

For the examples in this section, let us define the following propositional variables:
b: “A bear eats berries.”
f: “Abear eats a fish.”
r: “Abear is near the river.”
s

“A bear sees a fish.” * OSUMe 1 L.ZEC, (efer
' 1o ons parficular bear.

Negation.

Common Hranslations in Ehalish

TIp ¢ “Ttis notthe case that p.”

Ex. 7r: “T+is notthe casethat o bearis naarthe rivec”
WA bear is not near the river”

Ex. 15 "A bear does ot see a fish’

Ex "A beardoesnot eat bemies.” franslation +o proposivnal logic: 7o

Ex "It is hot the coze that albear does not™ eat-berries”  —16b)
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Conjunction. Common Franslations in Ehﬂliih

pha,  "pardq

“p but g’
Ex."A beor sees a fish, but she does not each a fish.”  gpqf
T — L/—\r _J
S A af
Disjunction. Common Franslations in EhﬂliSh
1 or .//
P v p % p * "Unless’ is notalways used as an
P unless 4. inclusive or in English but fhis wil
be the. accepicd convention for [248.

Ex. A beareals berries uUnless she sees a. fish.

bvs
b V S
Ex. A bear eats berries or fish.
; n~
Exclusive Or. Common Hranslations in Enalish
W /i xeither..or? i +al
POF Edfer«p or ¢ exciuine ori Erglsh bt Sl
u p or % but not both” bethe aceepied converttion for [248.
Ex. Either: a bear eats fish or she Ecd’s berries.” FBb
£ @

Ex rvs: “A bearis nearthe river or shesees o fish, but not both”

* important note on Aranslation: you are onliﬁ‘h' anslatrng between Eiglish ond
propositional loarc.‘rhgpmposiﬁons themselves do hot +o maKesense With
(espect 4 +he. “real world”. Do not” franslate basedon context .. it is ifTelevant

o Consider how o feal bear would behave . Just Hranslate the given propusiions-
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Conditional Statement P _9%/
e P is the premise or hypothesis ° & is the. conclusionh or consequence .

Imporfant p->q. is not- logically equivalent fo its converse g-—>+p
s when 1anslafirg conditional statements You mustbe cafeful not-to mix up
premise and conclusion.

*1n fhe following chart, each phse Is an English translation of- p—>%

P4 Common Franslations in English
1 pythen ¢ ' i
"“if P, %.”
-p implies 4" ' is implied by p.”

" follows from p.”

"pisa sufficient condition for g "A sufficient condition for g- is P g

" necessary condition dor-p is 4" 'q 15 a necessaly condition forp.”

‘L{J only if %.” “a%; iF_P"
“whenever itisthe casethat-p, then %.” “g whenever -
“whenp, g g when -p-
Ex. “A bear eats berries o_riy;ij chr the river; b->r
b —Ir
E_ u g d V]
Ex T a bear sees a fish, then she eats a fish. 5 _sp
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Ex “A beareats a fish whenever shes near e river” r—§
-~ """

§ <— r
Ex."A bear does hot-eat” berries when she Sees a fish! S—»1h
—— — — Y
b <« S

Ex. A Suffcient condifion for @C?; 1o eat o fishy1s that W_u s>f
S

F-s

Ex. " hecessary condition for @/bjﬂgi toenta fishisthat she ssees a fish.”

Biconditional Statement peg.
* Efervise - showthat pe>g = G>p) A (p9)
so we havetmnslationss 1. (P if q.) and (ponly if¢)
& (p isnecessary forg.) and (p is sufficient forgq)

Note . g- > is cdled the converse of p->9

Thus, a bicondifiona| Stutement s logica\lly e%wvalenf to the Conjunction of
A condihiona| Statement and its converse.

Common Franslations in Enhglish
peg \-p ifand only if g.*
" ifp, Yhen @, and. conversely.”
+ Y Y
P is Necessary ard suF—ﬁc‘;enf«ﬁ)r%"

b<— s

Ex. "A bear eafs berries it and only if- she does not see a fish."
e L Y




TRUTH ASSIGNMENTS

o Let P be a compound proposition consisting of propositional variables p;, ..., px

o An assignment of truth values to each of the variables p, . .., p; is called a truth
assignment of P.

Ex. The compound proposition P: —(pVq) has4 possible truth assignments
(corresponding to each row of the truth table).

One possible truth assignment of Pis p=1T,q = F.

Example 2.3. Consider the following compound propositions regarding a particular bear:
P, . “A bear eats berries unless she is near the river.” b\/ r
P, : “Abear eats fish if and only if she is near the river.” —S: &r
P; . “Either a bear eats berries or she eats fish.” p@+f
P, : “Abear eats berries and she is near the river.” h/\1

(a) Determine the truth value of each of P, P», P; for each of the following truth assignments

i.b=T f=T r=T iib=T f=T r=F

B bvrisTvT soRisT fLo burisTVE sofisT

pforisToT RisT  2I7TSTOF sefisF
0.bBf is TaT sofisF BT s TET sofes

(b) Construct a complete truth table for the propositions P, P, P;, and P,

a
£ | bAr

D)
o

R U U U A
Hmmd 4711+ s
TN AT TG

AL i W W e R Wi (S
M4 m A |
IR e N M AR R B b
e T T A

(c) Isit possible for P;, P, and P; to all be simultaneously true for this bear? Explain.

Nes, 4he fruth ossignment b=T", =T, r=F makes £, %,0nd B all have
truthvalue T Godoes the-truth asolgnment h=F  £=T, r=T)
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(d) Is it possible for P, P,, P5, and P, to all be simultaneously true for this bear? Explain.
No. The rols of $he fruth table cover anexhaustive [istof all possible
Aruth assighments for +he. compound propostions T,,%,% and Ry, so

We can Seethat thareis no Hruth assignment (row ofable) for which
all Yof T15R,B,and By are true at+the same fime.

CONSISTENT /INCONSISTENT SET OF PROPOSITIONS.

o Aset{P,P,,...,P,} of compound propositions is called consistent if there exists at least
one truth assignment that makes all the propositions P, ..., P, true at the same time.

o Otherwise, for each possible truth assignment, at least one of the propositions P, is false;
in this case, the set { P, P, ..., P, } is called inconsistent.

Example 2.4. Is the set { P, P», P;} of compound propositions defined in Example 2.3 consistent
or inconsistent? Explain.

The set 37,% JP?:g is consistent because thare exisis at least one Aruth
assignment Hhat maes all 2 of BB jadR T, namely b=T, f=F, r=F

What about the set { Py, Py, P35, P, } ?

The Set $P,%, PPyt is inconsisient because thareis no-fruth aseigment
hat makes all 4 of 7P, f,and B T

A Question to Ponder. Suppose {Py, P,..., P,} is an inconsistent set of propositions. What (if
anything) can we conclude about the conjunction (PLAPA---AP,) ?

o IF 5R,Bss Pn} s iV\ConS\S‘}el’ﬂ') +hen for every possible rurh assignmert;
Ot least one of the pr‘opOSiﬁOl’\S P‘Le%ﬁ;%)"‘)?n is F

®. whot happens 1o a Conynd‘wve clause like FARNA--AR, whenwe Know
ot least one of 4he propositions B is F 7

. The entfire conjunction will be =

6o fOI eVery T1uth assigmmrﬂ') the conjunction A% A ARy Cortains at least-one F

Thus, i 57, )---)Pn'f is an Inconsistent set, then Yhe conunction AR A-~Afy,
1S A Corhadiction.

STUDY GUIDE

Important terms and concepts:

logical equivalence translation between English and propositional logic
truth assignment consistent vs. inconsistent set of propositions

Rosen Exercises 1.3#17-33, 1.1#23, 12#1,5,9,11




