ENGR-213 FINAL EXAM (SAMPLE)

SOLUTIONS

This is just a sample; it gives an idea of the structure and the level of the exam.

1. Solve these equations using an appropriate substitution.

(a) %zll(e’“”ue”y)—l/z ;
) _ dz—dx
Solution: Substitution x+2y=z, dx+2dy=dz; dy= >

2
e +e

dz—dx=(2/(e’+e *)—1)dx; dz= Zdx; f(ez+e_z)dz=f 2dx+C;

- 42y —x-2
e’—e ‘=2x+C; Answer: e T—e T V=2x+C.

(b) 4x2%=4yz+x2 )
. 4y°+x* ¥ 1 .
Solution: % = %=% + Z Homogeneous equation.

Substitution: y=ux; dy=xdu+tudx; xdu+udx=(u2+%)dx;

du _dx  Jdu _[dx
(u=1127 x" (u=1/2)" x°

xdu=(u2—u+%)dx;

) S S
2 Inx+C’

=lnx+C; u

Cu—1/2

Answer: y_1_ 1

x 2 Inx+C’




2. Reduce to an exact equation and solve it:

dy_2xsin2y+(2siny)/x’

(a)

dx 2x’cosx—(2cosy)/x ’
Sorry, wrong equation.

(b) 2x’ysiny—xy’sinx )d x+(x’sin y+x° ycosy+3x y°cosx )d y=0 .
y

Solution: M =2x"ysiny—xy’sinx; N=x’siny+x’ycosy+3xy’cosx;

—%M :2x2siny+2x2ycosy—3 xyzsinx; %—N=3xzsiny+3x2ycosy+3 yzcosx—3xyzsinx;
y X
oM ON _ . 2 2
—————=—X"siny—x"ycosy—3y-cosx ;
oy Ox
oM _oN
0y Ox 1

N x;

—dx

Hence, the integrating factor u=e * _1. after multiplication by 4 we have the

)

X
exact equation

(2x ysin y—y’sinx Jdx -+ x’sin y+x”ycos y+3 y°cosx Jdy=0;

f(x, y):f (2xysiny—y33inx)dx+g(y)=x2ysiny+y3005x+g(y),'

g—f:xzsiny+x2ycosy+3yzcosx+g'(y):xzsiny+x2ycosy+3yzcosx;
y

g'(J’)ZOI g(J’)ZCOI’lSI,' f(x,y)=x2ysiny+y3cosx;

Answer:  x’ysin y+y’cosy=C.



3. Solve the equation using the integrating factor:

X

(x+1 )Z—y+xy=e_

X
. dy x e’
Solution: + = :
orHon dx  x+17 x+1’
X X
Integrating factor m:ej w1 1oV x —inlet1)__€ ;
x+1
d| e 1 e’ 1
- — J- —_ +C,
dx(x-l—ly (x+1)2 x—l—ly x+1
Answer: y=—e "+Ce *(x+1).

4. Solve the Bernoulli equation

dy_1 2_

+3 0
dx xy Y
d 1 d
Solution:  Substitution Y=—, _y:__2 =
Z X z X
—1dz 1 3 dz 1
————+==0, —+—z=3,
2 dx xz Z? dx xZ
x—+z=3X%, i(xz)=3x, xz==>x"+C;
X dx
3 = —= 1
z=—x+—,; Answer Y z 3 C
2 X =x+—
2 X



5.

(a) Find the general solution of the equation
2 1 ’ 2, 1
x y"=3xy'+2y=x"+—;
X

Solution: This is a Cauchy-Euler equation. The characteristic equation:

m(m—1)-3m+2=0; m’—4m+2=0;  m=2+v2, m,=2—2.

_ 242 2—\/5,
Y. =CX +c,x )

2. b
Y ,=ax +— (no resonances);
x

yp’:2ax—£2; yp"=20+2—13: xzy"_3xy'+2y:2ax2+2—b—6ax2+&+2ax2+@
X X o . .
=—2ax2+ﬁ; a:_l’ b:L
X 2 7.
General solution: y:—%xﬂ_% +e, 22y ¢ 22

(b) Solve the initial value problem

y''=3y+2y=3¢"; y(0)=2; y'(0)=1.

Solution: Characteristic equation: A’—3A+2=0; A =1, A,=2.

yczclet—i—czem; the right hand side is resonant, so the particular solution y pzateZt :
Substituting into the equation, we find a=3 , and the general solution is

y=3te”+ce'+c,e” . Then the initial conditions give us ¥(0)=c,+c,=2,
y'(0)=3+c,+2¢c,=1 ; from here we have ¢,==3, c¢,=4.

Answer:  y=3te”—3e'+4e”



6. Find the general solution of the equation

V42 +2y=e"'sint+e *cost

Solution. Characteristic equation: A*+2A+2=0; A=—1%i. So, the general
solution of the homogeneous equation is y,=e '(c,cost+c,sint). The first term in the
right hand side is resonant, and the second one is not. So, the particular solution of the
nonhomogeneous equation has the form
y p=te_t(d ,cost+d 2sinz‘)—ke_Zt(a’ ,cos2t+d ,sin2¢) . Substituting this into the equation
and comparing with the right hand side, we find that
—1 1 —1 d,

d=m d=yp 475

5 and the answer 1s

_—1
10 °

y=te_’( %cost—l—%sint

— I . - o1 .
ﬁcos%—gsmm)—l—cle ‘costtc,e 'sin2t |

—2t
+e

7. Amass m=10kg is suspended on a spring and stretches it by /~=2cm . Find the
period of oscillation (the friction and air resistance are negligible; the gravity constant

2=9.81m/sec’).

Solution. The spring constant k=%=%=4905 (N/m) ;

'k . o |m 10
The fi =, — ; th d T="5=2m-—= =0. .
e frequency ot e period T=7 2n\/k 275\/4905 0.2837 (sec)

Answer: T1=0.2837 sec .

8. Solve the equation using the variation of parameters:

y'=2y'—8y=x



Solution. Characteristic equation: ~ A*~2A—8=0; 7m=2i7;+32; M==2, hy=4.

Solutions of the homogeneous equation: y1=e_2x, y2=e4x. The Wronskian

e—2x e4x 5

W= =6e”" ;

_2672x 4 4x
Yy=uytuy,y,
u ,_—xe4x —lxezx u ’—xeizx—lxe_“x

e 6 ’ g 6 ’
x 1,1 x 1 o

u1=f——x *d x —g(ax ? —Zez J+e,
u2=%fx _4xdx=%(—%xe_4x—%e e, ;

—2x 1 X 1 X X 1 —4x 1 —4x 1 1 —2x X
y=e 2 —E)ce2 —l—ﬁe2 +c, +e4 (—ﬁxe 4 —%e ¥ +c, =—§x+§+cle 2 +cze4 .
9.

dx
d—tl—xl—Zx2
dx
d_tl_x1+3x2

Initial condition: x,(0)=0 , x,(0)=—1 .
Solution. Solve this system by elimination. From the second equation,

dx : . :
x,=——=—3x, . Substitute into the first equation:
dt



d’x, _dx, dx

2, —0 -

X2”_4X2,+5x2:0 5 )\,2_4>\.+5:O; }\'Zzil .

x,=e”(c,cost+c,sint) . Substitute into the equation for x; :

dx,
P

— 3x2=ezt[(—cl+cz)cost+(—cl—cz)sint] :
Substitute into the initial conditions:
xl(o):CI_I_CZ:O; C1=Cy

x,(0)=c,=1; c=1, c,=1 .

Answer:  x,=e’'(—2sint); x,=e”(cost+sint) .

(b) Find a general solution of the system

Solution. We solve this problem by diagonalization.

A:(g (1)) ; the system has the form ci’—)t(:AX+F where X=

-r 1

det( A—N\1 )=
et( I) det(4 _y

)=x2—4=0; =2, A=,

) o



-2 1 . 1
A=\ = ; K=,
| 4 _ 2) the first eigenvector | ( 2)
A=\, [= 2 1. the second eigenvector K,= ! :
>4 2) 2
1 1 s =2 —1|_(1/2 1/4
e K — . —_—— e .
U=(K, K) (2 —2)’ v 4(—2 1) (1/2 —1/4)’
: : : {2 0 -1
The diagonal matrix of eigenvalues D= 0 2 ; so, A=UDU .

X C _
Our system has the form a;—t—AX =F; multiplyingitby U~' , we have

4€ _DC=U"'F where C=U1X:(Cl . Now,

dt c,

- /12 1/4 || ¢ t4 |
U 'F= _ |

(1/2 —1/4)(—t) (3”4) , and the system for ¢,, ¢, is

dc
L permita;

dc
d—;+2cz=3t/4.

These two equations are independent from one another. Solving them by the undefined
coefficients, we find

c,=—t/8=1/16+d e”; ¢,=3t/8=3/16+d e *, and from the equality X=UC
we find

x=c,(t)+c,(t)=t/4—1/4+d " +d e *;
y=2c¢,~2c,=—t+1/4+2d " -2d e ”.

10. Find the power series solution of the equation  (x*+1)y''+y=0 ; find the
convergence radius of the series.



Solution. Let us look for the solution in the form VY :;) ¢,X" . Then

0
r—

n—2 . . . . .
y —Z‘é n(n—1)e,x"". Substituting into the equation gives:

0

nn—lcx”—l—oonn—lcx”_z—l—icx”:().
. ln e+ 5. nlnte, 43

n=2 n=2

Making index shift in the second term ( k=n—2; n=k+2 ), and renaming n by k in
the first and the third terms, we get the equation
Z k(k—1 )ckxk+z (k+1)(k+2)ck+2xk+z ¢, x"=0,

k=2 k=0 k=0

or

co+clx+2cz+2~3c3x+i[ (k(k—l)—l—l)ck + (k+1)(k+2)c,., ]xk =0

k=2

The coefficients ¢, and ¢, are arbitrary (they are the initial conditions:
c=y(0), ¢,=»"(0) ). The further coefficients are found by equating the coefficients
at x* tozero forall & :

k=0: 2c¢c,+c=0.

k=1: 23cs+(1-2+1)c,=0

k=2: 3-4c,+(1-2+1)c,=0

k=3:  45c+(23+1)c,;=0

k: (k+1)(k+2)c, ,+(k(k—1))c,=0

From here we have the following chain of equalities:

Co. 1241 _ 3441 _ (2k—1)-2k+1

CFTL G TR G G e Cals T ) (2k+2)




1 2341 45+1 , (2n—2)(2n—1)+1

231

a5 ¥ T T Ty O s JConil 2n(2n+1) Cop_1s ee-

So, the first terms of the series are

=c l—lx2+lx4—£x6+ +c x—lx3+ / x— 147 x'
Y=\ T T a0 T TN T T120™ 75040

+ ...

To find the convergence radius, we use the Ratio Test.

Cron k(=141 _ 1-(1=1k)+UK
o Hk2) - (+k)gark) Lo koo

Hence, the convergence radius R=1 .






