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(5 points)
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1. Solve the initial value problem

(a)

(b)

By +v°) + (2® +ay)y =0, y(l)=2.

Verify that p(x) = z is an integrating factor, that is, z(3zy + y?)dz + x(2? + zy)dy = 0 is
exact.

Answer. Let M = 2(3zy + v?) = 322y + xy? and N = z(2? + zy) = 2> + 2%y, then
M, = 322 + 22y, and N, = 322 + 2zy.

Then M, = N,. So z(3zy + y*)dx + z(2? + zy)dy = 0 is exact.

Solve the initial value problem.

Answer. Since Mdx + Ndy = 0 is exact. Then there exists some ¢(x,y) such that
bp = M = 32%y + 2y®, and ¢y =N = 23 + 22y.
Since ¢, = 3z%y + xy?, then
1
o(a,y) = /(39621/ +ay?) de+g(y) = 2"y + 52" + g(v).
Since ¢y, = x® + 22y, then
2+ aty = ¢y =2 + 2%y + ¢'(y),
which implies that ¢'(y) = 0, so ¢g(y) = constant. Hence

1
3y + §x2y2 =C.

Since y(1) = 2, then 24+ 2 = C, that is, C = 4. Therefore, the solution is:

: 1
3y + §x2y2 =4.



(4 points)

(4 points)
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2. A second order chemical reaction can be modeled by the equation

g%:a@—mw—w,

where o, p and ¢ are constants

(a) Assume that o > 0 and p > ¢ > 0. Find equilibrium points and classify stabilities of

(b)

these equilibrium points.

Answer. Let’s solve a(y — p)(y —q) = 0, since @ > 0 and p > g > 0, then y = p or
y = q. So we have two equilibrium points:

y=p, and y=gq.

The phase diagram is:

P
— €
~N
CI,
A

So y = p is unstable, y = ¢ is stable.

Assume that « =1, p =0, ¢ = 1 and y(0) = —1, solve the initial value problem and
determine the limiting value of y(x) as z — oc.

Answer. Since « = 1, p =0 and ¢ = 1, then our differential equation becomes
dy
= = —1).
7y Y =1
1 1
So _dy = dx, that is, < — > dy = dz. Then
y(y—1) y—1 'y
-1
In Y ‘ =xz+C.
Y

Since y(0) = —1 < 0, then y(x) < 0 for all x > 0, then

ln<y_1> =xz+C.
Y

1
y(@) =1 e

Then

Since y(0) = —1, then C' = In2. So solution is y(z) =

1 oe which implies that

T—r00
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(4 points) (c) Assume that o =1, p=¢ =0 and y(0) = 1. Use Euler’s method to approximate y(2)
with the step size h = 1.

Answer. Since @« = 1, p = ¢ = 0 and y(0) = 1, then our differential equation becomes

d
ﬁ =¢% and y(0)=1.

Let f(y) = y? 2o =1 and yo = y(wo) = y(0) = 1, then

r1 = x0+h
=1

vi = yo+ f(yo)h
= 1+1?
= 2

To = xo+2h
= 2

v = y1+ f(y)h
= 2+2%1
= 6.



(5 points)

(5 points)
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3.

(a)

(b)

Solve y" + 4y’ + 13y =0, y(0) =2, ¢/'(0)=>5.

Answer. The characteristic equation is 72 + 4r + 13 = (r 4+ 2)2 + 9 = 0 with roots
r=—2%3i. (1pt)

The general solution is

2

y(t) = cre”* cos 3t + coe”* sin 3t. (1pt)

Hence
Yy (t) = (—2¢1 + 3ca)e 2t cos 3t 4 (=3¢ — 2¢9)e ! sin 3t.

The initial conditions give
c1+0=2, (—2c1+3c2)+0=5. (2pt)
Thus ¢; = 2, co = 3, and
y(t) = 2% cos 3t + 3e % sin 3t. (1pt)

Find a particular solution of

y// + 3y’ _ 6—3t
using either the method of undetermined coefficients, or the method of variation of
parameters.

Answer.  #1. (method of undetermined coefficients.) The characteristic equation is
r2 + 3r = 0, with roots —3,0. Hence

Ye(t) = c1 + coe?t (2pt)
For f = e =3 the initial guess is Y (¢) = ae~3!. However ae~3! is part of 4. and hence we
set
Y (t) = ate 3t (1pt)
We have
Y' = (a—3at)e™, Y" = (-3a—3a+ 9at)e™>,
Y" +3Y = —3ae3. (1pt)
Thus a = —% and
1
Y(t) = —gte_?’t. (1pt)

Answer #2. (method of variation of parameters.) The characteristic equation is
r2 + 3r = 0, with roots —3,0. Hence two independent solutions are

() =1, ya(t) = (2pt)
A particular solution is of the form Y (¢) =y (¢t)u1(t) + y2(t)ua(t) with

uf e tuh =0, 0u) —3e 3t ul = e

Thus . ]
uh = —3 uy = ge_Bt. (2pt)
We can solve u = —%e_:“ and uy = —%t, and hence

1 1 1 1
Y = 1(—§€73t) ‘l— 673t(—§t) = —§673t — §t€73t.



(5 points)

(2 points)
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4. Consider a vibrating system described by the initial value problem

" + cu’ + 4u = cos 2t, w(0) =0, u/(0)=2.

where ¢ > 0 is the damping coefficient.

(a) Find the steady periodic part of the solution (the part of the solution which remains as

t — o0) of this problem, and find its amplitude. Do not find the transient part.

Answer. The steady state is the particular solution of the form
U(t) = acos2t + bsin 2t.

Thus U’ = 2bcos 2t — 2asin 2t and U"” = —4a cos 2t — 4bsin 2¢t. Substitution into the
equation yields
¢(2bcos 2t — 2asin 2t) = cos 2t.
Thusa:O,b:%c, and X
U(t) = — sin 2¢.
(t) 5 Sin
Its amplitude is

(b) Let A(c) denote the maximum amplitude of the steady state solutions of the systems

u” + cu' + 4u = coswt, uw(0) =0, /(0)=2

among all possible w > 0. What happens to A(c) as ¢ — 047 Explain why.
Hint. You do not need to solve A(c) explicitly.

Answer.  A(c) goes to infinity, because A(c) > 5- and lim.o, 5 = 0.
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(6 points) (c¢) Find a particular solution of

Ppy= L Ty T
Y V= ost’ 2 2"

Hint: [tantdt = —In|cost|, [cottdt=In|sint|
Answer.  The homogeneous equation has two independent solutions
y1(t) =sint, yo(t) = cost.

Using the method of variation of parameters, a particular solution is given by
Y (t) = y1(t)ui1(t) + y2(t)ua(t), in which

yuy +youy = 0,
iy +ypuy = f
That is,
sintu} +costufy = 0,
/ : / 1
costu; —sintu, = —.
cost
Thus
uy =1, wuh=—tant

uy (t) = /1dt —t,

ug(t) = —/tantdt = In|cost| = In(cost) (—g <t< g)

Hence a particular solution is

Y (t) =tsint 4 cost In(cost)
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(8 points) 5. Use the Laplace transform to solve the system z”(t) 4+ 22'(t) + 2x(t) = 2 with initial
conditions z(0) = 0, 2/(0) = 0.

Answer.  Writing X (s) for the Laplace transform of z(t), we obtain
9 2
(s“+2s+2)X(s) = —
s

and therefore

2

X6 =Syt

By partial fraction decomposition, we have

B —5—2 +1
249254+ 2 s

X(s)

By completion of the square, this can be put in a convenient form to later apply the first
shifting formula:

o —(s+1) 1 1
X =Gt Grrits

Taking inverse Laplace transforms and applying the said shifting formula, we obtain

v(t) = —e e 2y et ! b+

s2+1 s2+1
= —e Y(cost +sint) + 1.
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(6 points) 6. (a) Solve the system z”(t) + 4x(t) = §(t — 2) with initial conditions z(0) = 0 and z'(0) = 0.

Answer.  Writing X (s) = £{z(t)} and taking Laplace transforms, we obtain

(s> +4)X(s) =e 2
6_25

By the second shifting formula, we have therefore

x(t) = £_1{32i4}(t 2) - u(t — 2)

= Lsin(2(t — 2)) - u(t — 2).

(6 points) (b) Find the Laplace transform of
1 ift<1
fA)=<t if1<t<2
0 ift>2.
Answer. We can rewrite the piecewise definition of f using Heavyside functions:

fO)=1-1—ut—1)+t- (u(t—1) —u(t—2)) +0-u(t—2)
=1+ (t—1Du(t—1)—tu(t—2)
=1+ (t— Du(t —1) — (t — 2)u(t — 2) — 2u(t — 2).

This last expression makes it easier to apply the second shifting formula:

26—23

Fls) = % Fe L{t}(s) — e 2 L{E} (s) —

1 e * 1 2
= — 4 —6_25(*24-*).
S S S S
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(7 points) 7. (a) Find general solution of

dx p 4
—=A A=
dt % [—1 p]’

assuming that p is real.
Answer.  We first find the eigenvalues of A by solving det(4 — \I) = (p — A\)2 +4 = 0.

This gives two complex conjugated eigenvalues A\j o = p & 2i. The eigenvector that
corresponds to A\; = p + 27 is

1 92 |YV* T | o vi=| .|
The general solution is then given by
X = ClRe([ f ] e(p+2i)t> + Cglm([ 3 } e(p+2i)t)7

which can be simplified to

2 cos(2t) 2sin(2t)
_ pl pt
x=Cre { — sin(2t) ] +Cae [ cos(2t)
(3 points) (b) Describe the behaviour of the system (do not draw phase portrait) for all possible real

values of p.

Answer.  Since the eigenvalues are \; o = p £ 2i and Re(\12) = p is real, there are only
three cases. If p > 0, then the system behaves like a spiral source. If p < 0, then the system
behaves like a spiral sink. If p = 0, then the system behaves like a center.
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om (] wo-[2]. a-[21]

Answer.  We start by finding the complimentary solution. The eigenvalues of matrix A can
be found from —\(2 — A\) — 3 = 0, which gives A\; = 3 and Ay = —1. The corresponding

eigenvectors are
-3 1 |0 N |1
3 -1 7o iz 3]

o a]e=lo] = w=[4]

The complimentary solution is then

(12 points) 8. Solve

wma] el 1o

Method 1. By undetermined coefficients, we seek for the particular solution in the form
Xp = at + b, where a and b are constant vectors with unknown components. Substituting x,

into the equation gives
0 0
a = Aat + Ab — [ 9 ] — [ 3]75,

which implies that
a:Ab—[O], Aa:[o].

Computing the the inverse of A gives

which can be used to find

o [3)-[3) e[

So, the particular solution is

Method 2. To use variation of parameters, we first need to find fundamental matrix solution.
Using the obtained complimentary solution, one has

3t —t
(& (& _
X:|:3e3t _et:|7 X t=

Particular solution can be found using

Xp:X/Xl[ 0 ]dt:i[ M et ][f(—3t—2)e3tdt}

—3t—2 3edt —et (3t +2)e dt
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The integrals can be calculated as

[T gent - [ ]

Finally, the particular solution is
. - 1[ e et (t+1)e 3]
Py 3e3t —et (Bt—1)et | |1

The general solution is

~~
I

o [L]eve] Ve 1]

Using the initial condition gives

ww=a3]re L]+ [8]= [0

which implies that C; = C5 = 0. Finally, the solution is

=[]



(5 points)

(6 points)
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9. Consider the nonlinear system

(a)

(b)

dx > Y dy
@2 Y W _4p— 9. 1
a T h g Ty (1)

Find the equilibria (critical points) for the system (1).

Answer. The equilibria are solutions of the equations z? — % +1 =0 and
—4x — 2y = 0. From the second equation, we obtain y = —2x. Substituting this into the
first equation, we have —2% + 1 = 0. Hence the equilibria are (1,—2) and (-1, 2).

Find the Jacobian (partial derivative) matrix for the system (1), compute the linearized
system at each equilibrium, and compute the eigenvalues for each of the coefficient
matrices.

Answer. The Jacobian matrix is
20 —y
-4 =2 |

. . 3 u’ 2 2 u
The linearized system at (1,—2) is { o } = [ 4 -9 ] [ v } )

The characteristic equation is A2 + 4 = 0 and the eigenvalues are 42i.

: . . u/ -2 =2 u
The linearized system at (—1,2) is [ o } = [ 4 9 ] [ ; } .

The characteristic equation is A? + 4\ — 4 = 0, and the eigenvalues are

—4 ++/32
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(4 points) (c) Identify the equilibrium of (1) at which the linearized system (not system (1)) has a
center. Classify the other equilibrium and indicate whether it is (asymptotically) stable
or unstable in system (1).

Answer. The eigenvalues of the coefficient matrix for the linearized system at
equilibrium (1, —2) are are purely imaginary. Therefore the linearized system at (1, —2)
has a center.

The coefficient matrix for the linearized system at equilibrium (—1,2) has a positive
eigenvalue and a negative eigenvalue. Hence, the equilibrium is a saddle, which is
unstable, in system (1).
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Table of Laplace transforms

ft) = L7HF(s)} F(s) = L{f (D)}
1
1.1 - s§>0
s
2. e L , §>—a
s+a
n!
3. t", n positive integer 7 5> 0
sn
: a
4. sin(at) Zra ® >0
s
5. cos(at) 2ra ® >0
6. sinh(at) 2 a 30 8> |al
7. cosh(at) 2 i 2 5> |al
8. u(t —a) e‘s , §>0
9. u(t —a)f(t—a) e ¥F(s)
10. e @ f(t) F(s+a)
t
11. / ft—7)g(r)dr | F(s)G(s)
0
t
12. / f(r)dr Fls)
0 S
13. 6(t —a) e *
14. f (1) s"F(s) — s"LF(0) — ... — £ 1(0)

Variation of parameters
If y1(z) and y2(x) are two solutions of Ly = 0, then the particular solution of Ly = f(x) is
yp(x) = ui(2)y1 () + uz(2)y2(2),
yuh +youy = 0,
viuy +youy = f(x).



