CHAPTER 1 Euclidean Vector Spaces

1.1 Vectors in R? and R’

Practice Problems
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Chapter 1 Euclidean Vector Spaces
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Section 1.1 Vectors in R? and R3 3

(d) We have Jif + §¥ =, s0 3il = W — 1¥%, or il = 2% — 3V = —2]—[2/3‘ l 8/3‘

|—4 2/3 -14/3
A6
3 2 1
PO=00-0P=|1|-3|=|-2
2| [1] [-3
1 2 -1
PR=OR-0P=|4|-|3|=]1
10 1 -1
(-5 21 [-7]
PS=05-0P=|1|-|3|=|-2
| 5 1] |4
[1 31 [-2
OR=0R-00=|4|-]1]|=|3
10 2] 2
. s
SR=0OR-05 =|4|-|1]|=|3
10 5|1 |-5
Thus,
1 -2 -1 -7 6
PO+OR=|-2[+|3|=|1]|=|-2|+|3|=P5+SR
-3 2 -1 4 -5
. L 3] -5
A7 (a) The equation of the line is X = 4 +1 | ,teR
. L 2] 4
(b) The equation of the line is X = 3 +1 6} teR
[2] 4
(¢) The equation of the lineis ¥=|0|+¢| -2 |, € R
5] |11
[4] [-2
(d) The equation of the lineis ¥=|1|+¢| | [,teR

(9]
[\

A8 Note that alternative correct answers are possible.

(a) The direction vector d of the line is given by the directed line segment joining the two points: d= [_ 3] -

[_21] = [_35] This, along with one of the points, may be used to obtain an equation for the line
L, |1 3
x—[2]+t[_5], teR
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4 Chapter 1 Euclidean Vector Spaces

(b) The direction vector d of the line is given by the directed line segment joining the two points: d= [:ﬂ -

[ﬂ = [:g] This, along with one of the points, may be used to obtain an equation for the line
|
+t

-
X =

1

(c) The direction vector d of the line is given by the directed line segment joining the two points: d=

1
3=
-5

-2
1}_
0

-3

-2
5

. This, along with one of the points, may be used to obtain an equation for the line

4
(d) The direction vector d of the line is given by the directed line segment joining the two points: d = [2] -
2
-2 6
1]=11
1 1

. This, along with one of the points, may be used to obtain an equation for the line

, teR

-1
(e) The direction vector d of the line is given by the directed line segment joining the two points: d= { 1 } -

1/3
12] [-3/2
1/4] = { 3/4
1] |23

. This, along with one of the points, may be used to obtain an equation for the line

1/2 -3/2
1/4‘+t{3/4], teR
1 -2/3

-
X =

A9 (a) We have

Xy =3x1+2
Xx2+1=3x+3
xp+1=3(x +1)
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Section 1.1 Vectors in R? and R3 5

Let r = x; + 1. Then, from the equation above we get x, + 1 = 3. Solving the equations for x; and x;

we find that the parametric equations are x; = —1 + ¢, x, = —1 + 3¢, t € R and the corresponding vector
.. -1 1
equation is X = + t[ } teR.
-1 3
(b) We have
2x1+3x =5
2)6] -2= —3X2+3
201 — 1) =-3(xr — 1)
1 1
—(x1—-D)=—=(xp -1
3 (x1 =1 > (-1
Lett = —"22_ L. Then, %(xl — 1) = . Solving the equations for x; and x, we find that the parametric
. . .. 1
equations are x; = 1+ 31, x, = 1 =21, t € R and the corresponding vector equation is X = [] +t _32}, teR

A10 (a) Let P, Q, and R be three points in R”, with corresponding vectors 7, ¢, and 7. If P, Q, and R are collinear,
then the directed line segments P_Q and PR should define the same line. That is, the direction vector of one
should be a non-zero scalar multiple of the direction vector of the other. Therefore, P_Q = tP_I)?, for some
teR.

S 4 1 3 - -5 1 -6 S .
(b) We have PQ = [1] - [2} = [_1} and PR = [ 4 ] - [2} = [ ) } = —2PQ, so they are collinear.

31 1 2 =31 [1] [~4
(c) Wehave ST = |-2| - [0|=|-2|andSU =| 4 |- |0| = | 4 |. Therefore, the points S, T, and U are not
3] |1 2 -1 1] |-2
collinear because S U # 1ST for any real number ¢.
Homework Problems
Bl (a) H % (b) il [z]
3 L[]0 3
=273 11 >
X1
X 2 4
1 3 -3
-2
41 [2]_[2
=317 13| " |-6
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6 Chapter 1 Euclidean Vector Spaces
(© a1 (d i H
15[ s
2
5 )
-3
[2} 3
> 13
X1
1 st—{31—f-18
B =R
0 0 -4 0 23
off ol o el elwtt
[ 3] 6 8 0 7/3 0
(@) |-3 (b) 0} (©) [—20] (d) H (e) l—4/3‘ ) H
6] 0 —4 0 13/3 0
[21] [ —1 -7 ] 9
(@l 4 (b) —12‘ (c) [—13/2 (d) l—l/z}
5] | 1 2 -2
2] [0 0 4
(@] o0 (b) 1/4] (c)ﬁ=l0 (d)ﬁ:[—7/2
| 4 ] [-3/4 0] 5/2
[ 3] -2 7 -5 -9
(@ PO=|-1|, PR=|0]| PS=|2]| OR=|1] Sﬁz—zl
|—2] 1 -6 3 7
[—1] 0 -5 1 5
() PO=|9| PR=|3|, P3= 6], OR=|-6|, SR-= —3}
|—4] 4 -2 8 6
-3 4 !
(a))?:»4 +t[_3],t€R. (b)X’:t[?,tER.
[ 2 2 3 2
(c)¥=1|3 +t[—4,teR. (d))E'=H+t—3,teR.
-1 8 2 2
3 2 I
(a) X = | +t[_1], teR (b)i’zt{Z], teR
i -1
[ 2 -3 1 -1/2
(c)X=|-6|+¢t|11]|, teR dxX=|-1]|+¢ 4/3‘, teR
| 3 -1 1/2 1/2

Other correct answers are possible.
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Section 1.1 Vectors in R? and R3 7

3/2 -1/2
__1 3 — 2 _
(a) x; ——§t+§,x2—t,x—[ 0 +t 1 ]
0 1
P
(b) xi=t,xp=-31+35; X [3/2 +t _]/2]
2
B10 (a) Since —2P@ =|-2| = PR, the point P, Q, and R must be collinear.
—4
-5
(b) Since ST =|-1]= S_()], the point S, 7', and U must be collinear.
-1
Computer Problems
-2322 0
C1 (a)|-1761 (b) [0
1667 0
Conceptual Problems
D1 (a) We need to find #; and £, such that 13 =1 ! +1 ! L .
-12 1 -1 Hh—1n

That is, we need to solve the two equations in two unknowns #; + #, = 13 and #; — f, = —12. Using

substitution and/or elimination we find that #; = % and t, = 22—5

)C2 A _1
|1

X1

(b) We use the same approach as in part (a). We need to find #; and #, such that

xl_t 1+l‘ 1 |t
X2_11 2—1_ll—l2

Solving t; + 1, = x; and #; — t, = x, by substitution and/or elimination gives #; = %(xl +x)and 1, =
1
3(x1 = x2).

Copyright © 2013 Pearson Canada Inc.



8 Chapter 1 Euclidean Vector Spaces

(c) Wehave x; = V2 and x, = 7, so we get 1] = %(\/§+7r)andt2= %(\/i—n).

D2 (a) P@ + Q7€ + RP can be described informally as “start at P and move to Q, then move from Q to R, then
from R to P; the net result is a zero change in position.”

(b) We have PO = G-, OR = 7— ¢, and RP = 5 — 7. Thus,
PO+QR+RP=G-p+7P-G+p-7=0

D3 Assume that ¥ = j+ tcf, t € R, is a line in R? passing through the origin. Then, there exists a real number #; such

0
that [0

scalar multiple of d Then, there exists a real number #; such that g = tla?. Hence, if we take t = —#;, we get that

} =+ td. Hence, 7 = —t;d and so j is a scalar multiple of d. On the other hand, assume that 7 is a

. . D, s > 10 .
the line with vector equation X = j + d passes through the point p + (—tl)cf = IIJ - tlc? =0= [0} as required.

X1 Y1
D4 Let X=|xy|and y = |y»|. Then,
X3 y3
X+ t(x1 +y1) Xy + 1y; X1 1 X1 %l
R+ =t +ya| = [t + )| = [t + | =t x|+ t|y2| = t|x2| + 1|32 | = 2+ 17
X3+ Y3 1(x3 +y3) 1x3 + 1y3 X3 y3 X3 y3
1.2 Vectors in R”
Practice Problems
1 [ 2] 1 4 5
3 3 3 6 9
Al (a) ) +2 11512 + 5 0
-1 1 -1 2 1
1 -1 3 10]
-2 1 — 3 -7
(®) 5 -3 1 +2 4 3 10
=5]
1 2 2 6 0]
2 0 4 4 0 0
(c)21+21—31:2+2 3|=]1
0 2 1 0 4 3 1
1 —

A2 (a) Since the condition of the set contains the square of a variable in it, we suspect that it is not a subspace.
To prove it is not a subspace we just need to find one example where the set is not closed under addition.

Copyright © 2013 Pearson Canada Inc.
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Section 1.2 Vectors in R” 9

1 2
Let ¥ = [1]| and ¥ = |1|. Observe that ¥ and y are in the set since x? — x3 = 1> = 17 = 0 = x3 and
0 3
3
¥y —y3=22—12=3=y;, but ¥+ y = |2 is not in the set since 3> = 2% = 5 # 3.
3

Since the condition of the set only contains linear variables, we suspect that this is a subspace. To prove it
is a subspace we need to show that it satisfies the definition of a subspace.

Call the set S. First, observe that S is a subset of R? and is non-empty since the zero vector satisfies the

X1 Y1
conditions of the set. Pick any vectors ¥ = |x; | and ¥ = |y»| in §. Then they must satisfy the condition of
X3 y3
X1 +n
S, s0 x; = x3 and y; = y3. We now need to show that ¥+ y = | x, + y; | satisfies the conditions of the set.
X3+ Y3

In particular, we need to show that the first entry of ¥ + y equals its third entry. Since x; = x3 and y; = y3

we get x; +y; = x3 +y3 as required. Thus, S is closed under addition. Similarly, to show § is closed under
1x1

scalar multiplication, we let ¢ be any real number and show that tx¥ = |tx | satisfies the conditions of the
1x3

set. Using x| = x3 we get tx; = tx3 as required. Thus, S is a subspace of R.

Since the condition of the set only contains linear variables, we suspect that this is a subspace. Call
the set S. First, observe that S is a subset of R? and is non-empty since the zero vector satisfies the

conditions of the set. Pick any vectors ¥ = [il] and y = B 1} in S. Then they must satisfy the condition
2 2

X1+

of S,s0x;+x =0and y; +y, = 0. Then ¥+ y = } satisfies the conditions of the set since

X2 +y2
(x1+y)+@2+y)=x1+x+y+y, =0+0=0. Thus, S is closed under addition. Similarly, for any

tx .
real number 7 we have that 1¥ = [txl and tx; +tx, = t(x; + x2) = t(0) = 0, so S is also closed under scalar
2

multiplication. Thus, S is a subspace of R2.

The condition of the set involves multiplication of entries, so we suspect that it is not a subspace. Observe
X1 1 2
that if ¥ = |x,| = | 1|, then X is in the set since x;x, = 1(1) = 1 = x3, but 2X = |2/ is not in the set since
X3 1 2
2(2) = 4 # 2. Therefore, the set is not a subspace.
2
At first glance this might not seem like a subspace since we are adding the vector |3|. However, the key
4
2 1 1
observation to make is that |3 | is equal to 1 1‘ +1 IZ . In particular, this is the equation of a plane in R?
4 1 3

which passes through the origin. So, this should be a subspace of R3. We could use the definition of a
subspace to prove this, but the point of proving theorems is to make problems easier. Therefore, we instead

Copyright © 2013 Pearson Canada Inc.
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(a)

(b)
(c)

(d)

(e)

Chapter 1 Euclidean Vector Spaces
1] [2
observe that this is a vector equation of the set Span<{|1{,|3|; and hence is a subspace by Theorem 1.2.2.
1] [4
The set is a subspace of R* by Theorem 1.2.2.
Since the condition of the set only contains linear variables, we suspect that this is a subspace. Call the set
S. By definition S is a subset of R* and is non-empty since the zero vector satisfies the conditions of the
X1 Y1
set. Pick any vectors X = f and y = iz inS,thenx; +x; +x3+x4 =0and y; + y, +y3 +y4 = 0. We
3 3
X4 Y4
X1+
+ . .- .
have ¥+ y = ;Cz N §2 satisfies the conditions of the set since (x; + y1) + (X2 + y2) + (x3 + y3) + (x4 + y4) =
3+)3
X4+ Y4
X1+ X+ x3+x4+y1+y2+y3+y4 =0+0=0. Thus, S is closed under addition. Similarly, for any real

Xy

1x .
number ¢ we have that tx = tx2 and x| + txy + tx3 +txg = t(x; + xp + x3 + x4) = #(0) = 0, so S is also
3
x4

closed under scalar multiplication. Thus, S is a subspace of R*.
The set clearly does not contain the zero vector and hence cannot be a subspace.

The conditions of the set only contain linear variables, but we notice that the first equation x; + 2x3 = 5
excludes x; = x3 = 0. Hence the zero vector is not in the set so it is not a subspace.

The conditions of the set involve a multiplication of variables, so we suspect that it is not a subspace. Using
1
. L1 S .
the knowledge gained from problem A2(d) we take X = 1l Then, Xisinthe setsince x; = 1 = 1(1) = x3x4
1
2
2]. . .
andx, —x4 =1—-1=0.But, 2xX = ) is not in the set since 2 # 2(2).
2

Since the conditions of the set only contains linear variables, we suspect that this is a subspace. Call the
set S. By definition S is a subset of R* and is non-empty since the zero vector satisfies the conditions
X1 Y1
. Y .
of the set. Pick any vectors ¥ = x2 and ¥ = iz in S, then 2x; = 3xy4, xo — 5x3 = 0, 2y; = 3y4, and
3 3
X4 4
X1 +y1
_ S5 o X2ty . .. . _ _
vo —5y; = 0. We have ¥+ y = o+ y satisfies the conditions of the set since 2(x; + y;) = 2x; + 2y; =
3+)3
X4 + Y4

3x4 +3ys = 3(xg +y4) and (xp + y2) = 5(x3 —y3) = X —Sx3 +y, —S5y3 = 0+ 0 = 0. Thus, S is closed under

Copyright © 2013 Pearson Canada Inc.



Section 1.2 Vectors in R” 11

X1
addition. Similarly, for any real number 7 we have that tX = 32 , 2(txy) = t(2x1) = t(3x4) = 3(tx4), and
3

x4
(txp) — t(5x3) = t(xy — 5x3) = 1(0) = 0. Therefore, S is also closed under scalar multiplication. Thus, § is
a subspace of R*.

(f) Since x3 = 2 the zero vector cannot be in the set, so it is not a subspace.

A4 Alternative correct answers are possible.

0 1 21 [0]
(a) 1 o]+o 0%0[1 =0
0 1 -1| o]
2 0 0] [0]
() 0 —1‘—2H+1[4 =10
3 1 2| o]
1 1 2] [0
© 1i]+1 lw_leH
0 1 1] o
1 1 1] [o
@ 1[i]-2[3] 13| [o

A5 Alternative correct answers are possible.

(a) We observe that neither vector is a scalar multiple of the other. Hence, this is a linearly independent set of

1] |1

. 4 . . . 4 . . O 2

two vectors in R*. Hence, it is a plane in R* with basis 1°11

1] 13

(b) This is a subset of the standard basis for R* and hence is a linearly independent set of three vectors in R*.

1] [0] [O
. o4 . 11 10
Hence, it is a hyperplane in R* with basis ol*lol*lo
0f [0o] [1

(c) Observe that the second and third vectors are just scalar multiples of the first vector. Hence, by Theorem

1.2.3, we can write
3 0] |6 3
1 0 |2 1
Span “1l ol |22 = Span -1
0] [0

0 0

Therefore, it is a line in R* with basis |

0

Copyright © 2013 Pearson Canada Inc.



12 Chapter 1 Euclidean Vector Spaces

(d) Observe that the third vector is the sum of the first two vectors. hence, by Theorem 1.2.3 we can write

1I[1] 12 1111

If{of| |1 I{10

Span ol*l o l:lolf= Span ol*l o

2 [-1] [1 2| -1
11 [1 1] [1
. If O], .. . . 4 . J111 10
Since ol*lolf1s linearly independent, we get that it spans a plane in R* with basis ol*l o
2] [-1 2] -1

A6 If ¥ = 7+ td is a subspace of R”, then it contains the zero vector. Hence, there exists #; such that 0 = 3 + ,d.
Thus, § = —r,d and so p is a scalar multiple of d. On the other hand, if 7 is a scalar multiple of d, say p = 1d,
then we have ¥ = g+ td = rjd + td = (t; + t)d. Hence, the set is Span{d} and thus is a subspace.

A7 Assume there is a non-empty subset 8B; = {V}, ..., ¥} of B that is linearly dependent. Then there exists ¢; not all
zero such that
N
026‘1\71 +"'+Cg\_/)[=c‘1\71 +"'+C[\7[+0175+1 +"'+O\_}n

which contradicts the fact that 8 is linearly independent. Hence, 8 must be linearly independent.

Homework Problems

10 0
_32 2 0

Bl ()|, (b) |13 () |0
10 1

> -1 0

B2 (a) Itis not a subspace of R,
(b) Itis not a subspace of R?.
(c) Itis a subspace of R3.
(d) Itis not a subspace of R.
(e) It is a subspace of R3.
(f) It is a subspace of R3.

B3 (a) Itis not a subspace of R*.
(b) Itis not a subspace of R*.
(c) Itis a subspace of R*.
(d) Itis a subspace of R*.
(e) Itis not a subspace of R?.
(f) Tt is a subspace of R*.

B4 Alternative correct answers are possible.

Copyright © 2013 Pearson Canada Inc.



(@) (=2)

(b) 2

©) 1

(d) 4

1
1
1

I
272 =)

2
+12
12
3 5
=21+0| 2

5 i
41+3

5

Section 1.2 Vectors in R”

BS Alternative correct answers are possible.

(a) The line in R* with basis

(b) The hyperplane in R* with basis

(c) The plane in R* with basis

(d) The plane in R* with basis

Computer Problems

-53.72
17.45

C1 (a)

13.

16

2.88

Conceptual Problems

D1 LetxX=

X1

2

-1
1

—o-—% coo -

r I 1
—_—N == =, O = OO
\ 5 )

—o o
—_— O N O
— N O O

—-16.66902697
11.82240799

(b)

3.147235505

—1.434240231

and let s, € R. Then

Xn

X1 (s +

(s+0)|:|=

Xy (s +

1Hxy SX1 + 1x

SX1 X1 X1 X1
=l = s
SX;, 1x, Xn Xn

Hx, SXy + X,

Copyright © 2013 Pearson Canada Inc.
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D2 LetxX=|: |,

14
D3 (a)

(b)

()

Chapter 1 Euclidean Vector Spaces

X1 Y1
,and letr € R.

<L
I

Xn Yn
x| +y1 t(X1 +y1) X1 + tyg

HX+y) =t :
Xn + Yn t(xn + Yn) [Xy + tyn

X Iy X1 i
=| |+ =t ||| =X+
txn tyn xn n

By definition U NV is a subset of R”, and 0 e Uand0 € V since they are both subspaces. Thus, OeUNV.
Let ¥,y € UNV. Then ¥,y € U and ¥,y € V. Since U is a subspace it is closed under addition and scalar
multiplication, so ¥+ € U and X € U for all r € R. Similarly, V is a subspace, so ¥+y € V and ¥ € V for
allr € R. Hence, ¥+ye UNVand tx € UNV, so UNYV is closed under addition and scalar multiplication
and thus is a subspace of R".

Consider the subspaces U = {[g} | x; € R} and V = {L?} | xp € R} of R%2. Then ¥ = [g] € U and
2

L |0 IR . . . . .
y= y e V,but X+ yisnotin U and notin V, soitis notin U U V. Thus, U U V is not a subspace.

Since U and V are subspaces of R”, ii,V € R" forany i € U and vV € V, so il + V € R" since R" is closed
under addition. Hence, U + V is a subset of R”. Also, since U and V are subspace of R”, we have 0eU
and 0 € V, thus 0=0+0¢€ U+V. Pick any vectors X, ¥ € U + V. Then, there exists vectors i, il € U and
V1, V2 € V such that ¥ = i| + V| andj)’: i, +V,. We have )?+)_/’= (I/_l)l +171)+(L72 +\72) = (l/—t)] +I/_t)2)+(\_/)| +\72)
with i#; + il € U and V| + ¥, € V since U and V are both closed under addition. Hence, ¥+ y € U + V.
Similarly, for any ¢ € R we have tX¥ = 1(id; + V) = til; + 1| where tii; € U and tV; € V,sotXx € U + V.
Therefore, U + V is a subspace of R".

D4 There are many possible solutions.

(a)

(b)

(©

(d)

1] (0] [0] (0]

.= 0] 4 1| 0 R 0
Plckbzo,vlzo,vzz 1,andV3=0.
0] [ 10] 1]

(0] 1] [0] [1]

.. (0] 4 of . 1 R 1
Plckbzo,vl—O,vzzo,and\/3=0.
0] [ 10] 10]

1] (0] [0] (0]

o= 3] 4 (0] N 0 R 0
Pick b = 1 LV = O,V2= O,andV3= ol
1] 0] 10] 10]

(0] 1] [2] [3]

.. (0] § (0] N 0 R 0
Pick b = 0,v1 = O,V2= O,andV3= ol
0] 0] 10] 10]

Copyright © 2013 Pearson Canada Inc.
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D6

D7

D8

Section 1.2 Vectors in R” 15

By definition of spanning, every ¥ € Span 8B can be written as a linear combination of the vectors in 8. Now,
assume that we have ¥ = s;V| +--- + si and ¥ = £,V + - - - + V. Then, we have

(S1\71 + -0+ Skﬁ)k) — (11\71 + -+ tkvk) = 6
(51—t +-+(sk— 1) =0
Since {V|, ..., V}} is linearly independent, this implies that s; —#; = 0 for 1 < i < k. That is, s; = t;. Therefore,

there is a unique linear combination of the vectors in 8 which equals ¥.

Assume that {¥7], ..., V, X} is linearly dependent. Then, there exist coefficients 71, . . ., f, fx+1 not all zero such that
- - > ~
Wi+ 4+ X=0

If f41 = 0, then we have 11V + -+ + 1V = 0 with some t; # 0, which contradicts the fact that {V;,..., vV} is
linearly independent. Thus, ;,; # 0. Hence, we can solve the equation for ¥ to get

This contradicts our assumption that ¥ ¢ Span 8. Therefore, 8 must be linearly independent.

If ¥ € Span{¥|, sV| + 11}, then
X= (,’1171 + C2(S171 + tljz) =(c; + SCQ)\?] + Czt\jz € Span{ﬁl,ﬁz}

Hence, Span{¥, sV + ti5} C Span{¥, }.
Since 7 # 0 we get that v, = =*V| + %(sﬁ’l + t,). Hence, if v € Span{#, %}, then

-s 1
V= b1171 + b2\72 = b1\71 + by (7\71 + ;(S\_/)l + Z\7)2)

bys b
(b1 -~ %) v+ 72(s\?1 +1ih) € Span{¥|, sV + 1%}

Thus, Span{¥|, ¥} C Span{V}, sV| + 1%}. Hence Span{V|, >} = Span{¥|, sv| + 115}

(a) TRUE. We can rearrange the equation to get —tv; + v, = 0 with at least one coefficient (the coefficient of
S IR ..
V1) non-zero. Hence {V}, »} is linearly dependent by definition.

(b) FALSE.If v, = 0 and 7, is any non-zero vector, then v is not a scalar multiple of v, and {V/|, ¥} is linearly
dependent by Theorem 1.2.4.

1 1 2
(¢c) FALSE.If ¥, = | 1|, v, = |0|, and 5 = |0|. Then, {¥, %>, ¥} is linearly dependent, but ¥; cannot be written
1 0 0

as a linear combination of V| and .

(d) TRUE. If V| = s, + %3, then we have V| — s¥h — 113 = 0 with at least one coefficient (the coeflicient of V)
non-zero. Hence, by definition, the set is linearly dependent.

(e) FALSE. The set {6} = Span{@} is a subspace by Theorem 1.2.2.
(f) TRUE. By Theorem 1.2.2.
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1.3 Length and Dot Products

Chapter 1 Euclidean Vector Spaces

Practice Problems

Al () _ZS]H =22+ (=52 = V29
[ 2/29
= 2/ V29)2 + (- 29)2 = \4/2 25/29 =1
(b) »_5/@]” V@IV + (=5/ V30) = VAT 25720
1
© [|0]]|=VI2+02+ (=12 =2
-1}
o]
@ ||| 3 |||= V22 +32+ (=22 = V17
-2}
[ 1
e) [|[1/5]|| = V12 +(1/5)% + (=3)2 = V251/5
[ -3}
[ 1/V3
® || 1733 || = 1/ V324 1/ VB2 + -1/ VBR = 1
-1/V3
[ 1
(@) _01 = VP2 +(-1)?+02+22= V6
| 2
1 1
(h) || 1 =4 : =IVER+12+12+12=1
1 1
A2 (a) A unit vector in the direction of ¥ 3]15 2 ! [3} [
u \Y 1 1 X = — XY= — —
B Vv ol
(b) A unit vector in the direction of X 1] is L 2 ! 1] !
unit v i irecti 2=, lis —%= -
L1 (1A Viz+ 12|l V2
-1 1
(¢) A unit vector in the directionof ¥=| 0 |is — X =
S| W =02+ 22
0] 1 1
(d) A unit vector in the direction of ¥ = |-3|is — X =
o MW Jor+ (=32 +0?

Copyright © 2013 Pearson Canada Inc.
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A3

A4

A5

—@
Section 1.3 Length and Dot Products 17
[-2] -2 -2 -2/3
- 1 1 - 1= -
(e) A unit vector in the direction of ¥ = 2 is —X= 2 == 2 = 2/3 .
1 [14]] \/(_2)2 + (=22 + 12+ 02 1 311 1/3
| O ] 0 0 0
(1] 1 1 1/V2
1 1 1
(f) A unit vector in the direction of X = 0 is —X= 0 = — 0 = 0
0 114 \/12 +02+ 02+ (—1)2 0 V2 0 0
-1 -1 -1 |-1/V2
. L [—4] [2 -6
(a) The distance between P and Q'is [IPQIl = ||| || = 5| = || ||| = V(-0 + (=2 =2 V10.
[—3] 1] [—4]
(b) The distance between P and Qis ||PO| = || 1 |=| 1 |||=|l| 0 || = V(=42 + 02 +32 = 5.
1 |—2] 3
=31 [4] -7
(¢) The distance between P and Q is |[POll = ||| 5 |- |-6]|| = ||| 11 ||| = V(=7)? + 112 + 02 = V170.
1 | 1] | O |
(41 [2 2
(d) The distance between P and Q is ||PO|| = _62 - i = _53 = 22 +52 4+ (=3)2 + (-4)2 = 3 6.
L 1] |5 -4
6
(a) We have |7l = V&2 +32+ 12 = V26, [[j1l = V22 + 12+ 52 = V30, ¥+ 3| = |||4]|| = V62 +42+6% =
6
222, and |- ¥l = 4(2) + 3(1) + 1(5) = 16. The triangle inequality is satisfied since
2V22 % 9.38 < V26 + V30 ~ 10.58
The Cauchy-Schwarz inequality is also satisfied since 16 < v26(30) ~ 27.93.
-2
(b) Wehave |l8] = V12 + (=12 +22 = V6, |fl = V(=32 + 22 +42 = V29, |z+7 = ||| 1 ||| = V(=22 + 12+ 62 =
6
V41, and |Z- ] = 1(=3) + (=1)(2) + 2(4) = 3. The triangle inequality is satisfied since
V41 = 6.40 < V6 + V29 ~ 7.83
The Cauchy-Schwarz inequality is satisfied since 3 < v6(29) ~ 13.19.
1 2
(@) [3]-]-2|=1(2) +3(-2) + 2(2) = 0. Hence these vectors are orthogonal.
2] [ 2
-3 2
®) | 1]-]=-1]{=(3)2)+ 1(=1)+7(1) = 0. Hence these vectors are orthogonal.
| 7 1
Copyright © 2013 Pearson Canada Inc.
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2] [-1
(©) [1|-]4|=2(-1)+1(4) + 1(2) =4 # 0. Therefore, these vectors are not orthogonal.
| 1 2
[ 4 -1
(d) (1) g =4(-1) + 1(4) + 0(3) + (—2)(0) = 0. Hence these vectors are orthogonal.
-2/ 10
[0 X1
(e) 8 . iz = 0(x1) + 0(x2) + 0(x3) + O(x4) = 0. Hence these vectors are orthogonal.
3
e
[ 1/3 3/2
2/3 0 | _1(3),2 1\(_3 _
() 3 . 3|73 (5) +3(0) + (—g) (—5) + 3(1) = 4. Therefore, these vectors are not orthogonal.
| 3 1
(3] [2
A6  (a) The vectors are orthogonal when 0 = _]} . [k} =32)+(-Dk=6—-k.
Thus, the vectors are orthogonal only when k = 6.
(b) The vectors are orthogonal when 0 = _31} . [152] =3(k) + (-1)(k?) = 3k — k* = k(3 = k).
Thus, the vectors are orthogonal only when k = 0 or k = 3.
171 [3]
(c) The vectors are orthogonal when 0 = (2| - [—k| = 1(3) + 2(—k) + 3(k) =3 + k.
3] L k|
Thus, the vectors are orthogonal only when k = -3.
1] [ k]
(d) The vectors are orthogonal when 0 = § . _kk = 1(k) + 2(k) + 3(=k) + 4(0) = 0.
4] 10 ]
Therefore, the vectors are always orthogonal.
A7 (a) The scalar equation of the plane is
2 x1+1
O=n-X-p)=|4]||x-2
-1 x3+3
=2(x1+ 1) +4(x —2)+ (=D(x3 +3)
=2x; +2+4)C2—8—)C3—3
9 =2x1+4x) — x3
Copyright © 2013 Pearson Canada Inc.
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3 X1—2
0] - x2—5
5 )C3—4

=3(x;1 —2)+0(x2 =5)+5(x3 - 4)
=3x1—6+5x3-20
26 = 3x1 + 5)63

(b) The scalar equation of the plane is

0= (F-p) =

(c) The scalar equation of the plane is

3 )Cl—l
0=it-F-p) =|-4||n+1
1 X3—1

=3 - D+ + D)+ 1(xz3-1)
=3x1-3-4x,-4+x3-1

8=3X1—4Xz+)€3

—4 X1—2
=21 XZ—I
-2 X3—1

=D =)+ (D2 - D+ (=2)(x3 - 1)
=—4x +8—-2x+2-2x3+2

-12 = —4X1 - 2X2 - 2X3
3
11-
4

=3x; =D+ 1 -1 +4(x3+ 1)
:3X1—3+XZ—1+4X3+4

(d) The scalar equation of the plane is

0=it- (%= ) =

(a) The scalar equation of the hyperplane is

0= (F-p)=

xl—l
)C2—1

x3+ 1

0=3x1+x +4x3

(b) The scalar equation of the hyperplane is

0 X1—2

N 1] [x+2
0=n'(x—ﬁ)=3- 2X3

3 )C4—1

=0x1 =2)+1(x +2)+3x3+3(x4 — 1)
=x+2+3x3+3x4—3

,_.
Il

Xy 4+ 3x3 + 3x4

Copyright © 2013 Pearson Canada Inc.
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(c) The scalar equation of the hyperplane is

1 X1

- - -4 X
0=n-(X-p) = 5 -xi
-2 X4

=1x; —4xy +5x3 —2x4

(d) The scalar equation of the hyperplane is

0 xl—l
1 X2
0O=it-@-p=|2||u-1
-1 X4—2
1 )C5—1

=0 = D+1xn+203-D+ (D —2)+ 1(xs = 1)
=X +2x3—2—x4+2+x5—1

1 =x+2x3— x4 + X5

A9 The components of a normal vector for a hyperplane are the coefficients of the variables in the scalar equation of
the hyperplane. Thus:

, 3 4 4 I
()it = byii=1|-2 =3 di= ei=|-1
1 2
3 =5 3 2
-1
A10 (a) A normal vector of any plane parallel to the given plane must be a scalar multiple of the normal vector for
2
the given plane. Hence, a normal vector for the required plane is 77 = |-3|. Therefore, an equation for the
5

plane passing through P(1, -3, —1) with normal vector 7 is

2 x1—1
=31 |lxn+3
5 X3+1

=2(x1 =D+ (-3)(x2 +3)+5(x3 + 1)
=2x1—2—3)Q—9+5X3+5
6 =2x1 —3xy + 5x3

0=i @) =

0
1].
0

(b) A normal vector for the required plane is 7 = Hence, an equation for the plane passing through

Copyright © 2013 Pearson Canada Inc.
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P(0, -2, 4) with normal vector 7 is

0
1

X1
. XZ+2
0 X3—4

= Ox1 + 1()(2 +2) +0(X3 —4)

0=t (¥-p) =

—2=X2

1
-1
3

Hence, an equation for the plane passing through

(¢) A normal vector for the required plane is 77 = {

P(1,2, 1) with normal vector 7 is

1 Xl—l
3 )C3—1
=1 =D+ (D0 =2)+3(s -1

:xl—l—x2+2+3x3—3

2=x]1— X+ 3x3

. (1] )2 1 2
All (a) FALSE. One possible counterexample is [O] . [2} =2= [0} . [_97].

(b) Our counterexample in part (a) has iZ # 0 so the result does not change.

Homework Problems

5 @0 (b) VIO ©7
(d) V30/3 (e)1 (H) 4
» | 1/3
@ |75 o[ ©]1/V3
k » /3
B2 - [ -1/ V12
S I )
(| 3/V10 @17 ® RN
0 173 | 3/Vi2

B3 (a) V37 (b) V14 (c) V89 (d) V68
B4 (a) Wehave ||| = \/22 + (=62 + (=3)2 =7, |/l = V(=3)2 + 42 + 52 = /50, and

-1
1%+ 31 = H = VD24 (=22 +22 =3
2
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Thus,
2+ =3 <7+ V50 = 1] + I3

Observe that [%+ 1 = [2(-3) + (=6)(4) + (-3)(5)] = 45 and [[4|] = 7 V50 > 49. Hence,
¥ - 3 < [IXMIYI
(b) We have |[f]] = V& + 12+ (=22 = V21, |[fll = V32 + 52 + 12 = V35, and
7
X+ 3l = [61} = 2162+ (—1)2 = V86

Thus,
2+ = V86 < V21 + V35 = ||7] + I3

Observe that |- 7] = 4(3) + 1(5) + (=2)(1) = 15 and ||A|I3]| = V21 V35 = V735 > 27. Hence,

1X- ¥ < 12
1 [
(a) Sl 2| 1(=2) + 2(2) = 2, so they are not orthogonal.
4l 13
(b) 6l 2= 4(=3) + 6(2) = 0, so they are orthogonal.
1] [-4]
() |4]-] 1 [=1(-4)+4()+ 1(—4) = —4, so they are not orthogonal.
1] [-4]
1] [3]
(d) |3f-|-1|=13)+3(-1) + 1(0) = 0, so they are orthogonal.
1] [0 |
11231
2 0
(e) lsl= 1(=3) +2(0) + 1(5) + 2(1) = 4, so they are not orthogonal.
2] [ 1]
2 -2
1 1
® [—-1[-|-1]|=2(-2)+ 1(1) + (=D(=1) + (=2)(0) + 1(2) = 0, so they are orthogonal.
-2 0
| 1 2
(@Ak=0 b)k=0o0rk=2
(c) k=-4/5 (dk=0o0rk=2
(@) —x1 +4x, + Tx3 = -2 (b)4xy —2xp + x3 =33
(C)X1+2X2+X3=0 (d)x1+x2+x3=3
(a) 3X1 - 2)62 - SX3 + X4 = 4 (b) 2x1 - 4)62 + X3 — 3X4 =-19
(C)X1=O (d)X2—2X3+X4+)C5=4
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1 1
0 1
@0 (-2
0 1
-1 -1

—_— =

-1
2 4
B (@) H (b) [—2‘ ©], (@
5

B10 (a) 5x1 — X2 — 2)63 =2

(b) 2x3 +3x3 =—11

(©) 3x1 —2x + 3)63 =7

(d) X1 —=5x+3x3=4

Computer Problems

C1 (a) 7.597
(b) 4.89412336
(c) 0
(d) 47.0948

Conceptual Problems

D1 (a) Intuitively, if there is no point of intersection, the line is parallel to the plane, so the direction vector of
the line is orthogonal to the normal to the plane: d - 77 = 0. Moreover, the point P is not on the plane, so

p-i#k.
(b) Substitute ¥ = g+ td into the equation of the plane to see whether for some ¢, X satisfies the equation of

the plane.

-

it (p+td) =k

-

Isolate the term in ¢: #(77 - 57) =k-1-p.
There is one solution for ¢ (and thus, one point of intersection of the line and the plane) exactly when
i-d#0.1fit-d = 0, there is no solution for  unless we also have 7 - 7 = k. In this case the equation is
satisfied for all ¢ and the line lies in the plane. Thus, to have no point of intersection, it is necessary and
sufficient that 71 -d = 0 and 72 - 3 # k.
D2 Since ¥=¥-y+,
€] = 11 = ¥+ 3 = I = 3) + | < 18 = 51+ 1Y
So, [|1X] = Iyl < [I¥—¥|. This is almost what we require, but the left-hand side might be negative. So, by a similar

argument with ¥, and using the fact that ||y — X]| = [|X - }]|, we obtain ||| - [|¥]| < ||¥ — ¥]|. From this equation and
the previous one, we can conclude that

121 = 17 < 112 - 31
D3 We have

I+ hlP = G +h) - +ih) =¥ - P+ - h+h - ¥+

2 2 2 2
= W17+ 0+ 0+ [IW2lI° = 4117 + (1]
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24 Chapter 1 Euclidean Vector Spaces

D4 Let ¥ be any point that is equidistant from P and Q. Then ¥ satisfies || X — j]| = ||¥ — 4|, or equivalently,
IX - P> = |IX - §|I*>. Hence,

2G-p-2=1q” - 1A°

This is the equation of a plane with normal vector 2(§ — p).

2 -3
D5 (a) A point ¥ on the plane must satisfy ||X — 2} =||X-|4 } . Square both sides and simplify.

5 1
2 2 -3 -3
g-[2||-|x=12||=|z-| 4 || |2-|4
5 5 1 1
2 -3
ex-2[2|-%¥+33=%-%-2|4 | ¥+26
5 1
-3] [2
2|l 4 |- |2||- #=26-33
1] s

S5x1—=2x0 +4x3 =7/2

21 [-3 -1/2
(b) A point equidistant from the points is % [lZ] +| 4 ] = [ 3 |. The vector joining the two points, 7 =
5 1 3

5
—2} must be orthogonal to the plane. Thus, the equation of the plane is

4

2 -3
I
5 1
5 -1/2
5.761—2)62+4X3:l—2"[ 3 ]=7/2
4 3

D6 Let S denote the set of all vectors orthogonal to ii. By definition, a vector orthogonal to i must be in R”, so S is
. = .
a subset of R”. Moreover, since i - 0 = 0, we have that S is non-empty. Let X, ¥ € S. Then we have

X+y) - d=xX-i+y-i=0+0=0
Therefore, S is closed under addition. Similarly, for any ¢ € R we have
@) -d=0x-u)=00)=0

so S is also closed under scalar multiplication. Therefore, S is a subspace of R”.
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D7 By definition, a vector orthogonal to any vector in § must be in R”, so S+ is a subset of R”. Moreover, since
V-0 =0 forany v € S, we have that S+ is non-empty. Let X,y € S+. This implies that ¥- ¥ = 0 and ¥ - v = 0 for
all v € S. Hence, for any v € S we have

X+ - V=X-V+y-V=0+0=0
Therefore,X + ¥ € S*. Similarly, for any # € R and any v € § we have

) -V=t(X-¥V)=1t0)=0

so (tX) € S+. Therefore, S+ is a subspace of R”.

D8 Consider ¢1V] + -+ + iV = 0. Then for 1 < i < k we have

026'\75=(C1171+"'+Ck\_/)k)'\7,'
= T+ b T) et T T

=0+ +0+c|#i|P+0+---+0

The fact that ||| # O implies that ¢; = 0. Since this is valid for 1 < i < k we get {V/|,...,V} is linearly
independent.
ny
D9 (a) Let#i=|ny|. Wehaveii-é; = ||il|||é1l|cosa. But, ||ii]| = 1 and ||é)|| = 1, so 7l - € = cosa. But, ii- & = ny,
ns
cos v
so ny = cos a. Similarly, n, = cos8 and n3 = cosy, so 71 = |cosB].
cosy

(b) cos®a + cos® 8+ cos?y = ||i]|*> = 1, because # is a unit vector.

. . cosa
(c) In R2?, the unit vector is 77 = [
cosf

and &. But in the plane a + 8 = 7, so cos 8 = cos(n/2 — @) = sina. Now let 6 = a, and we have

], where « is the angle between 77 and &) and f is the angle between 71

1 = ||iA|l* = cos® @ + cos? B = cos’ 0 + sin” 0
1.4 Projections and Minimum Distance

Practice Problems

Al (a) We have
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26 Chapter 1 Euclidean Vector Spaces

(b) We have
oo LV 12/513/5| _[36/25
ProJvtt =Y = 71 |4y5| T [48/25
Do il = il — Drolii = -4 3 36/25| |-136/25
perpyil = I = Projg i = | o1 = 48751 = | 102/25
(c) We have
i, s (1) 2
g = = — =
TR NI
[-3 0 -3
perpyid =i —projpid=|5|—-|5|=|0
| 2 0 2
(d) We have
w4 | 3P
projyll = 153V = —— -2/3| =1 8/9
IVl 2/3 ~8/9
4 -4/9 40/9
perpyil = il —projyii = | 1 |- | 8/9 |=| 1/9
-3 -8/9 -19/9
(e) We have
1 0]
r ﬁ—ﬁ —9 1 — 0
T TR ) i )
2| o
-1 0 -1
2 2 PR _1 _ O _ —1
perpy il = il — projyii = | ol =12
-1 0 -1
(f) We have
1 -1/2
T _’—H — __1 0 — 0
PO = TR = 2 o] 7| 0
1 -1/2
2 -1/2 5/2
i = il — proj; il = 311 02 3
perpy il = il = projyil = | o 1=1 5

-3 -1/2 -5/2
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A2 (a) We have

(b) We have

(c) We have

(d) We have

(e) We have

Section 1.4 Projections and Minimum Distance

se 2] [
proj;i = —=v=—|3|=|-3/17
V

-2 2/17
4 -2/17 70/17
perpyil = il — projyi = |—1| —|=3/17| = |-14/17
3 2/17 49/17
T e
projyu = $V = T 1= —7/3
71 1] 1773
5 14/3 1/3
perpyil = il —projyi = |—-1|—|-7/3| = |4/3
3 7/3 2/3

a7, o M| |22
projzii = —=v=—|1|=|3/2
' w6

2| |-3
47 [3/2] [5/2
perpyil = il —projyi = | 1 | —|3/2| =|~1/2
2| |-3 1
-1 1/3
O] ﬁ—ﬁ‘j’—__s 2 — -2/3
PO = 3 = 15 | 1| T |-1/3
-3 1
2 1/3 5/3
erp- il = il — Droi-ii = -1 _ -2/3 _ -1/3
perpyil = il —projyid = | 5 | =| J)31=| /3
1 1 0
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A3 (a) A unit vector in the direction of if is

3/7
(b) We have
L 2] [220/49
, F. 110
proj, F = ﬁ;‘ﬁ:E 6| = |660/49
Izl 3] [330/49
(c) We get

660/49 222/49
1330/49 —-624/49

10} 220/49} [270/49]

A4 (a) A unit vector in the direction of i is

2 3/V14
azﬁz 1/ V14
W2/ via
(b) We have )
R T e B L
proj; F = ﬁzu:ﬁ 1|=| 8/7
[ | |16/
(c) We get

perp; F = F — proj, F =

3] 24/17 =3/7
11 —[ 8/7 ]: [69/7]
2| [-16/7 30/7

A5  (a) We first pick a point P on the line, say P(1,4). Then the point R on the line that is closest to Q(0, 0) satisfies
PR = proij_Q where P_Q = [:ﬂ and d = [

) } is a direction vector of the line. We get

>

P@-dj_j[—z]_[3/2]
ide 8 12132

Lo 1] 32 [502
OR_0P+PR_[4]+»_3/2}_[5/2]

Hence, the point on the line closest to Q is R(5/2,5/2). The distance from R to Q is
-0 |- 3/2 | S 2y S
e 1= |24 35| < [ 53] - <5
(b) We first pick the point P(3,7) on the line. Then the point R on the line that is closest to Q(2,5) satisfies

PR = pronP@ where PQ = [:ﬂ andd =

PR = pronP@ =

Therefore, we have

1]. L .
B 4} is a direction vector of the line. We get

IS R

2 dp L
2 17 |4 -28/17

PR = pronP_Q =
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(d)

o
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Therefore, we have
S 13 7/17 | _|58/17
Ok = OF + PR = H i [—28/17} - [91/17]
Hence, the point on the line closest to Q is R(58/17,91/17). The distance from R to Q is
o |I[-1 707 ||| |[|-24/17)|| _ 6
o2t =| || - | =[50 - 7
We first pick the point P(2,2,—1) on the line. Then the point R on the line that is closest to Q(1,0, 1)
-1 1
satisfies PR = proj JP_Q where PQ = —2} and d = {—2] is a direction vector of the line. We get
2 1
S o 1 5/6
- L PO-d 5
PR = proj; PO = % d==>|-2|=|-5/3
P 61| |s/6
Therefore, we have
2 5/6 17/6
OR=0P+PR=|2|+|-5/3|=|1/3
-1 5/6 -1/6
Hence, the point on the line closest to Q is R(17/6,1/3,—-1/6). The distance from R to Q is
-1 5/6 -11/6 9
Iperp POIl = ||| =2| = [=5/3|[ = | =173 Il = \/ &
2 5/6 7/6
We first pick the point P(1,1,—1) on the line. Then the point R on the line that is closest to Q(2,3,2)
1 1
satisfies PR = proj JP_Q where P_Q = 2‘ and d = 4‘ is a direction vector of the line. We get
3 1
S 1 2/3
- . PO-d-» 12
PR = proj; PO = o d=—14|=18/3
il BB 1 /3
Therefore, we have
1 2/3 5/3
OR=0P+PR=|1|+|8/3|=]11/3
-1 2/3 -1/3
Hence, the point on the line closest to Q is R(5/3, 11/3,—1/3). The distance from R to Q is
1 2/3 1/3
lIperp; POIl = |||2| - |8/3]|[ = ||[-2/3]|| = V6
3 2/3 7/3
Copyright © 2013 Pearson Canada Inc.
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(a) We first pick any point P on the plane (that is, any point P(xy, x5, x3) such that 3x; — x; + 4x3 = 5). We

2
pick P(0,—5,0). Then the distance from Q to the plane is the length of the projection of PO = 8} onto a
1
3
normal vector of the plane, say 7 = |—1|. Thus, the distance is
4
. PO -t 2
I proj; POIl = | —=—| = —=
Pl |~ V26
2
(b) We pick the point P(0,0,—1) on the plane and pick the normal vector for the plane 7 = |-3|. Then the
-5
distance from Q to the plane is
- PO-it| 13
Il proj; POl = | —=—| = —=
Pl RS
2
(c) We pick the point P(0,0,—5) on the plane and pick the normal vector for the plane 77 = | O |. Then the
-1
distance from Q to the plane is
- PO-it| 4
lproj; POIl = | ——=—| = —=
Pl RERE
2
(d) We pick the point P(2,0,0) on the plane and pick the normal vector for the plane 7 = |—1]|. Then the
-1
distance from Q to the plane is
- PO -
I proj; POI = || = V6

(a) Pick a point P on the hyperplane, say P(0,0,0,0). Then the point R on the hyperplane that is closest
to 0(1,0,0, 1) satisfies OR = O—Q + proj; Q_}’ where 7 is a normal vector of the hyperplane. We have

-1 2
> 0 L |1
QP = 0 and 71 = 1,so
-1

©¢
Sy

1 21 ] [-6/7] [1/7
L it ol =3 l=1| lo| 37| |3/
OR=00+=a6-m= ol * 7| 1| |o| " |-3/7| = |-3/7
1 R R YZ A I Y

Hence, the point in the hyperplane closest to Q is R(1/7,3/7,-3/7,4/7).
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1

_32 for the hyperplane.

0

(b) We pick the point P(1,0,0,0) on the hyperplane and pick the normal vector 7i =

Then the point R in the hyperplane closest to Q satisfies
L 1 1 1/14 15/14
P ﬂ HARLH
3 3
Hence, the point in the hyperplane closest to Q is R(15/14,13/7,17/14,3).

(c) We pick the point P(0,0,0,0) on the hyperplane and pick the normal vector 7 = | for the hyperplane.

Then the point R in the hyperplane closest to Q satisfies

lI7][? 27 | 4 -8/3 1/3

2 2
OR = G + 0 L 431 -18 -1 _ 431 lm‘ lm/ﬂ
4 1 4 [-2/3 10/3

Hence, the point in the hyperplane closest to Q is R(0, 14/3,1/3,10/3).

(d) We pick the point P(4,0,0, 0) on the hyperplane and pick the normal vector 77 = for the hyperplane.

e \® Bl

-1
Then the point R in the hyperplane closest to Q satisfies

-1 1 -1 =5/7 -12/7

. 5 Q_)Pﬁ 3 =512 _ 3 -10/7 _ 11/7
OR =00 + + 1= + -5/7 = 9/7
5/7 -9/7

Hence, the point in the hyperplane closest to Q is R(—=12/7,11/7,9/7,-9/7).

Homework Problems

..o L[4
B1 (a) projyii = _3], perpyii = [0}
(b) proj. i = [-92/25 L [42/25
PO =1 6925 || PP = 15625
0 2
(c) projyii = |0|, perpy il = |—4
|7 0

Copyright © 2013 Pearson Canada Inc.



B2

B3

B4

32 Chapter 1 Euclidean Vector Spaces

(d) projyii = ‘ perpy i l ‘

8/3 1/3
8/3 —2/3
[3/5 7/5
. |ess L |95
(f) projyu = _3//5 » perpy U = 13//5
| 9/5 —4/5
. [-18/13 L [-21/13
(”pmku‘;NAJ’e*”‘[mus]

[11/10 9/10

-

(b) pro.]\?” = _33/10:|9 perpv” = |:_3/10:|

[ 1/6 [29/6
(c) projyil =|—-1/3|, perpyii =| 4/3
| 1/6 |1—13/6

0 4
(d) projyi=|1 | perpyii =|3
-1 3]

0 6
(e) projyii =|0], perpyii = |2
0 6

[-1/3 -2/3

-

0 L
(f) prOJvu 1/6 > perpyu = —5/6
1—-1/6 13/6
l—l/V€§

=

8/ V69
2/ V69

@ = =

Sy

124/69
(b) projyii =|-992/69
—248/69

704/69
(c) perpyii = |—43/69
524/69

l2/V§§

| =

= [-4/29
3/29

@ =g

=

Copyright © 2013 Pearson Canada Inc.
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(b)

(©

(a)
(b)
(c)
(d)
(a)
(b)
(c)
(d)
(a)
(b)
(c)
(d)

—66/29]
projyi = [ 132/29
—99/29]

211/29]
perpy il = |245/29
186/29]

P(71/25,-128/25),1/5

Section 1.4 Projections and Minimum Distance

P(14/9,17/9,8/9), V65/3
P(2/3,-4/3,-4/3), V14/3
P(106/21,31/21,2/21), 4/950/21

11//38

13/ V21

5/V3

5/V6
P(13/7,1,1/14,-17/14)
P(16/9,20/9,7/18,1/6)
P(15/4,3/4,7/4,-23/4)
P(14/3,11/6,7/3,13/2)

Computer Problems

C1

(a)

(b)

(©

(d)

[0.08
0.16
0.53
0.31

10.46

[ 0.92 ]
-1.17
0.49
-1.34

| 0.58 |

[ 1.59 ]
-1.61
1.62
-1.64
| 1.65 |

co oo o
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Conceptual Problems
D1 (a) We have

C(X+ ) = proj(projy(X + §)) = proj;(proj; X + proj; y)
= proj;(projy X) + proj;(projy ¥) = C(X) + C(5)
C(1%) = projy(projy(%)) = proj,( proj, <)
= 1 proj (proj; X) = tC(X)

(b) If C(®) = 0 for all %, then certainly
. o L it
0 = C(¥) = projy(projy 7 = proj; ¥ = w51
u

Hence, V- ii = 0, and the vectors i and V are orthogonal to each other.

D2

R G P 3 U o3 S
(-if) = i = proj, ¥

I —ﬁllz( 0= [l 7]

Geometrically, proj_; X is a vector along the line through the origin with direction vector —iZ, and this line is the
same as the line with direction vector #i. We have that proj_; X is the point on this line that is closest to ¥ and this
is the same as proj; X.

D3 (a)

proj_; ¥ =

IR+ =F+9) - F+N=X-F+X-J+¥-X+7-¥
=17 + 22§ + |§IP

Hence, ||+ ¥][> = ||¥> + |[)1]? if and only if ¥- ¥ = 0.

-

(b) Following the hint, we subtract and add proj ; p:

I = qI* = |7 — proj;  + proj ; 7 — qII°
N 2
L, [P-d
o[22
]2

Since, d - perp; p = 0, we can apply the result of (a) to get

17 = qII* = llperp; AII* + Il proj ; 7 — GII*

Since p and d are given, perp; 7 is fixed, so to make this expression as small as possible choose ¢ = proj ; .
Thus, the distance from the point j to a point on the line is minimized by the point § = proj; 7 on the line.

D4
OP + perp; PO =OP+ (P_Q — projz P—Q)
= (O_jD + P_Q) + proj; (—P@) =00+ proj;; oP
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(a)
X 2/3
perp; ¥ = X — ——ii = |11/3
llal 13/3
erpg -7, |0
projz(perpz X) = %ﬁ =0
llal 0
(b)

proj,(perp, ) = (f— |x_2“) - W] i
u
- u

il lad]l*

[ =2 = 2> -

X-u x-u]_,
=|l—=5-—55|u

> e

=0

(c) projz(perpz(X)) = 0 since perp; X is orthogonal to & and proj; maps vectors orthogonal to i to the zero
vector.

1.5 Cross-Products and Volumes

Practice Problems

Al

(1] [-2] [ -1 ] [-27
(@ |-5|x|1]|=| 2(=2-1(5 }:[—9]
(2] 5] [MI)-E=)] [-9
2] [4] [3HD-(=5)-2)] [-31
(b) [-3|x|-2|=]| (5@ -2(7) ]:[—34‘
=51 171 [ 2(-2)-(-3)&% 8
[—1] [0] [ 0(5)—(-1)(4) 4
© | 0|x|4|= (—1)(0)—(—1)(5)]=[5‘
=1 151 | (=D®#) -000) —4
1] [-1] [ 2(0)-0(-3) 0
(d) 2} [—3 = 0(—1)—1(0)]:[0]
0] (0] [1(-3)-2(-D] |[-1
(4] [-2] [=2(=3)-6(D] [0
(e) —2%[ 1]:[6(—2)—4(—3)}: H
6] =31 [4D)=-(=2(=2)] [0
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3 3] 1(3) - 3(1) 0
® [1|x|1]|= [3(3) - 3(3)} = [0
3 3] 13(1)-1@3) 0
[ 4(2) -2(4) 0
A2 (a) uxu=|[2(-1)- (—1)(2)] = [O}
(D@ -4(=D] [0
(b) We have
4(-1)=2(1) -6
ixv= l2(3) - (—1)(—1)] = [ 5 ]
(=D(1)-403) -13
1(2) - (=D& 6
—Vxii=—|(-1)(-1)=-32)|=—|-5|=dxV
3(4) - 1(-1) 13
(c) We have
-1 6 4(-3)-2(-9) 6
iXx3w= l 4‘ {—9 = [2(6) —(—1)(—3)‘ = [ 9 }
2 -3 (=1D(-9) — 4(6) -15
4(-1) = 2(-3) 2 6
3(12’xv3)=3[2(2)—(—1)(—1)] =3[ 3 } =[ 9 ]
(-D(=3)-4(2) -5 -15
(d) We have
[—1 5
AxV+w) = 4‘ l—z
| 2 -2
[ 4(=2) - 2(-2) -4
= 2(5)—(—1)(—2)} =[ 8 }
[(=D(=2)-4(©5)] |-18
[ -6 2 -4
AXV+iaxw=]| 5 ‘+l3‘=l 8 ‘
|—13 -5 -18
(e) We have
(=11 [1(=1) = (=1)(=3) -1 —4
i-Wxw)y=|4]|- (—1)(2)—3(—1)]:{4}[ 1 ]:—14
12| | 3(-3)-1(Q2) 2 -11
[2] [ -6
w-@xv)=|=-3|-]1 5 ]:—14
1-1] [-13
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(f) From part (¢) we have & - (¥ X w) = —14. Then

2
V- xXW) = l ‘[3}:14:—%(%”?/)

i

(a) The area of the parallelogram is

2] -5
3=l 31ll= V35
—1]

(b) The area of the parallelogram is

(c) The area of the parallelogram is

S

HHH-

1 |and |3].
0 | 10

(d) As specified in the hint, we write the vectors as {

2 4 1
(a) A normal vector of the plane is 7ii = [ 3 ‘ X {1} = I —4 |. Thus, since the plane passes through the point
-1 0 -10

P(1,4,7), we get the scalar equation of the plane is

—4x; — 10x3 = 1(1) + (=4)(4) + (=10)(7) = -

1 -2 2
(b) A normal vector of the plane is /i = 1] X [ 1 ‘ = |-2|. Thus, since the plane passes through the point
0 2 3

P(2,3,-1), we get the scalar equation of the plane is

2x1 = 2x +3x3 =2(2) + (-2)(3) + 3(=1) = -5

L

P(1,-1,3), we get the scalar equation of the plane is

-5
-2].
6

(¢) A normal vector of the plane is 7 = Thus, since the plane passes through the point

=5x1 = 2x2 + 6x3 = (=5)(1) + (-2)(-=1) + 6(3) = 15
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38 Chapter 1 Euclidean Vector Spaces

1 -2 -17
31 x =1 -1
2 -3 10

P(0,0,0), we get the scalar equation of the plane is

(d) A normal vector of the plane is 77 = . Thus, since the plane passes through the point

—17x1 —x +10x3 =0

2 0
A5 (a) We have that the vectors P_Q =|-4|and PR=|5 ] are vectors in the plane. Hence, a normal vector for
-3 -6
2 0 39
the plane is 77 = l—% X | 5 | =|12]. Then, since P(2, 1,5) is a point on the plane we get a scalar equation
-3 -6 10

of the plane is
39x; + 12x, + 10x3 = 39(2) + 12(1) + 10(5) = 140

=5] -2
(b) We have that the vectors P_Q =|-1|and PR = | 3 ] are vectors in the plane. Hence, a normal vector for
=2 -5
-5 =2 11 ]
the plane is 7 = |—1| % [ 3= [—21 . Then, since P(3, 1, 4) is a point on the plane we get a scalar equation
-2 |-5 -17

of the plane is
11x; = 21x, = 17x3 = 11(3) = 21(1) - 17(4) = =56

4 3
(c) We have that the vectors P_Q =|-3|and PR = —7] are vectors in the plane. Hence, a normal vector for the
-3 -3
4 3 -12
plane is 77 = {—3 [—7 = [ 3 |. Then, since P(—1,4,2) is a point on the plane we get a scalar equation
-3 -3 -19

of the plane is
—12x1 4+ 3x — 1923 = —12(-1) + 3(4) - 192) = -14

-2 -1
(d) We have that the vectors P_Q =|0|and PR=1|0 ‘ are vectors in the plane. Hence, a normal vector for
0 -1
-2 -1 0
the planeis 7 =| 0 | x| O | =|-2]. Then, since R(0, 0, 0) is a point on the plane we get a scalar equation
0 -1 0

of the plane is —2x, = 0 or x, = 0.

A6  (a) The line of intersection must lie in both planes and hence it must be orthogonal to both normal vectors.

Hence, a direction vector of the line is
1 2 -2
d=|3|x|-5|=|-3
1 —11

-1
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To find a point on the line we set x3 = 0 in the equations of both planes to get x;+3x; = Sand 2x;—5x, = 7.

Solving the two equations in two unknowns gives the solution x; =

‘1‘—? and x, = 13_1 Thus, an equation of

the line is
46/11 [ -2
X=|3/11 |+t -3], teR
0 1—11

(b) A direction vector of the line is

d=

5

To find a point on the line we set x3 = 0 to get 2x; = 7 and x, = 4. Thus, an equation of the line is

7
X=

(a) The volume of the parallelepiped is

(b) The volume of the parallelepiped is

i

(c) The volume of the parallelepiped is

(d) The volume of the parallelepiped is
1 1 3
51110 [x]0
-3 -1 4

(e) The volume of the parallelepiped is

L

2
2
2

/2 3
4 |+1r|-4|, teR
0 2

1
1
6

iR~

=
e
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40 Chapter 1 Euclidean Vector Spaces

A8 ii- (Vx w) = 0 means that i is orthogonal to ¥ X w. Therefore, i lies in the plane through the origin that contains
v and w. We can also see this by observing that # - (¥ X w) = 0 means that the parallelepiped determined by #, V,
and W has volume zero; this can happen only if the three vectors lie in a common plane.

A9 We have

U-NX@+V)=ux@+7V)— VXU +V)
SUXA+UXV—VXU—VXV
=0+idxVP+idxi—0
=2 X V)

as required.

Homework Problems

0
Bl (a) |0
0

(—29
(b) 14‘
12
[ 4
(©) 2‘
-8
[ 2
) 6‘
-16
’—25/2]

) |-13/2
3
() —1]

0
B2 (a) iixi=]|0

(b) UxvV= 8‘=—9xﬁ

10
() dx2w= [—22] =2(i X W)
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l—l
X (V+w)=|-3
7
(e d-Fxw)=26=w-@xX7V)
() d-Txw)=26=-V-(dxXW)
B3 (a) 3V10
(b) V542
(©) V222
(d) 19
B4 (a) 23x; +3x —Tx3 = 121
(b) 4x; — 10x, — 2x3 = =6
(¢) 2x1 +3x2 + x3 =23
(d) 3x,—6x3=0
BS (a) 3x; +49x; + 8x3 = 121
(b) —8x; —10x; —4x3 = -38
(¢) 3x1 +3x +6x3 =12
(d) 14x; —4x, —5x3=9

=UXV+UXW

S

(d)

<y

(59/19 3
B6 (a) ¥=|9/19|+¢| 4 |,teR
0 -19
[ 14/11 1
(b) 2=|-10/11|+¢|-7|,teR
) 11
B7 (a) 117
(b) 6
(c) 40
d) 48

Conceptual Problems
D1 If X is a point on the line through P and Q, then for some t € R, ¥ = p + #(§ — p) Hence,

Ix(@-pP=@F+1Gd-pP)x@G-p
PXG—PXxp+1G-pP)xX(@-P=pxq

D2 The statement is false. For any non-zero vector i and any vector ¥ € R3, let w = ¥+ tii for any t € R, ¢ # 0. Then
AXW=uUx@F+tid)=uxV

but vV # w.
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D3 If #x 1% = 0, then il X (¥ x %) = 0 which clearly satisfies the equation ¥ = s¥+ . Assume i = ¥X % # 0. Then 71
is orthogonal to both ¥ and w and hence it is a normal vector of the plane through the origin containing ¥ and w.
Then, i X (V X W) = i X 71 is orthogonal to 7 so it lies in the plane through the origin with normal vector 7. That
is, it is in the plane containing ¥ and w. Hence, there exists s,¢ € R such that i# X (V¥ X W) = sV + 1w.

0
D4 (a) We have g] X (82 X gg) = [O‘ = (Z] X 32) X 23.
0
1 0 -2
(b) Take w = |2|. Then & x (&, x w) = |1| while (¢, x &) xw=| 1 |.
0 0 0

Chapter 1 Quiz

Problems

El Any direction vector of the line is a non-zero scalar multiple of the directed line segment between P and Q. Thus,

5-(-2) 7
we can take d = P_Q =1 -2-1 ‘ = |=3|. Thus, since P(-2,1,—4) is a point on the line we get that a vector
1-(-4) 5
equation of the line is
-2 7
f:ll‘ﬂ —3}, teR
-4 5
2 -5
E2 We have that the vectors P_Q = [ 2 |and PR = | 2 ] are vectors in the plane. Hence, a normal vector for the
-2 6

16
-2
14

2 -5
plane is 7 = [ 2 ] X [ 2 ] = . Then, since P(1,—1,0) is a point on the plane we get a scalar equation of the
-2 6

plane is

16x; —2x5 + 14x3 = 16(1) — 2(-1) + 14(0) = 18

or 8x; —xo + 7x3 =9.

1] [-1]]. . . o .
E3 To show that {[2} , [ ) ]} is a basis, we need to show that it spans R? and that it is linearly independent.

MEIHE R

This gives x; = t; —t, and x; = 2t + 2t,. Solving using substitution and elimination we get ¢; = £(2x1 + x) and

Consider
n—n

+t
2 2t + 2t

X .
b= i(—2x1 + x,). Hence, every vector [ l} can be written as

X2
1 1 -
[i;] = Z(le + XQ) [;j| + Z(—le + XQ)[ 21]
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So, it spans R2. Moreover, if x; = x, = 0, then our calculations above show that #; = #, = 0, so the set is also
linearly independent. Therefore, it is a basis for R?.

If d # 0, then a;(0) + a,(0) + a3(0) = 0 # d, so 0 ¢ S and thus, S is not a subspace of R>.
0
On the other hand, assume d = 0. Observe that, by definition, S is a subset of R3 and that 0 = |0| € S since
0
taking x; = 0, x, = 0, and x3 = 0 satisfies @y x| + axx + azxz = 0.
X1 Y1
Let ¥ = [x2|, ¥ = |y2| € S. Then they must satisfy the condition of the set, so a;x; + axx; + azx3 = 0 and
X3 y3

aiy1 +azyz + azy; = 0.
To show that S is closed under addition, we must show that ¥ + y satisfies the condition of S. We have ¥ + ¥ =
X1+

X2+ and
X3 +y3
ay(x; +y1) + ax(x2 + y2) + az(x3 + y3) = ajx; + axxy + azxz + ayy; + a2 + asy;
=0+0=0
X1
Hence, X+ ¥ € S. Similarly, for any # € R we have X = |7x; | and
X3

a(txy) + ar(txn) + asz(tx3) = tla1x; + arxy + azx3) = 1(0) =0

So, S is closed under scalar multiplication. Therefore, S is a subspace of R3.

The coordinate axes have direction vector given by the standard basis vectors. The cosine of the angle between ¥
and &) is
Ve 2
Ivillledl 14
The cosine of the angle between v and &, is
s V-, -3
0sf = =—
Ivilllexll - V14
The cosine of the angle between v and &; is
V- és 1
0sy = = —
IMllesll - V14
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E6 Since the origin O(0, 0, 0) is on the line, we get that the point Q on
3

—2] is

the line closest to P is given by 00 = projz OP, where d = l
3

a direction vector of the line. Hence,

L 18/11
00 = 011 di- —12/11
lld]|? 18/11

and the closest point is Q(18/11,—-12/11,18/11).

E7 Let Q(0,0,0, 1) be a point in the hyperplane. We have that a normal vector to the plane is 7 = | |. Then, the

1
1
1
1

point R in the hyperplane closest to P satisfies PR = proj; P_Q. Hence,

3 1 5/2
S S .o - 211 -5/2
OR = OP + proj; PQ = ol~7h —1;2
2 1 3/2

Then the distance from the point to the line is the length of PR.

-1/2
son =172
-1/2
1 -3 2
E8 A vector orthogonal to both vectorsis |2| x| 1 | =|-1].
0 1 7

E9 The volume of the parallelepiped determined by i + kv, ¥, and w is
i-(VXW) +k(V-(Fx W)
i (VX w)+ k(0)

(@ + kV) - (X W)| =

which equals the volume of the parallelepiped determined by i, V, and w.
(1) FALSE. The points P(0,0,0), O(0,0, 1), and R(0, 0, 2) lie in every plane of the form #;x; + t,x, = 0 with

and #, not both zero.
(ii) TRUE. This is the definition of a line reworded in terms of a spanning set.

E10

(iii) TRUE. The set contains the zero vector and hence is linearly dependent.

(iv) FALSE. The dot product of the zero vector with itself is 0.
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L[ 1 R | I | VA5
(v) FALSE. Let X = [0} and y = [1] Then, proj;y = [O}’ while proj; X = [l/ \/5]

(vi) FALSE. If ¥ = 0, then proj:y = 0. Thus, {proj; ¥, perp; ¥} contains the zero vector so it is linearly
dependent.

(vii)) TRUE. We have
i x (V + 3id)|| = |lid x V + 3@ x )| = [l x V" + Ol = [l x V|

so the parallelograms have the same area.

Chapter 1 Further Problems

Problems

F1 The statement is true. Rewrite the conditions in the form

-

i-(V-w)=0, AxXW@V-w)=0

The first condition says that ¥ — W is orthogonal to i, so the angle 6 between i and ¥V — 1w is 5 radians. Thus,
sin@ = 1, so the second condition tells us that

0 = [l x (v = Wl = |||V — wl| sin & = [lal|[[V" — w]|

Since ||i]| # 0, it follows that ||V — w|| = 0 and hence V = w.

F2 Since # and V are orthogonal unit vectors, i X ¥ is a unit vector orthogonal to the plane containing # and V.
Then perp,,; X is orthogonal to i X V, so it lies in the plane containing # and V. Therefore, for some 5,7 € R,
perpyy X = s+ 1V. Nowsince - = 1,d-vV=0,and il - (i x V) = 0,

S=10-(si+1V) =i perpyyX=i-(X—proj;X) =iu-¥x—-0

Similarly, = V- X. Hence,
perpyyy X = (if - X)id + (V- X)V = proj; ¥ + proj; ¥

F3 (a) We can calculate that both sides of the equation are equal to
UV IWy — UpVaW] + UZVIW3 — U3V3W]

—UIVIW2 + UIVW] + U3VIW3 — U3V3IW)
—UIVIW3 + UIVIW] — UpVaW3 + U V3W)

(b)

XWX W)+ VX (WX ) +w X (il X V) =

(@ X )P — (@ X W) + ((F- D)W — (- W)id) + (- D — (- D)) = 0
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F4 (a) We have

i + WP = ld* + 22 - 7 + 7

i = AP = all® - 2@ - 7+ AP

By subtraction,
1 1
ﬂW+ﬂV—ﬂW—ﬂV=ﬁV
(b) By addition of the above expressions,

I + AP + 1l = 7P = 201 + 2177

(¢) The vectors i + vV and i — V are the diagonal vectors of the parallelogram. Take the equation of part (a) and
divide by ||i]|||V]] to obtain an expression for the cosine of the angle between i and ¥, in terms of the lengths
of i, ¥, and the diagonal vectors. The cosine is 0 if and only if the diagonals are of equal length. In this
case, the parallelogram is a rectangle.

Part (b) says that the sum of the squares of the two diagonal lengths is the sum of the squares of the lengths
of all four sides of the parallelogram. You can also see that this is true by using the cosine law and the fact
that if the angle between i and V is 6, then the angle at the next vertex of the parallelogram is 7 — 6.

F5 P, Q, and R are collinear if and only if for some scalar 7, P_Q = ¢tPR. Thus, g-p=tF-p,org=(1-0)p+1r.
Then
PXD+@xPD+FEXP)=px (A =p+tD)+ (1 —)p+tF) XP+FxXp

= IPX P+ PXP—1PXP+PXF=0

since p X F = —F X p.
F6 (a) Suppose that the skew lines are £ = j+ sé and ¥ = ¢ + td. Then the cross-product of the two direction
vectors 7 = & X d is perpendicular to both lines, so the plane through P with normal 7 contains the first

line, and the plane through Q with normal # contains the second line. Since the two planes have the same
normal vector, they are parallel planes.

2] [1 -1

(b) We find that7 = |0|x|1| = |=5]. Thus, the equation of the plane passing through P(1,4,2)is —1x; —5x +
1] |3 2

2x3 = —17. Now, find the distance from the point Q(2, -3, 1) to this plane is 32 which is the distance

] V30
between the skew lines.
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CHAPTER 2 Systems of Linear Equations
2.1 Systems of Linear Equations and Elimination
Practice Problems
Al (a) From the last equation we have x, = 4. Substituting into the first equation yields x; —3(4) = 5, or x; = 17.
., |17
Hence, the general solution is X = 4l
(b) From the last equation we get x3 = 6. Also, x, does not appear as the leading variable in any equation so
itis a free variable. Thus, we let x, = ¢ € R. Then the first equation yields x; = 7 -2t + 6 = 13 — 2¢. Thus,
the general solution is
X 13 - 2¢ 13 -2
X=|x|= t =10+l 1]|, rteR
X3 6 6 0
(c) From the last equation we get x3 = 2. Substituting this into the second equation gives x, = 2 — 5(2) = -8.
Now substitute x; and x3 into the first equation to get x; = 4—3(—8)+2(2) = 32. Thus, the general solution
32
isX=]-8|.
2
(d) Observe that x4 is not the leading variable in any equation, so x4 is a free variable. Let x4, = t € R. Then
the third equation gives x3 = 2 — ¢ and the second equation gives x, = —3 + ¢. Substituting these into the
first equation yields x; = 7 + 2(=3 + 1) — (2 — t) — 4t = —1 — ¢. Thus, the general solution is
X -1-1t -1 -1
S x| [-3+1] |3 1
X= ul T l2-1172 +t_1, teR
X4 t 0 1
A2 (a) Aisinrow echelon form.
(b) Bis in row echelon form.
(c) C is not in row echelon form because the leading 1 in the third row is not further to the right than the
leading 1 in the second row.
(d) D isnotin row echelon form because the leading 1 in the third row is the left of the leading 1 in the second
row.
Copyright © 2013 Pearson Canada Inc.
—@



o
48 Chapter 2 Systems of Linear Equations
A3 There are infinitely many different ways of row reducing each of the following matrices and infinitely many
correct answers. Of course, the idea is to find a sequences of elementary row operations which takes as few steps
as possible. Below is one possible sequence for each matrix. For practice, you should try to find others. Look
for tricks which help reduce the number of steps.
(a) Row reducing gives
4 1 1 1 -3 2 1 -3 2
[1 -3 2]R1$R2”[4 1 1]R2—4R1 ”[o 13 —7]
(b) Row reducing gives
-2 5 8] 1 -1 2 3
1 -1 2 3|RTR ~| 2 -2 5 8|R-2R ~
-1 1 0 2| | -1 1 0 2| R3+R
1 -1 2 3] (1 -1 2 3
0 0 1 2 ~0 0 1 2
0 0 2 5S|R3-2R, | O O O 1
(¢) Row reducing gives
1 -1 -1 1 -1 -1
2 -1 -2 | Rh—-2R 0O 1 0
5 0 0 | R3-5R 0 5 5 [|R3-5R;
|3 4 5 JR4=3R; [0 7 8 |R4—-TRy
1 -1 -1 1 -1 -1
0O 1 O 0O 1 O
0 0 5 0 0 5
[0 0 8 |Ry—%R; |0 0 O |
(d) Row reducing gives
2 0 2 0] (2 0 2 O
1 2 3 4 |R-3R |02 2 4
1 4 9 16 |Rs—3R |0 4 8 16 | R3-2R,
36 13 20 | R4—3R [0 6 10 20 | R4-3R,
2 0 2 0] [2 0 2 0
0 2 2 4 02 2 4
0 0 4 8 0 0 4 8
0 0 4 8|Ri—R;3 |0 0 0 0
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(e) Row reducing gives
0o 1 2 1 1 2 1 1
1 2 1 1|RIR 0 1 2 1
3 -1 4 1 3 -1 -4 1| R3s—-3R
2 1 3 6 |2 1 3 6| Ri—2R
1 2 1 1 1 2 1 1
0o 1 2 1 01 2 1
0 -7 -7 -2 | R:+7TR, 0 075
0 -3 1 4 7R4+3R2 »0 0o 7 7 Ry —R;
1 2 1 1]
01 2 1
00 75
00 0 2
(f) Row reducing gives
31 8 2 4] 1 0 3 01
1 0 3 0 1[|RIR 31 8 2 4| R-3R
0 2 -2 4 3 0 2 -2 4 3
-4 1 11 3 8] -4 1 11 3 8 ] R4+4R;
1 0 3 0 1] 1 0 3 0
01 -1 2 1 01 -1 2 1
0 2 -2 4 3 |R-2R 00 0 0 1
01 23 3 12| Ry—R 0 0 24 1 11 Ry T R;
1 0 3 0 1]
01 -1 2 1
0 0 24 1 11
00 0 0 1
A4 (a) Since the bottom row is of the form 0 = -5, it is inconsistent.

(b) The system is consistent. Rewrite the augmented matrix in equation form to get the system of equations
x1 =2 and x3 = 3. We also have that x; is a free variable, so we let x, = t € R. Hence, the general solution
is

X1 2 2 0
X=|x|=|t|=|0|+¢t|1], t€R
X3 3 3 0
(c) The system is consistent. Rewrite the augmented matrix in equation form to get the system of equations
X1 +x3=1
X2+ X3+ X4 = 2
X4 = 3
Copyright © 2013 Pearson Canada Inc.
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50 Chapter 2 Systems of Linear Equations

Thus, x3 is a free variable, so we let x3 = t € R. Then, substituting the third equation into the second gives
X, =2 —1t—-3=—-1-1 Also, the first equation becomes x; = 1 — ¢. Hence, the general solution is

X 1-1¢ 1 -1
-1- -1 -1
2= "= H- +1 , teR

X t | |0 1
X4 3 3 0

I S

(d) The system is consistent. Rewrite the augmented matrix in equation form to get the system of equations

X1 +x—x3+3x4 =1
2x3+x4 =3
X4 = -2
Thus, x; is a free variable, so we let x, = t € R. Then, substituting the third equation into the second gives

2x3 = 3—(=2) = 5 or x3 = 3. Substituting everything into the first equations yields x; = 1 -1+ 3 —3(-2) =
% — 1. Hence, the general solution is

X1 19/2 —1¢ 19/2 -1
2 ! _| 0 +t (1) , teR
0

=L
1l
I}

X3 5/2 5/2
X4 -2 -2

(e) The system is consistent. Rewrite the augmented matrix in equation form to get the system of equations

X1+X3—)C4=O

X2=0

We get that x3 and x4 are free variables, so we let x3 = s € R and x; = ¢ € R. Then, the general solution is

—-s+t -1 1
, o | _[|o 0
X = s = 1 +t0, s,teR
t 0 1
A5 (a) We have
[ 3 =512
o204
i.
3 512 1 2|4 1 2] 4
[1 24]R1$R2~[3—52}R2—3R1 N[O—ll—lo}

iii. The system is consistent and has no free variables, so there are no parameters in the general solution.
24/1 1}

. e _ 10 _ 10) _ 24 S 2
iv. By back-substitution, x, = T and x; =4-2 (ﬁ) =4 Hence, the general solution is X = [1 0/11
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(b) We have
; 1 2 1|5
2 -3 216
il.
1 2 1|5 1 2 1] 5
2 -3 2|6 | R-2R 0 -7 0|-4
iii. The system is consistent and has one free variable, so there is one parameter in the general solution.
iv. Let x3 = ¢t € R. By back-substitution, x, = ‘7—‘ and x; = 5 — 2(‘7—‘) -t = 27—7 — t. Hence, the general
27/7 -1
solutionis ¥=|4/7 |+¢| 0 |,t€R.
0 1
(c) We have
1 2 -3| 8
i1 3 =5]|11
2 5 8|19
ii.
1 2 -3 8 1 2 -3|8
1 3 =511 | R-R ~|0 1 2|3 ~
2 5 -8|19 | R3—-2R, 01 -2|3|R-R
1 2 -3|8
01 -2|3
00 0/0
iii. The system is consistent and has one free variable, so there is one parameter in the general solution.
iv. Let x3 = t € R. By back-substitution, x, = 3 + 2f and x; = 8 — 2(3 + 2¢) + 3t = 2 — . Hence, the
2 -1
general solutionis ¥=|3|+¢| 2 |,r € R.
10 1
(d) We have
-3 6 16| 36 |
i 1 -2 -5|-11
2 -3 =8| -17 |
ii.
-3 6 16| 36 | [ 1 -2 -5]|-11
1 -2 -5|-11 R, :I:RQ ~ =3 6 16 36 | R +3R; ~
2 -3 -8|-17 | | 2 -3 -8|-17 | R3 -2k,
1 -2 -5]-11] (1 -2 =5|-11
0 0 1 3 ~l0 1 2 5
o 1 2 5|/RIR |0 0 1 3
iii. The system is consistent and has no free variables, so there are no parameters in the general solution.
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iv. By back-substitution, x3 = 3, x, = 5 -2(3) = -1, and x; = —11 + 2(-1) + 5(3) = 2. Hence, the
2
general solution is ¥ = |—1].
3
(e) We have
1 2 -1| 4
il 2 5 1110
4 9 -1/19
ii.
1 2 -1| 4 1 2 -1|4 1 2 -1/4
25 1|10 | RR—-2R ~|0 1 3|2 ~0 1 3|2
4 9 —-1|19 | R3—4R, 01 3|3 |R-R 0 0 0]1
iii. The system is inconsistent.
(f) We have
1 2 -3 0| -5
|2 4 -6 1| -8
6 13 -17 4| -21
il.
1 2 =3 0] -5 | 1 2 -3 0|-5
2 4 -6 1| -8 |R-2R ~[0 0 O 1|2 ~
6 13 —17 4| -21 | Rz —6R, 01 1 4|9 |[RIR;
1 2 -3 0|-5]
01 1 419
00 0 1|2 |
iii. The system is consistent and has one free variable, so there is one parameter in the general solution.
iv. Let x3 = ¢ € R. By back-substitution, x4 =2, x, =9—-t—-4Q2)=1-t,and x; = -5-2(1 — 1)+ 3t =
-7 5
—7 + 5t. Hence, the general solution is ¥ = (1) +t _11 ,t€R.
2 0
(g) We have
02 -2 0 1|2
L2 =31 4|1
"124 -5 3 8|3
2 5 -7 3 105
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(a)

(b)
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ii.

02 20 1]2] (1 2 =3 1 4|1
1 2 31 4|1|R 1R 02 -20 112
2 4 -5 3 8|3 2 4 -5 3 8|3 | Ry-2R
25 -7 3 105 | |2 5 -7 3 10|5]| R,-2R,
1 2 =3 1 4|1 (1 2 =31 4 |1

02 -2 0 1|2 02 20 12

00 1 1 0|1 oo 1 1 0|1

01 -1 1 2|3|R-4R [0 0 0 1 3/2|2

iii. The system is consistent and has one free variable, so there is one parameter in the general solution.
iv. Letxs =t € R. By back-substitution, x4 = 2—%t, X3 = 1—(2 - %t) = —1+%t, 2xp; = 242 (—1 + %t)—t =

2t,80 x, = t,and x; = 1 —2(r) + 3 (—1 + %t) - (2 - %t) — 4t = —4. Hence, the general solution is

—4 0
0 1
X=|-1|+t|3/2 |, teR.
2 -3/2
0 1

If a # 0 and b # 0, then the matrix is consistent and has no free variables, so the solution is unique. If
a =0, b # 0, the system is consistent, but x3 is a free variable so the solution is not unique. If a # 0, b = 0,

then row reducing gives
2 4 3|6
00 7|2

0 0 ala

00 7 2
0 0 O0]5a/7

2 4 -3 6‘

2Ry — R3

Hence, the system is inconsistent. If a = 0, b = 0, the system is consistent and x; is a free variable, so the
solution is not unique.

If ¢ # 0, d # 0, the system is consistent and has no free variables, so the solution is unique. If d = 0, then
the last row is [ 0 0 0 ‘ c ], so the system is consistent only if ¢ = 0. If ¢ = 0, the system is consistent
for all values of d, but x4 is a free variable so the solution is not unique.

A7 Let a be the number of apples, b be the number of bananas, and ¢ be the number of oranges. Then

a+b+c=1500

The second piece of information given is the weight of the fruit (in grams):

120a + 1406 + 160c = 208000

Finally, the total selling price (in cents) is:

25a + 20b + 30c = 38000

Thus, a, b, and c satisfy the system of linear equations

a+b+c=1500
120a + 1406 + 160c = 208000
25a + 20b + 30c¢ = 38000
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Row reducing the corresponding augmented matrix for this system gives

1 1 1 1500 1 1 1] 1500
120 140 160 | 208000 |~ | O 20 40 | 28000
25 20 30| 38000 0 0 15| 7500

By back-substitution 15x3 = 7500 so x3 = 500, 20x, = 28000 — 40(500) hence x, = 400, and x; = 1500 — 400 —
500 = 600. Thus the fruit-seller has 600 apples, 400 bananas, and 500 oranges.

Let A be her mark in algebra, C be her mark in calculus, and P be her mark in physics. Then for a physics prize,
0.2A +0.3C+0.5P =84

For an applied mathematics prize,
1
E(A +C+P)=283

For a pure mathematics prize,
0.5A+0.5C =825

Thus, A, C, and P satisfy the linear system of equations

1 3 1
“A+—=C+-P=84
5 +10C+2 8
1 1 1
§A+§C+§P—83

1 1
-A+=C =825
2 2

To avoid working with fractions, we can multiply each equation by a non-zero scalar to get

2A +3C + 5P = 840
A+C+ P =249
A+C =165

Row Reducing the corresponding augmented matrix for this system gives

2 3 5840 1 1 0165
1 1 1(249 |~ 0 1 5]510
1 1 0165 0 0 1| 84

By back-substitution P = 84, C = 510 — 5(84) = 90, and A = 165 — 90 = 75. Therefore, the student has 75% in
algebra, 90% in calculus, and 84% in physics.

Homework Problems

B1

[23] [—2] =7
(a) =110 (b)yX=|-1|+¢t|-2[,teR
-2 | 0 | 1
TR -2 0 -1
5 s -2 0 1
(c) X = 3 +1 _3,IER (dX=|-3|+s|-1|+1] 2] s,t€eR
0 | 0 1 0
- | 0 | 0 1
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B2 (a) The matrix is in row echelon form.
(b) The matrix is in row echelon form.
(¢) The matrix is not in row echelon form as the leading entry in the second row is not to the right of the
leading entry in the first row.
(d) The matrix is in row echelon form.
1 3 3 0 11 0 1 0
@0 -2 -4 -1 |0 2 -2 2 4
0O 0 1 =72 00 0 -6 11
B3 Alternate correct answers are possible. 1 1 -1 2 1 21 30
0o -1 2 3 01 001
©lo o 1 3 @lo 01 0 2
0O 0 0 4 000 O0 3
[ 9/2 ] 3
B4 (a) Consistent. The solution is ¥ = 2 +t1 teR
a) Consistent. The solution is X = 32 Y .
0 1
(b) Inconsistent.
1/2 0
. RN 1 -1
(c) Consistent. The solution is X = ) +rf | ,teR.
| 0 1
[—1 0 -1
. . .. 510 1 0
(d) Consistent. The solution is X = 0 + s 0 +1 | ,8,1€R
| 0 0 1
- -2 -4t -2 -4
B5 (a) 2 1 5|4 ~ ! b= . Consistent with solution ¥ = 3t =10 |+r| 3|, teRr.
1 1 1|-2 0 -1 3| 0
- t 0 1
2 1 -1|6 1 -2 =21 13/5 4/5
(b) 1 =2 2|1 |~ 0 5 3|4 | Consistent with solution ¥=| 4/5 | +¢|-3/5|,t € R
| -1 12 8|7 0O 0 0|0 0 1
[0 1 12 1 1 1|3
|1 1T 1]3~|0 1 1]2 [ Thesystem isinconsistent.
| 2 3 319 0 0 01
(1 1 0] -7 (1 1 0] -7 11
@12 4 1]-16 |~]0 1 1 16 |. Consistent with solution ¥ = |—18].
|1 2 1 9 | 0 0 —-1|-34 34
1 1 2 1 3] 11 2 1 3
e (1 2 4 1 71~10 1 2 0 4 |. The system is inconsistent.
1 00 1|-21f [0 O O 0]-20
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112 1] 1 11 2 1] 1
0 |1 4 1]-1|~|l0 1 2 0]=-2
0 000

2
1 0 1y 3 0 0

3 0 -1
. . Lo, 2 -2 0
. Consistent with solution X = 0 +s | +t ol s,t€R.
0 0 1
B6 (a) If b = 0 the system is inconsistent. If b # 0 and a*> — 1 # 0, then the system is consistent with a unique
solution. If a = 1, the system is consistent only if » = —1. If @ = —1, the system is consistent only if

b = 1. In the case where a = 1, b = —1 and in the case where a = —1 and b = 1 there are infinitely many
solutions.

(b) If ¢ # 0 and d # 0, then the system is consistent with a unique solution. If ¢ = 0 or d = 0, then the system
is inconsistent.

B7 The price of an armchair is $300, the price of a sofa bed is $600, and the price of a double bed is $400.
B8 The magnitude of F is 8.89N, the magnitude of F, is 40N, and the magnitude of F5 is 31.11N.

B9 The average of the Business students is 78%, the average of the Liberal Arts students is 84% and the average of
the Science students is 93%.

Computer Problems

C1 Alternate correct answers are possible.

[ 35 45 18 13
(a) 0 302/7 —2441/35 24/35
0 0 -—17303/755 24632/755

[ -25  -36 37 41 22
(b) 0 -110 123 95 89
0 0 -63891/2750 —16589/550 1907/2750

C2 See solutions of A3, A5, B3, and B5 respectively.
[—-33.720]
C3 (a) ¥=| 0.738

| 20.600 |
[ 26.389 ]
(b) ¥=1|-2.132

|—13.733]

Conceptual Problems

D1 Write the augmented matrix and row reduce:

Ry — 2R,

S O N =
N O W=
N = = O
Q = N =
[ e
N O ==
N = = O
Q= G

@)}

|

[\

S

SO O =
OO = =
S = = O
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(a) To be inconsistent, we must have a row of the form [ o0 - 0 ‘ c ] where ¢ # 0. The only way this
is possible is by taking a = 6 and 40 — 11 # 0. In all other cases the system is consistent.

(b) By Theorem 2.1.1, to have a consistent system with a unique solution, we cannot have a row of the form
[ 00 --- 0 ‘ c ] where ¢ # 0 and we need the number of pivots to equal the number of variables.
Since x, y, and z always have a pivot, we just require that w also has a pivot. This will happen whenever
a # 6 which also implies that the system in consistent.

(c) By Theorem 2.1.1, to have a consistent system with infinitely many solutions, we cannot have a row of the
form [ 0O 0 --- 0 ‘ c ] where ¢ # 0 and we need the number of pivots to be less than the number of
variables. To have the number of pivots less than the number of variables, we need a = 6. But, then for the
system to be consistent we must have 45 — 11 = 0.

D2 Since the two planes are parallel, 77 = 1 for some non-zero real number 7. To determine a point (or points) of
intersection, we solve the system of equations with augmented matrix

/|

c
d-—tc

because i = 1. If d # tc, the system of equation is inconsistent, and there are no points of intersection. If d = zc,
then the second equation is a non-zero multiple of the first. That is, the planes coincide.

ng np n
mp np ms3

Add -t times the first row to the second to obtain

0 0 O

[m o m

2.2 Reduced Row Echelon Form, Rank, and Homogeneous Sys-
tems

Practice Problems

Al (a)
[ 2 1] [ 1 -1 ]
1 =1 |RiIR~|2 1 |R-2R ~
[ 3 2 | | 3 2 | Rs-3R,
[ 1 -1 ] [ 1 - Ry +R>
0 3|1k ~|O ~
[0 5| | 0 5| Rs-5R,
1 0]
0 1
0 0 |

Thus, the rank is 2.
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(b)
2 0 1]R —R; [ 1 -1 0]
01 2 ~1 0 1 2
1 1 1] | 1 1 1 ]|R-R
1 -1 0] Ri+R, 1 0 2]
0 1 2 ~1 0 1 2
0 2 1|R3-2R, |0 0 -3 —1R;
1 0 2R -2R; [1 O O
01 2|R-2R3~| 0 1 O
0 0 1| L0 0 1
Thus, the rank is 3.
(c)
1 3 [ 1 2 3
2 1 2| R-2R ~| 0 -3 -4 | R —4R;
2 3 4| R3-2Ry |0 -1 =2
1 2 3R -2R, [1 O -5
0 1 4 ~1 0 1 4
0 -1 2| R3+R, |0 0 2 1R,
1 0 -5 ] R, +5R;s 1 0 0
0 1 4 | Rhb—4R; ~| 0 1 O
0 0 1| L0 0 1
Thus, the rank is 3.
(d)
1 0 -2 (1 0 -2 ]
2 1 2 | Rhb=2Ry ~| 0 1 6
2 3 4|R3-2Ry |0 3 8 ]|R:i-3R,
1 0 -2 [ 1 0 -2 ] R;+2R;s
0 1 6 ~10 1 6 | R, —6R3
0 0 —-10 | —15R; |0 0 1|
1 0 0]
01 0
0 0 1|
Thus, the rank is 3.
Copyright © 2013 Pearson Canada Inc.
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(e)
1 2
2
-1 =2
4
1 2
0 0
0 0
0 0
Thus, the rank is 2.
(H)
1 1 1
1 1
| 1 1 0
[ 1 1 0
0 0 1
|0 0 1
Thus, the rank is 3.
(g
2 -1 2
1 -1 0
3 -2 3 1
(1 -1 0
0 1 2
| 0 1 3
[1 0 0
01 0 -2
10 0 1
Thus, the rank is 3.
(h)
1 1 0
01 1
2 3 1
1 2 3
1 0 -1 -
0 1 1
00 O
0o 0 2

—_o O O O =

| Rz — R,

1 R1 +R2

| Rz — R

— o NN = B~ B~

—_ R = = W W W) =

Ry, — Ry
R3 +R]
| R4 — 2R,

Ri— R,

R; — 4R,

Ry — Ry

RyTRy

T T 1
OO = = =

RiTR ~

SO = WM~

Ry —2R,
R, — R,

S oo~ OO O~

[ 1 2 1]
00 2],
00 4|2f~
| 0 0 1 |
1 2 0]
0 0 1
0 0 0
| 0 0 O |
1 00
1 1 0|R—-R ~
1 1 | Rs—Ry
1 0 0]
01 0
0 0 1|
-1 0 2
-1 2 8 | Ry—2R, ~
-2 3 13 | Ry —3R;
0 2 6 Ri — 2R3
1 2 4 R, —2R; ~
01 3
1 0 1 R - R,
1 1 2 N
1 1 2 R;— R
1 3 3 Ri— R,
0 -1 -1 Ry + Ry
1 1 2 | Rh =Ry
0 O 0
o 1 1/2
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1 0 0 -1/2 1 0 0 -1/2
01 0 3/2 N 01 0 3/2
0 0 O 0 0 0 1 1/2
0 0 1 1/2 | R3 TRy 0 0 O 0
Thus, the rank is 3.
()
01 0 2 5] 1 0 3 2 1
31 8 5 3 31 8 5 3 R> — 3R,
1032 1 |[BIRB ~1g 1025
21 6 7 1| 12 1 6 7 1 Ry — 2R,
1 0 3 2 1] (1 0 3 2 1] R —-3R;
o1 -1 -1 0 01 -1 -1 0| R+R;s
01 0 2 5|R-R 00 1 3 5
01 0 3 -1|Ri—-Ry L0 0 1 4 —-1| Ry—Ry
1 0 0 -7 —-14 ] R, +7Ry 1 0 0 0 =56
o1 0 2 5 | Ry—2Ry4 N 01 0 O 17
0 0 1 3 5 | R3—3Ry 001 0 23
0 0 O 1 -6 | L0 0 01 -6
Thus, the rank is 4.
A2 (a) There is 1 parameter. Let x3 = t € R. Then we have x; = -27, x, = t, and x4, = 0. Thus, the general

solution is

=2t -2

X= ! =t 1, teR
t 1
0 0

(b) There are 2 parameters. Let x; = s € R and x3 = r € R. Then we have x, = —2¢ and x4 = 0. Thus, the
general solution is
s 1 0
= _tﬂ=slg 1 _12 , sI€R
0 0 0

(c) There are 2 parameters. Let x, = s € R and x3 = r € R. Then we have x; = 35 — 2¢ and x4 = 0. Thus, the
general solution is

35— 2t -2

s

t

0

s,teR

=
1

3

1 0
=so+t1,

0 0
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Section 2.2 Reduced Row Echelon Form, Rank, and Homogeneous Systems 61

(d) There are 2 parameters. Let x3 = s € R and x5 =t € R. Then we have x; = =25, x, = 5 + 2¢, and x4 = —t.
Thus, the general solution is

(e) There are 2 parameters. Let x, = s € R and x4 = ¢ € R. Then we have x; = —4¢, x3 = 5¢, and x4 = 0. Thus,
the general solution is

5%

(f) There is 1 parameter. Let x3 = # € R. Then we have x; = 0, x, = —f, x4 = 0, and x5 = 0. Thus, the general

solution is
0 0
—t -1
X=|t|=t|1], teR
0 0
0 0

0 2 -5
A3 (a) The coefficient matrixis [1 2 3 |. To find the rank, we row reduce the coeflicient matrix to RREF.
1 4 -3
0 2 -5] 1 2 3]
1 2 3|RIR ~0 2 -5 ~
1 4 -3 | 1 4 3| R3—R
1 2 3R -R 1 0 8 R, + 8R;
0 2 -5 ~[0 2 =5 R>— 5R
0 2 =6|Rs—-R, |0 0 —1 |27
1 0 0] 1 00
02 0| R ~[0 10
0 0 -1 | (-DRs 0 0 1

Thus, the rank is 3. The number of parameters in the general solution to the homogeneous system with
coeflicient A is the number of variables minus the rank, which is 3 — 3 = 0. Therefore, the only solution is

N

X=0.

Copyright © 2013 Pearson Canada Inc.



o
62 Chapter 2 Systems of Linear Equations
31 -9
(b) The coefficient matrixis [1 1 —5]. To find the rank, we row reduce the coefficient matrix to RREF.
2 1 -7
31 -9] [ 1 1 -5
11 -5|{RRIR ~|3 1 -9 R, -3R; ~
2 1 -7 | | 2 1 -7 R3 — 2R,
I 1 =5 1 1 -5 Ri - R,
0 2 6|-3R, ~|0 1 -3 ~
0 -1 3 | | 0 -1 3 R;+ R,
1 0 2]
01 -3
0 0 O]
Thus, the rank is 2. The number of parameters in the general solution to the homogeneous system with
coefficient A is the number of variables minus the rank, which is 3 — 2 = 1. Therefore, there are infinitely
many solutions. To find the general solution, we rewrite the RREF back into equation form to get
x;—2x3=0
Xy — 3)63 = 0
Thus, x3 is the free variable. So, we let x3 =t € R and get the general solution is
xl— 2t 2
X=|x|=|3t|=1|3|, teR
X3 | t 1
1 -1 2 -3
. .. |3 -3 8 =5 . .
(c) The coefficient matrix is 5> o 5 _4 | To find the rank, we row reduce the coefficient matrix to
3 -3 7 7]
RREF.
[1 -1 2 -3 ] (1 -1 2 -3 ] Ri—-R
3 -3 8 -5 |R-3R 0 0 2 4
2 25 -4 |Rs-2R |0 0 1 2|R—3R
|3 37 =7|R=3R; [0 01 2]|Ri-3R
[1 -1 0 -7 ] (1 -1 0 -7 |
0 02 4|1iRr, 0 01 2
0O 00 O 0 00 O
|0 0 0 O] |0 0 0 0|
Thus, the rank is 2. The number of parameters in the general solution to the homogeneous system with
coeflicient A is the number of variables minus the rank, which is 4 — 2 = 2. Therefore, there are infinitely
many solutions. To find the general solution, we rewrite the RREF back into equation form to get
X1 —x—Txs =0
x3+2x4 =0
Copyright © 2013 Pearson Canada Inc.
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Thus, x, and x4 are free variables. So, we let x, = s € R and x4 = € R. Then, the general solution is

X1 s+ 7t 1 7
S |x2f s |
X = wl | -2 —s0+t_2, s,t€R
X4 t 0 1
0122 0
. .. 125 3 -1 . .
(d) The coeflicient matrix is > 15 1 -3 | To find the rank, we row reduce the coefficient matrix to
1 1 4 2 =2
RREF.
01 2 2 0] 1 2 5 3 -1
1 25 3 -1 o1 2 2 0
21 51 3|RIR 2 1 5 1 -3 R; — 2R,
1 1 4 2 =2 11 4 2 =2 Ry — Ry
1 2 5 3 -1]1R -2R, 1 01 -1 -1] Ri—R3
o 1 2 2 0 01 2 2 O0|R-2R;
0 -3 -5 -5 -1 |R;3+3R, 0 0 1 1 -1
o -1 -1 -1 -1 | R4+ R, 0 0 1 1 -1 R4—R3
1 0 0 -2 0]
o1 0 0 2
0 0 1 1 -1
00 0 0 0]

Thus, the rank is 3. The number of parameters in the general solution to the homogeneous system with
coefficient A is the number of variables minus the rank, which is 5 — 3 = 2. Therefore, there are infinitely
many solutions. To find the general solution, we rewrite the RREF back into equation form to get

Xl—ZX4=0
X2+ 2x5 =0

Xx3+x4—x5=0

Thus, x4 and xs are free variables. So, we let x4, = s € R and x5 = t € R. Then, the general solution is

X1 2s 2 0
X =2t 0 -2
x3|=|-s+t|=s|-1|+¢t| 1], steR
s 1
t 0

=y
Il

0
1
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A4 (a) We have
3 -5]2] 1 214
[1 24_R1$R2 [3 —52} R, - 3R,
1 21 4] 12 4 | R -2R,
0 —11|-10 | -4R, 0 1]10/11
1 0]24/11 |
0 1)10/11 |
Lo, |24/11
Hence, the solution 1sx—[10/11].
(b) We have
1 2 1]|5 1 2 1| 5
2 -3 2|6 |R-2R [0 -7 O|-4| -1R,
1 2 1 5 1 0 1]27/7
[0 1 04/7]R2_2R2~[0 10 4/7]
We have x| + x3 = 27—7and Xy = ‘7—‘. Then x3 is a free variable, so let x3 = t € R and we get that the general
solution is
27/7 -1
X=| 4/7 |+t 0|, teR
0 1
(c) We have
1 2 -3| 8 [ 1 2 -3|8 ]
1 3 5|11 | RR-Ry ~|0 1 =213 ~
25 8|19 | R3-2R, |0 1 2|3 |R—-Ry
1 2 -3|8] (1 0 1]2]
01 2|3 |B7R o 3
00 00 |0 0 00 |
We have x; + x3 = 2 and x, — 2x3 = 3. Then x3 is a free variable, so let x3 = r € R and we get that the
general solution is
2 -1
X=|3 |+t 2|, teR
0 1
Copyright © 2013 Pearson Canada Inc.
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(d) We have
-3 6 16| 36 ] 1 -2 -5|-11
1 -2 -5|-11 R 1R -3 6 16| 36 | Ry +3R; ~
2 -3 =8 |-17 | ¥T 2 -3 -8|-17 | R3—2R,
1 -2 -5|-11 1 -2 -5|-11
[0 o 1| 3 o 1 2 5| Rtk |
o 1 2 51 RTRs 0O 0 1 3
1 0 -1|-1] R+Rs [1 0 0| 2
01 2| 5| R-2R3~[0 1 0f-1
00 1| 3] 0 0 1] 3
2
Thus the only solutionis ¥=| —1 |.
3
(e) We have
1 2 —-1| 4] [ 1 2 —-1|4] R -2R,
25 1|10 | R—-2R ~| 0 1 3|2 ~
4 9 1|19 |R3—4rRy |0 1 3|3 | Rs—R,
1 0 =7]0 ] [ 1 0 =7]0 ]
01 3|2 ~0 1 3]0
0 0 017R2_2R3 00 01 ]
Hence, the last equation is 0 = 1 so the system is inconsistent.
(f) We have
1 2 =3 0| -5] [ 1 2 -3 0]-5]
2 4 -6 1| -8|R—-2R ~|0 0 0 1| 2 ~
6 13 —-17 4|-21 | R3—6R; | 0 1 1 4| 9| RIR;s
[1 2 -3 0|-5] [1 2 -3 0|-5]R —-2R,
0 1 1 4] 9 ~10 1 1 0] 1 ~
0 0 1 2_&_‘“’?3 000 0 1| 2
1 0 -5 0|-7
0 1 1 0] 1
00 1] 2
In equation form this is x; — 5x3 = =7, x + x3 = 1, and x4 = 2. Thus, x3 is a free variable, so we let
x3 =t € R. Then the general solution is
-7

=L
Il

N O =
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(g) We have
02 -2 0 1|2] (1 2 -3 1 4|1
12 -31 4 1|RIR |02 -2 0 1]2
2 4 -5 3 813 2 4 -5 3 8|3 R; — 2R,
2 5 -7 3 10|5 | | 2 5 -7 3 1015 R4y — 2R,
1 2 -3 1 4|1 (1 2 -3 1 4|1 R - 2R,
02 -2 0 1|2 01 -1 1 2]|3
00 1 1 0]1 00 1 1 0]1
01—11237&”4 002 =2 0 12 Ry - 2R,
1 0 -1 -1 O|-5|R+R; [1 O 0 O 0| -4
01 -1 1 2| 3|R+Rs |0 1 0 2 2| 4 | R—2R,
00 1 1 0] 1 0 0 1 1 0| 1| R3s—Ry
00 0 -2 -3|-4 —%R4 |0 0 0 1 3/2| 2
1 000 0] -4
01 00 -1
00 1 0 -=3/2|-1
00 0 1 3/2
In equation form this is x; = =4, x; — x5 = 0, x3—%x5=—1,andx4+%x5:2. Thus, x5 is a free variable,
so we let x5 = ¢ € R. Then the general solution is
-4 0
0 1
X=|-1|{+7]3/2], teR
2 -3/2
0 1
A5 (a) We have
2 -1 4|1 1 1 2|2
1 3 00 1 3 0/0 R,-R, ~
1 1 2 2_R‘$R3 2 -1 4|1 | Ry-2R
1 1 2| 2|R-3R [1 0 3|3
0 2 -2|-2 ~10 2 =2|=2 IR, ~
0 -3 0|-3]R+3R, 0 0 -3|-6 —1Rs3
10 3 1R —-3R; 1 0 0|-3
01 -1|-1| R+R; ~|0 1 0] 1
00 1| 2| 00 1| 2

-3
Therefore, the solution to [A | l;] is X = [ 1 } If we replace b be 0, we get that the solution to the

2
0
0‘.
0

Copyright © 2013 Pearson Canada Inc.
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(b) We have
1 7 5| 5 (1 7 5| 5
1 0 5|2 |R-R ~|0 =7 0|-7|-iR ~
-1 2 =5| 4|[Rs+R; [0 9 0| 9] 3R
1 7 5|5|R-7R, [ 1 0 5|-=2
01 0|1 ~[0 1 0] 1
01 01| RR-R, |0 O O] O
Writing this back into equation form gives x; + Sx3 = =2 and x, = 1. Let x3 = t € R. Then the general
solution to [A | 5] is
-2 -5
X=|1]|+t/0], reR
0 1
Replacing b with 0, we get the general solution to the homogeneous system is
-5
Xx=t| 0], teR
1
(c) We have
0o -1 5 -2|-1 -1 -1 -4 -1| 4| (-DR,
[—1 -1 -4 —1| 4}R1$R2 ~[ 0 -1 5 —2‘—1}(—1)132
11 4 1|-4|R-R |1 0 9 —-1]|-5
01 -5 2| 1 01 -5 2| 1
Writing this back into equation form gives x; + 9x3 — x4 = =5 and x, — Sx3 + 2x4 = 1. Let x3 = s € R and
x4 =t € R. Then the general solution to [A |b ] is
-5 -9 1
L |1 5 -2
X= 0 + s 1 +t ol s,teR
0 0 1
Replacing b with 0, we get the general solution to the homogeneous system is
-9 1
vos| O |+e|” teR
=5l ol %
0 1
Copyright © 2013 Pearson Canada Inc.
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(d) We have
1 0 -1 -1]3] (10 -1 -1] 3
4 3 2 4|3 |R-4R ~|0 3 6 09| iR ~
-1 -4 -3 5|5| Rs+R, [0 -4 -4 4| 8| —1iR;s
(1 0 -1 -1] 3] (1 0 -1 -1] 3
01 2 0]-3 ~l0 1 2 0|-3 ~
001 1 -1|=2]|Rs-R [0 0 -1 -1] 1] (=DRs
(1 0 -1 -1] 3] (1 0 0 0] 2
0 1 03[ ¥ o1 0 2]
000 1 1]|-1]2"" oo 1 1]|-1

Writing this back into equation form gives x; = =2, x —2x4 = —1, and x3+ x4 = —1. Let x4 = r € R. Then

the general solution to [A | b ] is
2 0
> 2 -1 2
X=XxX= ) +t _1l° teR
0 1

Replacing b with 0, we get the general solution to the homogeneous system is
0
X= tlﬂ , teR
1

; the rank is 3.

Homework Problems

0

1|; the rank is 2. (b)

(a)

o~

=]

—
)

; the rank is 3.

©

)
S = O

1}; the rank is 2. (d)

‘©
o

B1
(e)

]

-2
—1}; the rank is 3.

]

; the rank is 4.

~~~
=
SO o —~ococo~coc o —

—_—

2

SO~ oo~ o0o0~O

o~
— oo o

0

0 ; the rank is 3.
-2
0

(2)

oo o~
oo —o O~ O
co o
o~ oo

-3

1
B2 (a) There are 2 parameters. The general solution is ¥ = sl ‘ +t _02 , s, teR.
1

S O =

Copyright © 2013 Pearson Canada Inc.
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[—1] 2
1 0
(b) There are 2 parameters. The general solutionis ¥ =s| O |+7|—1|, s,z € R.
0 1
0
[—2] [0] [ 3]
1 0 0
g 0 5 -4
(c) There are 3 parameters. The general solution is X = r 0 + s | +t 0 ., 8,t€R.
0 0 -1
| O | 10] | 1]
1 5 -3 1 0 -3 3
B3 (a |3 5 -9[~[0 1 0 |;therankis?2;there is 1 parameter. The general solution is ¥ = 7|0|, 7 € R.
1 1 =-3] [0 0 O 1
(1 4 -2] [1 0 -=3/2 3/2
(b) {2 0 -3|~|0 1 =—1/8];therankis?2;thereis | parameter. The general solutionis ¥ =7|1/8],7 € R.
4 8 -7 |0 O 0 1
1 1 1 =2 1 0 0 O 0
2 7 0 -14 01 0 - . . o2
(c) 130 =61 1o 01 o ; the rank is 3; there is 1 parameter. The general solution is X = ¢ ol
1 4 0 -8 0 0 0 O 1
teR.
1 3 1 1 2 1 0 01 0
021 0 -1 01 0 0 O . . S
(d) 1221 0ol 1o o1 0 ol the rank is 4; there is 1 parameter. The general solution is X =
1 2 1 1 1 0 0 0 0 1
-1
0
t| 0|, teR.
1
0
B4 Alternative correct answers are possible.
4 0 6] 0 1 0 3/2| O 0 -3/2
(a) 6 6 3/-6[(~]10 1 -1]-1 .Thesolutionto[A|5]iS)?: -1+t 1 |, t€R. The
-2 1 -4 -1 0 0 0| O 0 1
-3/2
solution to the homogeneous systemis ¥ =7 1 |, t€R.
1
1 2 4110 1 0 0|4 4
-1 -5 -5|-1 01 0| 3 . 51, 5 .
(b) 4 1 9 1 1~1o o 1122 The solution to [A | b] is X = {_32 . The solution to the
-5 -4 0] 8 0 0 0] O
Copyright © 2013 Pearson Canada Inc.
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0
homogeneous system is X = [0 .
0
1 -1 4 -1| 4 1 0 0 0]-3 -3
-1 -2 5 2| 5 010 0|14 . 51, 5 |14 .
© | _ 4 -1 2 2l-al~lo o1 ol al The solution to [A | b] s X = 4l The solution to
5 41 8| 5 000 1|-5 -5
0
. 5 10
the homogeneous system is X = ol
0
113 1 4] 2 1 100 3| 6 8 _11
4 4 6 -8 4|4 001 0 0]-2 . S5 .
(d) 114 2 116110001 1! 2l Thesolut10nt0[A|b]1SJ?— —22 + s 8 +
3 3 2 -4 5| 6 00 0O0O0| O
0 0
-3 -1 -3
0 1 0
t| 0 |, s,z € R. The solution to the homogeneous systemis X=s| 0 |+¢| O |, s,t € R.
-1 0 -1
1 0 1

Computer Problems

1 00 5.742880954
Cl1 |0 1 0| —-1.935982515
0 0 1

—-0.3291708706
1 0 0 4.041900246
C2 (a [0 1 0 -2.285384036
0 0 1 -1.423568167
[1 0 0 -0.5653691443  (.2889765382
(b) (0 1 0 0.5880170916  —0.8424660750
0 0 1 1298226667 —0.02984770938

Conceptual Problems

D1 (a) If Xis orthogonal to d, l—;, and &, then it must satisfy the equations @ - X = 0, bh-#= 0,and ¢-X¥=0.

(b) Since a homogeneous system is always consistent, Theorem 2.2.2 tells us that a homogeneous system in 3
variables has non-trivial solutions if and only if the rank of the matrix is less than 3.

D2 (a) Let the variables be x;, x», and x3. From the reduced row echelon form of the coefficient matrix, we see
-2
that x5 is arbitrary, say x3 = r € R. Then x, = x3 = rand x; = =21, so the general solution is ¥ = tl 1 },

1
t € R. Since it is the span of one non-zero vector it is a line.

Copyright © 2013 Pearson Canada Inc.
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Since the rank of A is 2 and the homogeneous system has 3 variables, there must be 1 parameter in the
general solution of the system. The general solution is of the form ¥ = td,t € R, withd # 0, so it represents
a line through the origin. If the rank was 1, there would be 2 parameters and the general solution would be
of the form ¥ = sii + 1V, 5,1 € R, with {iZ, V} linearly independent. This describes a plane through the origin
in R3.

uy u usz Uy
This homogeneous system has the coefficient matrix C = |v;  vo vz va|.

Wi Wy W3 W4
If the rank of C is 3, the set of vectors ¥ orthogonal to the three given vectors is a line through the origin in
R*, because the general solution has 1 parameter. If the rank is 2, the set is a 2-plane, and if the rank is 1,
the set is a 3-plane.

We are not told enough to know whether the system is consistent. If the augmented matrix also has rank
4, the system is consistent and there are 3 parameters in the general solution. If the augmented matrix has
rank 5, the system is inconsistent.

Since the rank of the coefficient matrix equals the number of rows the system is consistent. There are 3
parameters in the general solution.

We need to know the rank of the coefficient matrix too. If the rank is also 4, then the system is consistent,
with a unique solution. If the coefficient matrix has rank 3, then the system is inconsistent.

D4 Row reducing gives

0

1 a b|1 1 0 1 b
1 1T O|la|~|O0 1 -1 a->b
1 0 1|b 0 0 a+b—1|1-b-a*+ab

If a + b # 1, the system is consistent with the unique solution

b2 —1+d>
)?:T ab+1-b*—a
atb=ll b yab

If a + b = 1, the system is consistent only if 1 — b — a? + ab = 0 also. This implies that either a = 0 and b = 1,
ora = 1and b = 0 is required for consistency. If a = 1 and b = 0, then the reduced augmented matrix becomes

1 0 1 O
I -1 1}, and the general solution is
00 0 O
0 -1
X=|1{+¢| 1], teR
0 1
1 0 1 1
Ifa =0, b = 1, the matrix becomes ([0 1 -1 -1}, and the general solution is
00 0 O
1 -1
X=|-1|+r| 1], reR
0 1
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2.3 Application to Spanning and Linear Independence

Practice Problems

Al (a) We need to determine if there are values cy, ¢,, and ¢3 such that

-3 1 2 -1 C|+262—C3
2 0 1 1 C)+C3
g |~ 1‘*0210 T2 T e+ 20
4 1 1 1 c1t+cy+c3

Vectors are equal if and only if there corresponding entries are equal. Thus, equating corresponding entries
we get the system of linear equations

c1+2c—c3=-3
c+ec3=2
c1+2c3=8

Cl+(72+C3=4

Row reducing the corresponding augmented matrix gives

—1]-3 1
1 0
2 “1o
1 0

Thus, the solution is ¢; = 2, ¢; = —1, and ¢3 = 3. Thus the vector is in the span. In particular,

-1

—_— O =
—_—O = N
~ o0 N
oS O = O
o = O O

0

1 2 -1 -3
0 1 1

21 +(—1)O+3 ’
1 1 1

(b) We need to determine if there are values ¢y, ¢,, and c¢3 such that

5 1 2 -1 C1+26‘2—C3
4 0 1 1 Cy +C3
6‘=C1l1 Tl 2‘21 e1 + 2¢3
7 1 1 1 Cl1+Cy+cC3

Equating corresponding entries we get the system of linear equations

Cl+2C2—C3:5
C2+C3=4
c1+2c3=06

cr+cr+ce3=17
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Row reducing the corresponding augmented matrix gives

1 2 -1]5 1 2 -1] 5
01 1|4 01 1| 4
10 2/6|7]l0o0 5| 9
11 1|7 00 0|3/5

The system is inconsistent. Therefore, the vector is not in the span.

We need to determine if there are values ¢y, ¢, and c¢3 such that
1 c1+2c—c3
2 —c 0 i Cy +C3
IR b e 0 2 T el +2e3
1 Cl+Cy+cC3

Vectors are equal if and only if there corresponding entries are equal. Thus, equating corresponding entries
we get the system of linear equations
cir+2c—c3=2
cr+c3=-2
c1+2c3=1

Cl+C2+C3=1

Row reducing the corresponding augmented matrix gives

1 2 -1 2 1 0 0| 3
0 1 1] -2 01 0|-1
1 0 2| 1 0 0 1/|-1
1 1 1 1 0 0 0| O
Thus, the solution is ¢; = 3, ¢; = —1, and ¢3 = —1. Thus the vector is in the span. In particular,

1
(1’+<1> NE) \H
1

We need to determine if there are values ¢y, ¢, and c¢3 such that

1 C1—Cy+cC3
1 1 _|=Cc1tcrtces
0 *6 -1 h Cl —C3
2 -1 202—6‘3

Equating corresponding entries we get the system of linear equations
cp—Cy+c3 = 3
—c1+cr+e3=2
cp—c3=-1

2C2—C3 =-1
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Row reducing the corresponding augmented matrix gives

-1 1] 3 1 -1 1 3
-1 1 1] 2 0 1 -2| -4

0 -1|-1|"]0 0 2 5
0 2 1/|-1 0 0 0|-1/2

The system is inconsistent. Therefore, the vector is not in the span.

(b) We need to determine if there are values ¢y, ¢,, and c¢3 such that

-7 1 -1 1 Cc1—Cy+cC3
3 -1 1 1 —C1+Cr+cC3
Io\c‘lllﬂz o[TC-1T| a-a
8 0 2

-1 26‘2 —C3
Equating corresponding entries we get the system of linear equations

ci—cy+c3=-7
—Cl+02+C3=3
Cl—C3=0

2C2—C3=8

Row reducing the corresponding augmented matrix gives

1 -1 1]|-7 1 0 0|-2
-1 1 1| 3 010 3
1 0 -1 0] o 0 1]|-2
0 2 1| 8 00 0| 0

1 -1 1 =7
-1 1 1 3
(-2) | +3 0 +(-2) 1 0
0 | 2 -1 8

(c) We need to determine if there are values ¢y, ¢;, and c¢3 such that

I

Equating corresponding entries we get the system of linear equations

L —¢C3
-1 26’2 —C3

—_—

1 -1 1 cr—cr+c3

-1 1 1 —CptC2+ 3
=C] 1 + 0 + C3 1 =

0 2

cir—cr+c3=1
—c1+e+e3=1
cir—c3=1

2C2—C3=1
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Row reducing the corresponding augmented matrix gives

1 -1 11 1 -1 1] 1
-1 1 11 0 1 -2/ 0
1 0 -1/1]7]0 0o 2| 2
0 2 11 0 0 0|-2

The system is inconsistent. Therefore, the vector is not in the span.
A vector ¥ is in the set if and only if for some ¢4, 15, and t3

X1 1 0 151
x| =t|0l+6|l|=|n
X3 0 0 0

Equating corresponding entries we get the system x; = 1, x, = t», and x3 = 0. This is consistent if and
only if x3 = 0. Thus, the homogeneous equation x; = 0 defines the set.

-]

for some real numbers ¢, f,. Thus, we get x| = 2t, x, = t, and x3 = 0. Substituting the second equation
into the first we get x; = 2x, or x; — 2x; = 0. Therefore, the homogeneous system x; —2x; = 0, x3 = 0
defines the set.

A vector X is in the set if and only if

A vector X is in the set if and only if

X1 1 3 tH + 3
l=ulll+6|-1l=|t -t
X3 2 0 2t

for some real numbers #; and #,. Equating corresponding entries we get the system

1+ 3 = x
h—h=Xx
2H = X3

Row reducing the corresponding augmented matrix gives

1 3 X1 1 3 X1
1 -1 |x |~ 0 -4 X2 — X1
2 0 x3 0 O] x1+3x—2x3

Therefore, the homogeneous equation x; + 3x, — 2x3 = 0 defines the set.

A vector ¥ is in the set if and only if

X1 2 1 2t +
xl=hu|1|+n|-2|=|Hn-2
X3 -1 1 -1+
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for some real numbers #; and #,. Equating corresponding entries we get the system

20 + 1 = X
-2 =xp
- +1Hh=Xx3

Row reducing the corresponding augmented matrix gives

X2

—2 X2 \ l 2X2
O X1 + 3)(2 + 5x3

Therefore, the homogeneous equation x; + 3x, + 5x3 = 0 defines the set.

X1 1 n+ 2t2
X 1 t1 + 1‘2
X4 0

for some real numbers #; and ;. Equating corresponding entries we get the system

(e) A vector Xis in the set if and only if

(SIS

H+2H = x
-l = X»
rh+tHh=2x3
h = X4

Row reducing the corresponding augmented matrix gives

1 2]x 1 2 X
0 -1 X2 0 -1 X2
1 1] x3 - 0 O] =x1—x2+x3
0 0 0 X2 + X4

Therefore, the homogeneous system —x; — x, + x3 = 0, x, + x4 = 0 defines the set.

(f) A vector Xis in the set if and only if

X1 1 0 -2 1 — 24
X2 -1 -1 +h 1 +1s 0 _ - +1
X3 1 3 4 H + 36 + 4t
X4 2 -2 -3 2t — 2t — 383

for some real numbers ¢, t;, and #3. Equating corresponding entries we get the system

- 213 = x4

i +h=x

f+ 3t + 45 = x3
2t =2t — 313 = x4
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Row reducing the corresponding augmented matrix gives

1 0 -2|x
-1 1 0|x
1 3 4|x
2 -2 3|x

-2 X1
-2 X1+ X2
2X7 + X4
0| —4x; +5x +x3 +4x4

oS oo
o o = O
|
(98

Therefore, the homogeneous equation —4x; + 5x, + x3 + 4x4 = 0 defines the set.

To show that the set is a basis for the plane, we need to prove that it is both linearly independent and spans
the plane. Since neither vector in the set is a scalar multiple of the other, the set is linearly independent.
For spanning, we need to show that every vector in the plane can be written as a linear combination of the
basis vectors. To do this, we first find the general form of a vector ¥ in the plane. We solve the equation of

X1 —X2 + X3
the plane for x; to get x; = —x, + x3. Hence, every vector in the plane has the form ¥ = | x| = X2 .

X3 X3
Therefore, we now just need to show that the system corresponding to

—X2 + X3 1 1 h+n
X2 =1 |1|+1]|0]|= h
1

X3 2 2t + 1y
is always consistent. Row reducing the corresponding augmented matrix gives

1 1] -x+ X3 1 0 X2
1 0 X2 ~10 1 X3 — 2XZ
2 1 X3 0 0 0

So, the system is always consistent and consequently is a basis for the plane.

Observe that neither vector in the set is a scalar multiple of the other, so the set is linearly independent.
Write the equation of the plane in the form x3 = —2x; + 3x,. Then every vector in the plane has the form
X1
X= X . Consider
=2x1 + 3x;

X 1 1 hh+1
X2 =n|l{+6n]|2|=|n+24
=2x1 + 3x, 1 -3 -3
Row reducing the corresponding augmented matrix gives
1 1 X 1 X
1 2 x| ~10 —X1 + X2
1

1
1
=3 | =2x1+3x, 0 0| x1—x

Therefore, it is not consistent whenever x; — x, # 0. Hence, it is not a basis for the plane.
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None of the vectors in the set can be written as a linear combination of the other vectors, so the set is

linearly independent. Write the equation of the hyperplane in the form x; = x, — 2x3 — 2x4. Then every

X2 — 2)63 - 2)C4
X

vector in the plane has the form ¥ = . . Consider
3
X4
Xy — 2x3 — 2X4 1 0 3 t + 31
X2 _¢ 1 p 0 i 1 |t
X3 B (0] B B Y B 0] O
X4 0 1 1 h+13
Row reducing the corresponding augmented matrix gives
1 0 3 XQ—2)C3—2X4 1 0 1 X2
1 0 1 X2 01 0 X3
010 X3 0 0 1| —x3+x4
0 1 1 X4 0 00 0

So, the system is always consistent and consequently is a basis for the hyperplane.

To determine whether a set of vectors is linearly dependent of independent, we find all linear combinations
of the vectors which equals the zero vector. If there is only one such linear combination, the combination
where all coeflicients are zero, then the set is linearly independent.

Consider
0 1 1 1 Hh+hHh+ts
0 —; 2 4t 2 +t -3 _ 2t + 2t — 313
ol 1|3 TP 2 1+ 30 + 213
0 -1 1 1 -h+hHh+13

Row reducing the coefficient matrix to the corresponding homogeneous system gives

11 1 1 00
2 2 -3 01 0
1 3 2171001
-1 1 1 0 0 0

Thus, the only solution is #; = #, = t3 = 0. Therefore, the set is linearly independent.

Consider
0 1 0 0 3 t + 314
0 — 0 i 1 A 0 A 2 _ 1+ 21
0 ! 1 21 3 1 46 t+h+13+ 61
0 0 1 1 3 th+ 13+ 31

Row reducing the coefficient matrix to the corresponding homogeneous system gives

1 00 3 1 00 3
010 2 01 0 2
1 1 16| (0011
0113 00 00
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Therefore, t4 is a free variable, so let 4 = € R. Then, the general solution of the homogeneous system is
hn =3t -3
153 =2t -2
= =1
13 -t -1
7 t 1
Since there are infinitely many solutions, the set is linearly dependent. Moreover, we have that for any
teR,
[1] 0 0 3 0
0 1 0 2 0
—3t1—2t1—t1+t6—0
10] 1 1 3 0
Consider
0 (1] 2 0 t+ 2t
0 1 3 1 Hh+3h+1
Of=#10{+5|1|+5|1]|= h+13
0 1 3 1 n+ 3l2 + 13
0 1] 3 1 Hh+3h+1
Row reducing the coefficient matrix to the corresponding homogeneous system gives
1 2 0 1 0 -2
1 3 1 01 1
01 11]~10 0 O
1 3 1 00 O
1 3 1 00 O
Therefore, #; is a free variable, so let 13 = € R. Then, the general solution of the homogeneous system is
n 2t 2
Ll=|-t|=t|-1
13 t 1
Since there are infinitely many solutions, the set is linearly dependent. Moreover, we have that for any
teR,
(2 0] 10
3 1 0
2610l =¢{1|+¢{1] =10
3 1 0
13 11 10
Consider
0 1 0 2] [ 1+ 28
O_I 0+t 1 44 -3 _ h — 31
0_1 1 21 3—1 _t1+I2—t3
0 0 1 k ] | I + kt3
Copyright © 2013 Pearson Canada Inc.
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Row reducing the coefficient matrixto the corresponding homogeneous system gives

1 0 2 10 2
0 1 -3 01 -3
1 1 11710 0 k+3
0 1 % 00 0

By Lemma 2.3.3, the set is linearly independent if and only if the rank of the coefficient matrix equals the
number of vectors in the set. Thus, the set is linearly independent if and only if we have 3 leading ones in
the matrix. Therefore, we see that the set is linearly independent if and only if k # —3.

Consider
0 1 1 -1 Hh+Hh-—-1n
OZI 1 P -1 A 2 _ H —th + 218
ol 1| T 2| TR k| |0+ 20 + ke
0 2 0 1 2t + 13

Row reducing the coefficient matrix to the corresponding homogeneous system gives

1 1 -1 11 -1
1 -1 2 0 1 =32
1 2 k| |0 0 k+5/2
2 0 1 00 0

By Lemma 2.3.3, the set is linearly independent if and only if the rank of the coefficient matrix equals the
number of vectors in the set. Therefore, the set is linearly independent if and only if k # —5/2.

To show the set is a basis, we must show it is linearly independent and spans R®. By Theorem 2.3.5, we
can show this by showing that the rank of the coefficient matrix of the system corresponding to

Vi 1 1 2 fH+ 1+ 218
wl=H|ll+6|-1|+x|l|=|tH—-t+1
V3 2 -1 1 21—+ 13

is n. Row reducing the coefficient matrix gives

I 1 2 1 00
I -1 1{~]0 1 O
2 -1 1 0 0 1

Therefore, the rank of the coefficient matrix is 3, so the set is a basis for R3.

To be a basis, the set must span R3. But, Theorem 2.3.2 says that we cannot span R® with fewer than 3
vectors. So, since this set has only 2 vectors, it cannot span R3. Therefore, it is not a basis.

To be a basis, the set must be linearly independent. But, Theorem 2.3.4 says that a set with greater than 3
vectors in R? cannot be linearly independent. Consequently, the given set is linearly dependent and so is
not a basis.
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can show this by showing that the rank of the coefficient matrix of the system corresponding to

141 1 1 3 Hh+1h+3h
wl=t]-1],121,|10=| - +28
V3 1 -1 1 H—hHh+n

is n. Row reducing the coefficient matrix gives

1 1 3 1 0 2
-1 2 0]~|0 1 1
I -1 1 0 00

Since the rank of the coefficient matrix is 2, the set is not a basis.

Homework Problems

[—4 1 2 0
-2 1 0 2
B1 (a) 2—20—30—2_1
| -6 1 2 1
(6
0. .
(b) 0 is not in the span.
13
[ 3 1 2 0
-1 1 0 2
(©) 2 —30+(0)0—2_1
|1 1 2 1
[0
B2 (a) iis not in the span.
12
[ 6
41, .
(b) 10 is not in the span.
| 3
[ 2 1 1 1
30512 o], 1!
© L =27 2|3| T 2] s
|—1 0 1 -1
B3 (@) -3x1—-x+x3=0

81

(b) Xl—X3:O,XQ+3X3=O

(©) x1+2x3=0

Copyright © 2013 Pearson Canada Inc.



B4

BS

Be6

B7

82 Chapter 2 Systems of Linear Equations

(d) 10x; —4x—x4=0,9%; - 3x, —x3=0
(e) x —%x2+%x3+x4=0

) 3x+x3+x3=0

(a) Itis a basis for the plane.

(b) Itis not a basis for the plane.

(c) Itis not a basis for the hyperplane.

(d) Itis a basis for the hyperplane.

(a) Linearly independent.

1 1 0 1 0
0 2 1 -3 0
(b) Linearly dependent. =2s|1|+ s[{Of+s| 1 |+s| 1 [=[0f,seR
1 0 2 0 0
0 1 -2 1 0

(a) Linearly independent for all k£ # 0.

(b) Linearly independent for all k # 12.

(a) Itis linearly dependent, so it is not a basis.

(b) It has 4 vectors in R? so it is linearly dependent. So, not a basis.
(c) Itis abasis.

(d) Only 2 vectors, so it cannot span R®. So, not a basis.

Computer Problems

C1

(a) Itis linearly independent.

(b) Visnot in the span.

Conceptual Problems

D1 Let X = : [be any vector in R”. Observe that | ! | = x;&| + x28, + - - - + X,,&,.

D2

X1 X1

Xn Xn

Hence, Span B = R". Moreover, the only solution to 0 = Hel+ -+ t,e,ist] = -
independent.

=t, = 0, so B is linearly

(a) Consider {1V + -+ + [V = b for b € R". This corresponds to a system of n linear equations (one for each
entry in the vectors) in the k-unknowns t1,.. ., #;. If this system is consistent for all be R”, then the rank
of the coefficient matrix equals the number of rows which is n. But, then we must have n > k which is
a contradiction. Hence, the system cannot be consistent for all beR" In particular, there must exists a

v € R" such that v ¢ Span B.
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(b) Consider 11V} + - -+ + V) = 0 for b € R”. This corresponds to a system of n linear equations (one for each
entry in the vectors) in the k-unknowns #,..., . Since k > n, the rank of the coefficient matrix A is at
most n. Hence, there are at least n — rank A = n — k > 0 parameters in the general solution. Thus, B is
linearly dependent.

(c) Assume SpanB = R". Then, #jV| + -+ + t,V, = b is consistent for all b € R". Hence, the rank of the
coeflicient matrix A is n. Since A also has n columns, this means that the number of parameters in the
general solution is n — rank A = n — n = 0. Thus, the system ¢V} + - - - + 1,,V,, = 0 has a unique solution, so
B is linearly independent.

Similarly, if B is linearly independent, then the system #, V| + - - - + t,¥, = 0 has a unique solution, and thus
rank A = n. Therefore, t,V; + - - - + t,¥, = b is consistent for all b € R" as required.

2.4 Applications of Systems of Linear Equations

Practice Problems

A1l To simplify writing, let @ = \/LE
Total horizontal force: R; + R, = 0.
Total vertical force: Ry — Fy = 0.
Total moment about A: Rys + Fy(2s) = 0.
The horizontal and vertical equations at the joints A, B, C, D, E are
aN, + R, =OandN1 + aN, +RV = 0;
N3 +aNy + Ry = Oand—Nl +aNy = 0;
—N3 + aNg = 0 and —aN, + N5 + aNg = 0;
—aNy + Ny = 0 and —aN4 — N5 = 0;
—N7 —CZN(, =0and —aN(, —FV =0.
A2 To determine the currents in the loops, it is necessary to write down Kirchoft’s second law with Ohm’s law
describing the voltage drop across the resistors. From the diagram, the resulting equations are:
For the top left loop: Ryi; + Ry(i; — in) = E;
For the top middle loop: Ry(i» —i1) + R3(i» —i3) =0
For the top right loop: R3(i3 — i3) + R4iz + Rg(iz —is) =0
For the bottom left loop: Rsiy + Re(is —is) =0
For the bottom right loop: Rs(is — i4) + Rg(is — i3) + Ryis = E;
Multiplying out and collecting terms to display the equations as a system in the variables iy, i, i3, i4, and is5 yields

(R1 + Ry)i1 — Ryir = E,
—Ryi1 + (Ry + R3)in — R3i5 =0
—R3iy + (R3 + Ry + Ry)i3 — Rgis = 0
(Rs + Re)is — Rgis = 0

—Rgi3 — Reis + (Rg + R7 + Ry)is = E;
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The augmented matrix of this system is
Ry +R, -R, 0 0 0 E;
-R; Ry + R; —R3 0 0 0
0 —R3 R3; + Ry + Rg 0 —Rg 0
0 0 0 R5 + R6 —R6 0
0 0 —Rg —Rg R¢+R;+Rg | Ey
A3 Let R(x,y) = x+y be the function to be maximized. The vertices are found to be (0, 0), (100, 0), (100, 40), (0, 80),
(50, 80). Now compare the value of R(x,y) at all the vertices: R(0,0) = 0, R(100,0) = 100, R(100,40) = 140,
R(0,80) = 80, R(50,80) = 130. So the maximum value is 140 (occurring at the vertex (100, 40)).
y 4
\ x+y =140
y = 80 —eg
(100, 40)
4x + 5y = 600
T A\ :x
x =100
Chapter 2 Quiz
Problems
E1 Row reducing the augmented matrix gives
o 1 -2 1| 2 1 -1 1 0| 2
2 =2 4 -1]10 2 =2 4 —-1]10 | R, -2k,
-1 1 o 2RI~y 5 g 2
1 0 1 0] 9| 1 0 1 0| 9| Ry— Ry
1 -1 1 2] 1 -1 1 0]2]
0O 0 2 -116 N 0o 1 0 0|7
0 1 -2 1|2 |RIR 0o 1 -2 112 R;— R,
O 1 0 07| | 0 0 2 -1|6 ]
1 - 1 0] 2] 1 -1 1 0| 2]
0 0O 0| 7 N 0O 1 0 0| 7
0O 0 -2 1]-5 0O 0 -2 1|-5
0 0 2 —-1| 6| R4+R; 0O 0 0 O 1|
Therefore the system is inconsistent.
Copyright © 2013 Pearson Canada Inc.
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E2 Row reducing we get

0 3 3 0 -1] (11 3 3 1
1 1 3 3 1|RIR 0330 -1 iR
2 4 9 6 1 2 496 1| R;-2R
-2 -4 -6 -3 -1 |R4+Rs |0 0 3 3 0 IRy
(11 3 3 11 R-R, [1 0 2 3 4/3]R -2R;
0110 -1/3 101 10 -1/3| R-R;
0230 -1|R-2R |00 10 -1/3
[0 0 1 1 0 | (00 1 1 0] Ry—R;
(1 0 0 3 21R-3R, [1 0 0 0 1]
0100 0 o100 0
001 0 -1/3 001 0 -1/3
000 1 1/3] (00 0 1 1/3)
E3  (a) The system is inconsistent if and only if some row of A is of the form [0 --- 0 ¢| with ¢ # 0. Thus,

the system is inconsistent when either »+2 = 0 and b # 0, or when ¢ — 1 = and ¢ + 1 # 0; or equivalently,
when b = =2 or ¢ = 1. Thus, the system is inconsistent for all (a, b, ¢) of the form (a, b, 1) or (a, -2, ¢), and
is consistent for all (a, b, c) where b # =2 and ¢ # 1.

(b) The system has a unique solution if the number of leading ones in the RREF of A equals the number of
variables in the system. So, to have a unique solution we require » + 2 # 0 and ¢*> — 1 # 0. Hence, the
system has a unique solution if and only if b # =2, ¢ # 1, and ¢ # —1.

X1
X2
E4 (a) Let ¥ = |x3]|be a vector in R® which is orthogonal to all three of the vectors. Then we have
X4
X5

]
X2
=X + X2 +3x3 + x4 +4x5
X4
[ X5 ]
]
X2
=2x1 + xp + 5x3
X4
| X5 ]
]
X2
= 3)(1 + 2X2 + SX3 + 5)64 + 9X5
X4
| X5 ]

NN W SO, N B~ —
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which is a homogeneous system of three equations in five variables. Row reducing the coefficient matrix
gives

11 3 1 4 1 0 2 0 -11/4

2150 0~/01 1 0 11/2

32859 00 0 1 5/4

Let x3 = s € Rand x5 =t € R, then we get that the general solution is
-2 11/4
-1 -11/2

11+ 0 |, s,7eR

0 -5/4
0 1

>
X=S5

These are all vectors in R’ which are orthogonal to the three vectors.

(b) If there exists a vector ¥ € R> which is orthogonal to i, ¥, and , then ¥- il = 0, ¥- V= 0, and X- W = 0,
yields a homogeneous system of three linear equations with five variables. Hence, the rank of the matrix
is at most three and thus there are at least # of variables - rank = 5 — 3 = 2 parameters. So, there are in fact
infinitely many vectors orthogonal to the three vectors.

3 1 4
E5 Consider ¥ =1, |1|+ 1 |1]|+ t3|1|. Row reducing the corresponding coefficient matrix gives
2 6 5
31 4 1 00
1 1 1{~0 1 O
2 6 5 0 0 1

Thus, it is a basis for R? by Theorem 2.3.5.
E6 (a) False. The system may have infinitely many solutions.
(b) False. The system x; = 1, 2x; = 2 has more equations than variables, but is consistent.
(c) True. The system x; = 0 has a unique solution.

(d) True. If there are more variables than equations and the system is consistent, then there must be parameters
and hence the system cannot have a unique solution. Of course, the system may be inconsistent.

Chapter 2 Further Problems

Problems

F1 (a) Solve the homogeneous system by back-substitution to get solution

-3
)?H=l‘ —-ry3fl, teR

1

Copyright © 2013 Pearson Canada Inc.



(b)

(©

Chapter 2 Further Problems 87

For the non-homogeneous system we get solution

ci —r3
)?NZ cy|+t|-r3|, teR
0] 1
For the homogeneous system we get

—r2] =I5

1 0
)?H=l‘1 0 + b |—1rxs|, ll,ZQER

0 ~735
0 | 1

For the non-homogeneous system we get solution

C —=r2 —ris

0 1 0
Xv=|ca|+s| O |+1|-rs|, s,t€R

Cc3 0 —r3s

0 0 1

Let L(i) be the column index of the leading 1 in the i-th row of R; then x;; is the i-th leading variable.
Since the rank of R is k, L(i) is defined only fori = 1,..., k. Let xy(; denote the j-th non-leading variable.
In terms of this notation, the fact that R is in RREF implies that entries above and below the leading 1s are
zero, so that (R)irq) = 1, but (R)pr;y = 0if & # i. It is a little more awkward to express the fact that the
entries in the lower left of R must also be zero:

(R)wn¢y =0 if h > [the greatest L(i) less than N(j)].

We also need some way of keeping coordinates in the correct slot, and we use the standard basis vectors &;
for this. Now we construct the general solution by back-substitution: let xy(;) = t;, solve, and collect terms
int;:

J

X =t(— R innera) — - — RN eLw + Ena))
+ (= (R ine)lray — - — Riv@)€ri + enva) + -+
+ tyk (= (R)iNm-@ra) — =+ — RNin—k)@Lik) + ENn—k))

Recall that some of these (R);; are equal to zero. Thus, if we let
Vi = =Rinperay =+ = Runherw + Enij

we have obtained the required expression for the solution Xy of the corresponding homogeneous problem.

For the non-homogeneous system, note that the entries on the right-hand side of the equations are associ-
ated with leading variables. Thus we proceed as above and find that

)?N = (CIZL(I) + -0+ CkgL(k)) + )?H

Thus
[3’ = ClgL(l) + e+ CkE)L(k)

We refer to  as a particular solution for the inhomogeneous system.
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With the stated assumptions, [A | b ] is row equivalent to some [R | ¢ |, where R is in RREF. Therefore,

we know that the solution to the system [A |b ] has a solution of the form found in part (c): the general
solution of the inhomogeneous system can be written as a sum of a particular solution 7 and the general
solution of the corresponding homogeneous system [A |0 ]

F2 It will be convenient to have notation for keeping track of multiplications and divisions. We shall write statements

such as M = n? to indicate the number of multiplications and divisions to this point in the argument is 1.

(a)

(b)

(c)

2

We first calculate a1 /a1, (M = 1). We know that ay; — (az1/a;1)a;; = 0, so no calculation is required in
the first column, but we must then calculate ay; — (azi/aj)agjfor2 < j<n,(M =1+ (n—-1) = n), and
also by — (azl/all)bl, M=n+1.

We now have a zero as the entry in the first column, second row. We must do exactly the same number of
operations to get zeros in the first column and rows, 3,...,n. Thus we do (n + 1) operations on each of
(n—1Drows,soM =m—1)n+1)=n*>-1.

Now we ignore the first row and first column and turn our attention to the remaining (n — 1) X (n — 1)
coefficient matrix and its corresponding augmenting column. Since the nxn case requires n> — 1 operations,
the (n — 1) X (n — 1) case requires (n — 1)> — 1 operations. Similarly, the (n — i) X (n — i) case requires
(n —i)> — 1 operations.

When we have done all this, we have the required form [R | ¢ ], and

M= -D+((n-12=-D)+---+2*=D+1>-1)

:(ankz]_n:n(n+l)é2n+l)_n

k=1

1 1 5
= §n3 + 5]’12 - 6}’1

We use My for our counter for back-substitution. We begin by solving for the n-th variable by x,, = d,,/cpn,
(Mp = 1). Next we substitute this value into the (n — 1)-st equation:
1
Xn-1 = —(dn—l - C(n—l),nxn)

Co-Dn-1)

This requires one multiplication and one division, so Mg = 1 + 2. Continuing in this way, we find that the
total for the procedure of back-substitution is

nn+1)

Mp=1+2+3+---+n-= 3

For the extra steps in the Gauss-Jordan procedure, we denote our counter by M;. We again begin with
the matrix [C | d ] We start by dividing the last row by c,,; we know that the entry in the n-th row and
n-th column becomes 1, so no operation is required. We do calculate d;/c,,, M; = 1. Next we obtain
zeros in all the entries of the n-th column above the last row: no actual operations are required for these
entries themselves, but we must apply the appropriate operation in the augmenting column: d; — c;,/dn.
We require one operation on each of (n—1) rows, so M; = 1 +(n—1). Now we turn to the (n — 1) X (n — 1)
coefficient matrix consisting of the first (n — 1) rows and (n — 1) columns with the appropriate augmenting
column. By an argument similar to that just given, we require a further 1 + (n — 2) operations, so now
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M;=[1+(n—-1)]+[1+ (n-2)]. Continuing in this way we find that to fully row reducing the matrix, we
require
nn+1)

My=[1+n-D]+[1+n-2)]---+[1+0] = 5

operations, the same number as required for back-substitution.

Notice that the total number of operations required by elimination and back-substitution (or by Gauss-
Jordan elimination) is

gl’l +n —§l’l

For large n, the important term is $n°.

Here our counter is M. We begin as with standard elimination, so to obtain zeros below the first entry in
the first column, we have M¢c = (n + 1)(n — 1). Next we must obtain zeros above and below the entry in
the second row and second column. Since the entries have all been changed, we don’t really have a correct
notation for the next calculation, but it is of the form: calculate

ajp C

——  (one division)

an

then calculate .
aji — éazk (one multiplication)

We must do this for each entry in (n — 1) rows (all the rows except the second), and n + 1 — 1 = n
columns (include the augmenting column, but omit the first column). Thus we require an additional n(n—1)
operations, so to this point, M¢c + (n + 1)(n — 1) + n(n — 1).

Continuing in this way, we find that

Mc=n+1D)(n—-1D+nn—-1)+---+2(n-1)

n+l1
:(n_1)zk=(n_1)(w_1
k=2 2
= §n3+n2—§n
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CHAPTER 3 Matrices, Linear Mappings,
and Inverses

3.1 Operations on Matrices

Practice Problems

2 2 3] [-3 -4 1] _[-1 -6 4
Al @ [4 1 -17 2 -5 3]:[6 —4 2]
1 2] [-3 6
) (-3) [2 1‘=[—6 —3‘
4 -2 |-12 6
2 3 1 =2] [-1 9
© 1 —2}_3[4 5]2[—11 —17}

2 3][4 5 -3] [-11 -1 12
A2 @5 4H1 3 2]_[8 27 —1]

20 3|6 —2] [12 11
® |1 1 1}3 1]:{9 ]
3

+

4
2110 5 15

3
(2 3 4 6 13 -4
© -1 -1 [_44 (3) § _12]= 0 -3 -5 1
5 3 8 15 19 -1

(d) The product is not defined since the number of columns of the first matrix does not equal the number of

rows of the second matrix.

A3 (a) We have
2 3][-5 —1] [-13 10
A(B+C)‘_—3 1”—1 4]‘[14 7]

AB + AC = -3 4}+

10 6|7 | 4 13| |14 7

(2 3][-9 6] [-9 12
AGB =5 1} 3 o]‘[so —18]

3 4] [-9 12
3(AB)‘3[10 -6 ‘[30 —18]
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Ad (a)

(b)

AS  (a)

(b)
()
(d)
(e)

®

(@)

—@
Section 3.1 Operations on Matrices 91
We have
- 4 0
2 -1 =2 6 -16
AB+C) = ]—6 4:[ ]
3 2 1 l 46 4 14
(1 -6 5 -10] [6 -16
ABTAC=1 9 17] 7|13 —3}‘»4 14]
i -3 6 i
2 -1 =2 3 -18
AGB) - H_g ] B
3 2 1 0 9 |-27 51
1 -6 3 -18]
3(4B) =3 [—9 17} a [—27 51 |
Since A and B have the same size A + B is defined. The number of columns of A does not equal the number
of rows of B so AB is not defined. We have
T
-3 -1
A+B’'=|2 2 :[j’ ; ;}
1 3
. oot |11 =2 -4 1 3] |-3 21
A+B‘[231+—3—12‘—123
Since A and B are different sizes A + B is not defined. The number of columns of A equals the number of
rows of B so AB is defined. We have
T
-21 15 -21 -10
T _ -
AB)" = [—10 —27] a [ 15 —27]
2 4
-3 5 1 -21 -10
BTATz[ }[—4 1‘:[ ]
-4 -2 3 5 _3 15 =27
13 31 2
AB = [10 12 10}'
BA 1is not defined since the number of rows of A does not equal the number of columns of B.
AC is not defined since the number of rows of C does not equal the number of columns of A.
DC is not defined since the number of rows of C does not equal the number of columns of D.
CD is not defined since the number of rows of D does not equal the number of columns of C.
CTD_[I 1 4] _41 (3) f ! _[11 7 3 15]
4 3 -3 > 1.0 3 7 9 11 1
We have
2 5(|-14 17 52 139
ABC) = [—1 3” 16 21} a [62 46}
1 4
13 31 2 52 139
AB)C = [10 12 10] b3= [62 46]
4 -3
Copyright © 2013 Pearson Canada Inc.
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(h) We have
(13 10]
AR’ =31 12
|2 10]
(-1 3 5 1 13 10
B'AT =3 5 5 3}:31 12
-4 2|t 2 10
(i) Using the result from (f) we get
11 7
T _ ot _ |79
D'C=(C"D) = 311
15 1
12 8 -2
A6 (a) AX=|17|,A¥=|4 |, AZ=]|5
3 -4 1
(b) We have
1 3 0 12 8 -2
Al2 1 -l|=Alx ¥ Z=[A¥ Ay AZ]=|17 4 5
4 -1 1 3 -4 1

A7 Using the second view of matrix-vector multiplication we get

2 3 1
=x;| 3 |+x3|-1|+x3(4
-1 0 1

1

(a) Since b is the first column of A, we see that taking ¥ = [0] gives AX =
0

X
x
x3

AX=A

2
3|
-1
2

0| gives AX =
0

(b) Since b is two times the first column of A, we see that taking ¥ =

4
; }
-2
3
12].
3

\ gives AX =

0
(c) Since b is three times the third column of A, we see that taking X = [0‘ gives AX =
3

5
2 } is the sum of the first two columns of A. Hence, taking ¥ =
-1

A8 (a) [_13] 2 6]=[_26 _ég]

®) [2 6] m = (0]

1
1
0

(d) Observe that

5
2 |
-1
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2 10 8 -6
(©) l—lhs 4 —3]:{—5 —4 3]
3 15 12 -9

2
) [5 4 —3] l—l} = [-3]
3
A9 We have

-13 16
27 0

[ 6 18
|-26 -8
_[-13 16
=27 0

+

|
(O8]
ESEERN SR

-19 -2
-1 8

A10 We need to determine if there exists 7, t,, and 3 such that

2 3]_ [t 2], [0 1
2 =30 M1 ool -1 2

Comparing corresponding entries gives the system of linear equations

+ 13

1 1] | n+n 2+t + 13
3 —]__ Hh—1th+3h 2t — I3

Hh+t3=2

2h+h+1=3

H—th+33=2

2t —t3 = =3
Row reducing the corresponding augmented matrix gives

1 0 1] 2 1 0 03
2 1 1|3 01 0|-2
3 00 1|-1

0 2 -1|-3 0

o
()
()

The system is consistent and so the matrix is in the span. In particular, we have ¢t} =3, = =2, and 13 = —1, so

el Jeoof AR 3

1 0
0 0 _¢ -1 1 0 1 i 1 -1 _ -1+ 1 Hh+th—-1
0 ol 1 -1 2 2173 3| T | +26 43t —t -2t - 35

Row reducing the coefficient matrix of the corresponding homogeneous system gives

-1 0 1 1 0 0

1 1 —=1] o 1 0

1 2 3| lo o0 1
2 3] |o

A11 Consider

+ 1

-1 - 0 0

Hence, the only solution is the trivial solution, so the set is linearly independent.
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94 Chapter 3 Matrices, Linear Mappings, and Inverses

A12 Using the second view of matrix-vector multiplication and the fact that the i-th component of &; is 1 and all other
components are 0, we get

AE){:O@)1+'-'+06_1)1'_1+1C_l)i+06_l)i+1+"'+06_1}n:6_l),'

Homework Problems

8 2

~10 -15 30 10 2 6 -17
Bl (a|-3 5 (b)[SS 5 0 _25] © [—26 -27 1]
3 -2
5 -9 4
B2 @3 g —9]
13
® [-8 1
24 4
112 -4 3
© -2 6 -12 16
-8 9 -18 25

(d) Itis not defined since the number of columns of the first matrix does not equal the number of rows of the
second matrix.

21 11 34 51 =72 111
B3 (a) A(B+C)= [_7 5 _11] =AB+ AC AQ3B) = [_27 6 —18] = 3(AB)
10 -3 30 33
(b) AB+C)=|-2 -9|=AB+AC ABB)=|6 -9|=3(AB)
26 57 -3 102
. . r |3 -12 T
B4 (a) A+ Bisnotdefined. AB is defined. (AB)" = 3 _11l= B'A".
7 -1 3
(b) A+ Bisdefined. A+B)T =|1 2 =3|=AT +B".
37 -7
11 -3 0
ABis defined. (AB)T =|-2 -7 7 |=BTAT.
7 -17 14
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D
(10 -3
(a)AB=|-11 -6 (b) BA is not defined.
| 0 =31
-6 11 -4
cAC=|6 -7 2 (d) DC is not defined.
-2 17 -8
[—21 10
12 -7 r_ |23 8 14 5
BS (e) DA = 4 —10 ) CD —[1 ) 3 _1]
| -3 2
=31 =2 r |10 =11 0
® B(crA)—[_93 _44]—(BC>A (h) (4B) —[_3 6 a1
23 1
8 2
: T _ T\ _
(1) DC" =(CD")" = 143
5 -1
0 3 11 0 -3 -11
B6 (a)AX=|-10[,Ay=[9|,AZ=]6 | (b)|-10 -9 -6
-4 2 -4 -4 -2 4
0 -2 0 1
B7 (a)|l )| 0 ©]0 @1
10 0 -3 1
— -6 2 4
-6 12
BS (a)|_ ] M) [2] ©|-3 1 2 3]
4 8
- -15 5 10
. . |-14 8
B9 Both sides glve[ 19 29}.
B10 It is not in the span.
B11 The set is linearly independent.
Computer Problems
C1 See solutions of A2 and AS respectively.
15.65 38.55 1.779 15.6513.86
C2 (2 1386 13.92 1788/ 38.55 13.92
' ' ' 1.779 17.88
®) -19.61 25.82| [-19.61 25.99
2599 2532[|25.82 25.32
Copyright © 2013 Pearson Canada Inc.
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96 Chapter 3 Matrices, Linear Mappings, and Inverses
Conceptual Problems

D1 According to the hints, we only need to prove that if (A — B)X = 0 for every X € R", then A — B is the zero matrix.
WeletA-B=C = [5’1 e E’n]. If Cx = 0 for every ¥ € R”, then taking ¥ = ¢&;, the i-th standard basis vector,
we get 6=cC é; = C; since &; has 1 as its i-th component and Os elsewhere. Thus, every column of C is the zero
vector and hence C is the zero matrix. Therefore A = B as required.

D2 Since (1,,);j = 0 for i # jand (1,,); = 1, we have

(nA)ij = Z(Im)ikakj
=1

= inaij+ -+ Uii-nai-1; + Un)iaij + Uniien sy + -+ Up)imGm)
=0+--+0+1g;;+0+---+0

= a;j
Thus, 1,,A = A. Similarly,

(Aln)ij:ZAik(In)kj:O+"'+O+ 1al~.,-+0+~~-+O:aij
k=1

so Al, = A.

D3 By definition of matrix multiplication, the ij-th entry of AAT is the dot product of the i-th row of A and the j-th
column of A”. But, the j-th column of AT is just the j-th row of A. Hence, the ij-th entry of AAT is the dot
product of the i-th row and j-th row of A.

Similarly, the ij-th entry of A”A is the dot product of the i-th row of AT and the j-th column of A. But, the i-th
row of AT is just the i-th column of A. Hence, the ij-th entry of AT A is the dot product of the i-th column and
Jj-th column of A.

In particular, observe that the entries (AAT);; are given by the dot product of the i-th row of A with itself. So, if
AAT is the zero matrix, then this entry is 0, so the dot product of the i-th row of A with itself is 0, and hence the
i-th row of A is zero. This is true for all 1 < i < n, hence A is the zero matrix. The argument for AT A is similar.

0 0 0

(b) A2 —AB - BA + B> = (A — B)*>. To get (A — B)*> = 0, we can pick any A and B such that A — B satisfies

one of the choices from (a). One possibility is A = B ﬂ and B = [; ﬂ

D4 (a) There are many possible choices. A couple of possibilities are: [0 a]’ [2 0}, or [Z a]’ for any a € R.

D5 LetA = [Z Z] We want A to satisfy

I A2 blla b| _
0 1| 7 e dl|c d|”
To get zeros on the off-diagonal, we require either b = ¢ = 0,ora+d = 0. If b =c = 0, thena®> = 1 and d* = 1,

so the possible matrices are
I o] (-1 of|tL O]]|-1 O
0O 1f’fo 1’10 -1’10 -1

Copyright © 2013 Pearson Canada Inc.
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If a + d = 0, we may write d = —a; we still require a® + bc = 1. If we take a = +1 we get the previous case. If

0 b
we take a = 0, we get [l/b O] for b # 0.

The general 2 X 2 matrix A satisfying A> = [ is of the form

3.2 Matrix Mappings and Linear Mappings

Practice Problems

Al (a) Since A has two columns, A¥ is defined only if ¥ has two rows. Thus, the domain of f; is R?. Since A has
four rows the product A¥ will have four entries, thus the codomain of f; is R*.

(b) We have
(=2 3] [—19]
3 012 6
Q== s [—5] -23
|4 —6] | 38 |
-2 3 [ 18 ]
3 01|-3 -9
faE3 D=1 s [4]‘ 17
4 -6 | —36]
(c) We have
(=2 3] [—2]
3 011 3
fA(l’ 0) - 1 3 70_ - 1
4 -6] | 4 |
-2 3 [ 3]
3 0 ([o] 0
fA(O’ 1) - 1 5 »1< - 5
—6| -6
=2 3 —2X1 + 3)62
_ 3 0 X1 _ 3x1 + Ox2
@ fD=|] 5 M ol P
4 -6 4X1 - 6X2
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98 Chapter 3 Matrices, Linear Mappings, and Inverses

(e) The standard matrix of fj is

-2 3
[f2] = [£2(1,0) ﬂ@n}:? g
4 -6

A2 (a) Since A has four columns, A% is defined only if ¥ has four rows. Thus, the domain of f; is R*. Since A has
three rows the product AX will have three entries, thus the codomain of f; is R3.

(b) We have
1 2 -3 0 _22 —11
fa2,-2,3, =12 -1 0 3} 7f=] 9
1 0 2 -1 7
| 1]
1 2 -3 0] ‘13 -13
fA(_3,1,4,2): 2 _1 0 3 4 — _1
1 0 2 -1 3
(2] -
(c) We have
1 2 -3 0] (1) 1
fa@n=12 -1 0 3 ol = 2
1 0 2 -1 o] 1
12 3 o]lY] 2
fa@)=12 -1 0 3 ol = -1
1 0 2 -1 o | 0 |
1 2 3 0] 8 3]
fa@)=12 -1 0 3 =10
1 0 2 -1 o] | 2 |
1 2 -3 0] 8 [0 ]
fA(é4): 2 -1 0 3 0 =13
1 0 2 -l -1
Hy ]
1 2 -3 0 ;“ X1+ 2% - 3x3
@ fa®@ =2 -1 0 3 x2 =|2x1 = x2 + 3x4
1 0 2 -1 x3 X +2x3— x4
4

(e) The standard matrix of fj is

I 2 -3 0
LM=M@)&@)A@)&@H%2—IO 3}
1
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A3 (a) The domain of f is R? and the codomain of f is R?. Since the components of the definition of f involve
non-linear functions, we suspect that f is not linear. To prove that it is not linear, we just need to find one
example where f does not preserve addition or scalar multiplication. If we take x; = 0 and x, = 1, then

sin 0 0
mo-of ][

but,

e

F20.1) = £(0.2) = [Si;zo] = m

Thus, 2£(0, 1) # f(2(0, 1)) so f does not preserve scalar multiplication. Therefore f is not linear.
(b) The domain of g is R? and the codomain of g is R?. The components of g are linear, so we suspect that g

- . . S S |x
is linear. To prove this we need to show that g preserves addition and scalar multiplication. Let X = [xl},
2

v= [yl}, and t € R. Then
Y2

gtX+y) = g(tx; + y1,txa + y2)

_ [20exs +y0) + 30002 + yz)]
| (tx1 +y1) — (tx2 + y2)

[2¢x; + 2y1 + 3txy + 3y,
Ixp +y1 —1x2—=y2

: [21x, + 3tx2} . 2y, + 3y2]
| X1 —Ixp Yi—y2

2x1 + 3x2] N [Zyl + 3y,

X1 — X2 y1—»

=t

=18(X) + g(y)

Thus, g is linear.
(c) The domain of 4 is R? and the codomain of / is R*. Since the third component of 4 involves a multiplication

1]. Then

of variables, we suspect that 4 is not linear. Let ¥ = [2

2(1) +3(2) 8
2h(1,2) =2 1-2 =2[—1}
1(2) 2
but
2(2) +3(4) 16
h(2(1,2)) = h(2,4) = 2-4 } = —2} # 2h(1,2)
2(4) 8

Therefore, & does not preserve scalar multiplication and so is not linear.
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(d) The domain of k is R® and the codomain of k is R?. The components of k are linear, so we suspect that k is

X1 Y1
linear. Let ¥ = [le, y= {yz}, and r € R. Then
X3 V3

k(X + ¥) = k(tx) + y1,1x + Y2, X3 + y3)

[ tx) +y; + x4+ o |
= 0
[1x2 + Y2 — (tx3 + y3) |

7tx1 + Xy Vi +y2—
+ 0

= 0
Y2 — y3]

[IXy — X3
yit+y2
+ 0
2—Y3

X1+ X2
=t O
= th(X) + 1(7)

X2 — X3

Therefore, k is linear.

(e) The domain of £ is R? and the codomain of £ is R?. Since one component of £ involves absolute values, we
1
0
0

suspect this is not linear. Let X = |0|. Then

oo =coff] =[]

but

((-1)(1,0,0)) = £(-1,0,0) = [l _0”] = [(1)] # (=1)¢(1,0,0)

Therefore, ¢ does not preserve scalar multiplication and so is not linear.

(f) The domain of m is R and the codomain of f is R®. Since the middle component of m is 1, m cannot be

linear. For any x; € R we have
X1 0
Om(x;) =0| 1| =10|# m(0(xy, 1,0))
0 0

Therefore, m does not preserve scalar multiplication and so is not linear.

REMARK: In this last problem, we used the property that for any linear mapping L : R" — R™ that
L(0) = L(03) = OL(®) = 0

Thus, since m(x;) could not be the zero vector in R?, m could not be a linear mapping.
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A4 (a) The domain is R? and the codomain is R?. The columns of the standard matrix of L are the images of the
standard basis vectors under L. We have

Thus,

L(1,0,0) =

L(0,1,0) =

L(0,0,1) =

[M:Pﬂﬂﬂ)L@Lm uaaﬂ=[

[2(1) - 3(0) + 0]
0 -5(0)

:2(0) =3+ O:
1-5(0)

:2(0) - 3(0) + 1:

0-5(1)

(b) The domain is R* and the codomain is R?>. We have

Thus,

K(1,0,0,0) =
K(0,1,0,0) =
K(0,0,1,0) =

K(0,0,0,1) =

mp{K@QQm K(0,1,0,0) K(0,0,1,0) K@ﬁﬁJﬂ:B

[5(1) + 3(0) - 0]
10— 7(0) +3(0)|
[5(0) + 3(0) — 0]
11 -7(0) + 3(0)]
[5(0) + 3(1) - 0]
10— 7(1) +3(0)]
[5(0) + 3(0) — 1]
10— 7(0) + 3(D)

(c) The domain is R* and the codomain is R*. We have

M(1,0,0,0) =

M(,1,0,0) =

M(,0,1,0) =

M(0,0,0,1) =

Copyright © 2013 Pearson Canada Inc.

1-0+0
1 +2(0)-0-3(0)
0+0
1-0+0-0

0-0+0
0+2(1)-0-3(0)
1+0
0-14+0-0
0-1+0
0+2(0)-1-3(0)
0+1
0-0+1-0
0-0+1
0+2(0)—-0-3(1)
0+0
0-0+0-1

;L )
1l

r !

[ e T N

—_—

0 1 -5
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Thus,
I 0 -1 1
1 2 -1 -3
[M] = [M(1,0,0,0) M(0,1,0,0) M(0,0.1.0) M(©,0,0.hH]=| | |
I -1 1 -1

A5 (a) Since the standard matrix of each mapping has three columns and two rows, the domain is R? and codomain
is R? for both mappings.

(b) By Theorem 3.2.5 we get

2 1 3|12 -1]_[3 3 2
[S+T]=[—1 0 2}*[2 2 3}2[1 2 5}

2 13| 12 -] [1 -4 9
[25‘3“‘2[—1 0 2}‘3[2 2 3}_[—8 6 —5]

A6 (a) The standard matrix of S has four columns and two rows, so the domain of S is R* and the codomain of S
is R2. The standard matrix of T has two columns and four rows, so the domain of T is R? and the codomain
of T is R*.

(b) By Theorem 3.2.5 we get

1 4]
-3 -3 0 1]|-2 1 6 -19
Sefl=lg 2 4 2] 2 —1|" 10 -10
3 4]
1 4 -3 5 16 9
2 1|[-3 30 1] |6 8 4 0
[Tesl=1, —1[0 2 4 2|76 8 -4 0
3 4 9 -17 -16 -5

A7 A composition of mappings f o g is defined only if the domain of f contains the codomain of g. If it is defined,
then by Theorem 3.2.5, the domain of f o g is the domain of g and the codomain of f o g is the codomain of f.
This, of course, exactly matches the definition of matrix multiplication.

(a) The domain of L is R? and the codomain of M is R%. Thus, L o M is defined. The domain and codomain of
L o M are both R3.

(b) The domain of M is R? and the codomain of L is R3. Thus, M o L is defined. The domain and codomain of
M o L are both R?.

(c) The domain of L is R?, but the codomain of N is R*. Hence, this composition is not defined.
(d) The domain of N is R?, but the codomain of L is R3. Hence, this composition is not defined.
(e) The domain of M is R?, but the codomain of N is R*. Hence, this composition is not defined.

(f) The domain of N is R? and the codomain of M is R?. Thus, N o M is defined. The domain of N o M is R’
and the codomain is R*.
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A8 To find the standard matrix of the projection, we need to find the image of the standard basis vectors for R? under
the projection. That is, we need to project the standard basis vectors on to V. We get

roj; €, __81-17‘7_—_2 NE S
proj; €, = W~ 5| 1] |-2/5
1r0j; €- __52'\7‘?_1 NN
PJvz—”g”z 51|15
Thus,
. _ PR 2| = 4/5 _2/5
[projy] = [Pro]vel prOJ\—,»ez] B [—2/5 1/5 ]

A9 To find the standard matrix of the perpendicular of the projection, we need to find the image of the standard basis
vectors for R? under the mapping. We get

perp; & = &) —

_[16/17
= -4/17

o g g 2T [0] 4 1] _[-417
perpz ez = €2 7112 11 17 14| | 1/17
Thus,
B ) L1 [16/17 —4/17
[perp;] = [perpy &1 perp; | = [_4/17 1/17 ]

A10 To find the standard matrix of the projection, we need to find the image of the standard basis vectors for R? under
the projection. We get

a-v, 2] [¥2]
proj; &, = — 12 =49
[I¥1? 9
1] [=2/9]
5> o (2] [4/9]
. 2
proj; &, = e 2‘}\7’: 5 21=14/9
”‘7” 7_17 7_2/9‘
> o 2 _2/9
W1
proj; &; = %\7& 5 2 1=1-2/9
Thus,
4/9 4/9 -=-2/9
[proj;] = [projveﬁ proj; & projvé‘g] =14/9 4/9 -=2/9
-2/9 -2/9 1/9

Homework Problems

B1
23

(b) f4(3,4,-5) = [_8}, i1ty [194]

Copyright ©

(a) The domain of £ is R? and the codomain of f4 is R>.
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5 -1 5 4 5 -2
(©) fa€)) =| | fa(&2) = |, | fa(&3) =
5 3 1
|t Adxy — 2x3
(d) fA(XI’ 2 X3) h [—5)61 + 3)(2 + X3
(e) The standard matrix of fj is
-1 4 =2
[fa] = [/2(1.0,0)  f(0.1.0)  f3(0.0.D)] = [_5 s ]
(a) The domain of £ is R* and the codomain is R*.
-6 3]
b fi-420=| 1 | 4G3.-3.2=]|"
A 9~ - 3 s JA ’ ] - 12
8 10
2 1 0]
5 0 5 2 5 3
(© fa(er) = || fa(@) = ||, fa(&3) = 9
2 4 8
2x1 + X2
_ 2x5 + 3x3
(d) fA(-xla-xz’ -x3) - le + 7x2 + 9x3
2x1 +4xy + 8x3
210
. . 0 2 3
(e) The standard matrix of £y is [fa] = [/4(1,0,0)  fa(0.1.0) fa0.0.D] = 5 ¢}
2 4 8
(a) f is linear. (b) g is not linear. (c) h is linear.
(d) k is linear. (e) ¢ is not linear. (f) m is linear.
2 -3 0
(a) Domain R?, codomain R3, [L]=]0 1 0
4 -5 0
2 0 -1 3
(b) Domain R*, codomain R, [K]=|-1 -2 2 1
0O 3 1 0
(-1 0 1
(c) Domain R?, codomain R?, [M]=|0 0 0
15 1 0
(a) The domain of both S and 7 is R? and the codomain of both S and T is R>.
5 2 (4 1
b) [T+S]=(2 4| [-S+2T]1=|1 =2
4 1 -1 -1
(a) The domain of S is R? and the codomain of S is R*. The domain of 7 is R* and the codomain of 7 is R.
Copyright © 2013 Pearson Canada Inc.
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22 -3 -1 12

2 1 5 3 20 -18
® SeTl=l 3 15’[T0S]_[8 —2]
8 0 -4 -6

B7 (a) The domain of L o M is R* and the codomain of L o M is R3.
(b) not defined
(c) not defined
(d) The domain of N o L is R? and the codomain of N o L is R*.
(e) The domain of M o N is R? and the codomain of M o N is R.
(f) not defined

. {1 -3
B8 [proj;] = T [_3 9]
111 2
B9 [perp;] = B [2 4}
| 1 -1 4
B10 [proj;] = ' -1 1 -4
4 -4 16

8 2 =2
2 5 4
-2 4 5

O | —

B11 [perp;] =

Conceptual Problems
D1 If L(¥+7) = L(X) + L) and L(t%) = tL(¥), then
L(t% + ) = L(t%) + L) = tL(X) + L)
On the other hand, if L(tX) + L(¥) = tL(X) + L(y)), then taking 7 = 1 gives L(X + y) = L(¥) + L(¥). We also have
L(t%) = L(t% + 0) = tL(¥) + L(O0) = tL(X) + 0 = 1L()
D2 We have

(L+M)(X+Y)=LX+Y)+ M(X+79) = L(X) + LG) + M(D) + M)
= L(¥) + M(X) + L(Y) + M) = (L + M)(X) + (L + M)(Y)

So, (L + M) preserves addition.
Similarly
(L + M)(t%) = L(tX) + M(tX) = tL(¥) + tM(X) = t[L(X) + M(X)] = t(L + M)(%)

Thus, it also preserves scalar multiplication and hence is a linear mapping.
For all ¥ € R” we have

[L+ M2 = (L+M)® = LZ) + M®) = [LIZ+ [MI? = (L] + [M])®

Thus, [L + M] = [L] + [M].
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106 Chapter 3 Matrices, Linear Mappings, and Inverses

D3 For any X,y € R" and t € R we have
DOTy(tX+y) = V- (t(X+ V) =V- (D) +V-¥y=t(F-X¥) +V-y=1tDOTy ¥ + DOTy y

so DOTj is linear.
Since DOTj is a real number, its codomain is R.

Vi
For vV =| : | We have
LVn
[DOT;] = [DOT; ¢ --- DOT; Zn] = [vl v,,] =i
» o
D4 Leti = | : |. Observe that for any ¥ € R" we have proj;(X) = %ﬁ = (X - w)i since # is a unit vector. Thus, by
Uy

definition of [proj;] we have

[proj 1 = [proj (@) -+ proj (@,
=[@ - - @ o
- - -
=[u1u Uyl -+ unu]
luyuy wjup -+ uiuy,
UpUy  UgUpy -+ Udlp
LUy Uyl - Upldy
s
= [ul un]:ﬁﬁT
LUn

D5 For any X,¥ € R* and ¢ € R we have
CROSS(tX+Y) = VX (tX+¥) = VX (tX) + V X ¥ = t CROSS(%) + CROSS#(y)

Thus, CROSS; is linear.
The cross product ¥ x X is only defined if ¥ € R?, so the domain of the CROSS; is R®. The result of ¥ x ¥ is the
vector in R® orthogonal to both # and ¥ so the codomain is R>.

‘We have

(vi] [1] [ O]

CROSS#(1,0,0) = [vo [ x|0] = v3
lvs] 0] [—v2]
(vi] [0] [-vsl]

CROSSy#0,1,0) = |vo | x|1]=] O
lvs] 0] [ vy ]
(vi] [0] [ o]

CROSS#0,0,1) = |va | x|0] = |-y
lvs] (1] [0
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0 —V3 1%}
Hence [CROSS;] = | v3 0 —v.
-V Vi 0
3.3 Geometrical Transformations
Practice Problems
. . ) . _|cosf —sind
A1 The matrix of rotation of R~ through angle 6 is [Ry] = [sin 0 cosd ]
0 -1 -1 0
1 1 0.309 -0.951
— 1 =
(©) [R-njal = 5 [_1 1] (d) [Ranys] [0.951 0.309 ]
A2 (a) The matrix of stretch by a factor of 5 in the x; direction is [S] = [(1) g]
(b) The composition of § followed by a rotation through angle 6 is given by Ry o S'. The matrix of Ry o S is
cosd@ —sinff|1 O cosd —5sind
[RgoS]= [sin@ cosf } [O 5} - [sin@ 50089}
(c) The composition of S following a rotation through angle 8 is given by S o Ry. The matrix of § o Ry is
1 Of|cos® —sinf cosf —sinf
[S o Rl = [O 5} [sin@ cosd ] - [5 sin @ SCOSH]
A3 (a) A normal vector to the line x; +3x, = 0is# = [;} To find the standard matrix of R, we need to reflect the
standard basis vectors over the line. We get
L é-i, |1 L (1| _|4/5
refly €y = & = 25557 = [0} 70 H = [—3/5]
L é-it, |0 311 _|-3/5
refli &y =& =2 ani = H 270 [3] = [—4/5]
| 4/5 =3/5
Thus, [R] = [_3/5 _4/5}.
(b) A normal vector to the line 2x; = xp is 7 = _21} To find the standard matrix of S, we need to reflect the
standard basis vectors over the line. We get
L é-ii, |1 202 [-3/5
refl; €, =é, -2 EE = [0] 25 [_1 = [ 4/5 ]
L &, [0l -1[2] _[4/5
refl;é, = é, — 2 EE = [1] 2 5 [_1} = [3/5]
_|=3/5 4/5
Thus, [S] = [ 4/5 3/5].
Copyright © 2013 Pearson Canada Inc.
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1
1
1
need to reflect the standard basis vectors for R* over the plane.

A4 (a) A normal vector to the plane x; + x; + x3 = 0is 7 = [1]. To find the standard matrix of the reflection, we

2= [ ([ [V3]
refl; 2 = & = 2ot = |0 = 22 1] = | =2/3
Il 0] 1| =23
2. 0] 11 [-2/3]
reflydy =& —2—=—it = [1| -2 |1| = | 1/3
Il 0] 1| |-2/3]
ao= o] ([ 23
refl; 2, = &~ 2ot = |0 = 22 1] = | =2/3
Il 1] il 13]
1 1 -2 =2
Thus, [refl;] = 3 -2 1 =2
-2 -2 1
[ 2
(b) A normal vector to the plane 2x; — 2x, — x3 = 01is 7 = [-2/|. To find the standard matrix of the reflection,
-1
we need to reflect the standard basis vectors for R* over the plane.
S5 5 [1] 2 1/9
. 2
refl; &) = & — 27t = 0f - 25 l—zl - l8/9
WIE= o] 2 {=1] laso
S o [0] [2] [8/9]
: -2
reflyé, = & ~ 2Tt = 1| =2 -2 = | 1/9
7l 0] 1] |-4/9)
o il [0] _1’2’ [ 4/9 ]
refl; & = & - 2—=—it = 0| - 25 |-2| = |-419
7l n 1] | 7/9]

1 1 8 4
Thus, [refl;] = ) 8 1 -4
4 -4 7
A5 (a) Both the domain and codomain of D are R3, so the standard matrix [D] has three columns and three rows.
A dilation by factor 5 stretches all vectors in R?® by a factor of 5. Thus,

050
0 0 5

[D] =

50 0}
The domain of inj is R* and the codomain of inj is R*, so the standard matrix [inj] has three columns and
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four rows. We have

1 0 0
.. 0 .. 1 . 0
inj(1,0,0) = 0 inj(0,1,0) = ol inj(0,0, 1) = 0
0 0 1
1 00
so [inj] = 8 (1) 8 . Since the domain of inj is R? and the codomain of D is R* we have that injoD is
0 0 1
defined, and, by Theorem 3.2.5, we get
o 1 o[P[0 s o
[injoD] = [inflD1 = |, 8 g g ol PR
0 0 1 0 0 5]
(b) We have _
P(100)—0 P(010)—1 P(OOl)—O
s Vs - 0 9 Lo - 0 s Vs - 1_
01 0
Thus, [P] = [0 0 1}. We also have
1 0 0
S(1,0,0) =10 S0,1,0)=|1 $@0,0,1)=10
2 0 1
1 00
Hence, [S] = |0 1 0|. The domain of P and the codomain of S are both R3, so P o S is defined. By
2 0 1

Theorem 3.2.5 we get

1 00
pesi=[) ) ﬂkl ﬂzpl )
2 0 1

(c) The matrix of a shear T in R? in the direction of x; by amount s is given by [T] = [ S

0 1]. Assume that
ToP=PoS. Then we have

[T1[P] = [P][S]
I s{|0 1 0] (0 1 0 (1) (1) 8
0O If{0 0 1| |0 O 1
01 s/ |01 0
0 0 1| |2 01
But, these matrices are not equal and so we have a contradiction. Thus our assumption that 7 o P = Po §

must be false, so there is no shear 7 such that T o P = Po §S.
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(d) We have
1 0 0
0(1,0,0) = [O] 0(0,1,0) = H 0(0,0,1) = H

Thus, [Q] = [(1) (1) 8} Since the domain of Q and the codomain of S are both R we get that Q o S is
defined and
1 00 1o 1 00
[QoS]=[Q][S]=[O X 0} 010 =[0 | O]

Homework Problems

0 1 1 0 2\ 0.809  0.588
Bl () [_] o] (b)[o _1] (C)[ ; iﬁ} @ [—0.588 0.809}
2

2

1o _[cosé -0.6sin6 [ V22 —V222
B2 (a)[s]‘[o 0.6] (b)[ReoS]_[sinH 0.6c050] (C)[S°R”/4]_[3«/§/10 3\/5/10}
C[12/13 5713 [ 7725 -24/25
B3 (a)[R]_[S/B —12/13] (b)[sl‘[—m/zs —7/25]
o6 2 o2 2
B4 (1) (6 ~7 6 b)z[-2 2 1
6 9 2 1 2
0 0 0
13 0 0
B5 (a) [injoC]=|0 0 0
0 1/3 0
0 0 1/3
13 0 0 13 0 0
() [CoS1=| 0 1/3 —2/3|,[SoC]=|0 1/3 —2/3|.
0o 0 1/3 0 0 1/3
1 3 -6 1 3 0
©) [ToS]=|0 1 —2},[S0T]: 0 1 —2]
0 0 1 00 1

Conceptual Problems

D1 Use standard trigonometric identities we get

cosa —sin a} [cos 6 —sin 9]

[Ro © Ro] = [R,][Re] = [ sin  cos6

sina  cosa

_|cosacosf —sinasinf —cosasinf —sinacosd
sinacosf + cosasind —sinasind + cosacosd

_ [cos(a +6) —sin(e+0)| (Roo]
- a+6

" |sin(e +6) cos(a+6)

Copyright © 2013 Pearson Canada Inc.



Section 3.3 Geometrical Transformations 111

D2 We have
_ | 4/5 =3/5(|-3/5 4/5| _|-24/25 7/25
[RoS1=IRIST= [—3/5 —4/5] [ 4/5 3/5] B [ =7/25 —24/25]'
This is the matrix of a rotation by angle § where cos 8 = —% and sinf = —27—5 hence 6 is an angle of about 3.425
radians.

D3 Let R,; denote the reflection in the x,x3-plane. Then Ry3(€)) = —€1, Ra3(é2) = &>, and Ry3(€3) = &3, 0

-1 0 0
[Ri3]=]0 1 O
0 0 1

Similarly, if R}, denotes the reflection in the xjx;-plane,

1 0 O
[R12]=[0 1 0]

0 0 -1
Then
-1 0 O cost 0 sinrm
[R12 o R23] =(0 1 0]|= 0 1 0
0O 0 -1 sinmt O cosm

This is the matrix of the rotation through angle 7 about the x,-axis.

D4 (a) Let A be the matrix of a rotation through angle 6, so that A = [Ry]. Then we want
[Ror] = 1= A% = [Ro]’ = [Ro][Ro][Ry] = [Rsg]

Hence, we want 30 = 2, or 6 = 271/3. Thus, if A = [Ry,3], we get Al =1
(b) Let A be the matrix of the rotation through angle 277/5. Then A3 = I.
DS The projection property states that proj; o proj; = proj;. Therefore

[proj;1[proj;] = [proj;]
It follows that

[reflz][refl;] = (I — 2[proj; (I — 2[projz])
=1-2I [proj;] — 2[proj;1{ + 4[proj;1[proj;]
= I — 4{proj;] + 4[proj;]
=1
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3.4 Special Subspaces for Systems and Mappings: Rank Theorem

Practice Problems

A1l By definition of the matrix of a linear mapping, ¥ is in the range of L if and only if the system [L]¥ = ¥ is
consistent.

(a) Row reducing the augmented matrix for [L]X = ¥ gives

1 0 -1]|3 1 0 0| 11/4
01 3|1 01 0| 7/4
1 2 1]6 0 0 1|-1/4
2 5 11 0 0 0| —-13
3
The system is inconsistent so é is not in the range of L.
1]
(b) Row reducing the augmented matrix for [L]X = ¥ gives
1 0 -1| 3 1 0 0 1
01 3|-5 01 0| 1
1 2 1| 1 0 0 1|2
25 1| 5 0 0 0| O
1 3
The system is consistent with solution ¥ =| 1 |. Thus, L(1,1,-2) = 1l
-2
A2 (a) Every vector in the range of L has the form
2)(71 _ 1 0
[—JQ e 2x1 O] + (=x2 + 2x3) [1]

Therefore, every vector in the range of L can be written as a linear combination of these two vectors.

Let§ = {[(1)] , [(1)]} Then, we have shown that Range(L) = SpanS. Additionally, S is clearly linearly

independent (the vectors are standard basis vectors). Hence, S is a basis for the range of L.

To find a basis for the nullspace of L we need to do a similar procedure. We first need to find the general

form of a vector in the nullspace and then write it as a linear combination of vectors. To find the general

form, we let ¥ = FL} be any vector in the nullspace. Then, by definition of the nullspace and of L we get
X3

a2

—X2 +2Xx3
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Hence, we must have 2x; = 0 and —x; + 2x3 = 0. So, x; = 0 and x, = 2x3. Therefore, every vector in the

nullspace of L has the form
X1 0 0
X2 | = 2X3 = X3 2
X3 X3 1

0

2]} spans the nullspace and is clearly linearly independent (it only contains one
1
non-zero vector). Thus, it is a basis for Null(L).

Therefore, the set T = {

(b) Every vector in the range of L has the form

X4 1 0 0 0

X3 0 1 0 0

0 :X40+.)C3 0 +X20+)C10

X 0 0 1 0

X1+ X2 — X3 0 -1 1 1
1 07 0] [O
0 1 0f (O

Therefore, the set S =<|0],| O |,[O[,[O| spans the range of L.

0of 10 1l 10
of |-1] [1] [1

To show it is linearly independent, we use the definition of linear independence. Consider

1 0
310] + 0
0 1
1 1 tl+t2—t3

This gives the system of equations #4 = 0, 13 = 0, 1, = 0, and #; + t, — 13 = 0, which clearly has the unique
solution of t; =, = 13 = 14 = 0. Hence, S is also linearly independent and so it is a basis for the range of
L.

Let ¥ € Null(M). Then,

=)

II
(= - =
(e}

0 X4
0 X3
0l=M©X) = 0
0 X2
0 X1+ X2 — X3

As we just showed above this has the unique solution x; = x, = x3 = x4 = 0, so the only vector in the
nullspace of M is 0. Thus, a basis for Null(M) is the empty set since Null(M) = {6}.

1
A3 Since the range of L consists of all vectors that are multiples of [2] the columns of the matrix must be multiples
3

1
. . . 1 . .
of l2} Since the nullspace consists of all vectors that are multiples of [ } the rows of the matrix must satisfy

3 1
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the first entry plus the second entry equals O (in particular, the rows must be orthogonal to [”) So the second

1 -1
column of the matrix must be —1 times the first column. Hence, the matrix of L is any multiple of |2 —2].
3 -3
1
Since the range of L consists of all vectors that are multiples of |1, the columns of the matrix must be multiples
1

1

. . . 1 . .
of | 1|. Since the nullspace consists of all vectors that are multiples of [_ 2}, the rows of the matrix must satisfy
1

. . . 1
the first entry plus -2 times the second entry equals O (in particular, the rows must be orthogonal to the [_2}).

So the first column of the matrix must be 2 times the second column. Hence, the matrix of L is any multiple of
2 1

2 1)

2 1

(a) Since A has n = 4 columns, the number of variables in the system AX = 0 is 4. The rank of the matrix equals
the number of leadings ones in the RREF of A. Although the matrix is not in RREEF, it is easy to see that
performing the row operation required to bring it into RREF will not change the number of leadings ones
to the rank of A is 2. By the Rank Theorem, the dimension of the solution space is n —rank(A) = 4 -2 = 2.

(b) Since A has n = 5 columns, the number of variables in the system AX = 0 is 5. The rank of A is 3. So, by
the Rank Theorem, the dimension of the solution space is n — rank(A) =5 -3 = 2.

(c) Since A has n = 5 columns, the number of variables in the system AX = 0 is 5. The rank of A is 2. So, by
the Rank Theorem, the dimension of the solution space is n — rank(A) =5 -2 = 3.

(d) Since A has n = 6 columns, the number of variables in the system AX = 0 is 6. The rank of A is 3. So, by
the Rank Theorem, the dimension of the solution space is n — rank(A) = 6 — 3 = 3.

To find a basis for the rowspace, columnspace, and nullspace of a matrix A, we start by row reducing A to
its RREF R. Then, the non-zero rows of R form a basis for the rowspace of A, and the columns in A which
correspond to the leading ones in R form a basis for the columnspace of A. To find a basis for the nullspace of
A we find the solution space to AX = 0. of course, to do this we row reduce the coeflicient matrix A to R. In
particular, we solve RX = 0.

(a) Row reducing the matrix to RREF gives

1 2 8 1 00
l] 1 5|~(0 1 O
1 0 -2 0 0 1
(1] [0] [0
Hence, a basis for the rowspace is { 01,111,110 } Since every column of the RREF has a leading one, a
0] [Of [1
11 (2] [ 8
basis for the columnspace is { 1{,{1],] 5 |. Finally, it is clear that the only solution to RX = 0is 0. Thus,
1] 10| |-2

the nullspace of the matrix only contains the zero vector. So, a basis for the nullspace is the empty set.
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We have rank(A) + nullity(A) = 3 + 0 = 3, the number of columns of A as predicted by the Rank Theorem.

(b) Row reducing the matrix to RREF gives

1
2
0

1 0
. . 0 1

Hence, a basis for the rowspace is RIREAE
0 0

1
3
1

-3 1 1 0 -1 0
-8 4|/~10 1 -2 0
-2 3 00 0 1
0
0

0
1

. The first, second, and fourth columns of the RREF

1] [1] [1
form contain leading ones, so a basis for the columnspace is {l2} , l?)] , l4]} Writing RX = 0 in equation

form gives

0] |1} [3
x1—x3:0
XQ—2X3=O
X4=0

Thus, x3 = t € R is a free variable, and we get x| =, x, = 2¢, and x4 = 0. Hence, the solution space is

1
. . 112
Hence, a basis for the nullspace is |
0

S = N =

lt‘
L |2t
X = =1
t
0

Then, rank(A) + nullity(A) = 3 + 1 = 4, the number of columns of A, as predicted by the Rank Theorem.

(c) Row reducing the matrix to RREF gives

W N = =
[ )N SN S I )

Hence, a basis for the rowspace is

S WO N =

— o = O

S = OO

AN N W

~

0
1
1
2

SO O
o O = O
SO W
o = O O

1
0
0
0

Ju—
W

0
0
,10|¢. The first, third, and fifth columns of the RREF contain
0
1
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(a)

(b)

leading ones, so a basis for the columnspace is . Writing RX = 0 in equation form gives

0] [0
I {1
o1
1] [2

1
1
5|
3

X1 +2x+3x4=0

x3+4x4=0
X5 = 0
Thus, x, = s € R and x4 = ¢ € R are free variables, and we get x; = —2s— 3¢, x3 = —4t, and x5 = 0. Hence,
the solution space is
—2s—3t -2 -3
s 1 0
X=| -4t |=s|0|+1|-4
t 0 1
0 0 0
=21 [-3
1 0
Hence, a basis for the nullspace is ¢| O |,|—4
0 1
0 0
Then, rank(A) + nullity(A) = 3 + 2 = 5, the number of columns of A as predicted by the Rank Theorem.
1
proj, maps a vector in R? to a vector in the direction of | -2 |. Hence, its range consists of all scalar multiples
2
1 1 [ 1
of [—2 . Thus, a basis for the range is {l—2 } The mapping maps all vectors orthogonal to |-2| to the
2 2 2
.
zero vector. Hence, its nullspace is the plane through the origin with normal vector 77 = l—2 . Any two
2

linearly independent vectors orthogonal to 77 form a basis for this plane. So, one basis for the flullspace is
2] [ 2
1{,]1 0 |;.
0f [-1

perp, maps a vector in R* to a vector in the plane orthogonal to

3
1
2

. Hence, its range is the plane through

3
1
2

the origin with normal 7 = | 1|. Any two linearly independent vectors orthogonal to 7 form a basis for this

3
}. The mapping maps all scalar multiples of [1‘ to the

1 0
plane. So, one basis for the range is {{—3] , I—2
2

0 1
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(c)

(a)

(b)

()

(d)
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3
zero vector, so a basis for the nullspace is {[1 “
2

refl; maps a vector corresponding to a point in R? to its mirror image on the opposite side of the plane
0

through the origin with normal vector # = [1} Since every point in R? is the image under reflection of
0

some point, the range of refl; is R?. Hence, any basis for R3 is also a basis for the range of the reflection.

For example, we could take the standard basis. Since the only point that is reflected to the origin is the

-

origin itself, the nullspace of the mapping is {0}. Hence, a basis for the nullspace is the empty set.

Each vector in the rowspace of A has five components. Hence, n = 5; the rowspace is a subspace of R>.

11707 [O
of[1]10
21,1-11],|0]; is a basis for the rowspace of A. Since row reducing a matrix preserves linear combina-
0] 10 |1
311 ] [1

tions, the rowspace of R equals the rowspace of A. Therefore, since this set is a basis for the rowspace of
R it is a basis for the rowspace of A.

Each vector in the columnspace of A has four components. Hence, m = 4; the columnspace is a subspace
of R*.

The first, second, and fourth columns of R form a linearly independent set, and hence a basis for the
columnspace of R. Therefore, the first, second, and fourth columns of A also form a linearly indepen-
dent set, and hence a basis for the columnspace of A. A basis for the columnspace of A is therefore

17 1 1
21 3] 12
ey 3|
1 -1

2

(e) Letx; = s € Rand x5 =t € R, then the general solution of AX = 0is

—25 — 3t -2 -3
s—t 1 -1
X= s =s|1|+¢t]|0
—t 0
0

t

-2] [-3
1] |-1
So a spanning set for the solution spaceis{| 1 |, O
0] |-1
0 1
=21 [-3
1] -1
(f) Theset<| I [,| O |; is also linearly independent since neither vector is a scalar multiple of the other, so
0l (-1
0 1
it a basis.
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(g) The rank of A is 3 and a basis for the solution space has two vectors in it, so the dimension of the solution
space is 2. We have 3 + 2 =5 is the number of variables in the system.

Homework Problems

Bl (a) L(2,1,1)=

&~ B~

(b) _23 is not in the range of L.

1
1] [0
B2 (a) A basis for Range(L)is<|1{,[2];. A basis for Null(L) is the empty set since Null(L) = {0}.
o] (3
-1
(b) The range of M is R3, so take any basis for R*. A basis for Null(M) is :?
1
. . . 2 -4
B3 The matrix of L is any multiple of [1 _2}.
0 0
B4 The matrix of L is any multiple of |3 3.
55

BS (a) Number of variables is 5. Rank of A is 3. Dimension of the solution space is 2.
(b) Number of variables is 4. Rank of A is 3. Dimension of the solution space is 1.
(c) Number of variables is 5. Rank of A is 4. Dimension of the solution space is 1.

(d) Number of variables is 6. Rank of A is 3. Dimension of the solution space is 3.

0 1
0 1

1
B6 (a) A basis for the rowspace is {[2‘ ,
1 0

o

Then, rank(A) + nullity(A) = 2 + 1 = 3, the number of columns of A as predicted by the Rank Theorem.

3
}. A basis for the columnspace is {[2] ,
1

}. A basis for the nullspace
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B8

(b) A basis for the rowspace is

the nullspace is

Section 3.4 Special Subspaces for Systems and Mappings: Rank Theorem 119

0
1
3

’

0] |1
11,12
2] |4

IO
0] |1
o[’10
2

0
0 . .
A1l A basis for the columnspace is
-2] |1

}. A basis for

Then, rank(A) + nullity(A) = 3 + 1 = 4, the number of columns of A as predicted by the Rank Theorem.

(c) A basis for the rowspace is

A basis for the nullspace is

Then, rank(A) + nullity(A) =

basis for the range is {[

-1 1
(b) For the nullspace a basis is {[ 1 “ for the range {[1] ,

0 01T(o

1

|51 | AN
0 (,]0[,] I |,{O];. Abasis for the columnspace is ol til sl
1/2] |-2| (5/2] |0 il sl s
| 0 0 0 1

[—1/2

2

-5/2

1

)

4 + 1 = 5, the number of columns of A as predicted by the Rank Theorem.
1
1
1 -1

1 1
, l—2]} (or any pair of linearly independent vectors orthogonal to [ 0 ]); a
11

’)

3 0

(c) A basis for the nullspace is the empty set; the range is R?, so take any basis for R>.

(@ n=17
1]
2
0
(b) 0
3
0
|—1]
(c) m=
(d)

- o O O

N
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(e)

®

(2)

Chapter 3 Matrices, Linear Mappings, and Inverses
[—2] -3 [ 1] [=2] [-3] [ 1]
1 0 0 1 0 0
0 1 2 0 1 2
X=r{0|+s|2|+7|-1],rs,t€R. Hence,aspanning setis<| 0 |,| 2 |,|-1
0 1 0 0 1 0
0 0 -4 0 ol |4
1 0] 0 | 1] 101 10] 1]
2] [-3] [ 1]
1 0 0
0 1 2
01, 2],|-1];is also linearly independent, so it a basis.
0 1 0
0 0] |-4
(0] O] [ 1]
The rank of A is 4, so the dimension of the solution space is 3.

Conceptual Problems

D1 Since

D2 (a)

(b)

(©)

Range(L) = Col([L]) and Null(L) = Null([L]), we have that by the Rank Theorem
n = rank([L]) + nullity([L]) = dim(Col([L])) + dim(Null([L]))
= dim(Range(L)) + dim(Null(L))

First observe that if ¥ € R”, then (M o L)(¥) = M(L(X)) = M(y) for ¥ = L(X) = R™. Hence every vector
in the range of M o L is in the range of M. Thus, the range of M o L is a subset of the range of M. Since
(M o L)(6) = 0, we have that 0 € Range(M o L). Let ¥, ¥, € Range(M o L). Then there exists X}, X, € R"
such that (M o L)(#) = y; and (M o L)(%%) = ¥>. Hence

i+ = (Mo L)X)+ (Mo L)(%) = (Mo L) + X3)

with X| + ¥, € R". Thus, ¥, + ¥» € Range(M o L). Similarly, for any ¢ € R we have
1 = t(M o L)(X}) = (M o L)(t%))

with t¥; € R”, so 1y, € Range(M o L). Thus, M o L is a subspace of Range(M).
Let L : R?> — R? and M : R?> — R? defined by L(x, x2) = (x;,0) and M(xy,x2) = (x1, x2). Then, clearly
Range(M) = R?, but Range(M o L) = Span {[(1)}}
Let % € Null(L). Then, (M o L)(®) = M(L(®) = M(0) = 0, so £ € Null(M o L). Thus, the nullspace of L is
a subset of the nullspace of M o L. Since L(0) = 0, we have 0 € Null(L). Let X, ¥ € Null(L). Then

LE+N =L@ +LH=0+0=0
s0 ¥+ y € Null(L). Similarly, for any 7 € R we have

LX) =tL(X)=10=0

s0 tX € Null(L). Therefore Null(L) is a subspace of Null(M o L).
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Section 3.5 Inverse Matrices and Inverse Mappings 121
D3 (a) Since rank(A) = 4, we have dim(Col(A)) = 4. Then, by the Rank Theorem, nullity(A) = 7 — rank(A) =
7-4=3.

(b) The nullspace is as large as possible when the nullspace is the entire domain. Therefore, the largest possible
dimension for the nullspace if 4. The largest possible rank of a matrix is the minimum of the number of
rows and columns. Thus, the largest possible rank is 4.

(c) Since dim(Row(A)) = rank(A), we get by the Rank Theorem that the dimension of the rowspace is 5 —
nullity(A) =5-3 =2.

D4 Let b be in the columnspace of A. Then there exist an ¥ € R" such that AX = b. But then

-

Ab = A(AR) = A% = 0,,2=0

Hence, b is in the nullspace of A.

3.5 Inverse Matrices and Inverse Mappings

Practice Problems

A1l To determine if a matrix A is invertible, write the matrix [A | /] and row reduce.

@ 3 411 0 (1 0] 5/23 4/23
2 50 1 0 1|-2/23 3/23
Thus, th trix is invertibl ditsi is | 4
us, the matrix is invertible, and its inverse is | , 5.
1 0 1(1 0O 1 00| 2 0 -1
®f21 3/01 0f~]0 1 O0|-1 1 -1
1 0 2(0 0 1 00 1|-1 0 1

2 0 -1
Thus, the matrix is invertible, and its inverse is [—1 1 —1‘.

-1 0 1
(1 0 2|1 0 O] [1 O 2 1 0 0]
©]|1 1 301 0f~]0 1 1/|-1 1 0
| 3 1 7{0 0 1] |0 O O|-2 -1 1|
Since the reduced row echelon form of C is not /, it follows that C is not invertible.
(0 0 1{1 O O] [1 O O O -1 1]
@jo1 1101 0f~]0 1 0]-1 1 0
11 1{0 0 1] [0 O 1 1 0 0]

0O -1 1
Thus, the matrix is invertible, and its inverse is [—1 1 0].
1 0 0
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122 Chapter 3 Matrices, Linear Mappings, and Inverses

1 1 3 1|1 0 0 O 1 0 0 0] 6 10 =-5/2 -7)2
()02100100 Oo1 00| 1 2 -1/2 -1/2
1227100010 0010—2—3 1 1

0 6 3 1/]0 0 01 0 0 0 1 0 0 1

10 =-5/2 =7/2

Thus, the matrix is invertible, and its inverse is 3 _1/ 2 _11/ 2 .

-3 1

1 01 011 0 O OO 1 00 0 O[1 0 -1 1 =2

01 01 0{01 0 OO o1 0 00O 1 0 -1 2
Jj]o0oo0o 11 1,001 0O0f(~J]0O0T1O0TO0OI0O0 1 -1 1

00 01 2{0 0 01 O0 O 001 0|]OO O 1 =2

00 0 0 1/]0 0 0 O0 1 0O 00 0O 1|00 O o0 1

1 0 -1 1 =2
o1 0 -1 2
Thus, the matrix is invertible, and its inverseis ([0 0 1 -1 1
00 O 1 -2
00 0 o0 1
2 0 -1
A2 From question Al (b) we have that B~! = |-1 1 -1|.
-1 0 1
1
(a) The solution of BX = |1]1is
1
1 2 0 -1][1 1
=B'1|=]-1 1 —1|1]|=]-1
1 -1 0 1|1 0
-1
(b) The solution of BX=| 0 |is
1
-1 2 0 -1][-1 -3
¥=B'|0|=|-1 1 —1{|0o]|=]0
1 -1 0 1 1 2
11 [-1
(c) The solution of BX=||1{+| 0 ||is
1] |1
1 -1 1 -1 1 -3 -2
=B '||1|+|0||=B"|1|+BO|=|-1|+|0|=|-1
1 1 1 1 0 2 2
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Section 3.5 Inverse Matrices and Inverse Mappings

(a) Row reducing [A | I] and [B | I] gives

2 1|11 0 N 1 0| 2 -1
3 210 1 0 1|-3 2
1 211 0O 1 0]-5 2
3 5|0 1 0 1 3 -1
2 -1 -5 2
-1 _ -1 _
Hence, A" = [_3 ) } and B~ = [ 3 _1].

We have (AB) = [g 196}' Row reducing [AB | I] gives
5 9|1 0 1 0|-16 9
9 160 1 0 1 9 -5

-16-9 ] We also have

9 -5

a5 22 -1 -1 9] .
R ]| e B e B

Row reducing [3A | I] gives

Thus, (AB)™! = [

-3

Hence, (34)~! = [2_/3 _21//33} = [ : _1] =

Row reducing [AT | I] gives

2 -3

Ty-1 _
Hence, (A")™" = [_1 ’

]. We have

o 2 3|2 3] [t o
O P | K B P

as required.

The mapping R, rotates each vector in the plane about the origin counterclockwise through the angle Z.
The inverse of R,/; maps each image vector back to its original coordinates, so the inverse is a counter-

clockwise rotation through angle —£. Hence,

_ V3/2  1/2
1 _ _
[Rrj6]™ = [Ronsel = [_1/2 \/5/2}

Copyright © 2013 Pearson Canada Inc.



124 Chapter 3 Matrices, Linear Mappings, and Inverses

(b) The matrix represents a shear in the x; direction by an amount —3. This linear transformation moves

X1 — 3)62

X . . .
each vector xl] parallel to the x;-axis by an amount —3x; to the new position . The inverse

2 X2
transformation maps each image vector from the new position by an amount 3x, back to the original

. . . . L . . . |1 3
position. Thus the inverse is a shear in the direction x; by amount 3. The matrix of the inverse is [ 0 1].

(c) The matrix represents a stretch in the x; direction by a factor of 5. Thus, the inverse of this transformation
must “shrink” the x; coordinate back to its original value. Hence, the inverse is a stretch in the x; direction
1/5 o]

by a factor of % The matrix of the inverse is [ o 1l

(d) The matrix represents a reflection of a vector in R? over the x| x3-plane. Thus, the inverse of this transfor-
mation must reflect the vector back over the x;x3-plane. Therefore, the transformation is its own inverse.

1 0 O
0 -1 0f

0 0 1

Hence, the matrix of the inverse is

1

AS (a) We know that the matrix of a shear S by a factor of 2 in the x, direction is [S] = [2

(1)] By either row

reducing [S | I] or using geometrical arguments as in the question A4, we find that [S '] = [_12 (1)]

. . . x| . . . . Y
(b) A reflection R in the line x; — x, = 0 maps a vector [xl] in the plane to its mirror image [ 2
2

} in the line
X1

0

x1 — xo = 0. Thus, R(é&;) = [(1)] and R(&,) = [(1)], hence [R] = [1

(1)] The inverse of the mapping is also a

reflection in the line x; — x, = 0, so [R™!] = [(1) (1)} = [R].

(c) Composition of mappings is represented by products of matrices, so

1 0 1
-2 1
1 0
A6 Let v,y € R" and tr € R. Then there exists i, ¥ € R" such that ¥ = M(y) and & = M(V). Then L(¥) = y and
L(i}) = V. Since L is linear L(tX + il) = tL(X) + L(id) = 1ty + V. It follows that

19 _ 1 req-lrp—1 _ |1 O[]0 1| (0 1
[(Ro$)" = (RISD™ = [ST'[R] —[_2 1” }_[ _2]

-17 _ -1 _ -1 —1_01 10
[(S o R)™'1 = ([SIRD™" = [RI7'[S] ‘[1 0H—2 1}

M@y +V) = tX+ il = tM©Y) + M)

so M is linear.

Homework Problems

Bl () [7/15 —4/15]

2/15 1/15
(b) It is not invertible.
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B3
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(11/9 -2/3 10/9]
© |-1/9 1/3 -5/9
—4/9 1/3  -2/9)

(d) Itis not invertible.

—2/3 —1/3  8/3]
@ |[-1/3 13 1/3
(23 1/3  -5/3]

(10/3 8/3 —1/3 —-5/3
13 2/3 —-1/3 1/3
OV 15 13 13 -173
-1 -1 0 |
(5 -2 —10 11/3
31 6 -2
@1y 1 21 a3

0 -2 2/3
00 0 0 1
0001 0

Moo 10 0
0100 O
1 0 0 0 -1
0 0 00 1
0 0 010

@l-1 -1 100
0 1 000
(1 0 00 0
'L 0 0 0 0
0 1L 0 0 0
@lo o 1 0 o0
0 0 0 1 0
-1 -1 -1 -1 1

0 11
@ Al=|-1/2 3)2 1]

12 -1/2 -1

2 6 1
(b) ()%= [5 /2], (i) ¥ = [15 /2}, (iii) ¥ = [—2]

1/2 3/2 0
G2 5 a7 -2
(a)Al_[l —2}’31‘[—3 1}
17 39] . [-16 39
(b) AB = [7 16}’('43) l ‘[ 7 —17]

L[~

Copyright © 2013 Pearson Canada Inc.

125



126 Chapter 3 Matrices, Linear Mappings, and Inverses
(@ (AT)-1=[_52 _12]
S| uv2 o2
B4 (a) [Ry4l —[_1/\/5 /2
(1 0
(b) 2 1}
(1 0
(©) 0 -3
-1 0 O
(0 -1 O‘
|0 0 -1
|11 0 5|1 0
BS () [S]—[O 3],[3 ]—[0 1/3]
10 -1 1,10 -1
(b) [R]—[_1 0},[1% ]-[_1 0]
-1 -1
(© [(Rosrllz[_f/3 O],[(SoR)‘1]=[_01 /3]
1 0 O 1 00 1
B6 (a) [Rﬂ/z]—{o 0 1],[S‘1]=l0 1 0|, [(Rgj2oS)” 1]—[ }
0 -1 0 0 0 2 0 -2 0
0 0 1 -04 0 1 1 0 -04
(b) [R—1]=l0 1 o‘,[s—l]z[ 0 1 O|[(RoS) 1]_[0 1 0‘
1 00 0 01 00 1

Computer Problems

[ 0.26315861440198551 0.49258011208722540 0.16149453057662802  —0.23038787380832820
1 ( 0.21479273169845791  —0.15523431868049322 —0.022592485249228511 0.034067093077257845
0.0082272363399542546 —0.12187604630787456  —0.12710459750906119  0.17567170823165517
| —0.10019869774999662  —0.45503652011314232  0.067154043885201963  0.45015271726511108
1.2300000000000002  3.1099999999999994 1.0100000000000002  —2.2204460492503130 x 10716
(b) 2.0099999999999993  —2.5600000000000000  3.0299999999999993 0.040000000000000035
1.1100000000000007  0.029999999999999360 —5.1099999999999994 2.5600000000000009
2.1399999999999996  —1.8999999999999996  4.0499999999999989 1.8799999999999996

It is not quite equal to A due to computer round-off error.

Conceptual Problems
D1 Using properties of transpose and inverse we get
— (A—I)T(B—I)T

(@A™ = B"'A" " = @B
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D2 (a) I=A°=AA%s0A"! = A%
(b) BB*+B>+I=1,s0B' =B*+B>+1.

D3 We must not assume that A~' and B! exist, so we cannot use (AB)~' = B™'A™'. We know that (AB)~! exists.
Therefore, I = (AB)"'AB = ((AB)"'A)B and so, by Theorem 2, B is invertible and B~! = (AB)~'A. Similarly, we
have I = AB(AB)™' = A(B(AB)™"), hence A is invertible.

D4 (a) Weneedto find B = [51 52] such that

I=AB=Alb b)|=|Ab Ab

-1
So, we need to solve the equations AEl = &, and AI;2 = &. Solving these we find that l;l = [—1} and

1
2 -1 2
I;z = |1|. Thus, aright inverse of Ais B=|-1 1]|.
1 1 1

(b) Observe that (CA);3 = cjjaiz + cpaxy = ¢i1(0) + ¢(0) = 0. Hence, the last column of CA is 0. Thus,
CA #1.

D5 (1) = (2): If A is invertible, then rank(A) = n by the Invertible Matrix Theorem. Hence, nullity(A) = 0 by
Theorem 3.4.7. Thus, Null(A) = {0).
(2) = (3): If Null(A) = {6}, then nullity(A) = 0 and so rank(A) = n. Hence, by Theorem 3.4.5, we get n =
rank(A) = dim(Row(A)). In particular, the n rows of A form a basis for R", and hence are linearly independent.
(3) = (4): The columns of AT are the rows of A. So, if the rows of A are linearly independent, then the columns
of AT are linearly independent, so A7 is invertible by the Invertible Matrix Theorem.
(4) = (1): We have shown above that if A is invertible, then A7 is invertible. Thus, if A” is invertible we have
that (AT)T = A is invertible.

3.6 Elementary Matrices

Practice Problems

A1l To find the elementary matrix E, we perform the specified elementary row operation on the 3 X 3 identity matrix.

1 -5 0
(a) Wehave E=]0 1 Ofand
0 0 1

EA =

1 -5 0|1 2 3 6 -13 -17
0 1 Of|-1 3 4f{=|-1 3 4
0 0 1If|4 2 0 4 2 0

which equals the matrix obtained from A by performing the elementary row operation.
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1 0 0
0 O 1fand

010

(b) We have E =

EA =

1 0 0O]|1 2 3 1 2 3
0 0 If|-1 3 4|=|4 2 0
0 1 0f|[4 2 O -1 3 4

which equals the matrix obtained from A by performing the elementary row operation.

1 0 O
0 1 O |and

0 0 -1

(c) We have E =

EA =

10 Offt 2 3] [1 2 3
01 0ll-1 3 4|/=[-1 3 4
00 -1]|4 2 0 |[-4 -2 0

which equals the matrix obtained from A by performing the elementary row operation.

(d) We have E =

1 0 0
0 6 Ofand
0 0 1

EA =

1 0 Of]f1 2 3 1 2 3
0 6 0||-1 3 4{=|-6 18 24
0 0 1|4 2 0 4 2 0

which equals the matrix obtained from A by performing the elementary row operation.

1 0 0
0 1 Ofand
4 0 1

(e) We have E =

EA =

1 0 01 2 3 1 2 3
0 1 0f|-1 3 4|/=|-1 3 4
4 0 1]{4 2 0 8 10 12

which equals the matrix obtained from A by performing the elementary row operation.

A2 To find the elementary matrix £, we perform the specified elementary row operation on the 4 X 4 identity matrix.

10 0 0 1 0 0 0] 10 0 0
01 0 0 000 1 01 0 0
@1y 0 1 0 ®1 0 1 0 ©1o 0 =3 o
0 0 =3 1 0 1 0 o 00 0 1
1 0 0 0 3 0 0 0] 0010
010 0 0100 0100
D1y 0 1 0 ©10 01 0 D 0 0 o
0 0 0 1 0 0 0 1] 000 1

A3 (a) Itiselementary. The corresponding elementary row operation is R3 + (—4)R;.
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(b) Itis not elementary. Both row 1 and row 3 have been multiplied by —1.

(c) Itis not elementary. We have multiplied row 1 by 3 and then added row 3 to row 1.
(d) Itis elementary. The corresponding elementary row operation is Ry T Rj.

(e) Itis not elementary. All three rows have been swapped.

(f) Itiselementary. A corresponding elementary row operation is 1R;.

A4 To find a sequence of elementary matrices such that E;--- E;A = I, we row reduce A to [ keeping track of
the elementary row operations used. Note that since we obtain one elementary matrix for each elementary row
operation used, it is wise to try to minimize the number of elementary row operations required.

(a) We have
[ 1 3 4] (1 3 4]
0 0 2 ~10 1 0 ~
| 0 1 O0|R IR 0 0 2| iR
[ 1 3 4R —4R; [ 1 3 0] R -3R, 1 00
010 ~10 1 0 ~0 1 0 ‘
| 0 0 1 | | 0 0 1 | 0 0 1
The first elementary row operation performed was R, I R3. So, E; is the 33 elementary matrix associated
1 00
with this row operation. Hence, E; = [0 O 1. The second row operation performed was %Rg,, SO
010
1 0 O 1 0 -4
E,=|0 1 O |. The third elementary row operation performed was R; —4R3,so E3 =|0 1 O |, and
0 0 1/2 0 0 1
1 -3 0
the fourth elementary row operation performed was Ry — 3R, so E4, = |0 1 O‘.
0 0 1
Hence,
1 -2 -3
AV = EJE3EE; =0 0 1‘
0 1/2 0

Since A™! = E4E3E>E| we have that A = (E4EsE>E)™" = E{'E;*E;'E;"'. Hence,

1 0 Offt 0 O]t 0 4]t 3 0
A=10 0 1|10 1 0J|j0 1 0|0 1 O
0O 1 0/|0 O 2]10 O 1]|10 0 1
(b) We have
[ 1 2 2] [ 1 2 2] R —2R;
01 3 ~10 1 3 |R—-3R; ~
12 4 5| Rs—=2R, [0 O 1 |
[ 1 2 O]JR -2R, [1 O O]
010 ~10 1 0
10 0 1 | 10 0 1 |
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Observe that we performed the second and third operation “at the same time”. Technically speaking, we
actually need to perform one and then the other, however, which order we do them in does not matter.
We will say that we did R, — 3R; first and then R; — 2R3. Therefore, the elementary row operations
1 00 1 0 O 1 0 =2
corresponding to these row operations are: £, = |0 1 O,E;,={0 1 -3|,E;=|0 1 O}, and
-2 0 1 0 0 1 0 0 1
1 -2 0
E,=|0 1 0]
0 0 1
Hence,
-7 -2 4
A= E,E3EE =16 1 =3
-2 0 1
and
1 0 O/t 0 O]t 0 2][1 2 0
A=E'E;'E;'E;' =10 1 oflo 1 3f{lo 1 o|f0 1 0
2 0 1]10 0 1][0 O 1][0 0 1
(c) We have
1 0 -1 1 0 -11]
-2 0 -2 |R+2R ~| 0 0 -4 | —iR ~
-4 1 4‘ R3 +4R1 0 1 0
1 0 -1 1 0 -1 ] R +R; 1 00
00 1 ~1 0 1 0 ~0 1 0
0 1 0| RRIRs 00 1| 0 0 1
1 00 1 00 1 0 0 1 00 1 0 1
Hence,E, =|2 1 O0|,E,=|0 1 O|,E3=|0 -1/4 O|,E4=|0 O 1f,andEs=1|0 1 O0].
0 0 1 4 0 1 0 0 1 01 0 0 0 1
Then
1/2 -1/4 0
AT = ESEJEsE)E = | 4 0 1
-1/2 -1/4 0
and
A=E'E)'E;'E}'ES!
1 0 Ol]fr O o]t 0 o[t 0 O]t 0 -1
=(-2 1 0O[f0O 1 0|0 -4 0j{0 O 1|0 1 O
0O 0 1][-4 0 1]|10 O 1]10 1 0]|0 0 1
Copyright © 2013 Pearson Canada Inc.
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(d) We have

< &
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N
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— o000 —o0o0o0 —oc oo
1§ 14
v e <
€ 3 o
H + < [
X & - &
— —_—— O O —_— 0 O —
2
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+ T ®
I I ' o—coc o—~o0c o
ﬂ4:31410001000
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Homework Problems
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1 4 0
@E=[0 1 0
0 0 1

1 0
©E=|0 -3
0 0
(10
@E=|0 1
20

1 0 0 0]
010 6
@l 0 1 0
0 0 0 1
10 0 0
010 0
Dy 0 0 1
0 0 1 0

-0 O = O O

(b)

(e

co—ococ o~

10

= eNeNoelV e}

0

19 0 0
5‘ b E=[0 1
-2 10
-1 2 0
—15] @E=[0 1
2 0 0
1] 0 1
5 OHE=|1 0
0] 0 0
0 0] 00 0
0 0 01 0
10 ©lp 0 1
0 1] 100
2 0 1 0 0
0 0 01 0
10 ®lo 0 1
0 1 00 0

(a) Itis not elementary. All three rows have been swapped.

[ e)

-0 o o o =

%l
=

RN 0 R —

0
1

0

0
1

—2]
5
—1
7]
5
-2

5
-1
-2

(b) Itis elementary. The corresponding elementary row operation is R3 + 3R;.

(c) Itis not elementary. Row 2 and 3 have been swapped and row 1 has been multiplied by -1.
(d) Itis not elementary. You cannot obtain this matrix from / with elementary row operations.
(e) Itiselementary. The corresponding elementary row operation is 2R;.

(f) Itis elementary. The corresponding elementary row operation is R, — R;.

—_— O =

1 00 10 0 1 0 0 1 =2 0 10
@ Ey=|0 1 O E,=0 1 -1|,Es=[0 1 0| Es=|0 1 O Es=]0 1
-2 0 1 00 1 00 1/2 0 0 1 00
-4 -2 52
Al=|2 1 -1
-1 0 1/2
1 0 O][t 0 O][t O O|ft 2 O]ft 0 -1
A=]0 1 oflo 1 1]lo 1 o|lo 1 o|lo 1 o©
2 0 1flo o 1flo 0 2]lo 0 1]lo 0 1
1 00 (1 0 0 1 0 0 1 0
) Ex=|-2 1 0|,Ex=|0 1 O Es=|0 1/3 O Es=|0 1 ©
0 0 1 -1 0 1] 0 0 1 0 -4 1
1 0 0
ATl=]-2/3 173 0
5/3 -4/3 1)
1 0 0]t 0 O]ft 0 OJ][L O O
A=[2 1 oflo 1 oflo 3 o|lo 1 ©
00 1/t o 1]lo 0 1]l0 4 1
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1 0 O 1 0 O
01 -1

0 1 OfEs5=

0 0 1

- O O
S ——]
—
S O =
—_— O
- O O
[ ——]
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co—o
—_—— O O

— o oo
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co—o
oo o

oo o

|72 =172 5)2
3/2 —1/2 3)2

—_—— = O OO0 O
|
[\

oo~ O
o - o o
- O O O

o o
SO~ oO cor~oO
—_— oo © = OO
oo~ O
o — oo
—_ O O O

o= oo

—_ o O O

oo o~
oo~ O
h—oo

- o OO

S ==,

- o oo
o= o o
oo~ O

N O = O
o = O O
—o o9
[N eNenS
SO O =
o O = O

—

o = O O
S O O
S —

Conceptual Problems

D1 (a) Row reducing A to I, we find that A = [0 1] [1 0 } [1

0 1j. )
1 ollo =2llo 1 } We see that [ } is the standard matrix

10

of a reflection R in the line x; = xp, is the standard matrix of a stretch S by factor —2 in the

1

0o -2
. 1 —4]. . .

Xp-axis, and 0 1 is a shear H by factor —4 in the x;-direction. Thus, L=Ro S o H.

(b) Since the standard matrix of an invertible linear operator is invertible, it can be written as a product of
elementary matrices. Moreover, each elementary matrix corresponds to either a shear, a stretch, or a
reflection. Hence, since multiplying the matrices of two mappings corresponds to a composition of the
mappings, we have that we can write L as a composition of the shears, stretches, and reflections.
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0

D2 For “add ¢ times row 1 to row 2” we have that the corresponding elementary matrix is £ = [1 1]. Then,

aip  an N ay an
ary ap | Ry +1Ry ar) +tay  axp

while
EA = I Olfan ap|_| an an
t 1||a axn| |a+tan ax
(13 . 99 . . . 1 0
For “multiply row 2 by a factor of  # 0”” we have that the corresponding elementary matrix is £ =

0 1t
ap  ap N aiy agn
ary axp | tR, fary taxp

EA:[I OHGM 6112]:[011 012]
0 tflan ax tay;  taxn

D3 (a) Row reducing A to I we find that E; = [_12 0}, £ o [1 —z].

}. Then,

while

1 0 1
" 3 BN - 3 5
(b) We find that E1b = 1 ,and X = ELE\b = E; 1 = 1l

(c) Row reducing [ A ‘ b ], we see that we perform the same two row operation on b and hence get the same
answer.

3.7 LU-Decomposition

Practice Problems

Al (a) Row reducing we get

-2 -1 5 -2 -1 5 1 00
4 0 2| R -2R ~| O 2 -12 - L=|2 10
2 1 3 R3 + R, 0 0 8 -1 = 1

We now have the matrix in a row echelon form, so no further row operations are required. Thus, we have

1 0 O]f-2 -1 5
2 1 010 2 -12

-1 0 1]{0 O 8

A=LU =

Copyright © 2013 Pearson Canada Inc.
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(b) Row reducing we get
1 -2 4 1 -2 4 1 00
-2 4 |R-3R ~| 0 4 -8 = L=(3 10
2 2 -5|R3-2R |0 6 -13 PR |
1 -2 4 ] (1 -2 4 1 0 0
0 4 -8 ~0 4 -8 = L=13 1 0
0 6 -13|Rs-32R [0 0 -1 2 32 1
Hence,
1 0 O]t -2 4
A=LU=(3 1 0],]J0 4 -8
2 3/2 1[0 0 -1
(c) Row reducing we get
2 -4 5] (2 -4 5 1 00
2 5 2|R-R ~|0 9 -3 = L=|1 10
2 -1 5| R3—-R | 0 3 1 = 1
2 -4 5] [ 2 —4 1 0 O
0 9 -3 ~{0 9 -3 = L=|1 1 0
0 3 O0]R-3R [0 0O 1 1 1/3 1
Hence,
(1 0 O0][2 -4 5
A=LU=(1 1 0|0 9 =3
1 1/3 1]{0 0 1
(d) Row reducing we get
1 5 3 4] [1 5 3 1 0 0O
-2 -6 -1 3 |R+2R; |0 4 5 11 N -2 1 00
0o 2 -1 -1 02 -1 - 10 % 10
0 O 0 | 0 0 |0« = 1
15 [ 1 5 3 4 1 0 0
0 4 11 0 4 5 11 L= -2 0 0
02 -1 -1 R3—%R2 0 0 -7/2 -13/2 10 1/2 1 0
0 0 | 0 0 0 0 0 0 = 1
We now have the matrix in a row echelon form, so no further row operations are required. Thus, we have
1 0O o0 ofr s 3 4
-2 1 0 0|0 4 5 11
A=LU= 0 1/2 1 0|0 0 -7/2 -13/2
0O 0 0 1f|[0 0 O 0
Copyright © 2013 Pearson Canada Inc.
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(e) Row reducing we get

e
.
TS oo~ °e -
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J.Q_J34 JHQ_JOO Q_JOO .
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—_ 0 OO0 —H O oo S O O —
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o
— o R
e
M SN Sl
_ o+ |
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< e ~
—_— o — O —— <t O — 0N <tlen
| | |
YT YT T TR
|
AN N <t AN onoon <t
[ [ Q_JOO
— [<a)
(e o - O O O oo o
—

Hence,

-1
—4/3

1
0
3
0

(f) Row reducing we get

oo Oo —~ © 0 O —
lpeyaareennssepnm—""]
oo o —
OO — ¥ OO — A
oo — % . .
O - % * on on
a S o Q- o &
p— p—
I_Q_J_l_q_q_l_a_d_
I 1l Il
~ ~ ~
O N <
' canoco canoo
ANAETF Nt oo At o
‘I_.lﬂaﬂ —_.— OO ——O O
o | |
7_.000 7_~000 JOOO
14 0 14
111 (o BN (sl
ST s S
+ + T I+ _
o n o <t <t
xx X & & <
023A__. 0234__. oo o
N AN < o
NN A NN~ <t
I —— o o
— — AN |
— N N o— | y_
I I qe oo
G e Feee
[ —
S —

Hence,
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(a) Row reducing A we get

1 0 3 [1 0 3 (1 0 0
-2 1 -3 |R+2R ~| 0 1 3 = L=]-2 1 0
-1 4 5 R; + R, PO 4 8 7—1 EI |
1 0 3] [1 0 3 (1 0 0
01 3 ~0 1 3 = L=]-2 1 0
0 4 8| Rs—4R, | 0 0O -4 -1 4 1
Hence,
1 0 O][1 0 3
A=LU=|-2 1 0||0 1 3
-1 4 1]|0 0 -4
To solve AX) :51 we let ¥ = UX, and solve L)‘z’:l_;l.This gives
yi=3
2y +y=—4
-yi+4y+y;3=-3
We solve this by forward substitution. We have y; = 3, y, = =4+ 2y; = -4 +23) = 2, and y3 =
4
-3+ y; —4y, = -3 +3 —4(2) = —8. Then we solve UX| = 4]by back substitution. We have
-8
Xy +3x3=3
Xy +3x3 =2
—4)63:—8

which gives x3 =2, x, =2 - 3x3 =2 -3(2) = —4, and x; = 3 — 3x3 = 3 — 3(2) = —3. Hence the solution

-3
iS)?] =|-4|.
2

To solve A%, = 52 we let ¥ = UX, and solve Ly = 1;2. This gives

yi=2
“2y1+y2=-5
—yi+4y2+y3 =2

We solve this by forward substitution. We have y; = 2, y, = =5 +2y; = -5+ 2(2) = -1, and y3 =
2

—1] by back substitution. We have

4

-2 +y; —4y, = -2 +2 —4(-1) = 4. Then we solve UX, =

Xy +3x3=2
Xy 4+ 3x3 = —1
—4X3:4
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which gives x3 = =1, x, = =1 -3x3 = -1 -3(-1) = 2, and x; = 2 —3x3 = 2 - 3(-1) = 5. Hence the
5
solutionis % = | 2 |.
-1
(b) Row reducing A we get

1 0 -2 1 0 -2 1] 1 00
-1 -4 4| RR+R ~| 0 -4 2 = L=]-1 1 0
3 -4 -1 | R3-3R, 0 -4 5] |3 = 1
1 0 -2 1 0 -2 (1 0 O
[ 0O -4 2 ~{0 -4 2 = L=|-1 1 0
0 4 5| |R—-R 0O 0 3] 13 1 1
Hence,
1 0 O]t 0 =2
A=LU=|-1 1 OHO -4 2‘
3 1 1[0 0 3

To solve AX| = 51 we let ¥ = UX; and solve Ly = l_;l. This gives

yi=-1
Yi+y=-7
3yi+y+y3=-5

We solve this by forward substitution. We have y; = =1, y, = =7+y; = =7+ (=1) = -8, and y3 =
-1
-5 -3y, —y, = =5 -3(~1) — (-8) = 6. Then we solve UX, = —8‘ by back substitution. We have

6

X1 — 2)(,'3 =-1
—4x2+2X3 =-8
3X3 =6

which gives x3 = 2 and —4x, = —8-2x3 = —-8-2(2) = —12,s0 x, = 3. Then x| = —1+2x3 = —-1+2(2) = 3.

3
Hence the solution is ¥ = [3 .
2

To solve A%, = 52 we let ¥ = UX, and solve Ly = 1;2. This gives

yi=2
“y1+y2=0
3yi+y2+y3=-1
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We solve this by forward substitution. We have y; =2,y =y; =2,andy3 = —1-3y;—y, = -1-3(2)-2 =

2
—9. Then we solve UX, = | 2 ] by back substitution. We have
-9
X1 — 2)63 =2
—4xy +2x3 =2
3X3 =-9

which gives x3 = =3 and —4x; =2-2x3 =2-2(-3) = 8,50 x, = —=2. Then x; = 2+2x3 = 2+2(-3) = —4.

-4
Hence the solution is % = [—2].
-3

(c) Row reducing A we get

1 0 1] [1 0 1] 1 0 O]
{—3 2 -1 | Rh+3R; ~| 0 2 2 = L=]-3 1 0
-3 4 2| R3+3R; |0 4 5| -3 1]
1 0 1] 1 0 1] 1 0 0]
[O 2 2 ~{0 2 2 = L=|-3 1 0
0 4 5S|R3—-2R, [0 O 1 | -3 2 1]
Hence,
(1 0 O][1 0 1
A=LU=|-3 1 OHO 2 2]
-3 2 1][{0 0 1

To solve AX| = I;l we let ¥ = UX; and solve Ly = 51. This gives

yi=3
“3y1+y2=-5
=3y + 2y, +y3 = -1

We solve this by forward substitution. We have y; = 3, y, = =5+ 3y; = -5+ 3@3) = 4, and y; =
3
4} by back substitution. We have
0

—1+3y; — 2y, = —1+3(3) — 2(4) = 0. Then we solve UX| =

Xy +x3=3
2X2+2X3=4

X3=0

3
which gives x3 = 0 and 2x, = 4 —2x3 = 4,50 x, = 2. Then x; = 3 — x3 = 3. Hence the solution is X| = lZ}
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To solve A%, = 52 we let ¥ = UX, and solve Ly = 52. This gives
yi=-4
“3By1+y=4
=3y1+ 2y +y;=-5
We solve this by forward substitution. We have y; = =4,y = 4+3y; = 4+ 3(-4) = -8, and y; =
—4
=5+ 3y; — 2y = =5 + 3(—4) — 2(-8) = —1. Then we solve UX; = —8] by back substitution. We have
-1
X1 +Xx3 = —4
2xy +2x3 = -8
X3 = —1
which gives x3 = —1 and 2x; = -8 -2x3 = -8 -2(-1) = —6,s0x, = =3. Then x| = -4—x3 = —4—-(-1) =
-3
—3. Hence the solution is ¥, = |-3|.
-1
(d) Row reducing A we get
-1 2 -3 0 -1 2 =30 (1 0 0 O]
0 -1 31 0o -1 31 =>L—0100
3 -8 3 2| R3+3Ry 0 -2 -6 2 -3 1 0
1 -2 3 1| Ry4y+Ry 0 0 1 -1 % = 1]
-1 2 -3 0 -1 -3 0 (1 0 0 O]
0 -1 31 0 -1 31 ﬁL_OlOO
0—2—62R_2R 0 -12 0 -3 21 0
0 0 0 1| 7% 0 0 01 -1 0 =« 1]
Hence,
1 0 0 O]f-t 2 -3 0
O 1 0 0/j0 -1 3 1
A_LU_—3 2 1 0[fjo 0 =12 0
-1 0 0 1][0 O 0 1
To solve AX| = 51 we let ¥ = U¥; and solve Ly = 51. This gives
yi=-6
=7
“3y1+2n+y;=-4
Vi +ys=35
Copyright © 2013 Pearson Canada Inc.
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We solve this by forward substitution. We have y; = -6, y, = 7, y3 = =4 + 3y; — 2y, = —36, and
-6
7 o

v4 =5+ y; = —1. Then we solve UX| = _36 by back substitution. We have

-1

—X1 + 2xp — 3)63 =-6

—Xo+3x3+x4 =7

—12x3 = =36
X4 = -1
which gives x4 = =1, x3 = 3, x, = —=(7 = 3x3 — x4) = 1, and x; = —(—6 — 2x; + 3x3) = —1. Hence the

lll
. 1
solution is X; = 3|
-1

To solve AX, = l;z we let y = UX, and solve Ly = 52. This gives

yi=5
y2=-3

“3y1+ 2y +y; =3
Y1 +ys=-5

We solve this by forward substitution. We have y; = 5, yo = =3, y3 = 3 +3y; — 2y, = 24, and y4 =

5
—5 +y; = 0. Then we solve U%, = ; 4 by back substitution. We have
0
X1 + 2XQ — 3X3 =5
—Xo+3x3+x4 =-3
—12x3 =24
X4 = 0
which gives x4 = 0, x3 = =2, x, = —=(-3 = 3x3 — x4) = -3, and x; = —(5 — 2x, + 3x3) = —5. Hence the
-5
solution is % = -3
27| o)
0

Homework Problems

Bl (a) [;

0
1

b |
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10 0][-1 -2 1
® |4 1 ollo 3 -1
2 -1 1]lo o0 o
10 O0]]1 -1 3
©lo 1 ollo -4 2
-1 5/4 1]lo o -32
10 Ol[2 2 -1
@2 1 ollo -1 2
2 -1 1llo -1
10001 2 0 -2
@ |2 10 oo -1 -1 o0
1 5 10llo o 1 2
433 1llo o o 2
10 0 02 -1 3 -1
|1 1 0 ofo 10 1
> 7 1 ollo o -1 o0
32 5/2 12 1]lo 0 o o]
10 0][-1 0 -2 0] 41
@ LU=|-4 1 oll0 1 —6:% =[3|,%=]|-5
-3 0 1]l0 0 -3 3 3]
1 0 0][-2 -4 2 -5 (2
® LU= -1 1 ollo —2 oliz=|-1|,%=|3
-s/2 2 1]lo o0 1 -8 )
10 O0][1 -2 4 3 2
©Lu=[1 1 ollo 5 sla=|-4,n=]2
-4 —7/5 1[0 0 15 0 -1
10 0 O]f1 -1 -2 0 1 9/5
2 1 0 offo =3 1 =2, o], |-1
DLU=1 5 4 1 ollo 0 2 —afS =] |7s]
4 0o 2 1/lo 0 0o 5 0 1/5

Conceptual Problems

D1

(a) Let E be a lower triangular elementary matrix. Then E can be obtained from the identity matrix by a row
operation of the form R; + tR; where i > j or by the row operation cR; where ¢ # 0. In the first case, we
can bring E back to the identity matrix with the row operation R; — tR;. Hence, this is the row operation
associated with E~! and so E~! is lower triangular. In the second case, the row operation corresponding to
E~lis %Ri, so E is lower triangular in this case as well.
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(b) Assume that L and M are both n X n lower triangular matrices. Then whenever i < j we have (L);; = 0 and
(M);; = 0. Hence, if i < j, we have

(LM);j = (L) (M) + -+ + (L)igj—1y(M) jjs1y + (L)ij(M) jj + -+ + (L)in(M),,
= (L) (0) + -+ + (LD)ij=1)(0) + (O)M) j; + (O)M)js1)j + - - + (0)(M),;
=0

Thus, LM is lower triangular.

Chapter 3 Quiz

Problems

E1 (a) Since the number of columns of A equals the number of rows of B the product AB is defined and

2 -1 4
2 -5 3 -14 1 -17
a=| [lF o 2 ]
-3 4 -7 [1 1 5] -1 10 -39

(b) The number of columns of B does not equal the number of rows of A, so BA is not defined.

(c) A has 3 columns and 2 rows, so A7 has 2 columns and 3 rows. Thus, the number of columns of B equals
the number of rows of AT, so BAT is defined. We have

2 -1 4|2 -3 -3 -38
3 0 2|-5 4|=|0 -23

1 -1 5[|-3 -7 -8 42

BAT =

E2 (a) We have

o
ff‘(ﬁ):[_; —04 —41] ! :[_(ﬂ

-2
P A | B
(b) We have
A :4? _12 =Alv ] =[av A*]:[_1176 _0“]

E3 (a) We have
cosm/3 —sinz/3 0 12 —=v3/2 0
[R]:[Rﬂ/3]=[sinn/3 cos /3 0]: V3/2 172 0
0 0 1 0 0 1
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-1
-1
2
images of the standard basis vectors under the reflection.

(b) A normal to the plane —x; — x; + 2x3 = 0is 7l = . The columns of [M] are found by calculating the

i 1 1] [2/3]
reflyé, = & —2——it = |0 —2— |-l =173
|| ” _0_ | 2 ] | 2/3 ]
> 2 [9] -1 [-1/3]
-1

refly & = & - 20t = |1| -2 — —1 =123
o] o 53|

=[] 2/3

> - 33

refl; &3 = 3 — 2 0 —2— - 2/3

o] 1] 3

Thus,

1 2 -1 2
[M] = [reﬂ(_l’_l,z)] = 3 -1 2 2
2 2 -1

(c) A composition of mappings is represented by the product of the matrices. Hence,

12 =32 0
[Ro M] = [RI[M] = | 3/2 1/2 —l— ]
0

. 2+ 3 —1—2\/’ 2-243
=z 2V3-1 —vV3+2 2V3+2
4 4 -2

1 0 2 1 0|5
E4 The reduced row echelon form of the augmented matrix [A | l;] is l 01 -1 0 0|6 ] We see that x3 and
00 00 1|7
x4 are free variables, so let x3 = s € R and x4 = ¢ € R. Then, the general solution is
5 -2 -1
6 1 0
X=|0|+s|1|[+2{0]|, s,reR
0 0 1
7 0 0

Replacing b with 0, we see that the solution space of AX = 0is

0

+1]| 0 s,t€R
1
0
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5
6
In particular, the solution set is obtained from the solution space of AX = 0 by translating by the vector |0].
0
7

E5 (a) The range of fp is equal to the columnspace of B, so V is in the range of fp if and only if ¥ is in the
columnspace of B. i and V are in the columnspace if and only if the systems BX = i and BX = V are
consistent. Since the coefficient matrix is the same for the two systems, we can row reduce the doubly
augmented matrix [B | # | V]. We get

1 2 ol 4|-5 1 0 0]2]-1
-1 -1 -1]-3| 6 01 0[1]=2
1 3 0| 5/-717]0 o0 1]0]|-3
0 2 -1| 3|-1 00 0[1] O

We see that the system [B | i] is inconsistent so i is not in the columnspace of B. However, the system
[B | V] is consistent so ¥ is in the columspace of B and hence in the range of f3.

-1
(b) From the reduced row echelon form of [B | V] we get that ¥ = [—2‘ satisfies fp(¥) = V.
-3

(¢) Use the fact that By is a linear combination of columns of B.

2 1 2 0
-1 -1 -1 -1
3 =0 1 +1 3 +0 0
2 0 2

-1

0
So,y=|1}.
0

E6 Observe that the given row echelon form of A is not the reduced row echelon form. Therefore, we must first
finish row reducing this to reduced row echelon form. We get

1 0 1 1 1 1 0 1 0 -1
21 1 2 5 O1 -1 0 3
0 2 -2 1 8 0O 0 0 1 2
33 0 4 14 0O 0 0 0 O
A basis for the rowspace of A is the set of non-zero rows from the reduced row echelon form. Hence, a basis
1 071 10
0 1 0
for Row(A)is {| 1 |,|—=1|,|0]¢. The columns from A which correspond to columns with leading ones in the
0 0 1
-1 3 2

reduced row echelon form of A form a basis for the columnspace of A. Hence, a basis for the columnspace of A
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11 0] |1
is g , ; , ? . To find a basis for the nullspace we find the general solution to AX = 0. Let x3 =5 € Rand
3] [3] [4
x5 =t € R. Then the solution space is

(—s + ¢ -1 1
s — 3t 1 -3
X=| s |=s|1|+¢]0
=2t 0 -2
|t 0 1
-1 1
1 -3
Therefore, a basis for Null(A)isq| 1 |,] O
0] |-2
0 1
E7 To find the inverse we row reduce [A | I]. We get
1 0 0 -1{1 0 0 O 1 0 00 2/30 0 1/3
00100100~01001/601/2—1/6
020 1|0 01 0 00 10 0 1 0 0
1 0 0 2|0 0 0 1 000 1}-1/3 0 0 1/3
2/3 0 O 1/3
_ 1/6 0 1/2 -1/6
1_
Hence, A7 = 0 1 0 o I
-1/3 0 0 1/3
E8 To find the inverse we row reduce [A | I]. We get
1 0 p|1 0 O 1 0 p 1 0 0
1 1. 0j01 O|~J]0 1 —=p|-1 10
21 1]0 0 1 00 I=-p|-1 -11

A matrix is invertible if and only if its reduced row echelon form is /. We can get a leading one in the third
column only when 1 — p # 0. Hence, the above matrix is invertible only for p # 1. Assume p # 1, to get the

inverse, we must continue row reducing.

10 p|l 1 00 10 0|5 1@ g

0 1 -p|-1 1 0|~[0 1 O ﬁ 1%; #

00 I-p|-1 -1 1 00 1|7 =
L p  -p
Thus, when p # 1 we get that the inverse is -1 1-2p p|
Pl a1

E9 By definition, the range of L is a subset of R”. We have L(6) = 6 s00 € Range(L). If X, ¥ € Range(L), then there
exists i,V € R" such that L(#) = ¥ and L(¥) = ¥. Hence L(ii + V) = L(id) + L(V) = ¥+ ¥, so X + ¥ € Range(L).
Similarly, L(#if) = tL(il) = tX, so tX € Range(L). Thus, L is a subspace of R™.
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E10 To prove the set is linearly independent, we use the definition. Consider ¢{L(V}) + - - - + ¢, L(V}) = 0. Since L is
linear we get L(c1# +- - -+ i) = 0. Thus ¢1# +- - -+ ¢, € Null(L). But, Null(L) = {0}, s0 ¢1# +- - - + & = 0.
But, this implies that ¢; = --- = ¢, = 0 since {V, ..., V} is linearly independent. Therefore, {L(V}), ..., L)} is
linearly independent.

E11 (a)

(b)

E12 (a)
(b)

(c)

(d)

(e

®

To find a sequence of elementary matrices such that £ - -- E1A = I, we row reduce A to I keeping track of
the elementary row operations used. We have

10 -2 1 0 -2]R +2R; 100
[0 2 —3‘%R2~[0 1 -3/2 |Ry+3R; ~| 0 1 0‘
00 4]3rR [0 O 1 0 01
1 0 0 10 0 1 0 2 10 0
Thus, we have E; =|0 1/2 O,E,=(0 1 O [[Ez=({0 1 OfandEs=]0 1 3/2].
0 0 1 0 0 1/4 00 1 00 1
We have
1 0 O]ft 0 O]t 0 -2][1 O O
A=E'E;'E;'E;' =10 2 0“0 1 OHO 1 OHO 1 —3/2‘
0 0 1][0 0 4J][0 0 1[0 O 1

Let K = I5. Then KM = MK for all 3 X 3 matrices M.

For KM to be defined K must have 3 columns. For MK to be defined, K must have 4 rows. Hence, if there
exists such a K, it must be a 4 x 3 matrix. However, this implies that KM has size 4 X 4 and that MK has
size 3 x 3. Thus, KM cannot equal MK for any matrix K.

. 1 . . .
The range is a subspace of R? and hence cannot be spanned by [1} because this vector is not in R3.

1
Since the range of L consists of all vectors that are multiples of Il}, the columns of L must be multiples
2

1
. . . 2
of [1} Since the nullspace of L consists of all vectors that are multiples of [ }, we must have the rows are

) 3
3 1 -2/3
multiples of [_ 2}. Hence, the matrix of L is any multiple of |1 —2/3|.
2 -4/3

The rank of this linear mapping is 3 and the nullity is 1. But then rank(L)+nullity(L) = 3+1 = 4 # dimR>.
Hence, this contradicts the Rank Theorem, so there can be no such mapping L.

This contradicts Theorem 3.5.2, so there can be no such matrix.

Chapter 3 Further Problems

Problems
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Certainly A(pI + gA) = pA + gA* = (pI + gA)A, so matrices of this form do commute with A. Suppose that
a b3 2| (3 2|la b
c dl{o 1| [0 1f|c d

~ [3a +2c 3b+ 2d]

so that

3c 2c+d

3a 2a+b
c d

By comparing corresponding entries, we see immediately that for this equation to be satisfied, it is necessary and
sufficient that ¢ = 0 and @ = b+d. Note that b and d may be chosen arbitrarily. Thus the general form of a matrix

that commutes with A is [b J(; d Z] We want to write this in the form
_|pt+3q 2q
pl +qgA = [ 0 p+q

We equate corresponding entries and solve. Thus, let b = 2¢q, d = p + ¢, and we see that the general matrix that
commutes with A is

=pl+qgA

b+d b| |2q+p+q 2q
0 d| 0 p+q

as claimed.

Let P,Q e C(A), t € R, sothat PA = AP and QA = AQ. Then
(P+Q)A=PA+QA=AP+AQ=AP+ Q)
So, C(A) is closed under addition. Also,
(tP)A = t(PA) = t(AP) = A(tP)
Hence, C(A) is closed under scalar multiplication. Finally,
(PO)A = P(QA) = P(AQ) = (PA)Q = (AP)Q = A(PQ)

Therefore, PQ € C(A), and C(A) is closed under matrix multiplication.

0 ap apz

LetA=]|0 O a»|. Then
0 O 0
0 0 ajnagz 0 0 0
A’=10 0 o] A3=000]
0 0 0 0 0 0

We claim that any n X n matrix such that all entries on and below the main diagonal are zero is nilpotent. The
general condition describing this kind of matrix is

a;;=0 whenever j <i+1
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We now prove that such matrices are nilpotent. We have

n

2
(A7) = Zaikakj
k=1
Since aj; = 0 unless k > i + 1, this sum can be rewritten

n

(A%);) = Z AikAj
k=i+1
But,ayj =0Ounless j > k+1>i+2,s0 (Az)ij = O unless j > i+ 2. Using induction, we can show that (A™);; = 0
unless j > i +m. Since i > 1 and k < n, it is impossible to satisfy k > j+n,so (A");; = Oforalli,j=1,...,n.
Thus, A is nilpotent.
(a) refly maps (1, 0) to (cos 26, sin 26). To see this, think of rotating (1, 0) to lie along the line making angle 6

with the x;-axis, then rotating a further angle 8 so that the final image is as far from the line as the original
starting point.

refly maps (0, 1) to (cos(=5 + 26), sin(—5 + 26)). To see this, note that (0, 1) starts at angle /2; to obtain
its image under the reflection in the line, rotate it backwards by twice the angle 5 — 6.
By standard trigonometric identities,

Cos(—g + 29) = Sin 29, Sin(—g + 29) = —COS 29

Hence,

(refl,] = [cos 20  sin20 }

sin20 —cos 20
(b) It follows that

[refl, o refly] cos2a  sin2a ] [cos 260 sin260 }

»sin 20 —cos2a||sin26 —cos26

[cos 2@ cos 26 + sin2a'sin 20  cos 2a sin 26 — sin 2a cos 26
»sin 2 cos 20 — cos 2a sin 20 sin 2a sin 26 + cos 2a cos 26
B [cos2(a — 60) —sin2(a —6)
[sin2(@—6)  cos2(a - 6)

Thus the composition of these reflections is a rotation through angle 2(« — 6).

(a) For every X € R? we have ||L(X)|| = ||A], so L(X) - L(¥) = ||#]|* for every ¥ € R? and ||L(X + })||*> = ||X+ 7
for every X + ¥ € R%. Hence,

(LE+) - (LX+Y) = (X+7) - (X+)
(LX) + L) - (LX) + L)) = X- X+ 2X- Y+ ¥ §
L(Z) - L(®) + 2L(%) - L) + L) - L) = I8P + 2% 7+ 5P
IRP +2LD) - LG + 7P = 187 +2%- 7+ 171
LX) L) =Xy

as required.
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(b)

(@)

(b)

Chapter 3 Matrices, Linear Mappings, and Inverses

The columns of [L] are L(¢;) and L(é,). We know that
L@) - L@)=¢ & =0
so the columns of [L] are orthogonal. Moreover, ||L(€))|| = ||&;]| = 1 for i = 1,2, so the columns have length

1. We may always write a vector v = VI of length 1 as cos 6

.| for some @ since we have 1 = ||| = v2 +v2.
vy sin @

If we take this to be the first column of L, then by orthogonality the second column must be either [_C(S)lsn:]

sin @ . . .
or [_ cos 0}. In the first case, the matrix of the isometry L is

cosf —siné
sin@ cosé@

[L]=[

and the isometry L is a rotation through angle 6. In the second case,

cosf sind
sinf —cosé

[L]=[

and L is a reflection in the line that makes angle 6/2 with the x;-axis, by Problem F4.

Add the two equations: (A + B)X + (A + B)Y = C + D. Since (A + B)™! exists,
X+Y=A+B)(C+D)

Similarly, by subtraction, (A — B)X - (A - B)Y =C - D, so
X-Y=A-B(C-D)

Hence, by addition

X:%GA+&”@+D}HA—m”w—Dﬂ

=am+m4+m—m*k+am+m*—m—m4p

Similarly,
Y:am+m4—m—m4k+am+m*+m—m*p
Thus we have shown that the required X and Y exist.
Using block multiplication, we can write the original equations as
5 G115
B A||lY D
We have seen that this system has a unique solution for arbitrary C and D. Consider only the first column

of the matrix [g] and the first columns of the matrix [ﬂ The system

A B|l, .
5 alr-e
must have a unique solution, so the coefficient matrix is invertible. From the solution for X and Y, we see
that |

A Bl 1|{A+B'+A-B"' A+B'-A-B)"!

[B A] 2 [(A +B)'-A-B"" A+B)!'+A-B)"!
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4.1 Spaces of Polynomials

Practice Problems

Al

A2

(a)
(b)
(©)
(d)
(e)
()
(€
(a)
(b)

Q2-2x4+32+4x) + (-3 —4x+ x> +2x3) = -1 — 6x + 4> + 6X°

(=3)(1 = 2x+2x2 + x> +4x*) = =3 + 6x — 6x% = 3x3 — 12x*
Q+3x+x2-2x) =31 =2x+4x> +5x3) = =1 + 9x — 11x% - 174°
Q+3x+4x3) - (5+x—-2x%) = =3+ 2x + 6x2
2(-5+x+x)+3(-1-x*)=7-2x-5x*
2(%—%x+2x2)+%<3—2x+x2):%—%x+ %xz

V21 +x+ D) +1(=1+x3) = V2 =1+ V2x + (V2 + 71)x2
Clearly 0 € Span B as 0 = 0(1 + x% + x°) + 02 + x + x°) + 0(=1 + x + 2x% + x°).

2 +4x + 3x% + 4x7 is in the span of B if and only if there exists real numbers ¢, t,, and 3, such that

244x+3°% +4° = (1 + 2+ D)+ Q2+ x+ D) + 13(=1 + x + 242 + x°)

=(H + 2ty — 1)+ (h+3)x+ () + 213))62 +(H+H+ l‘3)X3

Since two polynomials are equal if and only if the coefficients of like powers of x are equal, this gives the
system of linear equations
h+2tb—-1t3=2
I+t = 4
Hh+2t3=3
nh+hH+it3= 4

Row reducing the corresponding augmented matrix gives

-1

p—t = O
EENEOS I N
oS O o =
SO =N

2
1
0
1

—_— N =
S W =
(8]

~ O ~
()]

The system is inconsistent, so 2 + 4x + 3x? + 4x is not in the span.
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(c) Repeating our work in part (a) we get a system of linear equations

h+26-1t3=0
Hh+1t3=—1

Hh+2t3=2

h+h+=1

Row reducing the corresponding augmented matrix gives

1 2 -1]0 1 0 0 2
01 1 |-1 01 0f-1
10 22 ]7]00 1|0
11 171 00 00
I 2
The system is consistent with solution [z‘z] = [~1|. Thus, —x + 2x? + x> is in the span and
13 0

422+ =20+ 2+ )+ DR+ x+ ) +0(=1 + x +2x> + 1)
(d) Repeating our work in part (a) we get a system of linear equations

Hh+2H—t3=—-4

H+1t3=—1
Hh+2t5=3
h+th+13=0

Row reducing the corresponding augmented matrix gives

1 2 -1|-4 1 0 0 1
01 1 |-1 01 0|-2
10 23 (7100 1|1
1 1 1 0 00 0|0
n 1
The system is consistent with solution [Ig = |=2|. Thus, -4 — x + 3x% is in the span and
13 1

4 —x+3% =11+ +)+ D2+ x+ D)+ 1(-1 + x+ 22 + X°)
(e) Repeating our work in part (a) we get a system of linear equations

H+26h—t3=-1
h+t3="7
Hh+2t3=5
h+h+t3=4
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Row reducing the corresponding augmented matrix gives

1 2 —-1|-1 1 0 0]-3
o1 1|7 01 0|3
10 25| (00 1|4
11 1] 4 00 00
I -3
The system is consistent with solution [Q] =| 3 |. Thus, =1 — 7x + 5x + 4x° is in the span and

13 4
1 =Tx+52+4° = () + 2+ D) +3Q+x+ D) + 41+ x + 222 + )

(f) Repeating our work in part (a) we get a system of linear equations

H+2th—-t3=2
h+t3=1
Hh+2t5=0
h+th+t3=5

Row reducing the corresponding augmented matrix gives

1 2 112
0 1 1
10 0"
11 5

The system is inconsistent, so 2 + x + 5x3 is not in the span.
A3 (a) Consider

—_— N —
(=
SO =N
S N =

A O =

0=11+2x+ x> =) +6(5x+ x2) + 13(1 = 3x + 2> + %)

= () +13) + (21 + 5t = 36)x + (11 + 1 + 23)0% + (=11 + 13)x°
Comparing coefficients of powers of x we get the homogeneous system of equations

Hh+t3=0

2t +5t, =33 =0
Hh+th+2t5=0
-t1+t3=0

Row reducing the coefficient matrix of the system gives

1 0 1 1 00
2 5 =31 1010
1 1 2|70 01

-1 0 1 000

Hence, the only solution is #; = #, = t3 = 0, so the set is linearly independent.
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(b) Consider

O0=t(1+x+x)+hx+6"+x)+u3+2x+2x2 - x)
= +3t)+ (1 +t +2t0)x + (7 + 13 + 2[4))62 + (13 — l4))C3

Comparing coefficients of powers of x we get the homogeneous system of equations

H1+3t4=0
h+th+2t,=0
h+t3+2t4=0

t3—1t4=0

Row reducing the coefficient matrix of the system gives

1 00 3 1 00 3
110 2 01 0 -1
101 21710 0 1 -1
001 -1/ [0 00 0

t4 is a free variable so the system has infinitely many solutions, so the the set is linearly dependent. The

3
Iy

hn -3
general solution of the homogeneous system is ;2 =t i , SO we have
1
0=(=30)1+x+x") +tx+1(x* + ) +13 +2x +2x* = x°), teR

(¢) Consider

0=tB8+x+x)+ 0@ +x—x2)+15(1 +2x+ x> +2x) + ta(=1 + 55> + ¥°)

=B +4h + 13— 1) + (1| + 1+ 20)x + (] — 1o + 13 + 562)x° + (283 + 12)x°
Comparing coefficients of powers of x we get the homogeneous system of equations

3t1+4t+13 -1, =0
HH+h+2t3=0
h—th+t3+5t =0
2t + 1, =0

Row reducing the coefficient matrix of the system gives

3 4 1 -1] [1 00 O
1 1 2 ofl o1 0o
1 =11 5710010
0 0 2 1 00 0 1

Hence, the only solution is #; = 1, = t3 = t4 = 0, so the set is linearly independent.
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(d) Consider
O=t(l+x+xX+xMN+6Q+x—+X + M) + 600+ 2+ +xH
=(t1+20)+ (1 + b +3)x+ (=1 + t3)x2 +(H+0H+ t3)x3 +(H+H+ t3)x4
Comparing coeflicients of powers of x we get the homogeneous system of equations
Hh+26=0
h+th+13=0
—tH+1t3=0
h+th+13=0
h+h+r=0
Row reducing the coefficient matrix of the system gives
1 2 0 1 0 2
I 1 1 01 -1
0 -1 1{~]0 0 O
I 1 1 00 O
I 1 1 00 O
13 is a free variable so the system has infinitely many solutions, so the the set is linearly dependent. The
hn -2
general solution of the homogeneous system is |f, | = | 1 |, so we have
13 1
0=200+x+X+xH 412 +x-+ X2+ +tx+ x>+ +x%, teR
A4 Consider
ay + a)x + a3x2 =hl+nkx-1)+1(x- 1)2
=tl+n(x—-1D+n02-2x+1)
=({t1—th+1t3)+(r, —23)x + I3x2
I -1 1|
The corresponding augmented matrixis | 0 1 -2 | ap
0 0 1]as
Since there is a leading one in each row the system is consistent for all polynomials a; + ax + azx>. Thus,
8B spans P,. Moreover, since there is a leading one in each column there is a unique solution and so 8 is also
linearly independent. Therefore, it is a basis for P;.
Homework Problems
Bl (a) 2+6x—2x2
(b) —4 —2x —2x> — 6x3 + 2x*
Copyright © 2013 Pearson Canada Inc.
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(c) 3x

(d) 3+5x—2x%+5x°
(e) 0

) 47'1 + %x + %xz

(2 0

B2 (a) 1isnotin the span.
(b) Sx+2x2+33 =31+ ) +2(x + x%) + (=3)(1 — %)
©) 3+ -4 =D +x)+1x+ D) +4(1 -x)
(d) 1+ x°is not in the span.

B3 (a) The setis linearly independent.
(b) The set is linearly independent.
(c) The set is linearly dependent. We have

O=(DI+x+x)+tx+ x>+ ) +1(1 -x°), teR

(d) The set is linearly independent.
(e) The set is linearly dependent. We have

0=(s—0)(1+2x+ x> =)+ (=s =202 +3x = x> + x> + 1%
+5(1+x=2"+2 + X+ 11 +2x + x> + x° = 3x%)

+1(4+6x =22 +5x%, s,teR
B4 Consider

a; + ax+azx® +agx =1l + H(x—2)+t3(x — 2)2 + 14(x — 2)3

= (1} = 2tr + 413 — 81y) + (12 — 413 + 120)x + (13 — 614) X% + 14x°

The corresponding augmented matrix is

1 -4 4 8|a
0 1 -4 12| a
0 0 1 -6|as
0 0 0 1|

Since there is a leading one in each row the system is consistent for all polynomials a; + a>x + a3 x*> + ays>. Thus,
B spans P3. Moreover, since there is a leading one in each column there is a unique solution and so B is also
linearly independent. Therefore, it is a basis for Pj.

Conceptual Problems
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If there does not exists such a polynomial g(x), then the equation

tp1(x) + -+ fepr(x) = g(x)

is consistent for all n-th degree polynomials g(x). This equation corresponds to a system of n + 1 equations
(one for each power of x in the polynomials) in k unknowns (¢, ...,#). By Theorem 2.2.2, this implies
that n + 1 < k which contradicts the fact that k < n + 1. Hence, there must exists a polynomial g(x) which
is not in the span of B.

Consider t;pi(x) + -+ + txpr(x) = 0. As in part (a), this corresponds to a system of n + 1 equations in
k unknowns. By Theorem 2.2.2, the system has at least k — (n + 1) > O parameters. Hence, there is a
non-trivial solution, so the set is linearly dependent.

4.2 Vector Spaces

Practice Problems

Al ()

(b)

Call the set S. Since the condition of the set is a linear equation, we suspect that S is a subspace. By

X1 Y1
definition S is a subset of R* and 0 € S since 0 + 2(0) = 0. Let ¥ = iz and y = §2 be vectors in S.
3 3
X4 Y4
Then, they satisfy the condition of S, so we have x; + 2x, = 0 and y; + 2y, = 0. We need to show that
X1+
X+y= 272055 in S. We have
X3+ Y3
X4+ Y4

()C1+y1)+2(X2 +y2)=x1+2x2+y1+2y2=0+020

so X + ¥ satisfies the condition of the set and hence ¥ + ¥ € S. Therefore, S is closed under addition. Let
1x1

t € R. Then tx¥ = Zz and 7x; + 2(tx2) = t(x; + 2x2) = 1(0) = 0, so tX € S. Hence S is also closed under
3
x4
scalar multiplication. Thus, S is a subspace of R,

Call the set S. Since the condition of the set is a linear equation, we suspect that S is a subspace. By

definition S is a subset of M(2,2) and 0 € S since 0 + 2(0) =0. Let A = [Zl Zz and B = [11;1 ZZ] be
3 a4 3 D4

vectors in S. Then, they satisfy the condition of S, so we have a; + 2a, = 0 and b; + 2b, = 0. We need to

a,+by ay+by|. .
! b® 2lisin S. We have
a3+b3 (14+b4

show that A + B =

(ai +b))+2@y+by)=a1+2a,+b1+2b,=0+0=0

so A + B satisfies the condition of the set and hence A + B € S. Therefore, S is closed under addition. Let

ta ta
teR. ThentA =| ! 2
tay tag

under scalar multiplication. Thus, S is a subspace of M(2,2).

} and ta; + 2(tay) = t(a; + 2a>) = 1(0) = 0,s0tA € S. Hence S is also closed
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(d)

(e)

®

Chapter 4 Vector Spaces

Call the set §. Since the condition of the set is a linear equation, we suspect that S is a subspace. By
definition S is a subset of P3 and 0 € S since 0 + 2(0) = 0. Let p = ag + a1x + axx® + a;x> and
q = by + b1 x + byx* + b3x> be vectors in S. Then, they satisfy the condition of S, so we have ag + 2a; = 0
and by + 2b; = 0. We need to show that p + g = (ag + bo) + (a; + by)x + (az + b2)x* + (a3 + b3)x> isin S.
We have

(a0+b0)+2(a1 +b1)=a0+2a1 +by+2b1=0+0=0

S0 p + ¢ satisfies the condition of the set and hence p + g € S. Therefore, S is closed under addition. Let
t € R. Then tp = tag + ta;x + tarx* + tazx> and tay + 2(ta;) = t(ag + 2a;) = 1(0) = 0, so tp € S. Hence S
is also closed under scalar multiplication. Thus, S is a subspace of Ps.

At first glance we may be tempted to think that this is a subspace. In fact, if one is not careful, one could
think they have a proof that it is a subspace. The important thing to remember in this problem is that the
scalars in a vector space can be any real number. So, the condition that the entries of the matrices in the

. . 1 1], . .
set are integers should be problematic. Indeed, observe that [1 1} is in the set, but the scalar multiple

11
scalar multiplication and hence is not a subspace.

1 1 2 21. . . . . .
V2 [ ] = [ g g} is not in the set since the entries are not integers. Thus, the set is not closed under

Since the condition of the set involves multiplication of entries we expect that it is not a subspace. Observe
that [é ;] and [; ﬂ are both in the set since 2(3) — 1(6) = 0 and 1(4) — 2(2) = 0. But, their sum [g ;]
is not in the set since 3(7) — 3(8) # 0.

Call the set S. The condition of the set is linear, so we suspect that this is a subspace. By definition § is a

subset of M(2,2) and 0 € S since 0 = 0. Let A = [Cg cg} and B = [%1 b()2

] be vectors in S. Then, they
a+by a,+by
0 0
isin S. We have a; +b; = a> + b, so A+ B satisfies the condition of the set and hence A+ B € S . Therefore,
S is closed under addition. Let t € R. Then tA = tg' tgz

closed under scalar multiplication. Thus, S is a subspace of M (2, 2).

satisfy the condition of S, so we have a; = a; and by = b,. We need to show that A+B =

and ta; = tap, so tA € S. Hence S is also

A2 Note that we are given that each of the following sets are subsets of M(n, n).

(a)

(b)

(c)

The n X n zero matrix is a diagonal matrix, so the set is non-empty. Let A = diag(a;,...,a,,) and
B = diag(byy,...,bu), then A + B is the diagonal matrix diag(a;; + b1y, ..., @y + byy) and for any 1 € R, A
is the diagonal matrix diag(ta,, ..., ta,,). Hence, the set is closed under addition and scalar multiplication
and hence is a subspace of M(n, n).

Observe that A = [(1) (1)] and B = [_01 8} are both in row echelon form, but A + B = [8 (1)} 1S not in row

echelon form. Thus, the set is not closed under addition and hence is not a subspace.

The n X n zero matrix O,,, satisfies OZJ, = O, so the zero matrix is in the set. Let A and B be symmetric

matrices. Then AT = A and BT = B. Using properties of the transpose gives (A + B)' = AT + BT = A+ B
and (tA)T = tAT = tA, so (A + B) and (tA) are symmetric matrices. Thus, the set is closed under addition
and scalar multiplication and hence is a subspace of M(n, n).
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ap - din
(d) The n x n zero matrix is an upper triangular matrix, so the set is non-empty. LetA=| g .. : |and
[0 0 am
bu - b (@i +biy -+ ain+ by
B=|¢g --. . |beuppertriangular matrices. Then, forany € R we have A+B = 0 . :
0 0 by . 0 0 aw+ b,
tayy, -+ ta,
andtA=| o -, - | are both upper triangular, so the set is closed under addition and scalar multi-
0 0 ta,,

plication and hence is a subspace of M(n, n).
A3 Note that we are given that each of the following sets are subsets of Ps.

(a) The zero polynomial is an even polynomial, so the set is non-empty. Let p(x) and g(x) be even polynomials.
Then p(—x) = p(x) and g(—x) = g(x). Then, for any ¢ € R we have (p + ¢)(—x) = p(—x) + g(-x) =
p(x) + g(x) = (p + ¢)(x) and (tp)(—x) = tp(—x) = tp(x) = (tp)(x), so p + g and tp are even polynomials.
Thus, the set is closed under addition and scalar multiplication and hence is a subspace of Ps.

(b) Since Ps is a vector space it contains the zero polynomial. Thus, (1 + x*)(0) = 0 is in the set so it also
contains the zero polynomial and hence is non-empty. Let ¢;(x) and ¢g,(x) be polynomials in the set. Then
there exists polynomials p;(x) and p,(x) in P3 such that ¢;(x) = (1 + x*)p;(x) and g2(x) = (1 + x*)p2(x).
We have

(@1 +¢2)(0) = q1(0) + g2(x) = (1 + 2)p1(0) + (1 + 7)pa(x) = (1 + 2)(p1 () + pa(x))

But, P; is a vector space and so is closed under addition. Hence, p;(x) + p»(x) € P; and so g; + ¢ is in the
set. Therefore the set is closed under addition. Similarly, since Ps is closed under scalar multiplication, for
any t € R we get tq(x) = t(1 + x*)pi(x) = (1 + x*)(tp;(x)) is in the set. So, the set is also closed under
scalar multiplication and hence is a subspace of Ps.

(c) The zero polynomial is in the set since its satisfies the conditions of the set. Let p(x) = ag + a;x + arx> +
asx> + asx* and q(x) = by +by1x + byx? + b3x> + bax* be polynomials in the set. Then ay = ay4, a; = a3,
by = by, and b = bs. Then, p(x) + q(x) = (ag + bo) + (a1 + b)x + (az + b2)x> + (a3 + b3)x> + (ay + by)x*
satisfies ag + by = a4 + b4 and a; +b; = az + b3 so it is in the set. Therefore, the set is closed under addition.
Similarly, for any ¢ € R, tp(x) = tag +ta; x + tarx* + tas x> + tasx* is in the set since tag = tas and ta, = tas.
Therefore, the set is also closed under scalar multiplication and hence is a subspace of Ps.

(d) The zero polynomial does not satisfy the condition of the set, so it cannot be a subspace.

(e) The set is equal to Span{1, x, x>} and hence is a subspace of Ps by Theorem 4.2.2.

A4 Note that we are given that each of the following sets are subsets of 7.

(a) Call the set S. The zero vector in ¥ is the function which maps all x to 0. Thus, it certainly maps 3 to 0
and henceisin S. Let f,g € §. Then f(3) = 0 and g(3) = 0. Therefore, we get (f + g)(3) = f(3) +g(3) =
0+ 0=0and (zf)3) = tf(3) = 1(0) = O for any ¢ € R. Therefore, S is closed under addition and scalar
multiplication and hence is a subspace of F.

(b) The zero vector in ¥ does not satisfy the condition of the set, so it cannot be a subspace.
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(c) Call the setS. The zero vector in ¥ iseven soitisinS. Let f,g € S§. Then f(—x) = f(x) and g(—x) = g(x).
Thus, we get (f+g)(—x) = f(=x)+g(—x) = f(x)+g(x) = (f+g)(x) and (/)(—x) = 1f(=x) = 1f(x) = (f)(x)

for any € R. Therefore, S is closed under addition and scalar multiplication and hence is a subspace of
F.

(d) Observe that f(x) = x*> + 1 is a function in the set since f(x) > O for all x € R. But then (=1)f(x) =
—-x?> =1 < 0 for all x € R and hence is not in the set. Consequently, the set is not closed under scalar
multiplication and hence is not a subspace.

AS Let the set be {vy,..., v} and assume that v; is the zero vector. Then we have
0=0V1 +'”+OV,'_1 +Vi+0V,'+1 +"'+0Vk

Hence, by definition, {vy, ..., vt} is linearly dependent.

Homework Problems

B1 (a) Itis a subspace.
(b) Itis a subspace.
(c) Itis a subspace.
(d) Itis a subspace.
(e) Itis not a subspace.
(f) Itis not a subspace.
B2 (a) Itisa subspace.
(b) Itis not a subspace.
(c) Itis a subspace.
(d) Itis not a subspace.
(e) Itis a subspace.
B3 (a) Itis asubspace.
(b) Itis not a subspace.
(c) Itis not a subspace.
(d) Itis a subspace.
(e) Itis a subspace.
B4 (a) Itis asubspace.
(b) Itis not a subspace.
(c) Itis not a subspace.

(d) Itis not a subspace.

Conceptual Problems
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D1 (a) We have

(-Dx=0+(-1)x byV3
=(-x)+x+(-1)x byV4
=(—x)+ 1x+(-1)x by VIO
=(—x)+(1+(-1))x byVS8
=(-x)+0x by addition in R
=(-x)+0 by Theorem 4.2.1 part (1)
=(-x) byV3

(b) Assume 0; and 0, are two zero vectors in V. Then, we have

0, =0, +0, by V3since 0, is a zero vector

=0, by V3since 0, is a zero vector

(c) If ¢t = 0, then the result follows by Theorem 4.2.1 part (1). If ¢ # 0, then we have

0=10+0 byV3

1 1
= t(;O - ;0) +0 by V4 and Theorem 4.2.1. part (2)

- ;0— §0+0 by VO
=0-0+0 byVIO
=0 by V4 and Theorem 4.2.1 part (2)
D2 We need to show all that all ten axioms of a vector space hold. Letx = (a,b) e V,y = (c,d) e V,z=(e,f) € V
and 5,7 € R.
V1.x®y = (ad + bc,bd) and bd > 0 since b > 0and d > 0, hencex®y € V.
V2. (x®y)®z = (ad + bc,bd) ® (e, f) = (adf + bcf + bde,bdf) = (a,b) ® (cf + de,df) =x& (y D z).
V3. (0,1) € Vand (a,b) ® (0, 1) = (a(1) + b(0), b(1)) = (a, b). Hence 0 = (0, 1) is the zero element.
V4. The additive inverse of ¥ is (—ab~2,b~") which is in V since 6~' > 0 and

(a,b)® (—=ab™2,b™") = (a(b™") + (b)(—=ab™?),b(b™")) = (g - j—; 1)=(0,1)=0

V5.x®y=(ad + bc,bd) =y®X.
V6. tOX = (tab'™",b") € V as b* > 0 since b > 0.
V7.

sO(OX) =50 (tab'™", b") = (s(tab™ ")), (b))
= ((st)ab”_l, b”) =(s1)OXx
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V8.
(s + 10X = ((s + Hab*" ' b = ((sab* ")) + (b*)(tab*™ "), b*b")
= (sab* ", b @ (tab'™ ", b") = [sOx] ® [t O X]
Vo.
tO(X®y) =t0(ad + bc,bd) = (t(ad + be)(bd) ", (bd)")
= (tad(bd)"~" + tbc(bd)™", b'd") = (tcd™'b' + tab"™'d', b'd")
= (tab'™',b") @ (1cd"™",d') = [t© (a,b)]| @[t O (c,d)] = [tOx] @[t OY]
V10.10x = (lab'"!,b") = x.
Hence, V is a vector space.
We need to show all that all ten axioms of a vector space hold. Let x,y,z € V and 5,7 € R. Then, x > 0, y > 0,
and z > 0.
V1: Since x,y >0we have x®@y=xy>0sox®yeV.
V2:x00®2) =x®yz=x(2) =(xy)7=(xy)@®z=(x®Yy) D 2.
V3: Observe that 1 € Vand x® 1 = x(1) = x for all x € V. Thus, the zero vector of Vis 0 = 1.
V4: We have x & i = x(}c) =1 = 0, so the additive inverse of x is )1( Moreover, )1( € V since }C > (0 whenever
x> 0.
V5: x@y=xy=yx=y®x
V6: t©x = x' € Vsince x' > 0 whenever x > 0.
V7: 500 x)=s0 () =) =x=(t5) O x.
V8 (s+Nox=x"=xx=xex =[sOx]®[tOx].
Vo txey)=tlxy) = (xy) =xy =x®y =[tox]®[tOy].
VI10: lx=x'"=x
Hence, V is a vector space.
We need to show all that all ten axioms of a vector space hold. Let L, M, N € L and s,t € R. Then, L, M, and N
are linear mappings from V to R”.
V1: By Theorem 3.2.4 L + M is a linear mapping from R” — R”, hence L + M € L.
V2: For any ¥ € R" we have
(L+ (M +N)@) = LD + (M + N)(®) = L) + (M(D) + N(3)
= (L(X) + M(%)) + N(x) = (L + M)(¥) + N(%)
= ((L + M) + N)(X)
Thus, L+ (M + N)=(L+ M)+ N.
Copyright © 2013 Pearson Canada Inc.
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V3: Let Z : R" — R be the linear mapping defined by Z(#) = 0 for all ¥ € R". Then, for any ¥ € R" we have
(L+2)(®) = LX) +Z(%) = LD + 0 = L)

Thus, L + Z = L. Since Z(X) is linear, we have Z(¥) € L. Hence, Z(X) is the zero vector of L.
V4: For any L € L, define (—L) by (=L)(¥) = (—1)L(X). Then, for any ¥ € R"” we have

(L+(-D)(@ = L) + (~L)(® = L(F) - L(F) = 0 = Z(D)
Thus, L + (—L) = Z. Moreover, it is easy to verify that (—L) is linear, so (-L) € L.

The other vector space axioms are proven in a similar manner.

D5 (a) We need to show all that all ten axioms of a vector space hold. Let (uy, vy), (uz, v2), (u3,v3) € U X V and
s,t € R. Thenuy,up,u3 € U and vy, v, v3 € V.

V1: Observe thatu; + u; € U and v + v, € V as U and V are both vector spaces. Thus,
(u,v) @ (up,v2) = (U +up, vy + V) €V
V2:

(1, v1) @ [(uz, v2) ® (u3, v3)] = (uy, V1) @ (U2 + u3, V2 + v3)
= (uy + (uz +u3), vy + (V2 +v3))
= ((u +up) +u3, (Vv +V2) + v3)
= () +up, vy + V) @ (u3,v3)
= [(ur, v1) ® (uz, v2)] @ (u3, v3)

V3: (uy,vy) @ 0y, 0y) = (uy + 0y, vy + 0y) = (uy, vy). Thus, (0y, 0y) € U X V is the zero vector of U X V.
The other vector space axioms are proven in a similar manner.

(b) By definition, U x {0v} is a subset of U X V. Also, (0y, 0y) € UXV, so it is non-empty. For any u;,u; € U
and 7 € R we have
(1, 0v) ® (w2, 0v) = (uy +u,0y) e UXV

and
t@(ul,OV) = (Illl,OV) eUxV

Thus, U X {0y} is a subspace of U X V.

(c) With this rule for scalar multiplication, it is not a subspace because
OCuy, vi) = (0y, vi) # (0y, Ov)

and (0y, Ov) is the zero vectorin U X V.
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4.3 Bases and Dimensions

Practice Problems

Al (a) Call the set B. To show that it is a basis for R? we need to show that Span 8 = R? and that B is linearly
independent. To prove that Span 8 = R?, we need to show that every vector ¥ € R* can be written as a
linear combination of the vectors in 8. Consider

Hh+1Hh+285
=|Hh—h+13

X1 1 1 2
|l=t|l|+n|-1|+1
X3 2 -1 1 22‘1 —h+nR

Row reducing the corresponding coefficient matrix gives

I 1 2 1 00
I -1 ~10 1 0
2 -1 1 0 0 1

Observe that the rank of the coeflicient matrix equals the number of rows, so by Theorem 2.2.2, the system
is consistent for every ¥ € R®. Hence, Span 8 = R3. Moreover, since the rank of the coefficient matrix
equals the number of columns, there are no parameters in the general solution. Therefore, we have a unique
solution when we take 2 = 0, so B is also linearly independent. Hence, it is a basis for R3.

(b) Since it only has two vectors in R? it cannot span R? by Theorem 4.3.4 (2) and hence it cannot be a basis.
(c) Since it has four vectors in R? it is linearly dependent by Theorem 4.3.4 (1) and hence cannot be a basis.

(d) Call the set B. To show that it is a basis for R* we need to show that Span 8 = R? and that B is linearly
independent. To check whether 8 is linearly independent, we consider

0 1 —1 + 2t + 13
0 =13t +41 + 413
0 2 5t + 213
Row reducing the corresponding coefficient matrix gives

-1 2 1 -1 2 1
3 4 4]~10 10 7
5 0 2 0O 0 0

Thus, the system homogeneous system has infinitely many solutions and consequently the set is linearly
dependent. Therefore, it is not a basis.

-1
3
5

2
=1 +H |4 +13
0

(e) Call the set B. To show that it is a basis for R? we need to show that Span 8 = R? and that B is linearly
independent. To prove that 8 is linearly independent, we consider

0 1 1 3 Hh+1th+34
Of=n|-1|+0|2|+1|0|=| -t +2n
0 1 -1 1 H—hHh+n
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Row reducing the corresponding coefficient matrix gives

1 1 3 1 00
-1 2 0|~(0 1 O
I -1 1 0 01

Thus, the system has a unique solution, so 8 is linearly independent. Then, since the dimension of R? is 3
and B is a set of three linearly independent vectors in R?, we can apply Theorem 4.3.4 (3) to get that B is
also a spanning set for R?. Thus, B is a basis for R3.

A2 Consider

0 1 2 3 (2 1+ 2+ 3t + 21
0=[ 1 +t 3+l 3 +t 3 _ t+ 3+ 33+ 31
0 ! 1 2 1 3 4 4 1 Hth+43+1

0 2 3 11 14 2t1 + 3 + 1113 + 41y

Row reducing the coefficient matrix of the corresponding homogeneous system gives

1 2 3 2] [1 00O
1 3 3 3 (o100
1 1 4 1/°/0 010
2 3 11 4] [0 0 0 1

Thus, the system has a unique solution so the set is linearly independent. By Theorem 4.3.4 (3), a set of four
linearly independent vectors in R* also spans R*. Thus, the set is a basis for R*.

A3 (a) Since we have a spanning set, we only need to remove linearly dependent vectors until we have a linearly
independent set. Consider

0 1 0 2 1
Ol=t|-2(+6|[1|+13]0|+1]l
0 1 2 10 7
Row reducing the corresponding coefficient matrix gives

1 0 2 1 1 0 21
-2 1 0 ~ {0 4 3
2

1 10 7 0 0 0O

2t1+h+t
t + 2t + 1013 + Tty

o+ 23+ 14 ]

—

Thus we see that the first two columns of the reduced row echelon form make a linearly independent set and
that the third and fourth columns can be written as linear combinations of the first two columns. Hence,
this is also true about the original matrix. In particular, this tells us that two times the first vector in 8
plus four times the second vector in 8 equals the third vector, and the first vector in 8 plus three times
1110
_2] I
1

the second vector in B equals the fourth vector. Thus, one basis of Span B is {
2

}. Hence, the

dimension is 2.
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(b) Since we have a spanning set, we only need to remove linearly dependent vectors until we have a linearly
independent set. Consider
0 1 -2 -1 0 0 Hh—2H—13
Ol=t|3|+n|-6|+6|-1|+t5|4|+1t5|1| =3ty —61p — 13 + 414 + 15
0 2 -4 2 8 1 2ty — 4t + 213 + 8t4 + 15
Row reducing the corresponding coefficient matrix gives
1 -2 -1 0 0] [t -2 0 2 O
3 -6 -1 4 1{~(0 0 1 2 O
2 -4 2 8 1 0O 0 0 0 1
Therefore, the first, third, and fifth vectors in 8 for a basis for Span 8. Hence, the dimension is 3.
A4 (a) Since we have a spanning set, we only need to remove linearly dependent vectors until we have a linearly
independent set. Consider
OO_t 1 1+t0 1+t1_1+t2 1
0 of -1 1|73 —1|" P2 =374 -3
Hh+1i3+ 2t4
_ H+hHh—-153+1
|- 430+ 26+ 41
t—th— 33— 31
Row reducing the corresponding coefficient matrix gives
1 0 1 2 1 0 0 1
1 1 -1 1 01 0 1
-1 3 2 4 0 0 1 1
1 -1 -3 -3 0 0 0 O
Therefore, the first three vectors in B form a basis for Span 8. Hence, the dimension is 3.
(b) Consider
OO—t 1 _1+t1 1+t01+t3 O_HOI
0 o M-1 =11 =1 B2 1T =270 1
1+ 1+ 3
_ W +1h+13+15
h —H+h+23+1
—t =t +13— 2t +15
Row reducing the corresponding coefficient matrix gives
1 1 0 3 0 1 0 0 2 0
-1 1 1 0 1 01 01 0
-1 1 2 1 0 00 1 10
-1 -1 1 -2 1] [0 0 O O 1
.. —-1{ |11 1 0O 1110 1 . . .
Therefore, a basis is 1 _1},[1 _1],[2 1},[0 1}} Hence, the dimension is 4. In particular
Span B = M(2,2).
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(c) Consider
n+1
0 O—t 1 O_HO 1+t 0 1 p I 1| |[b+B+1y
0 of "o 1T o[ o 1T 0] | n+n
n—n
Row reducing the corresponding coefficient matrix gives
1 0 0 1 1 00O
o1 1 1 0100
01 0 1 0010
1 0 -1 0 0 0 0 1
Thus, 8B is a linearly independent set and hence is a basis for Span 8. Hence, the dimension is 4.
AS (a) The set B is clearly linearly independent since the highest power of x in each vector is different. Thus, B
is a basis for Span B and so the dimension is 3.
(b) Consider
0=t(1+0)+6(l-0)+6(1+x)+tu(l-x) =t +h+1+t)+ ) —0)x+ (5 — )X
Row reducing the corresponding coefficient matrix gives
1 1 1 1 1 0 0 1
1 -1 0 O 01 0 1
0 0 0 O 00 1 -1
0 0 1 -1 000 O
Hence, the first three vectors form a basis for Span 8 and so the dimension is 3.
(¢) Consider
0=t1(1+x+x7) +6(1 =) +15(1 = 2x + 2x% = x7) + ta(1 — x* + 2x°)
+15(x% + x%)
=1+t +t3+1)+ (1 —263)x + (1) + 213 — 14 + t5)X2
+(=tr — t3 + 214 + t5)X°
Row reducing the corresponding coefficient matrix gives
1 1 1 1 0 1 0 0 0 4/7
1 0 -2 0 O 0100 -1
1 0 2 -1 1] (0 0 1 O 2/7
0O -1 -1 2 1] [0 0 0 1 1/7
Therefore, the first four vectors form a basis for Span B and hence the dimension is 4.
A6 Alternate correct answers are possible.
Copyright © 2013 Pearson Canada Inc.
O



168 Chapter 4 Vector Spaces
(a) Since a plane is two dimensional, to find a basis for the plane we just need to find two linearly independent

1 1
vectors in the plane. Observe that the vectors [2‘ and [0‘ satisfy the equation of the plane and hence are in
0 2

11 [1
the plane. Thus, {[2 s [0‘} is a basis for the plane.
0f (2

(b) To extend our basis for the plane in part (a) to a basis for R®> we need to pick one vector which is not a

linear combination of the basis vectors for the plane. The basis vectors span the plane, so any vector not in
2

the plane will be linearly independent with the basis vectors. Clearly the normal vector 7 = [—1‘ is not in

-1
1] |1 2
the plane, so {lZ] , lO‘ , [—1“ is a basis for R3.
0| 2] [-1

A7 Alternate correct answers are possible.

(a) Since a hyperplane in R* is three dimensional, we just need to pick three linearly independent vectors

1 1] 1
which satisfy the equation of the hyperplane. Hence, ol _01 1o is a basis for the hyperplane.
1] 0] [0
(b) To extend our basis for the hyperplane in part (a) to a basis for R*, we just need to pick one vector which
1
does not lie in the hyperplane. Observe that 8 does not satisfy the equation of the hyperplane, and hence
0
1 1 1] [1
O 10f |1f [O]f. . 4
ol 1=1l"lol* 10 is a basis for R”.
1] 10] 10] |0

A8 The general procedure for finding a basis for a vector space is to find the general form of a vector in the vector
space and write it as a linear combination of vectors. This obtains a spanning set for the vector space. Then we
just need to remove linearly dependent vectors until we have a basis.

(a) Since a = —c, every polynomial in S has the form
a+bx+cx’ =a+bx—ax* =bx+a(l —x°)

Thus, 8B = {x, 1 —x?} spans S. Moreover, the set is clearly linearly independent and hence is a basis. Hence,
the dimension of S is 2.

(b) Every matrix in S has the form

0 1

+bOO

a bl |1 0 N
0 ¢/~ %o o ¢

0 0
0 1

Copyright © 2013 Pearson Canada Inc.
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Hence, B = (1) 8} , [8 (1)} , [8 (])}} spans S and is clearly linearly independent, so it is a basis for S.

Thus, the dimension of S is 3.

(¢) If §€ S, then by the condition of S we have x| + x; + x3 = 0. Thus, x3 = —x| — x2, S0 every vector in S has

the form
X1 X1 1 0
l)Q]Z[ X2 =X 0 +X2l1‘
X3 —X1 — X2 -1 -1
1 0
Hence, 8 = { 0 ,[ 1 ]} spans S and is clearly linearly independent, so it is a basis for S. Thus, the
-1] |-1

dimension of S is 2.

(d) Every polynomial p(x) in S has 2 as a root and thus has (x — 2) as a factor. Since p(x) is also of degree at
most 2, by factoring we get that every polynomial in S has the form

(x = 2)(ax + b) = a(x* = 2x) + b(x = 2)

Hence, B8 = {x* — 2x,x — 2} spans S and is clearly linearly independent, so it is a basis for S. Thus, the
dimension of S is 2.

(e) Every matrix in S has the form
a bl |a b|_ 10+b01+d00
¢ dl " |-a a|=%-1 o|/T o o|T%0 1

Hence, 8 = {[_11 g] , [8 (1)] , [g (1)]} spans S and is clearly linearly independent, so it is a basis for S.

Thus, the dimension of S is 3.

Homework Problems

B1

(a) Itis not a basis.

(b) Since it has four vectors in R? it is linearly dependent and hence cannot be a basis.
(c) Itis abasis.

(d) Since it only has two vectors in R? it cannot span R? and hence it cannot be a basis.

(e) Since the first and last vector are identical, the set is linearly dependent and hence cannot be a basis.

B2 Show that it is a linearly independent spanning set.

B3

(a) Since it only has two vectors in P, it cannot span P, and hence it cannot be a basis.
(b) It is a basis for P5.
(c) Since it has four vectors in P; it is linearly dependent and hence cannot be a basis.

(d) It is not a basis for P;.

Copyright © 2013 Pearson Canada Inc.



1
2
1

i

[ 1

1

|—1

1
2

1
-1

2
3
-2

1
-1

|

I3

Il
I

1
1

2
1

. Hence, the dimension is 2.

0

2
1

3
-3
-2

}. Hence, the dimension is 3.

}} Hence, the dimension is 2.

I

1
2

0
0

1

B 2]} Hence, the dimension is 3.

170 Chapter 4 Vector Spaces
B4 (a) One possible basis is {

(b) One possible basis is {
B5 (a) One possible basis is {

(b) One possible basis is {
B6 (a) The dimension is 2.

(b) The dimension is 3.

B7 Alternate correct answers are possible.

4173
(a) 01,|-113.
[—1] [ O]
(4] [3] [1
(b) o f,[-1{,[3]?.
1] | 0] |4
B8 Alternate correct an
[ 1107 [O]
-1 2 0
@ 1ol =1l
0] 10] [-2]
(170107 J1
-1 2 0l |0
(b) O ’_1’ 1 ’O .
0] 0] |-2] |0

B9 (a) One possible basis is {

1
0 0

swers are possible.

0] |0

0

I

0

]}} Hence, the dimension is 2.

(b) One possible basis is {1 + x, x + x>, x> + x*}. Hence, the dimension is 3.

(c) One possible basis is

{,
!

(d) One possible basis is

(e) One possible basis is {1,

Conceptual Problems

1
0
1

1
1

X7, X

0
1
0

)

0

2

>

0
0

}. Hence, the dimension is 2.

(1)}} Hence, the dimension is 2.

4}. Hence, the dimension is 3.
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D1 (a) Suppose that dimV = n. By Theorem 4.3.4, a basis for V must contain n linearly independent vectors.
However, if a set contains more than n vectors, then it is linearly dependent. Therefore, to be a basis, a set

must be a linearly independent set with as many vectors as possible - a “maximal linearly independent set”
inV.

(b) Suppose that dimV = n. By Theorem 4.3.4, a basis for V must contain n vectors which span V. However,
if a set contains less that n vectors, then it cannot span all of V. Therefore, to be a basis, we must have a
spanning set with as few vectors as possible - a “minimal spanning set” in V.

D2 If S is an n-dimensional subspace of V, then S has a basis B containing n vectors. But then, B is a linearly
independent set of n vectors in V and hence is a basis for V. Thus, S = Span 8 = V.

D3 (a) First we show that {v;, v, + 7v;} is a spanning set for V. Let w € V. Then since {v;, v,} is a basis for V we
can write W = a; vy + a>v,. We now want to write w as a linear combination of v; and (v, + tv;). Observe
that

W =a1Vy +daxvVy = avy +axvy + tarvy — ta v

=a|Vy — taxVi + arvy + tarvy = (a) — tar)vy + a(vy + tvy)

Thus, {v;, v, +1v;} is a spanning set for V. We then immediately get that {v;, v, + v} is a basis for V since
dimV = 2.

(b) Letw = a;vy +ayv, + a3vs € V. We can write this as
w = (al - la3)V1 + (az - SCl3)V2 + a3(V3 +tv) + SV2)

Thus, {vy, v2, V3 + 1v| + sV,} is a spanning set for V. We then immediately get that {vy, v,, V3 + 1v| + sV,}
is a basis for V since dimV = 3.

D4 We see that O(a, b) = (0, 1) is the zero vector and so cannot be in our basis. Thus, we consider the vector (1, 1).
Scalar multiples of (1, 1) give k(1, 1) = (k(1)(1)¥~!, 1¥) = (k, 1). This clearly does not span V, so we need to pick
another vector which will change the second coordinate. We pick (0, 2). Since (0, 2) is not a multiple of (1, 1),
we have that 8 = {(1, 1), (0, 2)} is linearly independent. Additionally, for any vector x = (a,b) € V we have

2(11) +10g, 50,2 = (5, 1) + (0,2°%)
a
= (E’ 1)+ (0,b)
= b+ (DO, (D)
=(a,b)

Hence B also spans V and thus is a basis. Therefore, dimV = 2.

4.4 Coordinates with Respect to a Basis

Practice Problems

Copyright © 2013 Pearson Canada Inc.



172 Chapter 4 Vector Spaces

Al (a) Since the two vectors are not scalar multiples of each other, the set 8 is linearly independent and hence
forms a basis for Span 8. The coordinates of x and y with respect to B are determined by finding sy, s», 71,
and t, such that

1 -1 5 1 -1 -1
0 1 -2 0 1 3
S1 1 + §2 ~1 = 5 and 1 1 + 1 _1 = ~1
1 0 3 1 0 2

Since both systems have the same coefficient matrix, we row reduce the doubly augmented matrix to get

1 —1] 5 |-1 1 0|32
0 1|-2|3 0 1|-21|3
1 =15 |-1|7]0o o|lo0]oO
1 03 ]|2 0 0/01|0

Thus, we see that s; = 3, so = =2, t; = 2, and 1, = 3. Therefore, [X]g = [_32] and [ylg =

i

(b) Consider

0=01(1+x+x)+6(l +3x+2x%) + 3(4 + x°)

=t +hn+ 4l3) + ([1 + 3t2)x + (tl + 2t + t3)x2

Row reducing the corresponding coefficient matrix gives

1 1 4 1 00

1 3 0|~|0 1 0

1 21 0 01
Hence, the solution is unique so B is linearly independent and hence a basis for Span 8. Next, we need to
find s, s2, 83, 11, 1, and 3 such that

s1(1+ x4+ x2) + 55(1 +3x + 2x%) + 53(4 + x2) = =2 + 8x + 5x°

and
A+ x+x0) + (1 +3x+2x2) + (4 + x) = —4 + 6x + 6x°

Row reducing the corresponding doubly augmented matrix gives

Thus, [x]g =

5 2
l}and[y]gle}.
-2 -2

Copyright © 2013 Pearson Canada Inc.
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(c) Consider
0 0 —¢ 1 1+[ 0 1+l‘ 2 0 _ H+2 t1+nh
0 0 1 oo 1 1 0 <1 T |n+h n-n
Row reducing the corresponding coefficient matrix gives
1 0 2 1 00
1 1 0 010
I 1 0 0 0 1
01 -1 0 0 0
Hence, the solution is unique so B is linearly independent and hence a basis for Span 8. Next, we need to
find s, $2, 53, 11, t2, and 3 such that
11 N 0 . 2 101
oo T 1| T3 o -1 7|1 2
and
t11+t01+t20—_41
Mool TR 1T P lo -1 1 4
Row reducing the corresponding doubly augmented matrix gives
1 0 2|0|-4 1 0 0|-2]-2
I 1 0|11 01 03 ]3
I 1 0|11 00 1|1 ]-1
01 -1|2] 4 00 0l01]O0
-2 -2
Thus, [x]g =| 3 [and [ylg =| 3 |.
1 -1
(d) Since the two vectors are not scalar multiples of each other, the set 8 is linearly independent and hence
forms a basis for Span 8. We need to find s, 57, #;, and #, such that
110+ 0 2 1] 1 3 -1
o 1 1|71 3 <1]7[1 4 0
and
t110+t02_1—3 -1 2
o1 1|1 3 —1f |2 -3 5
Row reducing the corresponding doubly augmented matrix gives
1 0|1]|3 1 0|1] 3
1 213 |-1 0 1]1|-2
0 -1]-1]2 0 0[]0 0
0O 1|1 ]-=2 0 0[]0 0
1 3|4 |-3 0 0/0| 0
I =110 |5 L0 00| O |
1 3
Thus, [x]5 = 1], [yls = _2}
Copyright © 2013 Pearson Canada Inc.
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174 Chapter 4 Vector Spaces

(e) Consider

A2 (a)

(b)

O=t(1+X > +xH+n0+x+22+ 2+ ) + (= ¥ +x° = 22Y

Row reducing the corresponding coefficient matrix gives

0 1

1 0
1|~

1 0

-2 0 00

Hence, the solution is unique so 8 is linearly independent and hence a basis for Span 8. Next, we need to
find sy, $2, 53, 11, 12, and 3 such that

—_—O = O
—_——= DN = =
oo = O
S - O O

siU+ 2+ XY+ (1 +x+22 + X2+ Y+ 53560 = P+ =24 =2+ x -5 + ¥ - 6x4*
and
NA+2+ M+l +x+2° + 2+ )+ 50—+ =23 = 1+ x +47 + 5 + 344

Row reducing the corresponding doubly augmented matrix gives

I 1 0|21 1 0 0| 5 |-1
0 1 1 1|1 01 0-3| 2
1 2 -1|-5{4|~10 0 1|4 |-1
0 1 1 1|1 00 0,010
1 1 -2|-6|3 00 0,010

Thus, [x]g =

5 -1
—3}, lyls = { 2 ]
4 -1

It is easy to verify that the two vectors satisfy the equation of the plane and hence are in the plane. Also, they
are clearly linearly independent, so we have a set of two linearly independent vectors in a two dimensional
vector space, so the set is a basis.

3 5 3
The vectors [2‘ and 12‘ do not satisfy the equation of the plane, so they are not in the plane. {2} satisfies
1 3

2
the equation of the plane, so it is in the plane. To find its 8-coordinates, we need to find #; and #, such that

0 3
+h|2|[=1]2
-1 2

Row reducing the corresponding augmented matrix gives

1 0|3 1 03
2 2|12 (~10 1]=2
0 —-12 0 0|0

1
tH |2
0
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A3 (a) Consider
0=1t;(1+x") +0(1 —x+2x) +13(=1 — x + x%)
Row reducing the corresponding coefficient matrix gives
I 1 -1 1 00
0 -1 -1|~(0 1 O
1 2 1 0 0 1
Thus, B is a set of three linearly independent vectors in the three dimensional vector space P, and so it is
a basis for P;.
(b) To find the coordinates, we need to solve the three systems
bi(1+x%) +by(1 —x +2x") + by(-1 —x+ %) = 1
si+ ) + 5501 = x+2X) + s3(=1 —x+x*) =4 - 2x + 7x°
N1+ +H(1—x+23°) +13(-1 —x+ x}) = -2 - 2x + 3x%
Row reducing the triple augmented matrix gives
I 1 —-1{1] 4{-27] [1 0 O0|-1]|4]| 2
0 -1 -1|0|-2|-2|~]0 1 O 1|1]-1
1 2 1{0| 7| 3] 0 0 1|-1|1] 3
-1 4 2
Hence, [p(0)]s =| 1 |, [¢(x)]s = | 1], and [r(x)]z = |-1].
-1 1 | 3
(c) We need to solve
H(1+ 232 + (1 —x+2x0) + 13(=1 — x + x%) = 2 — 4x + 10x*
Row reducing the augmented matrix gives
1 1 -1 2 1 0 0|6
0 -1 -1|-4|~]1]0 1 0]0
1 2 1110 0 0 1|4
6
Hence, [2 — 4x + 10x%]g = |0|. We then have
4
4 2 6
[4—2x+7x%g + [-2 - 2x+3x%]g = |1|+|-1| = |0
1 3 4
=[2-4x+ 10x%]g = [(4 = 2) + (-2 = 2)x + (7 + 3)x’Ig
A4 (a) 1. We need to determine if there exists #;, f,, and #3 such that
t12+t 2 1+t_2 21 |-1 1
o3[ 2] T4 10T |2 7
Copyright © 2013 Pearson Canada Inc.
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(b)

(a)

Chapter 4 Vector Spaces

Row reducing the corresponding augmented matrix gives
1 2 -1]-1 1 0 0f-1/2
2.1 2 )1 | [0 1 0]1/2
1 -1 4|2 0 0 1| 3/4
3 2 107 0 00

Hence, A is in the span of 8.
ii. Observe that the augmented system in (i) has a unique solution, thus if we replace A with the zero

matrix, we will still have a unique solution and so 8 is linearly independent. Thus, it forms a basis
for Span 5.

-1/2

1/2 ‘

3/4

iii. Since B is a basis and A € Span B, we can use our result from part (i) to get [A]lg =

i. We need to determine if there exits #;, f,, and #3 such that
; 1 3+t 1 —27_H 0 1_74 -1
23] 2T -1 1T ]9 3

Row reducing the corresponding augmented matrix gives

1 1 0] 4 1 1 ol 4
3 -2 1 |-1 0 -5 1|-13
2 1 1|9 |7]lo o 1| -3
32 13 0 0 0| —4

Thus, the system is inconsistent so A is not in the span.

ii. Observe that if we replace A with the zero matrix in the augmented system in part (i) the system will
have a unique solution. Hence, 8 is linearly independent and forms a basis for Span 8.

To find the change of coordinates matrix Q from $B-coordinates to S-coordinates we need to find the

11 [0] [O
coordinates of the vectors in 8 with respect to the standard basis S = { 0] , [1 , [0” We get
0| 10] [1

S RN

To find the change of coordinates matrix from S-coordinates to B-coordinates, we need to find the coordi-
nates of the vectors in S with respect to the basis 8. So, we need to solve the systems of equations

0
1
0

3] 0] -2 1]
a4l +ax|1|+a3|-3|=10
1] 0] | 3| [O]
[3] 0] [—2] [0]
bi |4 +by|1|+b3|-3|=|1
1] 10| | 3| [O]
3 [0] [—2] [0]
cil4|+c|l|+c31-3]1=10
1 10] | 3] |1}
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Row reducing the triple augmented matrix gives

0 =211 0 O 1 0 0 3/11 0 2/11
1 3]0 1 0f(~]0 1 Of-15/11 1 1/11
0 0 0 1 0 0 1

3 -1/11 0 3/11
Thus, the change of coordinates matrix P from S-coordinates to B-coordinates is P =

— s W

-15/11 1 1/11
-1/11 0 3/11
To find the change of coordinates matrix Q from $B-coordinates to S-coordinates we need to find the
coordinates of the vectors in 8 with respect to the standard basis S = {1, X, xz}. We get

l3/11 0 2/11}

1 1 0
0= [[1—2x+5x2]5 [1-2x%s [x+x2]3] = [—2 0 1‘
5 21

To find the change of coordinates matrix from S-coordinates to B-coordinates, we need to find the coordi-
nates of the vectors in S with respect to the basis 8. So, we need to solve the systems of equations

a1 =2x+5x) +a(1 =20 +az(x + xH) = 1

bi(1 =2x+5x3) + by(1 = 2x*) + b3(x + x*) = x

ci(1 = 2x+5x3%) + (1 = 2x%) + e3(x + %) = x°
Row reducing the triple augmented matrix gives

1 0 0/2/9 -1/9 1/9
~10 1 0(7/9 1/9 -1/9
0 0 1

1 1 0|1 O
-2 0 1]0 1
110 0 4/9 7/9 2/9

5 -2

- o O

Thus, the change of coordinates matrix P from S-coordinates to $-coordinates is P =

7/9 1/9 -1/9
4/9 7/9 2/9

2/9 -1/9 1/9 ]

To find the change of coordinates matrix Q from $B-coordinates to S-coordinates we need to find the
coordinates of the vectors in 8 with respect to the standard basis S = {[(1) 8] , [g (1)] , [8 (1)}} We have
1 —1] [1 0] 0 1 0 0
[0 1|7 o o +(_1)[0 0] +(_1)[0 1}

0 -4] [1 0] 0 1 0 0
[0 1700 ofFCY [0 0] +(_1)[o 1}

2 1] [1 0] 0 1 0 0
o 1/72[0 o[* o o/*!o 1]

Hence,

- 1 0o 2
o-[ls 2L I 2 B -
L S S S -1 -1 1
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To find the change of coordinates matrix from S-coordinates to 8-coordinates, we need to find the coordi-
nates of the vectors in S with respect to the basis 8. So, we need to solve the systems of equations

I -1 . [0 -4 N
Mo 1] ®Jo 17"
1 -1 [0 —4]
bl[o _1]+b2>0 _17+b3
I -1 N [0 —4—+
o 1|70 1|7
Row reducing the triple augmented matrix gives
I 0 21 00 1 0
-1 -4 1|0 1 O0|~]0 1
-1 -1 1]0 0 1 0 0

So, the change of coordinates matrix P from S-coordinates to B-coordinates is P =

Homework Problems

B1

B2

B3

(a)

(b)

(©)

(d)

(e)

(a)

(b)

(a)

(b)

2

-3 2
[xlg = 4 Lyls = _1}
[-2 -2
xlg=|3|[yls=|1
-1 2
[ 5/2 -1
[x]g =|=3/2|,[yls =] 2
| -1 3
[ 0] [ 2
xXlg=|1|yls=]| 1
|—1] 11/3
[—2] -3
xlg=|4 | [yls=]|2
-3 -1
Show that it is linearly independent and spans the plane.
4] 1
2| is not in the plane. The B-coordinates of x = |2| and y =

2]

Show that it is linearly independent and spans R>.

6] [1][4 31051 |2
s| =[1l| 5] =|-1].|4] =]
31, 12l -4, (o]l D

EESEEERNEEES)

—_ O O

5
4
1

1] [t 0]
1170 0
1] _[o 1]
1|70 0]
1] _[o 0]
170 1
1/3 2/9

0 -1/3
1/3 -1/9

] are [X]g = [1

Copyright © 2013 Pearson Canada Inc.
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-8/9
1/3 ]
4/9
13 2/9 -89
0 -1/3 1/3}.
1/3 -1/9 4/9
/3 573
273 i = 3]
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9 5
©) 9] =10]. Wehave
3], |12
4 5 3 2 5 9
51 +|4f =|-1|+|1|=]0|=|9
-4], 1, 1 1 2 -3,
B4 (a) Show that it is linearly independent and spans P;.
2 —4 1/2
b) B+4x+5x%g=|1[,[4+5x-Tx%]g=| 8 |, [l +x+ x*]g = [1/2
3 -3 1/2
[5/2
(¢) [4+5x+6x%]g =|3/2|. We have
[7/2
2 1/2 5/2
[B+4x+57 g+ [1+x+xg=|1|+]|1/2| =|3/2| = [4 + 5x + 6x7]5
3 1/2 7/2
B5 (a) i. Aisnotin the span of B.
ii. B is linearly dependent, so it does not form a basis for Span 8.
(b) i. Aisin the span of B.
ii. 8B 1is linearly independent, so it forms a basis for Span 5.
3
iii. [Alg =|-2
-2
1 1 5
B6 (a) The change of coordinates matrix Q from $B-coordinates to S-coordinates is |1 1 1 |. The change of
0 -1 -3
/2 172 1
coordinates matrix P from S-coordinates to B-coordinates is P = |-3/4 3/4 —1}|.
1/4 -1/4 0
-1 1 1
(b) The change of coordinates matrix Q from B-coordinates to S-coordinatesis | 0 1 —1|. The change of
2 1 -3

coordinates matrix P from S-coordinates to B-coordinates is P =

1 =2 1
1 -1/2 1/2].
1 =3/2 1/2

(c) The change of coordinates matrix Q from B-coordinates to S-coordinates is [_2

3/19 —5/19}

coordinates matrix P from S-coordinates to B-coordinates is P = [2 119 3/19

Conceptual Problems

Copyright © 2013 Pearson Canada Inc.
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D1 Yes, v; = w; for all i. The easiest way to see this is to consider special cases. The B-coordinates of v; are given

1 1
0

by [vi]lg = | .| We are told that [v]g = [vi]¢, hence [v|]¢c = | . |- But this means that
0 0

Vi =w; + 0wy + -+ + 0w, = W,

Similarly, v; = w; for all i.

D2 Write the new basis in terms of the old, and make these the columns of the matrix: Let the vectors in B be
denoted w;, wp, w3, Ws. Then we have

wi; =0v; + 0vy + 0vy + 1v,y
wy = 0vs + 1vy + Ovy + Ovy
wz = 1lv; + 0V2 + 0V4 + 0V1

wy = 0v; + 0vy + 1vy + Ovy

- o O O
S O = O
oo o =
o = O O

D3 (a) Let)?z[
B

3w veneJ 2]
3 e

Observe that E]
[i] which implies thatL( 3 ) =1 2 +1 [1

], It

(b) We repeat what we did in (a), but in general. We first need to find ¢; and ¢, such that

+1

;] hence

r
—_
L

X1 ] " 71— _ 2C1 +
o= M3 T2 T Ber + 26
Row reducing the corresponding augmented matrix gives
2 11 x 1 0] 2x1—x2
3 2| x 0 1] -3x+2x
Hence,
B 2 1 _ X
L(X) = 2x; — x2) ) +(=3x; + 2x2)[1} = oxy +

D4 Let Q be the change of coordinates matrix from B-coordinates to C-coordinates. By definition of the change of
coordinates matrix we have that [x]g = P[x]¢ and [x]¢c = Q[x]g for any x € V. Hence, we get

[x]g = P[X]c = PO[X]3

for all [x]g € R". Thus, PQ = I by Theorem 3.1.4. Therefore P is invertible and Q = P~' by Theorem 3.5.2.
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4.5 General Linear Mappings

Practice Problems

X1 Y1
Al (a) Forany ¥ = [le and y = kz in R3, and ¢ € R we have

X3 3

L(tX+¥) = L(tx) + y1,tx3 + y2,1x3 + y3)

_ X1 +yr+txp+y,
B X1 +y1+itxp+y, +tx3+y3

_ X1+ x2 yi+y
X1+ x2 + X3 Yity2+y3
=tL(X) + L)

Hence, L is linear.

X] i
(b) Forany ¥ = |x;|and ¥ = |y,

X3 3

in R3, and r € R we have

L(t%+¥) = L(tx; + y1,txo + y2,1x3 + y3)
=(tx) +y1 +txp +y2) + (tx; +y) +1x0 + yp + 1x3 + y3)X
=1(x1 + x2) + 1(x1 + X2 + x3)x + (V1 +y2) + (1 + )2 +y3)x
= tL(®) + L)

Hence, L is linear.

in M(2,2),and r € R we have

|

_lao bg _ |4 by
(c) Forany Ay = [Co do] and A, = [61 4

tag + ay; thy + by

tr(tho +Ar) = tr([fC() +c;  tdy +d,

=tag+a; +tdy +dy

= t(ag + dpy) + a; + d;

=ttr(Ag) +tr(A;)
Hence, tr is linear.

(d) Forany p = ag + box + cox®> + dox> and ¢ = a; + by x + ¢;x*> + d; x> in P3, and ¢ € R we have

T(l‘p + q) = T(Iao +a; + (lbo + b])x + (IC() + C1)X2 + (td() + dl)x3)

tag + a; (tbg + by)
(tco +c1) (tdy + dy)

_ a0 bo| |a1 b
s K

=1T(p)+T(q)

Hence, T is linear.
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A2 (a) LetA = [1 O] and B = [_1 0 ] Then, we have

0 1 0 -1
det(A+B):det([0 O]) 0

0 0

but
detA+detB=1+1=2

Hence, det does not preserve addition and so is not a linear mapping.

(b) Forany p = ag + box + cox*> and ¢ = a; + by x + c;x* in P», and t € R we have

L(tp + q) = L(tag + a; + (thy + by)x + (tco + ¢1)x%)
= (tag + ay — (thy + by)) + ((thy + by) + (tco + ¢1))x°
= t[(ao — bo) + (bo + co)x’] + (a1 — by) + (by + c2)x°
= tL(p) + L(q)

Hence, T is linear.

(c) Observe that for any ¥ € R> we have

ron=rfg)-f |

0 . .
]. Hence, T is not linear.

0
But, 07'(%) = [0 0

(d) Forany Ag = [‘C‘O bo] and A, = [“'
0

by in M(2,2), and t € R we have
d() dl

C1

M(tAg + A)) = [8 8} =z[8 8]+[8 8] =tM(Ap) + M(A)

Hence, M is linear.

X1
A3 (a) yisin the range of L if there exists x = [xz € R3 such that
X3
2 X X1+ X3
0 ! 0
0|~ L[ iz ] o
3 3 X2 + X3
Comparing entries gives the system of linear equations
Xy +x3=2
X2 + X3 = 3
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(d)
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Observe that the system is consistent so y is in the range of L. Moreover, x3 is a free variables, so there are
infinitely many vectors x such that L(x) = y. In particular, if we let x3 = ¢ € R, then the general solution is

2—t 2 -1
x=|[3-1|=[3]+1¢|-1
t 0 1

Hence, for any t € R we get a different vector x which is mapped to y by L. For example, taking t = 1 we

1
getL[ 2]:y.
1

We need to determine if there exists a polynomial a + bx + cx? such that
[2 0

— 2y
0 3}—L(a+bx+cx)—

a+c 0
0 b+c

This corresponds to exactly the same system of linear equations as in (a). Hence, we know that y is in the
range of L and L((2 — )1 + 3 — t)x + tx*) = y for any ¢ € R.

We need to determine if there exists a polynomial a + bx + cx? such that
l+x=La+bx+cx*)=(b+c)+(-b-c)x
Comparing coeflicients of powers of x we get the system of equations

b+c=1
-b—-c=1
This system is clearly inconsistent, hence y is not in the range of L.
X1

.. . X
We need to determine if there exists x = | 2| € R* such that

X3
X4
-1 -1 _ L(X) _ —2xy — 2)63 —2x4 X1+ X4
-2 2 =2x1 —Xp— X4 2x1—2x) — X3+ 2x4

Comparing entries we get the system
—2)62 - 2)63 - 2)(,'4 =-1
X1+ x4 =-1
—2X1 — X2 — x4 = —2

2x1—2x2—x3+ZX4=2

Row reducing the corresponding augmented matrix gives

0 -2 -2 -2|-1 1 0 0 1| -1
1 0 0 1 |-1 0 -2 =2 2| -1
-2 -1 0 -1]|=21"10o 0o 1 2]-72
2 2 -1 2|2 0 0 0 0172

Hence, the system is inconsistent, so y is not in the range of L.
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184 Chapter 4 Vector Spaces

A4 Alternate correct answers are possible.

(a) Every vector in the range of L has the form

X1+ X2
X1+ X2 + X3

|

Therefore, every vector in the range of L can be written as a linear combination of these two vectors.

Let B = {[1] , [0]} Then, we have shown that Range(L) = Span 8. Additionally, B is clearly linearly

= (x1 + x2) [i] + X3

11’1
independent. Hence, 8 is a basis for the range of L.

To find a basis for the nullspace of L we need to do a similar procedure. We first need to find the general
form of a vector in the nullspace and then write it as a linear combination of vectors. To find the general

X1
form, we let ¥ = | x, | be any vector in the nullspace. Then, by definition of the nullspace and of L we get
X3
0 X1+ X2
= L =
[0 (f) X1+ Xx2 + X3]
Hence, we must have x; + x; = 0 and x; + x, + x3 = 0. So, x3 = 0 and x, = —x;. Therefore, every vector

in the nullspace of L has the form
X1 X1 1
x| =|=x1|=x|-1
X3 0 0

1

—1|¢ spans the nullspace and is clearly linearly independent (it only contains one

0

non-zero vector). Thus, it is a basis for Null(L).

Then we have rank(L) + Null(L) = 2 + 1 = dimR? as predicted by the Rank-Nullity Theorem.

Therefore, the set {

(b) Every vector in the range of L has the form
(a+b)y+(a+b+c)x=(a+Db)(l+x)+cx

Therefore, the set {1 + x, x} spans the range of L. It is clearly linearly linearly independent and hence is a
basis for the range of L.

a
b

c

Let |»| € Null(Z). Then,

a
0+0x=L[b]]z(a+b)+(a+b+c)x

|1C

Thus, we geta + b = 0 and a + b + ¢ = 0. Therefore, ¢ = 0 and b = —a. So, every vector in the nullspace
of L has the form _

a a 1

iR

c| 0 0
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1
Therefore, the set {|—1|} spans the nullspace and is clearly linearly independent. Thus, it is a basis for
0
Null(L).
Then we have rank(L) + Null(L) = 2 + 1 = dimR? as predicted by the Rank-Nullity Theorem.
(c) The range of tr is R since we can pick a + d to be any real number.
a b
Let L d} € Null(L). Then,
a b
-1l )-ara
Thus, we get d = —a. So, every vector in the nullspace of L has the form
a bl |1 O+bOl+ 0 0
c d=%0 -1/7%o o[T 1 o
1 0]1]0 1|0 O . . .
Therefore, the set o —1l'lo ol'li olf spans the nullspace and is clearly linearly independent.
Thus, it is a basis for Null(L).
We have rank(tr) + Null(tr) = 1 + 3 = dim M(2, 2).
(d) Observe that the range of 7' is M(2,2). Therefore, we can pick any basis for M(2,2) to be the basis for the
range of 7. We pick the standard basis
1 0|0 1/ (0 O] |0 O
0 01’10 o’|1 0]’|0 I|)
Let a + bx + cx? + dx> € Null(T). Then
0 0 _ 2 3N a b
[O 0] =Lla+bx+cx +dx’) = [c d]
Hence, a = b = ¢ =d = 0. Thus, Null(7T") = {0} and so a basis for Null(L) is the empty set.
We have rank(L) + Null(L) = 4 + 0 = dim Ps.
Homework Problems
B1 Show that each mapping preserves addition and scalar multiplication.
B2 (a) Lis not linear.
(b) M is not linear.
(¢c) N is linear.
(d) Lis linear.
(e) T isnot linear.
1
B3 (a) yisintherange of L. We have L||-1{|| =Y.
-1
Copyright © 2013 Pearson Canada Inc.
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186 Chapter 4 Vector Spaces

(b) yis in the range of L. We have L(1 — x — x?) = y.

(c) yis in the range of L. We have L(2 — x + 2x?) = y.

(d) yis notin the range of L.

.. =3/5 -4/5|\ _
(e) yisin the range of L. We have L([ 0 _7/5}) =
(f) yis notin the range of L.
B4 Alternate correct answers are possible.

1] [0] [O

(a) A basis for Range(L)is 4 [{0],|1{,|0f¢. A basis for Null(L) is the empty set. We have rank(L) + Null(L) =
0] 10] |1

3+ 0 =dimP,.
(b) A basis for Range(L) is {1, x}. A basis for Null(L) is {1}. We have rank(L) + Null(L) = 2 + 1 = dim P;.

(c)

(d)

(e)

)

(2)

()

. . . . 1 0of]0 1[0 Of |0 O
A basis for Range(L) is the empty set. A basis for Null(L) is {[0 0] , [0 O] , [1 O] , [O 1]} We have
rank(L) + Null(L) = 0 + 4 = dim M(2,2).

A basis for Range(L) is {1 +x,x+ xz}. A basis for Null(L) is the empty set. We have rank(L) + Null(L) =
2+0=dimD.

0 -11°10 Off1 O I 1
Null(L) =3 + 1 =dim M(2,2).

A basis for Range(L) is {[1 0 ] , [_1 1] , [0 _1]}. A basis for Null(L) is {[1 1]} We have rank(L)+
A basis for Range(L) is {xz}. A basis for Null(L) is {[(1) _01} R [g _11] , [(1) _Ol]} We have rank(L) +
Null(L) = 1+ 3 =dim M(2,2).

0 O0’'|0 O 0 1
rank(L) + Null(L) =4 + 0 = dim M(2,2).

A basis for Range(L) is {[1 0} , [0 1] , [(1) g] , [0 O]} A basis Null(L) is the empty set. We have

A basis for Range(L) is {[:; g] , [8 _22] , [_22 :ﬂ} A basis Null(L) is the empty set. We have

rank(L) + Null(L) = 3+ 0 = dim P>.

Conceptual Problems

D1

)]
2

3)

We have L(Ov) = L(OOV) = OL(Ov) = OW

By definition Null(L) is a subset of V. By (1), 0y € Null(L), so Null(L) is non-empty. Let x,y € Null(L) so
that L(x) = Ow and L(y) = Ow. Then, L(x+Yy) = L(X) + L(y) = Ow + 0w = Ow so x+y € Null(L). Similarly,
for any ¢ € R we have L(rx) = tL(x) = t0w = Ow. Thus, rx € Null(L). Hence, Null(L) is a subspace of V.
By definition Range(L) is a subset of W. By (1), Oy € Range(L), so Range(L) is non-empty. For any x,y €
Range(L) there exists u, v € V such that L(u) = x and L(v) = y. Then we get, L(u+Vv) = L(u)+ L(V) = x+y
so X +y € Range(L). Similarly, for any ¢ € R we have L(tu) = tL(u) = rx. Thus, tx € Range(L). Hence,
Range(L) is a subspace of W.
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0
0 1

L[ ]L[O]L[OJL[ ]

= a1 + a(2x) + az(1 + x + x%)
. e b
(b) Alternate correct answers are possible. One possibility is L (a +bx + cxz) = [a }

0
0
1

ap
a
as

az + 2ap +az)x + (a; + ag)x2

0 ¢
0
(c) Alternate correct answers are possible. One possibility is L : M(2,2) — R* defined L([Z ZD = Z .
0
D3 (a) Assume that {vy,..., vt} is linearly dependent. Then there exists coefficients 71, . .., #; not all zero such that

Hvy + -+ vy = Oy. But then
Oy = L(0v) = L(t;Vy + -+ + Vi) = HL(V) + -+ + . L(vy)

with t,. .., #; not all zero. This contradicts the fact that L(v;), ..., L(vy) is linearly independent.

(b) One simple example is to define L : V. — W by L(v) = Oy for all v € V. Then, for any set {vy, ..., v;} we
have {L(v}), ..., L(vy)} only contains the zero vector and hence is linearly dependent.

D4 Using the Rank-Nullity Theorem, we get that Range(L) = W if and only if rank(L) = n if and only if nullity(L) =
0 if and only if Null(L) = {0}.

D5 (a) Every vector v in the range of M o L can be written in the form of v = M(L(x)) for some x € V. But,
L(x) = y for some y € U. Hence, v = M(y), so the range of M o L is a subset of the range of M.
Since ranges are always subspaces, this implies that Range(M o L) is a subspace of Range(M). Hence,
dim Range(M o L) < dim Range(M) which gives rank(M o L) < rank(M).

(b) The nullspace of L is a subspace of the nullspace of M o L, because if L(x) = Oy, then M(L(x)) = M(0y) =
0. Therefore nullity(L) < nullity(M o L). So, by the Rank-Nullity Theorem
rank(M o L) = n — nullity(M o L) < n — nullity(L) = rank(L)

(c) There are many possible correct answers. One possibility is to define L(x1, x;) = (x1,0) and M(x1, x3) =
(0, x»). Then, L and M both have rank 1, but M o L = M(L(x1, x2)) = M(x1,0) = (0,0), sorank(Mo L) = 0.

D6 Suppose that rank(L) = r. Let {vy,...,V,} be a basis for Range(L). Since v; = L(x;) for some x; € V, M(v;) =
M(L(x;)) € Range(M o L). Thus the set B = {M(vy),..., M(v,)}is in the range of M o L and we have
HM )+ -+ t,M(v,) =0
Mtvi+---+16v,)=0
vy +---+4v, =0
since the nullspace of M is {0}. Hence t; = --- = ¢, = 0 is the only solution and so B is linearly independent. Thus,

rank(M o L) > r = rank(L). Also, by D5(b) we know that rank(M o L) < rank(L), hence rank(M o L) = rank(L)
as required.
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D7 We define X +y = (x1 + y1, X2 +¥2,...) and X = (¢x1, X2, ...). We have
(LoR)(x) = L(0, x1,x2,...) = (x1,x2,...) =X

but
(Ro L)(X) = R(xp,x3,...) =(0,x2,x3,...) #X

Thus R is a right inverse for L but not a left inverse. Moreover, observe that there cannot be a left inverse for L
since there is no way of recovering x;.

4.6 Matrix of a Linear Mapping
The Matrix of L with Respect to the Basis B

Practice Problems

A1l By definition, the columns of the matrix of L with respect to the basis 8 are the B-coordinates of the images of
the basis vectors. In this question, we are given the images of the basis vectors as a linear combination of the
basis vectors, so the coordinates are just the coefficients of the linear combination. To calculate [L(X)]g we use
the formula

[L(D)]s = [LlglX]s

(a) We have
LoD = 0% + 1% = [L)s = ‘1)]
L(%) =2V + (=D, = [L(h)]g = [_21:|
Hence,
N 0 2
[Lls = |[LTDs (L8| = [1 -1]
So,
(LDl = [LlslFls = [(1) _21] [‘31] - m
(b) We have
]
L(#) = 2V) + 01 + (=1)ik = [L@]lg=|0
[—1]
e
L(i) = 2V| + OVs + (=D)i}3 = [L(M)]g=|0
-1}

0
L(V3) = 0\71 + 4\72 + 5\73 = [L(\72)]3 = l4}
5
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Hence,
2 20
[Lls = [[L@Dls [LTDls [Lils|=[0 0 4
-1 -1 5
So,
2 2 0][3 12
[L(X)]g = [Llg[Xlg=|0 0 4||3|=|-4
-1 -1 5][-1 -11
A2 As in the last problem, to find the matrix of L with respect to 8 we need to find the B-coordinates of the images
of the basis vectors. In this problem, we need to write, by observation, the image of each basis vector as a linear
combination of the basis vectors.
(a) We have
-3 1 -1 -3
L(1,1) = [_3] = (—3)H +0[ 5 ] = L0, DIz = }
-4 1 -1 0
L(-1,2) = [ . } =0 1] +(4)[ 2] = [L(-1,2)]z = 4]
Hence,
[Lls = [l Dl [L-1,20] = [
’ ’ 0 4
(b) We have
-1 1 -1 0
L(l,l)—[z}—0[1]+l[2} :[L(l,l)]g—H
2 1 -1 2
L(-1,2) = [2 = 2[1] +0 5 } = [L(-1,2)]g = [O]
Hence,
[Lls = [l D1s (L-1.20s] =[] 2
B = ’ B > Bl = 1 O
A3 (a) We have
-1 1 -1 0 (0]
L(L,1,1)=|2|=0|1{+1]2|+0|-1 = [L(1,1,D]g =1
| 0 1 0 4 10]
1] [1] [—1] [ 0 ] [1]
L(-1,2,0)=|1|=1|1|+0[ 2 |+0]|-1 = [L(-1,2,0)]g = |0
1] 1] 0| 10]
5] [1] [—1] 5]
LO,-1,4) =|5[=5]|1{+0] 2 |+0|-1 = [L(0,-1,4)]g = |0
5] 1] o] |4 0]
Hence,
0 1 5]
[Llg = [[L(1, 1, D]s  [L(=1,2,0)]5 [LO,~1,4)]s]|=|1 0 0
0 0 0]
Copyright © 2013 Pearson Canada Inc.
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190 Chapter 4 Vector Spaces

(b) We have

0 1 -1 0 [0]

L(1,1,D)=|-1|=0|1|+0] 2 |+1]|-1 = [L(1,1,D]g =0

| 4 1 0 4 1)

1 1 -1 0 [1]

L(-1,2,0)=|1|=1|1|+0] 2 |+0]|-1 = [L(-1,2,0)]g = |0

|1 1 0 4 10}
[—1 1 -1 0 0
LO,-1,4)=|2|=0|1|+1]2|+0]|-1 = [LO,-1,4)]g = |1
| 0 1 0 4 0

Hence,

01 0

[Lls = [[L(L1,Dls [L(=1.2,0)l5 [LO,~1.4)]s]=[0 0 1

1 00

(c) We have

1 1 -1 0 1

L(1,1,D)=|1]|=1]1]|+0| 2 |+1]|-1 = [L(1,1,1)]g =10

1 1 0 4 0

0
Next, L(—1,2,0) = |2|. This is not quite as easy to write as a linear combination of the basis vectors as the

5
previous ones. Thus, if we cannot determine the coordinates by observation, then we need to row reduce
the corresponding augmented matrix as in the Section 4.4. In particular, we need to determine s, s, and

s3 such that
0 1 -1 0
[2]:3‘1 ll]+S2[2 + 53 [—1]
5 1 0 4

Before we solve this, we observe that we will need to repeat this procedure to write the image of the third
basis vector as a linear combination of the basis vectors. To save time, we will solve them simultaneously
in an doubly augmented matrix. We get

Hence,

11 3
[Llg = [[L(1, 1, Dls [L(-1,2,0)l M@rL@b}{01—4
0 1 -1

A4 (a) Consider the vector V| = [_12} which is the normal to the line of reflection, and the vector ¥, = [ﬂ which

is orthogonal to ¥;. By geometrical arguments, a basis adapted to refl; _,) is 8 = {V/},,}. To determine
the matrix of refl _) with respect to the basis B, calculate the B-coordinates of the images of the basis
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vectors. We observe that if we reflect the normal vector ¥; over the line we will get —V. Since the vector
¥, is orthogonal to ¥ it lies on the line of reflection, so reflecting it will not change the vector. Hence,

I'eﬂ(ly_z) \71 = —17)1 = (—1)\71 + 0\72

-

I‘eﬂ(l,_z) \71 =V = 0\71 + 1\72

Thus,
S S -1 0
[reflq —2)lg = [[reﬂ(l,—Z) vilg  [reflg - V2]8] = [ 0 1}
2 1
Consider the vector ¥; = | 1 |, which is a direction vector for the projection, and the vectors ¥, = |0
-1 2
0
and V3 = | 1| which are orthogonal to V;. By geometrical arguments, a basis adapted to proj, ; _;, is 8 =
1

{V1, V2, 3}. To determine the matrix of proj(z’l’_l) with respect to the basis B, calculate the B-coordinates

of the images of the basis vectors. We observe that the projection of ¥ onto ¥ is just ¥, and the projection
. p=<d

of any vector orthogonal to V| onto V; is 0. Hence,

N

pI‘Oj(z,l’f]) \72 = 6 = 0\71 + 0172 + 017)3
pI‘Oj(z’l’_l) \73 = 6 = 0\71 + 0172 + 0\7)3
Thus,
[proji-1ls = [[proj(z,l,_l) Vils  [projo,i 1) V2ls  [Projp -1y ‘73]8]
1 00
=10 0 O
0 0 O
-1 1
Consider the vector ¥; = |—1|, which is normal to the plane of reflection, and the vectors v, = [0 and
1 1
0
V3 = |1, which lie in the plane and are therefore orthogonal to ¥;. By geometrical arguments, a basis
1
adapted to refl_ 1.1 is B = {V}, h, V3}. To determine the matrix of refl_; _; 1, with respect to the basis

B, calculate the B-coordinates of the images of the basis vectors. We observe that if we reflect the normal
vector V| over the plane we will get —V|. Since the vectors ¥, and V3 are orthogonal to V; reflecting them
will not change them. Hence,

reﬂ(_l,_l,l) \71 —\_}1 = (—1)\71 + 0\72 + 0\73

reﬂ(_l,_l,l)ﬁ’z = \72 0\71 + 1\72 + 0173

- -

V3 =0V + 0\72 + 1\73

S
refl_1-1,1) V3
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Thus,

[reﬂ(—l,—l,l)]B:[[reﬂ(—l,—l,l)vl]ﬁ [refl_1-11) V2ls [Teﬂ(—l,—1,1)173]:/3]

-1 0 0
=0 1 0
0 01

A5 (a) Weneedto find 7, t,, and 3 such that

1 1 1 0 1+
2= |0+ |-1|+86|l|=|-t+1
4 1 0 2 1t + 213

Row reducing the corresponding augmented matrix gives
1 1 0|1 1 0 0 2
0 -1 1|2 (~10 1 0f-1
1 0 2|4 00 1|1
1 2
2 =1-1
4l 1

(b) Using the result in part (a) and by observation we get

Thus,

1] [1] 1 0
L(1,0,1) = [2| =2]0| + (=D |-1|+ 1|1
4] |1 0 2
0] [1] 1 0
L(1,-1,0)=|1|=0[0| +0|-1]+ 1|1
2] |1 0 2
(2 1 1 0
L0,1,2) = |-2|=0|0| +2|-1]|+0]1
0 1 0 2

Hence,
2 00
[Llg = [[L(1,0,Dls  [L(1,-1,0)]s [LO,1,2)]g] =|-1 0 2
1 1 0
(c) Using the result of part (a), the result of part (b), and the formula [L(x)]g = [L]g[x]g we get
1 2 0 0][2 4
[L(1,2,D)]g = [Llg|2| =|-1 O 2{|-1]=]0
4l 1 1 0]|1 1
Thus, by definition of B-coordinates, we have
1 1 0 4
L(1,2,4) =4|0{+0|-1|+1|1|=]1
1 0 2 6
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A6 (a) We need to find 1, 1>, and 3 such that

i)

Row reducing the corresponding augmented matrix gives

1
0
-1

1
2
0

+ 1 + 13

0 nh+n
1{=126+1;

1 -+

1 1 0|5 1 0 0|2
0O 2 1]3 |(~{0 1 0] 3
-1 0 1|-5 0 0 1|-3
5 2
Thus,| 3| =] 3|
5], -3
(b) We have
[0 1 1 [0
L(1,0,-1) = =0[0[+0]2[+1]1
11 -1 10 11
-2 1] 1] [0]
L(1,2,0)=|0|=(-2)] 0 |+0(2]|+0{1
| 2 | —1] 0] 1]
[ 5] 1 1 [0]
LO,1,1)=|3|=2]0 [+3]|2]+(-3)]|1
-5 -1 0 n
Hence,
0 -2 2
[Llz = [[L(1,0,-D]s [L(1,2,0)lz [LO,1,Dlg]=|0 0 3
1 0 -3
(c) Using the result of part (a), the result of part (b), and the formula [L(x)]g = [L]g[x]g we get
5 0 -2 212 -12
[L(5,3,-9)]s=[Llg| 3| =10 0 3{|3]|=|-9
5], 11 0 =3[[-3 11

Thus, by definition of B-coordinates, we have

1

1
L(5,3,-5) = (—12)[ 0 ‘ +(-9)

2
0

+11
-1

iRH

A7 (a) The matrix of L with respect to the standard basis is [L]s = ! 3}.

The change of coordinates matrix from 8 to S is

Copyright © 2013 Pearson Canada Inc.
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. . o 2 —1/2
So, the change of coordinates matrix from Sto Bis P~ = 1ol
Hence, the B-matrix of L is
_ 2 =172 1 3|1 1 11 16
— 1 — —
[Llg = P 1LIsP = [—1 1/2 } [—8 7] [2 4] - [—4 —3}
. . . (1 -6
(b) The matrix of L with respect to the standard basis is [L]s = | 4 —1f
The change of coordinates matrix from B to S is »
3 1 [3 1
e[l 2], B[
“21g 1]g] |72 1
. . . —1 1 1 _1
So, the change of coordinates matrix from Sto Bis P~ = 32 3
Hence, the B-matrix of L is
Ijfr -1y{1 -6|{3 1 5 0
—_ p-1 — =
[Lls = P7ILIsP = 3 [2 3 H—4 —1] [—2 1] [o —5}
. . . 4 -6
(c) The matrix of L with respect to the standard basis is [L]s = > 3l
The change of coordinates matrix from B to S is »
3 7 3 7
o HIR AR
g [Bl] [ 3
. . . —1 1 3 _7
So, the change of coordinates matrix from Sto Bis P~ = 31 3|
Hence, the B-matrix of L is
{3 -7|{4 -6|[3 7 40 -118
— p-l I =
[£ls =P [L]Sp‘z[—l 3”2 8“1 3} [18 52]
. . .. 16 =20
(d) The matrix of L with respect to the standard basis is [L]s = 6 -6l
The change of coordinates matrix from 8B to S is
5 4 5 4
e[ BLJ-E S
3¢ 12]s 3 2
. . . —1 1 _2 4
So, the change of coordinates matrix from Sto Bis P~ = 513 s
Hence, the B-matrix of L is
11-2 4 |{16 -20||5 4 4 0
—_ p-1 — =
(Els =P [L]SP‘2[3 —5”6 —6”3 2] [o 6]
Copyright © 2013 Pearson Canada Inc.
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3 1
0 4
I -1

D =

(e) The matrix of L with respect to the standard basis is [L]s =

D

The change of coordinates matrix from B to S is
1 0 1 [
1 1 o |=

0 S 1 S 1 S -

1 | |
1
So, the change of coordinates matrix from S to 8 is Pl = 3 -1 1 1 }

1 1 I -1|[3 1 T1J[1 0 1 4 20
[Llg = P"'[L]sP = 3 -1 1 110 4 2|1 1 0|=(0 4 2
1 -1 1]|1 -1 5[0 1 1 0 0 4

4 1 -3

16 4 -18|.

O =

P=

O =
— O

Hence, the B-matrix of L is

(f) The matrix of L with respect to the standard basis is [L]s =

The change of coordinates matrix from B to S is

LR

-1 -1 3
So, the change of coordinates matrix from S to Bis P~ = [—1 0 1 ]

1
1
1

P=

Hence, the B-matrix of L is

N

[Llg = P'[L]sP =
2 1 =3||6 1 =511 1 1 [0 O 3

-1 -1 3[4 1 =3][1 0 1] [2 O O
-1 0 1]|16 -18{|1 3 2(=j0 -2 O

A8 (a) We need to write find the B-coordinates of the images of the basis vectors. So, we need to solve

1 0 0
1{+ax|1{+a3|0
1 1 1

] 0 0
+b2 1 +b3 0
1

1

0 0
1 0
1 1

2
L(1,1,1) = 2| =a
10

LO,1,D)=|2|=p

LO,0,H)=]1|=c + + 3

1
1
1]
.
1
1
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We get three systems of linear equation with the same coefficient matrix. Hence, we row reduce the triple
augmented matrix to get
1 0 0(2 1 O 1 002 1 O
11 0(2 2 1 |~f{010]0 1 1
1 1 1/0 -1 -1 00 1|-2 -3 =2
The columns in the augmented part are the B-coordinates of the image of the basis vectors, hence
2 1 0
[Llg={0 1 1
-2 -3 -2
(b) We need to write find the $8-coordinates of the images of the basis vectors. So, we need to solve
Ll+x) =1+ =a(1+x) +a(-1 +x) +az(1 —x+ x>
L=1+x) =1+ =bi(1 + ¥*) + bo(=1 + x) + b3(1 — x + x%)
LA -x+x*)=1=ci(1+x)+c(=1+x) +c3(1 —x+x7)
We get three systems of linear equation with the same coefficient matrix. Hence, we row reduce the triple
augmented matrix to get
1 -1 1|1 -1 1 1 0 01 -1 1
0o 1 -1{0 0 O0|~]0 1 0|0 2 -1
1 0 1|1 1 O 00 10 2 -1
The columns in the augmented part are the $-coordinates of the image of the basis vectors, hence
1 -1 1
[Llg=(0 2 -1
0 2 -1
(c) We need to write find the B-coordinates of the images of the basis vectors. We have
L(1) =0=0(1) + 0x + 0x*
L(x) =1=1(1) + 0x + 0x?
L(x*) = 2x = 0(1) + 2x + Ox*
Hence,
010
[Dlg=]0 0 2
0 00
(d) We need to write find the $8-coordinates of the images of the basis vectors. So, we need to solve
L'1 m _[r 1] |t 1'+ 10'+ 11
0 o]/ [o 2| "o oo 1|70 1
(1 0] [1 1] (1 1] 0] 11
L(»o 1_)‘ o0 2/=P10 o220 1 ”’3[0 1}
L’l I\ _[r 2] [t 1'+ 1o'+ 11
0 1])7 [0 3|70 o7 0 17?0 1
Copyright © 2013 Pearson Canada Inc.
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We get three systems of linear equation with the same coefficient matrix. Hence, we row reduce the triple
augmented matrix to get

1 1 11 1 1 1 0 0/-1 -1 -2
1 0111 2|~{0 100 0 -1
01 12 2 3 0012 2 4

The columns in the augmented part are the B-coordinates of the image of the basis vectors, hence

-1 -1 =2
[Tlg=10 O —1}
2 2 4
Homework Problems
s 6 2 3 -1 0
Bl (a)[Llg = 3 _7},[L(x)]3: 26} O [Llg=|-3 4 2 ,[L(X)]B=[—25‘
L 0 -1 6 9
[0 4 5 0 0 1
B2 @ILs=|) O] (b) [L]B=[O _3] © [L]B=[O 0]
0 1 0 4 0 O 1 1 0 5 10
B3 (a)[Llg=|0 O 2‘ (b)[Llg=]0 O —1‘ ©[Llg=|0 0 0] @[Llg=|5 1 O‘
1 0 0 02 0 0 0 O -4 1
[ 2 0 0
B4 (a) B= { ] [3} [Pefpaz)]g—[o 1}
[ 2 1 1 0 0 0
(b) B { 1} [ 2] { } [perp(21 ls = [O 1 0]
] 0 1] 0 0 1
1 2 1 0 0
(C) B= { ] l 1 ,[ } [reﬂ(1,2,3)]g = l 0 1 0
] 0 0 0 1

B5 (a) = —1]
13 2
0 0 3
b) [Llg=|5 O —1‘
02 2
0
) L(5,2,1) = [19‘
7

B6 (a)

1k
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0 4 2
330

(b) [Llg =

010}

(c) L(1,4,4) = I ‘

1
@ (s = |y 1
4 0
O) s =y 4}
(1 2 3
© [Ls=[0 1 2]
0 0 1
-1 0 O
@ [Lls=]0 1 0]
|0 0 2
[ 333 198 729
@ L5 =| 550 —328}’[]“()?)]8: —1206]
(3 6 0
®) (s = |7, 4] [L(D]s = 10}
0 2 4 16
(©) [Llg=]0 2 0,[L()?)]B:l4]
0 0 6 18
2 0 O] -2
@ [Lls=[0 -4 0,[L(@]B=l0‘
0 0 6 6
(3 0 1]
(@ [Llg=]2 0 1
11 1]
(1 1 1
() [Lls =1 2 o}
11 0 1
1T 0 0 O
© Ls=|g o 0 7
0 0 0 O
-4/5 6/5 -1/5
@ [Dls = |-2/5 -2/5 —3/5]
14/5 -16/5 6/5
1
@) [Lls =] 2]
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Section 4.6 Matrix of a Linear Mapping
Conceptual Problems
D1 We have [L]g = P"'[L]sP so [L]s = P[L]gP~". Thus,

[Llc = 0"'[L1sQ = O"'P[L1gP'Q

D2 We have

0 d
(A% AR =[div di

Al = vz][dl 0]

Thus, the vectors ¥ and ¥, must satisfy the special condition
A\71 = d1\71 and A\72 = d2\72

We shall see in Chapter 6 that such vectors are called eigenvectors of A.

D3 Suppose that x = byvy + - -+ + b,v,. Then we have

by
clLlslxls = |[LOvDle -+ [Lvle]| ;
bn
= DiLOVDIe + -+ + bal LVl
= [BILOVD) + -+ buL ()l
= [L(b1vi+ -+ byVa)le
= [LX®)]c

D4 (a) We have

D(1) =0 =0(1) + Ox
D(x)=1=1(1) + Ox
D(x?) =2x = 0(1) + 2x

010
Thus,CDg=[O 0 2].
(b) We have
L, -D=x*=01+x)+1(1+x)+1(-1 —x+x%)
L(1,2)=3+x>=3(1+x3)-2(1 +x) = 2(-1 — x + x%)
0 3
Thus cLg =|1 -2|.
1 =2

Copyright © 2013 Pearson Canada Inc.
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200 Chapter 4 Vector Spaces

(c) We have
T(z,—l):[(l) ‘3)]= 2[(1) (1)+[(1) (1)+2[(1) ﬂm? 8]
T(1,2)=[(3) _01]=4[(1) é}+3[(1) (1’_4[(1) }+0[(1) 8]
2 4
Thus ¢Tg = ; _34.
0 0
(d) We have
oo {31
L(1+x)=(1)]=1 o ﬂ
L(~1+x+ ) = :(2)]=_2[(1) 12 }]

Thus CLB = [_31 (1) _22}

4.7 Isomorphisms of Vector Spaces

Practice Problems

o S Q

Al (a) Wedefine L: P3 — R*by L(a + bx + cx*> + dx*) =
d
To prove that it is an isomorphism, we must prove that it is linear, one-to-one and onto.

Linear: Let any two elements of P3 be p(x) = ag + box + cox’ + dox> and ¢(x) = a; + b1 x + ¢ x> + d x* and

Copyright © 2013 Pearson Canada Inc.
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let t € R then

L(tp + q) = L(t(ap + box + cox® + dox>) + (a) + byx + ¢ x> + d; x°))

L((tag + ay) + (thy + b))x + (tco + ¢1)x> + (tdy + d1)x°)

tag + a;
_ thy + by
h tco + ¢
tdy + d,

do| |d,
=tL(p) + L(q)

Therefore L is linear.

One-to-one: Let p(x) = a + bx + cx*> + dx*> € Null(L). Then

0

0 2 3

0 =Lla+bx+cx +dx’) =
0

QUL O T

Hence, a = b = ¢ = d = 0. Thus, the only vector in Null(L) is {0}. Therefore, L is one-to-one by Lemma
4.7.1.

o S Q

Onto: For any | | € R* we have L(a + bx + cx* + dx*) = | |. Hence L is onto.

a
b
c
d d

Thus, L is a linear, one-to-one, and onto mapping from P3 to R* and so it is an isomorphism.

a
(b) We define L : M(2,2) — R* byL([‘c’ Z])= lc’

d

To prove that it is an isomorphism, we must prove that it is linear, one-to-one and onto.

co dp c1 d

_ ap bo| |a1 b
aen—ifo B[ 4

-7 tag + a; thy + by
h tco+ ¢y tdy + d

Linear: Let any two elements of M(2,2) be A = [ao bo] and B = [al bl] and let 7 € R then

Copyright © 2013 Pearson Canada Inc.
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Co C
do] 1d,

=tL(A) + L(B)
Therefore L is linear.

One-to-one: Let A = [Z Z} € Null(L). Then

0 a
0 a b b
0 _L([c d})_ c
0 d

Hence, a = b = ¢ = d = 0. Thus, the only vector in Null(L) is {0}. Therefore, L is one-to-one by Lemma
4.7.1.

. Hence L is onto.

o S Q

a
Onto: For any bl R* we have L([a bD =

c c d
d

d

Thus, L is a linear, one-to-one, and onto mapping from M(2,2) to R* and so it is an isomorphism.

(c) We define L : P3 —» M(2,2) by L(a + bx + cx* + dx*) = [Ccl Z]

To prove that it is an isomorphism, we must prove that it is linear, one-to-one and onto.

Linear: Let any two elements of P3 be p(x) = ag + box + cox”> + dox® and ¢(x) = a; + b1x + ¢ x> + d x* and
let € R then

L(tp + q) = L(t(ag + box + cox® +dox®) + (a1 + bix + ¢ x° + d1x3))

= L((lao +ay)+ (tb() +by)x + (tco + C1))C2 + (tdo + dl)x3)

_|tao +ay thy + by
h tco + ¢ tdy +d;

_lao bo| |ar b
_t[co d| " | dl]
=tL(p) + L(q)

Therefore L is linear.
One-to-one: Let p(x) = a + bx + cx* + dx® € Null(L). Then
[0 0

_ 2 3 a b
0 0]—L(a+bx+cx +dx)—[c ]

d
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Hence, a = b = ¢ = d = 0. Thus, the only vector in Null(L) is {0}. Therefore, L is one-to-one by Lemma
4.7.1.

b]. Hence L is onto.

Onto: For any [ d

“ b} € R* we have L(a + bx + cx* + dx*) = [a
c d c

Thus, L is a linear, one-to-one, and onto mapping from Pz to M(2,2) and so it is an isomorphism.
(d) We know that a general vector in P has the form (x — 2)(a;x + ag). Thus, we define L : P — U by

L((r = 2)(arx + o)) = [‘3 aoo ]

Linear: Let any two elements of P be a = (x — 2)(a;x + ag) and b = (x — 2)(b1x + by) and let ¢ € R then

L(ra+b) = L(t(x — 2)(a1x + ap) + (x — 2)(b1x + by))
= L((X - 2)((1‘&1 + b])x + (lao + bo))

_|tap + b, 0

a 0 tay + by

_ aq 0 b] 0 _

= I[O ao} + [0 bo] =tL(a) + L(b)

Therefore L is linear.

One-to-one: Assume L(a) = L(b). Then

L((x = 2)(arx + ag)) = L((x = 2)(b1x + bp)) = [63 cg)] B [% 12)}

This gives a; = b; and agp = by hence a = b so L is one-to-one.

ai

@ 0} € U we can pick a = (x — 2)(a;x + ap) € P so that we have L(a) = [O

0
0 a ao} hence

Onto: For any [

L is onto.

Thus, L is an isomorphism from P to U.

Homework Problems

B1 In each case verify that the given mapping is linear, one-to-one, and onto.

(a) Define L(a + bx + cx> + dx® + ex*) =

AL O T Q

(b) Define L([z l; ;Dz

~ o &0 -8
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1

o veme ] - [

(d) Define L(a;(x — 1) + ax(x* = x) + az(x* — x%)) = [

1

+bl2

1

ap  a
0 as )

Conceptual Problems

D1

D2

D3

D4

D5

D6

Suppose that L is one-to-one and let x € Null(L). Then L(x) = 0 = L(0). Hence, by definition of one-to-one,
X = 0. Thus, Null(L) = {0}. On the other hand, assume Null(L) = {0}. If L(u;) = L(u,), then

0=L(u) - L) = L(u; —u)

Thus, u; —u, € Null(L) and hence, u; —u, = 0. Therefore, u; = u, as required.

(a) Letx € Null(M o L). Then, 0 = (M o L)(x) = M(L(x)). Hence, L(x) = 0, since Null(M) = {0} by Lemma
1. But, L(x) = 0 also implies x = 0 by Lemma 1. Thus, Null(M o L) = {0} and so M o L is one-to-one by
Lemma 1.

(b) Let M(x;) = (x1,0) and L(x1, x2) = (x1). Then, (M o L)(x1, x3) = (x1,0), so M is one-to-one, but M o L is
not one-to-one.

(c) Itis not possible. If L is not one-to-one, then the nullspace of L is not trivial, so the nullspace of M o L
cannot be trivial.

Let w € W. Since M is onto, there is some v € V such that M(v) = w. But, L is also onto, so given v € V, there
isau € U such that v = L(u). Thus, w = (M o L)(u).

Since L is onto, for any v € V there is a u € U such that L(u) = v. Since L is one-to-one, there is exactly one
such u. Hence, we may define a mapping L™' : V — U by L™!(v) = u if and only if v = L(u). It is easy to verify
that this mapping is linear.
If they are isomorphic, then by Exercise 3, they have bases with the same number of vectors, so they are of the
same dimension.
If they are of the same dimension, let {uy,...,u,} be a basis for U, and {vy,...,v,} be a basis for V. Define
L:U — Vby

Ltiay + -+ t,u,) =tvy + - + 1,V

It is easy to verify that L is linear, one-to-one, and onto. Hence, U and V are isomorphic.

Let {uy,...,u,} be a basis for U.
Suppose that L is one-to-one. By Exercise 1, {L(u;), ..., L(u,)} is linearly independent and hence a basis for V.
Thus, every vector in v = V can be written as

v=nLy)+- -+ t,L(u,) = L(tyay +--- + 1,1,)

so L is onto.
If L is onto, then {L(u,), ..., L(u,)} is a spanning set for V and hence a basis for V. Let v € Null(L). Then,

0=L(¥v)=Ltjuy +---+t,u,) = HL(wy) +--- + t,L(u,)

But, {L(u,),...,L(u,)} is a basis and hence linearly independent. Thus, #;, = --- =, = 0, so v = 0. Thus,
Null(L) = {0} and hence L is one-to-one by Lemma 1.
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D7 Any plane through the origin in R? has vector equation X = sii + ¥, s, ¢ € R, where {if, ¥} is linearly independent.
Thus, {iZ, V} is a basis for the plane and hence a plane through the origin is two dimensional. Thus, by Theorem
3, a plane through the origin in R3 is isomorphic to R?.

D8 Since (uy, 0)+(uy,0) = (u; +uy, 0), and #(u;, 0) = (ru;, 0); Ux{0v} is a subspace of UXV. Define an isomorphism
L : U x {0y} — U by L(u, 0) = u. Check that this is linear, one-to-one, and onto.

D9 (a) Check that L((uy, us),v) = (uy, us, v) is an isomorphism.
(b) Check that L((u1,...,u,), Wi,..o, Vi) = (U1, ... Uy V1, ..., V) i an isomorphism.

D10 Letx € Uso that L(x) € V. Then (M o L)(x) € V, so (L™' o Mo L)(x) € U. Thus, L™! o M o L is a linear mapping
from U to U (a composition of linear mappings is linear).
Note that since L is invertible, both L and L~! are one-to-one, and hence have trivial nullspaces.
The range of L™! o M o L is the “isomorphic image” in U under the mapping L' of the range of M o L. Since
L is an isomorphism, L is onto, so the range of L is all of the domain of M; hence the range of M o L equals the
range of M. Thus the range of L™! o M o L is the subspace in U that is isomorphic (under L") to the range of M.
Similarly, the nullspace of L™ o M o L is isomorphic to the nullspace of M. In particular, it is the isomorphic
image (under L™!) of the nullspace of M.

Chapter 4 Quiz

Problems

E1 (a) The given set is a subset of M(4,3) and is non-empty since it clearly contains the zero matrix. Let A and
B be any two vectors in the set. Then, a;; + ajp + a3 = 0 and by + bjp + b1z = 0. Then, the first row of
A + B satisfies
aiy +b11 +a12+b12+a13+b13 =dai +app+as +b11 +b12+b13 =0+0=0
so the subset is closed under addition. Similarly, for any ¢ € R, the first row of ¢A satisfies

tay + tapp +tayz = t(ay +app +az) =0

so the subset is also closed under scalar multiplication. Thus, it is a subspace of M (4, 3) and hence a vector
space.

(b) The given set is a subset of the vector space of all polynomials and is clearly contains the zero polynomial
so it is non-empty. Let p(x) and ¢g(x) be in the set. Then p(1) = 0, p(2) = 0, g(1) = 0, and ¢(2) = 0. Hence,
p + g satisfies

(p+q)(1) = p(1) +4(1) =0 and P+q9)(2)=p2)+4q(2)=0

so the subset is closed under addition. Similarly, for any ¢ € R, the first row of 7p satisfies

P =1p()=0  and  (p)2)=1p2) =0

so the subset is also closed under scalar multiplication. Thus, it is a subspace and hence a vector space.
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. L S 1 1.
(c) The set is not a vector space since it is not closed under scalar multiplication. For example % [1 1] is not

in the set since it contains rational entries.

(d) The given set is a subset of R* and is non-empty since it clearly contains 0. Let £and ¥ be in the set. Then,
x1 +x +x3 =0and y; +y, + y3 = 0. Then, X + ¥ satisfies

X1+y1+xXo+y,+x3+y3=X1+x+x3+y;+y,+y3 =0+0=0
so the subset is closed under addition. Similarly, for any ¢ € R, £¥ satisfies
X1+t +tx3 =tx1+x+x3)=0

so the subset is also closed under scalar multiplication. Thus, it is a subspace of R® and hence a vector
space.

E2 (a) A setof five vectors in M(2,2) must be linearly dependent by Theorem 4.3.4, so the set cannot be basis.

(b) Consider
tll+t01+t01 2 21100
M2 1|7 3 4 -2|710 0

+t
1 -1 13"
Row reducing the coefficient matrix of the corresponding system gives

1 0 0 2 1 00 2
11 1 2 010 1
2 1 1 4|17lo 01 -1
1 -1 3 =2 o oo o

Thus, the system has infinitely many solutions, so the set is linearly dependent and hence it is not a basis.

(c) By Theorem 4.3.4, a set of three vectors in M(2,2) cannot span M(2,2), so the set cannot be basis.

E3 (a) Consider
1 1 3 1
0 1 3 1
H|1|+6 |0+l +6] 1 |=
1 1 0 -2
1 2 0

3

S O OO

0

Row reducing the coefficient matrix of the corresponding system gives

1 1 3 1 1 00 O
01 3 1 010 -2
1 01 1]~|0 0 1 1
1 1 0 -2 000 O
31 2 0 000 O

Thus, B = {V, ¥, 3} is a linearly independent set. Moreover, V4 can be written as a linear combination of
the V|, %5, V3, so B also spans S. Hence, it is a basis for S and so dim S = 3.
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(b) We need to find constants 1, t,, 3 such that
1 1 3 0
0 1 3 2
t|l|+6|0|+5|1|=|-1
1 1 0 -3
3 1 2 -5
1 1 3 0 1 0 0 -2
1 1 3 2 01 0 -1
1 01 —-1{~f0 0 1 1
1 1 0 -3 000 O
31 2 -5 000 O
-2
Thus, [¥]g = |—1].
1
0 1
E4 (a) Let Vv, =|1|and ¥, = |0|. Then, {;,,} is a basis for the plane since it is a set of two linearly independent
0] 1
vectors in the plane.
[ 1
(b) Since V3 = | 0 | does not lie in the plane, the set B = {V|, 1, V3} is linearly independent and hence a basis
|—1
for R3.
(c) By geometric arguments, we have that
L(Vl) = 171 = 1\71 + 0\72 + 0\73
L(172) = \72 = 0\7)1 + 1\72 + 0\73
L(173) = —\73 = 0171 + 0\72 + (—1)\73
So
1 0 O
[Llg=]10 1 O
0 0 -1
(d) The change of coordinates matrix from B-coordinates to S-coordinates (standard coordinates) is
01 1
P={1 0 O
01 -1
It follows that
0 0 1
[Lls=P[L1gP'=|0 1 0
1 00
Copyright © 2013 Pearson Canada Inc.
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ES The change of coordinates matrix from S to B is

1 0 1
P=1|1 1 —1‘
01 1
Hence,
1 -1 2 0 2/3 11/3
[Llg=P'|-1 0 1|P=|-1 2/3 —10/3]
-2 1 0 0 1/3 1/3

E6 IftiL(vy) + -+ + t;L(vy) = 0, then
0= L(tyvi + - + [ Vy)

and hence ;v + - -+ + 1 v, € Null(L). Thus,
v+ -+ (v =0
and hence r; = --- = f = 0 since {vy,...,V;} is linearly independent. Thus, {L(v}),...,L(Vy)} is linearly
independent.
E7 (a) FALSE. R" is an n-dimensional subspace of R".

(b) TRUE. The dimension of P is 3, so a set of 4 polynomials in P, must be linearly dependent.

(c) FALSE. The number of components in a coordinate vector is the number of vectors in the basis. So, if 8
is a basis for a 4 dimensional subspace, then the 8-coordinate vector would have only 4 components.

(d) TRUE. Both ranks are equal to the dimension of the range of L.

(e) FALSE.If L : P, — P, is a linear mapping, then the range of L is a subspace of P,, but the columnspace
of [L]g is a subspace of R*. Hence, they cannot equal.

(f) FALSE. The mapping L : R — R? given by L(x|) = (x;,0) is one-to-one, but dim R # dimR.

Chapter 4 Further Problems

Problems
F1 Let B = {¥,..., Vi) be a basis for S. Extend {V,...,V} to abasis C = {V|,..., Vk, Vks1,..., V) for V. Define a
mapping L by

L(ciVi + =+ + ¢uy) = CratVir1 + -0+ + CaVp
For any ¥,y € V and r € R we have

L(tZ+ ) = L((tcy + dy)Vi + -+ - + (tc, + d,)Vy)

= (teps1 + die1)Vie1 + - + (te, + dy)V,

-

- - -
= H(Chi1 Vel + 00+ CVp) + diy Vi + 00+ dyVy,

= tL(X) + L)

Hence L is linear.
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If ¥ € Null(L), then
0= L(-f) = L(Cﬂ_}l +-+ cn‘_}n) = Ck+117)k+l R Cn‘7n

Hence, ¢jy1 = -+ = ¢, = 0, since {¥41, ..., V,} is linearly independent. Thus, ¥ € Span{¥y,...,V} = S.
If ¥€ S, then ¥ = 61\71 + "'+C]<\_/)k and

L(®) = L(ci¥ +--+cih) =0

Therefore, ¥ € Null(L).
Thus, Null(L) = S as required.

Suppose that the n X n matrix A is row equivalent to both R and S. Denote the columns of R by 7}, and the
columns of S by §;. Then R is row equivalent to S. In particular, the two matrices have the same solution space.
So, R = 0 if and only if S % = 0.
First, note that 7; = 0 if and only if RZ ;= 0 if and only if S& = 0 if and only if § = 0. Thus, R and S must
have the same zero columns. Therefore, to simplify the discussion, we assume that R and S do not have any zero
columns.
Then the first column of R and S must both be &). By definition of RREF, the next column of R is either 7 = &,
or 7 = r2@). In the first case, the first two columns of R are linearly independent, so the first two columns of S
must be linearly independent because R¥ = 0 if and only if S ¥ = 0. Hence, § = &. In the second case, we have
R(—I"lzé)l + 32) = 6, SO

6 = S(—Vlzgl + 22) = —r12§’1 + §2

Thus, $) = =28 = —r128] = P.
Suppose that the first k columns are equal and that in these k columns there are j leading ones. Thus, by definition
of RREF, we know that the columns containing the leading ones are €;,...,&;. As above, either 7| = &j;1 or

Perl = Ig+1)@1 + -+ - + Tjges1)€;. In either case, we can show that §j,.; = 7, using the fact that RX = 0if and only
if S = 0. Hence, by inductionR = S.

(a) The zero matrix is a magic square of weight zero, so M.S 3 is non-empty. Suppose that A is a magic square
of weight k and B is a magic square of weight j. Then

A+B)+(A+B)p+A+B)i3=ay +byy+ap+bp+as+bz=k+j

Similarly, all other row sums, column sums, and diagonal sums are k + j, so A + B is a magic square of
weight k + j.

By a similar calculation, all row sums, column sums, and diagonal sums of fA are tk, so tA is a magic
square of weight tk. Thus MS 5 is closed under addition and scalar multiplication, so it is a subspace of
M@, 3).

(b) Suppose that A and B are magic squares of weights a and b respectively. Then
wt(tA + B) = (tayy + b11) + (tain + bio) + (tayz + byz) = t wt(A) + wt(B)

So wt is a linear mapping.

1 0 a

(c) Since X, =|b ¢ d|isin the nullspace of wt, all row sums are equal to zero. From the first row, a = —1.
e f g

The column sums are also zero, so e = —1 — b, f = —¢, g = 1 — d. The diagonal sums are also zero, so
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(d)

(e

®
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l+c+1—-d=0and-1+c—-1-5b=0. These gived = 2+ cand b = -2 + c. Next, the second row

I 0 -1
sum is zero, so =2 + ¢ + ¢ + 2 + ¢ = 0 which implies ¢ = 0. Thus, X, = [-2 0 2 |. Now consider
1 0 1
0 1 A
X, =i J k|. From the first row, & = —1. From the columns, [ = —i, m = =1 — j,n = 1 — k. From
[ m n
the diagonal sums we find that k = 1 + jand i = —1 + j. From the second row sum it then follows that
0o 1 -1 00 p
J=0.Thus, X, =|—-1 0 1| Finally, consider O =g r s|. From the first row, p = 0. From the
I -1 0 ru v
columns, t = —¢q, u = —r, and v = —s. From the diagonals, r = —v and r = —f = ¢g. Then the second row
0 00
givesr=0,and0 =0 O 0}.
0 00

Does 8 = {X 1,X2} form a basis for this nullspace? It is easy to see that sX; + tX, = O if and only if
s =t =0, so B is linearly independent. Suppose that A is in Null(wt). Then

0 = wt(A) — a;y wi(X,) — app wi(X,) = wt(A — a1 X — anX,)

0

k
This implies that A — a;1 X, — a;2X, € Null(wt). By construction, it is of the form [*

x|, From out

* ¥ O

k
work above, this implies that A — anX, —anX, =0, so

A =anX, —anX,
Thus, 8 is a basis for Null(wt).

Clearly all row, column, and diagonal sums of J are equal to 3, so J is a magic square of weight 3. Let A
be any magic square of weight k. Then,

k k
wt(A - gl) = wt(A) — th(l) =k-k=0
Therefore, A — %1 is in the nullspace of wt. Thus, for some s,7 € R we have A — 13‘ J =sX, +1X,. Thatis
k
A= §1+s)_(1+t)_(2

Since {X 0> Xz} is linearly independent and J ¢ Null(wt), it follows that {1 X, X 2} is linearly independent.
Part (d) shows that this set spans MS 3 and hence is a basis for MS ;.

A is of weight 6, so k/3 = 2. Hence,

1 1 1 1 0 -1 0o 1 -1
A=2|1 1 If{+s|-2 0 2|+¢(-1 0 1

1 11 1 0 1 1 -1 0

2
It is easy to check that s = 1 and t = —1, so the coordinates of A with respect to this basis is [ 1 ‘
-1
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F4 Let f and g be even functions. Then

(f+8)(=0) = f(=x) + g(=x) = f(x) + g(x) = (f + &)(x)
() (=x) = 1f(=x) = 1f(x)

so the set of even function is a subspace of continuous functions. The proof that the odd functions form a
subspace is similar.
For an arbitrary function f, write

100 = 300+ F-0) + 370 = F-)

Let | |
[r= E(f(x) +f(=x), f = E(f(x) - f(=x)

Then,
1 1
F10 = 3160 + 1) = 37+ F-0) = 17
70 = 30 = ) = =5(F ) = F-9) = = ()

So f* is even and f~ is odd. Thus every function can be represented as a sum of an even function and an odd
function. Thus, the subspace of even functions and the subspace of odd functions are complements of each other.

F5 (a) Let{V,...,V:} be abasis for S and let {w, ..., W} be a basis for some complement T. Since S + T = R”",
V1,..., Vi, Wi, ..., W} is a spanning set for R”. Suppose for some sy, ..., Sk, t,...,1

N
S1\71+"'+Sk\7k+t1v1_;1+"'+Z‘ZW)1=0

Then
S1\7)1 +"'+S]<\_/)k = —tlﬂ;] —---—tlsz‘l
and this vector lies in both S and T. Since SU T = {6}, and we know that {V{, ..., vV} and {w;,..., W} are
both linearly independent, it follows that s; = -+ = sy = f; = --- = f; = 0. Thus, {V|,..., Vi, W,..., W} is
also linearly independent and hence a basis for R”. Therefore, [ = n — k.
(b) Yes. Suppose that S is neither {6} nor R”. Then S is k-dimensional with O < k < n. Let {V},...,V;} be a
basis for S, and let {Vi.1, ..., V,} be a basis for some complement T. Then Span{V; + Vi1, Vis2,...,V,} is

an n — k dimensional subspace of R", not equal to T. Thus, it is another complement for S. Therefore, only
{0} and R" have unique complements.

F6 Suppose that T = Span{V, S} and U = Span{w, S}. Suppose that w € T. Every vector in T can be written in the
form 1V + §for some r € R and § € S. Hence, w = ¥+ §. If w ¢ S, ¢ cannot be zero, so

1
7=-(-3)

for some § € S. Thus, V € U.
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F7 SUT is a subspace of S, so it is certainly finite dimensional. Suppose thatdim S = s, dim T = ¢, and dim SUT = k.

We consider first the case where k < t, s < t. Then there is a basis {vy,..., v} for S U T. This can be extended
to a basis for S by adding vectors {wy,...,w,_4}. Since k < ¢, T contains vectors not in S. In fact, since T
has dimension ¢, we can extend {vi,...,V;} to a basis for T by adding a linearly independent set of vectors
{z1,...,2;,_+} in T. But then

{Vl,. . .,Vk,Wl,...,Ws_k,Zl,...,Z,_k}

is a minimal spanning set for S + T, and hence a basis, and

dm(S+T)=k+(s—-k)+(t—-k)=s+1t—-k
=dimS +dimT -dimSUT

If s =k, then SUT = S. Similarly, if r = k, T = T U T. In either case, the result can be proven by a slight
modification of the argument above.
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CHAPTER 5 Determinants

5.1 Determinants in Terms of Cofactors

Practice Problems

2 -4

Al (a) 7 5

‘ =2(5)-(-4)7 =38

® |7 }’=(—3>(1>—1<2)=—5

(©) i i‘ =1(H)-1(1)=0

(d) Since the third column is all zeros we get the determinant is 0.

(e) Since the matrix is upper triangular, the determinant is the product of the diagonal entries. Hence, the
determinantis 1-0-3 = 0.

(f) This matrix is not upper or lower triangular, so we cannot apply the theorem. However, the technique used
to prove the theorem can be used to evaluate this determinant.

Expanding the determinant along the bottom row gives

; _51 _37 g 5 -7 8 5 -7 8

=1=D"*'"|-1 3 0/+0+0+0=(=1)|-1 3 0
4 2 00 2 0 0 2 0 0
1 0 0 0

15 -7 8
2 -1 3 0 _ . a7 8
4 2 o ofTCDREDTH, 0'
1 0 0 0

= (=D@I=7)0) - (B)(3)] = 48
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A2 (a) We have

3 4 0
2 1 —1|=3-=D"! _11 _21|+4(—1)'+2 _24 _21+0
-4 -1 2
=3[1(2) = (=D(=D] + 4(=D[(2(2) = (=1)(-4)]
=3(1)-4(0) =3
(b) We have
3 21
‘—1 4 5 =3(—1)1+14 5+2(—1)1+2 - +1(-D'*3 -l 4'
2 1 301 3 2
3 21
=3[4(1) = 5(2)] + 2(=D[(=1)(1) = 5(3)] + 1[(-=1)(2) — 4(3)]
=3(=6) = 2(=16) + 1(=14) = 0
(c) We have
(2) ! (2)_11 3 2 1 0 2 1
=2(-D" 0 2 2|+1(-D"?|-4 2 -2+
4022 -5 2 1 3 02 1
3 -5 2 1
0 3 2
0+ (=D(E=D"*-4 0 2
3 -5 2
We now need to evaluate each of these 3 X 3 determinants. We have
3 02 1
0 2 —2:3(—1)‘+12 _2+2(—1)‘*2 0 "2+1(—1)”3 0 2‘
2 1 -5 1 -5 2
-5 2 1
=3[2(1) = (=2)(2)] = 2[0(1) = (=2)(=5)] + 1[0(2) — 2(=5)]
=3(6) — 2(=10) + 1(10) = 48
0 2 1
-4 2 =2/=0+2(-D'*? _34 _12‘+1(—1)1+3 _34 g‘
302 1
= (=[=H) = (=2)3)] + 1{[(-D(2) - 2(3)]
=(=2)2) + 1(-14) = -18
0 3 2
-4 0 2[=0+3(=D'"? _34 §|+2(—1)‘+3 _34 _05‘
3 -5 2

= (IEDHER) = 23)] + 2[(=H(=5) + 03)]
= (-3)(-14) + 2(20) = 82
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Hence,
2 1 0 -1
0o 3 2 1
40 2 -9~ 2(48) + (—1)(—18) + 1(82) = 196
3 -5 2 1
(d) We have
! _03 4 (1) -3 4 1 2 -3 1
=1(-D"3 2 4[+0+4-D"|-1 3 4+0
b3z 1 2 4 1 1 4
1 1 -2 4
Next, we evaluate each of the 3 X 3 determinants.
-3 4 1
32 4 =E=3)=n! S 4(-1'*? 34, 1(=1)!*? 302
-2 4 1 4 1 -2
1 -2 4
= (=324 —4(=2)] - 4[(B4) —4(D] + 1[3(=2) = 2(1)]
=(-3)(16) —4(8) + 1(-8) = —88
2 -3 1
-1 3 4{=2(-D! 3 4 +(=3)(=D'*2 4y 1=+ -l 3'
1 4 1 4 1 1
1 1 4
=2[(3@#) = 4] + 3[(=D@) = 4D] + 1[(-D(1) = 3(D)]
=2(8)+3(-8) + 1(-4) =-12
Hence,
1 0 4 0
-3 4 1
103 2 47 1(—88) + 4(—12) = —136
1 1 -2 4
A3 (a) By expanding the determinant along the third column we get that the determinant is 0.
(b) Since there are no zeros in the matrix, it does not matter which row or column we expand along. We will
expand along the second column.
-5 2 -4
2 -4 6|=2-D'"? 2 6, (—4)(-1)**? B 2(-1)**? S
-6 -3 -6 -3 2 6
-6 2 3
= —2[(2(=3) = 6(=6)] — 4[(=5)(=3) — (=H)(-06)] — 2[6(=5) — 2(-4)]
=(-2)(30) + (-4)(-9) + (-2)(-22) = 20
(c) Expanding the determinant along the first column gives
2 1 5
4 3 —1f=2(-H! i’ :5‘ +4(=1)*" i _52 +0
01 -2
=2[(3(-2) = (=D(D)] - 4[1(=2) - 5(1)]
=2(-5)—-4(-7) =18
Copyright © 2013 Pearson Canada Inc.
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(d) Expanding the determinant along the third column gives

PR 34

=0+0+0+3-D*3|4 -1 -6
1 -1 0 -3 1 -1 -3
4 -2 3 6

Next, we need to evaluate the 3 X 3 determinant. Expanding along the first column gives

-3 4 1
4 -1 —6|=(=3)(-D'! :1 :6 +4(=1)*! _4 _1 + (=1 _4 _1
1 -1 -3 b b b

= =3[(=D(=3) = (=6)(=D] = 4[4(=3) = I(=D)] + [4(=6) = 1(=D)]
=(-3)(-3)-4(-11)-23 =30

Thus,
-3 4 0 1
4 -1 0 -6
1 -1 0 3= (-3)(30) = =90
4 -2 3 6

(e) Expanding the determinant along the first column gives

8 g _11 f 6 1 2 6 1 2

=0+0+3=D>"5 -1 1[|+5-D""5 -1 1
305 33 6 -3 -6 -5 -3 -5
5 6 -3 -6

Next, we need to evaluate the 3 X 3 determinants. Expanding both along the first row gives

6 1 2

-1 1 51 5 -1

5 -1 1|=6(-D"" +1(-D'*? +2(-1'"? ‘
6 3 6 -3 -6 6 -6 6 -3

= 6[(=1)(=6) = 1(=3)] = [5(=6) = 1(6)] + 2[5(=3) = (=1)6]

= 6(9) - (=36) +2(=9) = 72
6 1 2
5 -1 1[=6-D""" _15 1(-)'*? _55 _15 2(-1'? _55 :;‘
-5 -3 -5

= 6[(=D)(=5) = 1(=3)] = [5(=5) = 1(=3)] + 2[5(=3) = (=1)(=3)]
= 06(8) — (—20) + 2(-20) = 28

Hence,
0 6 1 2
0o 5 -1 1
3 .5 3 _5|= 3(72) — 5(28) =76
5 6 -3 -6
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(f) Continually expanding along the first column gives

1 3 4 -5 7
0 -3 1 2 3 _03i | g
0 0 4 1 0=1-D
0 0 -1 8
0 0 0 -1 8 0 0 4 3
0 0 0 4 3
4 1 0
=1(-3)(-D"o -1 8
0 4 3
-1 8
_ _ 11+l
=1E=3)@ED T, 3|
= (D(=3)DI(=1(3) - 8(4)] = 420
A4 (a) We get
1 -1
1 0|=3-D" _21 2+1(—1)2+2 _11 "51+0
-1 0 5
= (=3)[2(5) = 0(=D)] + [1(5) = (=1)(=1)] = =26
1 -1
1 0]=3(-1*! 2 -1 + 1(=1)** D
0 5 -1 5
-1 5
= (=3)[2(5) = 0(=D)] + [1(5) = (=1)(=1)] = =26
Thus, det A = det A7
(b) We get
_12 (2) ; i -2 2 5 1 3 4
=2(-D"2|3 1 4|+0+0+5-D**-2 2 5
3014 4 1 =2 3 1 4
4 5 1 =2
We now evaluate the 3 x 3 determinants by expanding along the first rows to get
-2 2 5
3 1 4 :(—2)(—1)1+11 4 +2(—1)1+23 4 +5(—1)1+33 1‘
1 =2 4 =2 4 1
4 1 =2
= (=2[(1(=2) = 4] = 2[(3(=2) = 4] + 5[3(1) - 1(4)] = 51
1 3 4
-2 25 :1(—1)1“2 > +3(-1)'*?| 5+4(—1)1+3 22
s 14 1 4 3 4 31

= [2(4) = 5(D] = 3[(=2)(4) = 5(3)] + 4[(=2)(1) = 2(3)] = 40
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Hence,
1 2 3 4
-2 0 2 5
3 0 1 a|=EDED+540) =98
4 51 =2
For AT we get
é _02 g i -2 3 4 1 -2 3
=2=D"?|2 1 1[+0+0+5-D*2|3 2 1
32 1 5 4 -2 4 5 4
4 5 4 =2

We now evaluate the 3 X 3 determinants by expanding along the first columns to get

-2 3
— 1+11 1 1+23 4 1+33 4
i i _12—(—2)(—1) 4 o T2EDTT S SEDT 1’
= (=2)[(1(=2) = 4(1)] = 2[3(=2) = 4H] + 5[3(1) = 1(4)] = 51
1 -2 3
— 1(_ 1+12 1 _1h\1+2 -2 3 143 -2 3
Z z 411_1( 1) 5 4’+3( 1) 5 4|+4( 1) ) 1‘

= [2(4) = 5(1)] = 3[(=2)(4) = 5(3)] + 4[(-2)(1) = 2(3)] = 40

Hence,
1 -2 3 4
2 0 0 5
3 2 1 1|7 (=2)(51) + 5(40) =98 = det A
4 5 4 =2

A5 (a) Expanding along the first row gives

0 1

detE, = 1(-D)'*! Lo

+0+0=10-1)=-1

(b) The matrix is upper triangular, hence det £, = 1(1)(1) = 1.
(c) The matrix is upper triangular, hence det E5 = (=3)(1)(1) = 3.

Homework Problems

Bl (@0 (b) 12 ©)2 (d) 0 (e)6 (f) 24

B2 (a0 (b) -75 (c) 256 (d) 21

B3 (a)75 (b) 78 (c) -4 (d) 184 (e)-39 () -294
B4 (a)-1 (b) -44

B5 (@5 (b)-1 ©) 1
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Computer Problems

Cl (a)51.67 (b) -1256.62 ©0

Conceptual Problems

D1 We will prove this for upper triangular matrices by induction on n. The proof for lower triangular matrices is
similar. If A is 2 X 2, then
a  an

detA = 0 an

= dapa

Assume the result holds for (n — 1) X (n — 1) matrices. Then for an n X n upper triangular matrix A we can expand
along the first column to get
detA = ap(=1)"*" det A(1,1)

But, Aj; is the upper triangular matrix obtained from A be deleting the first row and first column. So, by the
inductive hypothesis
detA = ajjax - ay,

as required.
D2 (a) The equation is
(a2 = ba)xy + (b1 — a1)x2 = —(a1by — azxby)

s it is certainly a line in R? unless both a; — b, = 0 and b; — a; = 0, in which case the equation says only
0 =0. If (x1, xp) = (a1, az), the matrix has two equal rows, and the determinant is zero. Hence (a;, a») lies
on the line, and similarly (b1, b,) lies on the line.

X1 x x3 |1

. . ay dy as 1 _
(b) The equation is det by by by 1| 0.
c1 C C3 1

If the points are collinear, ¢ — d = t(l; —a) for some t,or ¢ = (1 —1)d + b. Since three rows of the matrix
are linearly dependent, the cofactors of entries in the first row are the determinants of 3 X 3 matrices with
three linearly dependent rows, and such determinants are zero. Hence, the equation degenerates to 0 = 0
in this case.

5.2 Elementary Row Operations and the Determinant

Practice Problems

A1 When using row operations to simplify a determinant, it is very important to be careful how the row operation
changes the determinant. Recall that adding a multiple of one row to another does not change the determinant
and swapping rows multiplies the determinant by (-1). Also, multiplying a row by a scalar ¢ multiplies the
determinant by ¢, but always remember when using the row operation to simplify a determinant to think of
‘factoring” the multiple out of the row.
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(a) Since performing the row operations R, — 3R and R3 + R; do not change the determinant, we get
1 2 4
detA=10 -5 -12
0 5 6
The row operation R3 + R, does not change the determinant, so
1 2 4
detA=0 -5 -12|=1(-5)(-6) =30
0 0 -6
Hence, A is invertible since det A # 0.
(b) Since swapping rows multiplies the determinant by (-1) we get
1 11
detA=(-1D]2 2 1
322
Performing the row operations R, — 2R and R3 — 3R do not change the determinant, we get
1 1 1
detA=(-DJ0 0 -1
0 -1 -1
Since swapping rows multiplies the determinant by (-1) we get
I 1 1
detA=(-D(1D)0 -1 —-1|=CDEDHM)(-D(-1)=1
0 0 -1
Hence, A is invertible since det A # 0.
(c) Since performing the row operations R} — R, and Rz — R, do not change the determinant, we get
4 0 0 O
1 2 -1 1
detA = > 0 2 3
-2 0 3 5
Next, we multiply row 1 by }‘ which has the effect of factoring out the 4. We also add row 3 to row 4 which
does not change the determinant. So,
1 0 0 O
1 2 -1 1
detA =4 >0 2 3
00 5 8
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Next, we perform the operations R, — R; and R3 — 2R; which do not change the determinant. Then

1 0 0 O
0 2 -1 1
detA =4 00 2 3
00 5 8
Finally, we perform the operation Ry — %R3 to get
1 0 0 O
detA =4 02 e 4H(2)2)(1/2) =8
Mo 0 20 3|7 -
00 0 1/2

Hence, A is invertible since det A # 0.

(d) Since performing the row operations R, + 2R, R3; — 2R}, and R4 — R do not change the determinant, we
get

S O =

1
0
0

NN W

1
detA = !
1
00 4 2

There are two identical rows, so detA = 0 by Corollary 5.2.3. Hence, A is not invertible.

(e) We first multiply the first row by % which has the effect of factoring out 5 from the first row. So,
-1
detA =5

p—
~ o W N
—_ O\ N —
—_ W

-1

The row operations R, — Ry, R3; — Ry, and R4 + R; do not change the determinant, so

1 21 -1
01 4 8
detA =5 005 4
09 2 0

The row operations R4 — 9R,, does not change the determinant, so

1 2 1 -1
01 4 8
detA =5 00 5 4

0 0 =34 -72

Finally, the row operation R4 + %R3 also does not change the determinant, hence

= 5(1)(1)(5)(=224/5) = —1120

Consequently, A is invertible.
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A2 (a) Using the row operations R, — R; and R; — Ry, which do not change the determinant, and a cofactor
expansion along the first column gives
1 -1 2 1 -1 2
11 —2l=l0 2 -4 =1‘§ ‘14‘=14
1 3 0 3 1
(b) The row operations R, — 2R, and Rz + R; do not change the determinant, so we get
2 4 2 2 4 2
4 2 1|=|0 -6 =3
-2 2 2 10 6 4
The row operation R3 + R; also does not change the determinant, so
2 4 2 2 4 2
4 2 1|=0 -6 =3|=2(-6)(1)=-12
-2 2 2 10 0 1
(c) The row operations R, — 2R, R3 — 3R}, and R4 — R; do not change the determinant, so
1 2 1 2 1 2 1 2
2 415 100 -1 1
3659 100 2 3
1 3 4 3 01 3 1
Using column expansions, we get
1 21 2
0 -1 1
2 4 1 5 -1 1
365 9‘1? i f‘lz 3“_5
1 3 4 3
(d) Using the column operations C3 + C; and C4 + 3C}, which do not change the determinant, and a cofactor
expansion along the first row gives
2 0 -2 -6 2 0 0 0
2 -6 -4 -1|_|2 -6 -2 5 _2:2 _22 _56
-3 4 5 3| |-3 -4 2 -6 1 -5 _a
-2 -1 -3 2 -2 -1 -5 -4
Next use the row operations R; — 6R3 and R, — 4R, which do not change the determinant, and a cofactor
expansion along the first column to get
20 o 0B
2 -6 -4 —1_2_1 _2(_1)28 29_716
_3_453__5 B 22 10|
-2 -1 -3 2 4
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A3 (a) Using R; — 2R, and R3 — 4R, and a cofactor expansion, we get

0o 1 3
detA=1 1 —1]=(-1)
0 p-4 2

1 3

4 2I2—2+3(p—4)=3p—14

A is invertible when det A # 0, so when 3p — 14 # 0. Therefore, A is invertible for all p # 13—4

(b) Using R; — 2R4, R3 — R», and a cofactor expansion, we get

o1 2
detA = =Dl 2 1
00 5 5 05 5
1 0 1 0
Using R; — 3R, and another cofactor expansion gives
0 -7 p-3 7 -3
detA=(-Dfl 2 1 | =D P =-35-5(p-3)=-5p-20
0 5 5 > >

Therefore, A is invertible when —5p — 20 = det A # 0. Hence, A is invertible for all p # —4

(c) Using Ry — Ry, R3 — R, R4y — R}, and a cofactor expansion gives

detA = =3 8 15
03 8 15| o 7,
07 26 p-1 p

Next, we use Ry — 3R, R3 — 7R, , and a cofactor expansion to get

1 2 3 s
detA=[0 2 6 |= |12 _22|:2(p—22)—72:2p—116
0 12 p-22 p

Consequently, A is invertible when 2p — 116 # 0, hence for all p # 58.

A4 (a) We have detA = 13 and det B = 14. Next, we find that AB = [Z 206}’ SO

detAB = 182 = (13)(14) = detAdet B

(b) Using R + 2R, and R3 + 3R, and a cofactor expansion, we get

0 8 -I _
detA =[-1 2 -1 :(—1)(—1)‘6 _1‘:_2
0 6 -l
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224 Chapter 5 Determinants

Using R + R, and R3; + 4R, and a cofactor expansion, we get

0o 3 7 3 7
detB=|-1 0 5 :(—1)(—1)‘] 21‘:56
0 1 21
2 7 25
Next, we find that AB=|-7 —4 7 |. To evaluate det AB we use C; — C; and C3 + C| to get
11 11 8
2 5 27
detAB=|-7 3 0 =11E 207‘+19‘_27 g‘
11 0 19

=—891 +779 = =112 = (-2)(56) = detAdet B

A5 (a) Since rA is the matrix where each of the n rows of A must been multiplied by r, we can use Theorem 5.2.1
n times to get det(rA) = r" det A.

(b) We have AA™" is I, so
1 =det] = detAA™" = (detA)(detA™")

by Theorem 5.2.7. Since detA # 0, we get detA™! = deltA.
(c) By Theorem 5.2.7. we have 1 = det/ = detA*> = (det A)>. Taking cube roots of both sides gives det A = 1.

Homework Problems

B1 (a) detA = —25, hence A is invertible.
(b) detA = 0, hence A is not invertible.
(c) detA = 115, hence A is invertible.
(d) detA = —48, hence A is invertible.
(e) detA = 448, hence A is invertible.
(f) detA =0, hence A is not invertible.
B2 (a) -33
(b) -51
(c) -16
(d -3
B3 (a) detA = p—6,s0A isinvertible forall p # 6
(b) detA = —p+2,s0 A is invertible for all p # 2
(c) detA =10+ 10p, so A is invertible for all p # —1
(d) detA =2p— 116, s0 A is invertible for all p # 58

=21 2

B4 (a) detA=5,detB=—11,detAB=det[17 |

[--ss
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8 3 5
(b) detA = —23, detB = 2, det AB = det [—3 2 19‘ = —46
4 2 4

Conceptual Problems

D1 We have detA = det AT = det(—A). Observe that —A is the matrix obtained from A by multiplying each of the n
rows of A by —1. Thus, by Theorem 5.2.1, we have det(—A) = (—1)" det A. Thus, since n is odd det(—A) = — det A.
Hence, det A = — det A which implies that det A = 0.

D2 By Theorem 5.2.7, we have 0 = det AB = det A det B. Therefore, we must have detA = 0 or det B = 0.

D3 We can say that the rows of A are linearly dependent. The range of L(¥) cannot be all of R* and its nullspace
cannot be trivial by the Invertible Matrix Theorem.

D4 By Theorem 5.2.7, we have

det(P~'AP) = det P~' det Adet P = det A det P! det P
= detAdet(P~'P) = detAdet] = detA

D5 (a) Expanding along the first row gives

a+p b+q c+r
det| & e f |=@+plS v+l rcenl® ©
h k g k g h
g h k
_le fl_,1d f d e e fl_d f d e
=4 kW]l k+c‘g WPl k" e k|7 e
a b c p q r
=det|d e f|+det|ld e f
g h k g h k
(b) Repeat the step of part (a) on the second row to obtain the answer
a b c p q r a b c p q r
det|d e f|+det|ld e f|+det|x y z|+det|x y z
g h k g h k g h k g h k

D6

a+b p+q u+v a+b p+q u+v| |la+b p+qg u+v
det|b+c q+r v+w|=|c—a r—-p w-ul=|c—a r—-p w-u

c+a r+p w+tu c+a r+p w+u 2c 2r 2w
a+b p+q u+v a+b p+qg u+v
=2lc—a r—-p w—ul=2| -a -p —u
c r w c r w
b q r b q r a p u
=2|-a —-p -ul=-2a p u|=2det|b q v
c r w c r w c row
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D7
1 1 1 1 1 1 I 1 1
det|l 1+a 1+2a | =10 a 2a =0 a 2a|=2d°
1 (1+a)? (1+2a)? 0 2a+d*> 4a+4d® 0 &* 4d®
D8 (a) Using the fact that detA = det AT we get
ap  app rags an  ax  as ap a4z ap  app A
det|ay, ax rax|=det|ap an ayp | =rdet|ay, axp azxl|=rdet|lay ax»n ax
az  asxn  ras raiz  rasy  rass a3 ax a3 az  asxn a3
(b) Observe that BT is the matrix obtained from A” by multiplying the i-th row of AT by a factor of r. Thus,
we have
det B = det B" = rdetA” = rdetA
(c) Observe that BT is the matrix obtained from A” by adding a multiple of row to another. Thus, we have
det B = det B” = detA” = detA
5.3 Matrix Inverse by Cofactors and Cramer’s Rule
Practice Problems
1 3 10 -4
Al (a) Wehave detA = ’4 10’ = —2and cof A = [_3 | ] Hence,
1 1110 -3
Al = fA) = —
deca Ot =5 [—4 1 ]
(b) WehavedetA = ° | =7andcofA=|"} | Hen
ehavedetA=|, || =7andcofA=] , .| Hence,
1 -1 -2
-1 = fA T = —
deia Y =705 3
(c) We have
4 1 7 0o 13 7 13 7
detA=(2 -3 1|=|0 3 1/=(-2) 3 1:16
-2 6 0 |-2 6 0
-6 -2 6
and cof A =42 14 -26|. Hence,
22 10 -14
| 1—6 42 22 1—3 21 11
A-lzd A(cofA)Tzﬁ -2 14 10|==|-1 7 5
o 6 -26 14 3 -13 -7
Copyright © 2013 Pearson Canada Inc.
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(d) We have
4 0 -4 4 0 O
detA=|0 -1 1|={0 -1 1|=4
-2 2 -1 -2 2 =3
-1 -2 =2
-8 -12 -8
-4 -4 -4

and cof A = . Hence,

0 1

= -2 12 -4
detA

2 -8 -4

(cof A)T =

1
4

-1 -8 —4]

A2 (a) WegetcofA =

-1 5 -2
341 2-3t —11}.
-3 -2-2t -6
-2t-17 0 0 -1 3+1 -3
0 -2t -17 0 ‘ SodetA = —2r-17,and A™! :ﬁ[s 2-3t —2—4
0 0 -2t-17 -2 -11 -6
provided —2¢ — 17 # 0.

(b) A(cof A)T =

A3 (a) The coeflicient matrix is A = [i 5

}, so detA = 19. Hence,

X1 =

907 5719
12 6 -4
19 19

I |6 _3|_ 51

X2

3.7

Thus, the solution is ¥ = [

51/19
—4/19|

(b) The coefficient matrix is A = B _33}, so det A = —15. Hence,

1‘2 3‘ 21 7
X1 =—— ==

“ 1505 -3
1 32‘ 11 11

VT 50 5T -

1515

Thus, the solution is ¥ = [

7/5
-11/15|

7 1 -4
-6 -4 11|, so

4 -1 =2

(c) The coefficient matrix is A =

7 1 -4 |7 1 -4
detA=]-6 -4 1|=[22 0 -15|=(-1)

'22 —15‘
4 -1 =2/ |11 0o - -6

0 -3
‘(_1)‘11 —6"_33
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Hence,

1 1 3 -4 1 -21 21
x1=——10 -4 1|=—=|0 -4 1 =—|_ l:—:—
—336 1 o —330 36 -331-3 6| -11 11
o 76 (3) ‘14 1 76 (3) _14 —3'—6 1‘ 26
= ——= |- = — | — = —_— [
-33 4 6 -2 -33 210 0 6 -33|-10 6 11
T L I T R ! IR WY PP S '
BET 0 0= 0= 0 5T T
B 4 -1 6/ |-10 =3 0 B
21/11
Thus, the solution is ¥ = |-26/11].
2
2 3 =5
(d) The coefficient matrixisA ={3 -1 2|, so
5 4 -6
2 3 =5 (11 0 1 11
detA=13 -1 2|=|3 -1 2/=(-1 17 2’:—5
5 4 -6/ (17 0 2
Hence,
| 2 3 -5 | 2 5 -9 15 -9 3
X]=—5] —] 2 :—5] O O :—57 _1225
B3 4 -6 P37 -12]
P2 a3 0 s o) -2
n=gp L 21=3) 00 10 1=3) TS
5 -6 T|-4 0 -12|
O A T T A A IR
X3=—53 -1 12—50 0 12—5_47=?
5 4 3 -4 7 31

3/5
Thus, the solution is ¥ = |—12/5].
-8/5

Homework Problems

1 _
B @ _—34[_27 _ﬂ

1[3 -4
5k 3
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870101 4 6

-1 2 2
-2 5 4
1 -1 -1

112 =23 9
—(12 6 9

1 -6 —-18 -12
Plo 42 24
[-24 -24 32 12
o #3212
-96| O 24 32 12
| 24 0 =32 24
4r+1 -10 3+2¢
(a) cof A = -1 14 —4
-1-3¢+ 11 2t-3
1+ 14+ 0 0 4tr+1 -1 —-1-3¢
(b) A(cofA) =| 0 1+14 0 | SodetA =1+ 14, andA™ = S| -10 14 11
0 0 1+ 14¢ 3+2t -4 2t-3
provided 1 + 14¢ # 0.
@ (-107/43
| —49/43
[ 9/4
®) —7/4]
(30/77
(c) | 2/11
57/77
[—16
(d) |-32
| 7
Conceptual Problems
det N;

D1

(a)

(b)

By Cramer’s Rule we have x; = 3575 where N; is the matrix obtained from A by replacing its i-th column
by d; (its i-th column). Thus if i # j, then N; has two equal columns, so det N; = 0. Thus, x; = 0 for i # j.
If i = j, then N; = A, so x; = 1. Therefore, X = &;.

Since A is invertible, AX = d; has a unique solution. We know the linear mapping with matrix A maps &;
to d;, so €; is the unique solution.
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1 3 2 s
D2 detA=2[1 0 0=—2‘0 3‘:—18.
2 0 3
1 1 20 1 e
A )y = ( fAT) - FAY = —(—17*2|0 3 2|=—=1
(A7 ) IetA (cof A) o detA(CO )32 18( ) 13
00 3
| B 2 -1 0
A V) = ( fAT) - fA = —(—D>*0 1 ol=0
(A" a2 TetA (co )42 detA(CO )24 18( ) e

5.4 Area, Volume, and the Determinant

Practice Problems

Al (a) We have Area(i, V) = |det [g 3” =21-10 = 11.
L |18 L |34
(b) We have Au = [19] and AV = [20].
-4 6
(c) detA = N -26.

(d) We can calculate the area of the parallelogram induced by the image vectors by calculating the area directly
using Ail and AV to get
18 34

Area(Au, AV) = 19 20

det[ ” =|—286| = 286

Or, we have
Area(Ail, AV) = |det A|Area(i, V) = | — 26|(11) = 286

A2 We have Ail = ﬁ] AV = [_22] Hence,

Area(Aii, AV) = |det ﬁ _22” =|-8 =8
A3 (a) The volume determined by i, V, and W is
2 2 1
volume(iZ, v, w) = |det [ﬁ’ v W” =|det|3 -1 5| =163]=63
4 -5 2
(b) We have
1 -1 3
detA=14 0 1/=42
0 2 5
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(¢) The volume of the image parallelepiped is
volume(Ai, AV, AW) = | det Alvolume(i, ¥, W) = [42]63 = 2646

A4 (a) The volume determined by i, ¥, and W is

01 2
Volume(ﬁ’,\_z’,ﬁ):|det[17 ; w]'z det{2 -5 1‘ = |- 41| =41
35 6
(b) We have
3 -1 2
detA=[3 2 -1|=78
1 4 5

(c) The volume of the image parallelepiped is
volume(Aii, AV, AW) = | det Alvolume(i, ¥, w) = 78|41 = 3198

A5 (a) The 4-volume determined by V|, ¥, V3, and ¥y is

1 0 0 1
volume(V, Vo, V3, V1) = |det (2) 1 g g =|5|=5
0 3 05
(b) The 4-volume determined by the images AV, Av,, AV, and AV is
volume(AV, Av,, AV, AV,) = | det Alvolume(V}, ¥, ¥, V) = | — 49]|5| = 245
A6 The n-volume of the parallelotope induced by v, ..., ¥, is |det [\7’1 X \7’,,]‘. Since adding a multiple of one

column to another does not change the determinant (see Problem 5.2.D8), we get that

)det [17’1 17’”]

- |det[\71 17”+t171]|

which is the volume of the parallelotope induced by vy, ..., V,_1,V, + tV].

Homework Problems

Bl (a) 2
L [e2] . [36
(b) Aii = [32},Av_ [18}
© 18
62 36
(d) ’det [32 18” = |- 36| = 18(2)
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B2 AZ = [(1)},14?2 = m Area= [det [(1) i] =
B3 (a5
(b) 15
(c) 75
B4 (a) 47
(b) =33
(c) 1551
BS (a) 13
(b) 273
Conceptual Problems
D1 The n-volume of the parallelotope induced by 2¥},,,...,V, is ‘det [2\71 Vo e \7’,1”. Since multiplying a

column of a matrix by a factor of 2 multiplies the determinant by a factor of 2 (see Problem 5.2.D8), we get that

det[27 7 oo wl[=2ldem B o 7
Thus, the volume of the parallelotope induced by v, ..., ¥, is half of the volumne of the parallelotope induced
by 2V, V5, ..., Yy
D2 We have L(¥) = AXand M(X) = B¥. Then, M o L = M(L(X)) = B(AX) = (BA)X. Hence, for any ii, ¥, W € R® we
have

Volume(BA#, BAV, BAW) = 'det |BAit BAV BAW”
:'det(BA[ﬁ 7 w])‘
:|detBA||det[ﬁ’ 7 Vv]‘

= | det BA|Volume(i, ¥, W)

Hence, the volume is multiplied by a factor of | det BA|.

Chapter 5 Quiz

Problems
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E1 Expanding along the third column gives

-2 4 00
1 229 N
=2(-1)"|-3 6 3
-3 6 0 3 1 -1 o0
1 -1 00
Expanding along the third column again we get
-2 4 00
1 -2 2 9 _ _1\2+3 -2 4 _
1 -1 00

E2 Since the row operations R, + 2R, R3 — Ry, and R4 — R do not change the determinant we get

32 7 =8 32 7 -8

-6 -1 -9 20 0 3 5 4
3 8 21 -17]" |0 6 14 -9
3 5 12 1 03 5 9
Now using the row operations R3; — 2R, and R4 — R, gives
3 2 7 =8 3 2 7 -8
-6 -1 -9 20 0 3 5 4
3 8 21 -17/ |10 0 4 -17 =33)AHE) = 130
3 5 12 1 0 00 5
E3 We have
02 000
00030 3 8 g 8 0 3 0
00001=50001=5(2)001
00 400 04 0 0 4 0 0
50 0 06
30
=5(2)4) 0 1= 52)@3)(1) =120
E4 We have
kK 2 1
0 3 kl=k(3+4k)+202k-3)=4k>+Tk—-6
-2 -4 1

Hence, the matrix is not invertible whenever k> + 7k — 6 = 0. Applying the quadratic formula, we get

(o TTENTADEE) T V19
- 2(4) 87 8
Hence, the matrix is invertible for all k # —Z + Y18,
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ES5 (a) Since multiplying a row by a constant multiplies the determinant by the constant, we get 3(7) = 21.
(b) We require four swaps to move the first row to the bottom and all other rows up. In particular, we keep
swapping the row that starts in the top row with the row beneath it until it is at the bottom. Since swapping
rows multiplies the determinant by (-1) we get (—=1)*(7) = 7.
(c) 2A multiplies each entry in A (in particular, each entry in each of the 5 rows) by 2. Hence, factoring out
the 2 from each of the 5 rows we get 2°(7) = 224.
(d) By Theorem 5.2.7, 74— = 1.
(e) By Theorem 5.2.7, det(ATA) = det AT det A = det AdetA = 7(7) = 49.
E6 We have
2 3 1 2 33 33
detA=(1 1 1|=1 1 2 :(—2)‘1 N =-6
-2 0 2 |-2 00
and
1 1 {1 1 2 1
A, = fA),, = —Ci3 = — = ==
(A0 = G (ol = G243 = 5 ‘ 2 00" %6 3
2 3 1
E7 The coefficient matrixis A=|1 1 —1|. We get
-2 0 2
2 3 1 2 33 33
detA=|1 1 —-1|=|1 1 O =(—2)‘1 0‘=6
-2 0 2 -2 0 0
Hence,
| 2 1 1 | 0 3 3 3 |
xz:dAl -1 —1281 -1 —1=?=—§
o 1 2 0 -1 0
E8 (a) The volume of the parallelepiped is
1 2 0
volume(iZ, v, w) = [det| 1 -1 3| =33
-2 3 4
(b) The volume of the image parallelepiped is
volume(Aii, AV, Aw) = | det Alvolume(i, v, w) = | — 24|(33) = 792
Chapter S Further Problems
Problems
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F1 LetA = [Zz’l e 5,,]. Since all row sums are equal to zero, we get that
a4+ +dy=0

Therefore the columns are linearly dependent, so detA = 0.

F2 From the assumption, det A and det A~! are both integers. But, detA™! = L and

detA”
if detA = =1.

1
detA

is an integer if and only

F3 First, suppose that all three angles are less than or equal to 7. Let P be the point on the line from A to B such that
CPis orthogonal to AB. Then, from the figure,

¢ = ||AB|| = ||AP|| + ||IPB|| = bcos A + acos B
Similarly,

a=ccosB+bcosC

b=acosC + ccosA

(If one of the angles is greater than 2, these equations will still hold, but a slightly different picture and calculation
is required.) Rewrite the equations,

bcosA +acosB =c

ccosB+bcosC =a

ccosA +acosC=»b
and solve for cos A by Cramer’s Rule:

c a 0

a c b

b 0 a c(ca)-a@®-bp) b +3-a°

COSA = = =

b a 0 2abc 2bc

0 ¢ b

c 0 a

F4 (a) Ifa=0b, Vi(a,b,c) = 0 because two rows are equal. Therefore (a — b) divides Vi(a, b, ¢). Similarly, (b — ¢)
and (¢ — a) divide V3(a, b, ¢). Hence, for some f,

Vi(a,b,¢) = tic —a)c —b)b—a) =tb—a)* +---

The cofactor of ¢? in the determinant is (b — a), so t = 1. Therefore, V(a, b, c) = (¢ — a)(c — b)(b — a).

(b) The same argument shows that (d — a), (d — b), (d — ¢), (¢ — a), (c — b), (b — a) are factors of Vs(a, b, c,d).
The cofactor d° in the determinant is exactly V3(a, b, ¢), and this agrees with the coefficient of &® in (d-
a)(d — b)(d — c)Vs(a, b, c). Hence,

Vi(a,b,c,d) = (d — a)(d — b)(d - c)V5(a, b, c)
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F5 (a) We have

app dpz a4 dig
dpy  d23 A4 az;p dzp a4z

a1 Ay A Ay
=a; |0 a3y au|-ap|0 a3 axu
0 0 ax aun

0 ap au 0 apz au
0 0 as aw

_ azy azg aszsz  ds4
=dapan —apds

i3 Qa4 a3 A4
_ azs  ass
= (arjaxn — appazr)

as3  Qs4

=detA; detAy

1 0 1 0] 1 0 2 0
Al‘[o 2]’A2‘[0 3"A3‘[o 1}’A4‘[0 5}

Then det A; det A4 — det A, det A3 = 2(10) — 3(1) = 17. However

(b) Let

1010 |1 01 0
0203 _joo0o0 -7_,
10201001 0
0105 o105

Thus, det A # det A; det A4 — det A, det As.

bas  bys
bsy  bss
of B), then along the fourth column (which contains the first column of B):

A A A
det 037 = —bys det Os, + bss 03,1
0,3 B

F6 (a) LetB = ] Expand the big determinant along its fifth column (which contains the second column

01,3 b54 01,3 b44
= (—bysbsy + bygbss)det A = det A det B

(b) By six row interchanges (each of two rows in B with each of three rows in A), we can transform this matrix
into the matrix of part (a). Hence, the answer is (—1)® det A det B = det A det B.
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CHAPTER 6 Eigenvectors and Diagonalization

6.1 Eigenvalues and Eigenvectors

Eigenvalues and Eigenvectors of a Mapping

Practice Problems

Al We have
-10 9 5][1 (-5 1
AV =|-10 9 5 [|0|=|-5|# 4]0
| 2 3 -—1][1 | 1 1
[-10 9 51 [0 1
Av, =|-10 9 5 (|0]=]0|=0{0
| 2 3 -1]|2 10 2
[-10 9 5 (-6 1
Av3=[-10 9 5 =|-6l=-6|1
| 2 3 —1][-1] 6 -1
[-10 9 51[1] -14 1
Avy=|-10 9 5 ||-1|=|-14|#a|-1
| 2 3 1] 1] -2 1
-10 9 5][1 4 1
Avs=[-10 9 5 ||1|=14|=4|1
| 2 3 -1][1 4 1

1 1
0‘ is an eigenvector with eigenvalue 4 = 0, l 1 ‘ is an eigenvector

1 1
Hence, [O‘ and [—1] are not eigenvectors of A,
-1

1 1

[\

1
with eigenvalue A = —6, and ll] is an eigenvector with eigenvalue A = 4.
1

A2 To find the eigenvalues of a matrix, we first find and factor the characteristic polynomial C(1) = det(A — Al).
Then, the roots of C(1) are the eigenvalues of A. We find a basis for the eigenspace of each eigenvalue A by
using the method in Section 3.4 to find a basis for the nullspace of A — Al. In particular, we are just finding a
basis for the solution space of the homogeneous system (A — AV = 0. Recall that we do this by row reducing
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238 Chapter 6 Eigenvectors and Diagonalization

the coefficient matrix A — A/, writing the reduced row echelon form of the coefficient matrix back into equation
form, and solving by row reducing. However, with practice, one can typically find a basis for the solution space
by inspection from the reduced row echelon form of the coefficient matrix. Optimally, you want to practice these
so much (and think about the result) until you can do this. You will find that this saves you a lot of much needed
time on tests.

We will demonstrate the full procedure of finding a basis for the nullspace of A — A/ for the first few examples
here, and we will solve the rest by inspection.

(a) We have

CA) = A -51+6=1-2)A1-3)

6 5-41

a1’

Hence, the eigenvalues are 4; = 2 and A, = 3.
To find a basis for the eigenspace of 1; = 2 we row reduce A — ;1. We get

2 1 1 -1/2
a-2r=[ 5~ )

Putting this into equation form we get x; — %xz = 0. Thus, x, = t € R s a free variable, and x; = %xz = %t,

so we get the general solution is
L=
X=
1
/2
1

Thus, a basis for the eigenspace of 4, is {[ . However, we could also pick any scalar multiple of this.

So, an better choice might be {[ ;]}

To find a basis for the eigenspace of 1, = 3 we row reduce A — 1,1. We get

[3 1] [t -13
O

Writing this into equation form we get x; — %xz = 0. Thus, x, =t € Ris a free variable, and x; = %xz = %t,
so we get the general solution is

-

Thus, a basis for the eigenspace of A, is {[3}}

—

(b) We have
1-2 3

_ 2 _(1_ 12
0 1—1“1 2+1=1-1)

C) :l

Hence, the only eigenvalues is 4; = 1.
To find a basis for the eigenspace of 1; = 1 we row reduce A — ;1. We get

0 3] [o 1
A‘”‘[o 0]“’[0 0]
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Writing this into equation form we get x, = 0. Thus, x; = # € R is a free variable, and the general solution

is
S x|t ; 1
*Tln| T o] T o
Thus, a basis for the eigenspace of A; is {[(])}}

We have
2-2
0 3

Hence, the eigenvalues are 4; = 2 and 4, = 3.

C(/l):‘ ?/l’=(/1—2)(/1—3)

To find a basis for the eigenspace of 1; = 2 we row reduce A — ;1. We get

0o 0] [o 1
A‘”‘k JNk 4

Writing this into equation form we get x, = 0. Thus, x; = 7 € R is a free variable, and the general solution

“ -

Thus, a basis for the eigenspace of 4, is {[(1)}}

To find a basis for the eigenspace of A, = 3 we row reduce A — 1,1. We get
-1 0 1 0
A_3I‘[o 0]~[o 0}

Writing this into equation form we get x; = 0. Thus, x, = 7 € R is a free variable, and the general solution

“ eofl-o

Thus, a basis for the eigenspace of A, is {[(1)}}

We have
_|-26-4 10 | _ B
C(/l)—‘ _75 29_/1‘—/1 3l-4=A+1DA-4)
Hence, the eigenvalues are 4; = —1 and A, = 4.
For A4, = -1,
=25 10 1 -5/2
A_(_l)"[—75 30]"‘[0 0 ]
. . . [15/2 . 5
Thus, a basis for the eigenspace of A; is 1 |forwe could pick S l(
For A, = 4,
|30 10 1 -1/3
A_4I_LJ5 %}~k 0]

Thus, a basis for the eigenspace of A, is {[ﬂ}
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We have
1-2 3

cu):’ 4 2-2

‘:Az—3/1—10=(/1—5)(/1+2)

Hence, the eigenvalues are 4; = 5 and 4, = -2.

For 4, =5,
-4 3 1 -3/4
reaefi 3 ¥

Thus, a basis for the eigenspace of A; is {[3}}

33 11
A—(—2)I=[4 4}'“[0 o]

Thus, a basis for the eigenspace of A, is {[_11}}

For A4, = -2,

We have
3-2 3

cw=P5" 7,

l:/12+3/1=/1(/l+3)

Hence, the eigenvalues are 4; = 0 and A, = —3.
For 4; =0,
3 -3 1 -1
A_OI_[6 —6]~[O 0}
. . . 1
Thus, a basis for the eigenspace of A; is e

6 =3] [1 -1/2
A_(_3)I_[6 —3]~[0 o}

Thus, a basis for the eigenspace of A, is {B}}

For /12 = —3,

From what we learned in question A2 (b) and (c), we see by inspection that the eigenvalues are 4; = 2
and 1, = 3. Moreover, each appear as a single root of the characteristic polynomial, so the algebraic
multiplicity of each eigenvalue is 1. If you are not confident with finding the eigenvalues by inspection at
this point, find and factor the characteristic polynomial to verify the result.

For 4, = 2,
0 2] [o 1
A_ZI_[O 1]~[0 0}

Thus, a basis for the eigenspace of A; is {[(1)]}

the dimension of the eigenspace is 1. Hence, the geometric multiplicity of 1; = 2 is 1.

For A, = 3,
-1 =21 [1 2
A‘”‘[o O]N[O o}

. Since a basis for the eigenspace contains a single vector,
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1
the dimension of the eigenspace is 1. Hence, the geometric multiplicity of 1, = 3 is 1.

Thus, a basis for the eigenspace of A is {[ }} Since a basis for the eigenspace contains a single vector,

From what we learned in question A2 (b) and (c), we see by inspection that A; = 2 is a double root of the
characteristic polynomial. Hence, it has algebraic multiplicity 2. Verify this result by finding and factoring

the characteristic polynomial.
0 -2 0 1
A‘”‘[o o]~[0 0}

For A, = 2,
Thus, a basis for the eigenspace of A; is {[0]} Since a basis for the eigenspace contains a single vector,

the dimension of the eigenspace is 1. Hence, the geometric multiplicity of 4; = 2 is 1.

We have
1-2 1

CO=1_1 3.2

= —41+4=1-2)7

Hence, the eigenvalue is 4; = 2. Since it is a double root of the characteristic polynomial we have the
algebraic multiplicity is 2.
-1 1 1 -1
A_ZI_[—I 1]~[0 0}

For 4, = 2,
Thus, a basis for the eigenspace of A; is {[1]} Since a basis for the eigenspace contains a single vector,

the dimension of the eigenspace is 1. Hence, the geometric multiplicity of | = 2 is 1.
We have

-1 =5 3

CHh=|-2 -6-a12 6

-2 =7 7-2
Instead of just expanding the determinant along some row or column, we use row and column operations
to simplify the determinant. This not only makes calculating the determinant easier, but also can make the
charactersitic polynomial easier to factor. We get

-4 -5 3 -4 -5 -2
CH=|-2 -6-2 6 |[=]-2 -6-1 -4
0 -1+4 1-2 0 -1+4 O

= (-1+D)W -4 =-A-DA-2)A+2)

Thus, the eigenvalues are 4; = 1, A, = 2, and A3 = -2, each with algebraic multiplicity 1.

For A, =1,
-1 -5 3 1 0 -3
A-I=|-2 -7 6|/~[0 1 O

-2 -7 6 00 O

3

Thus, a basis for the eigenspace of 4; is {[0}} Since a basis for the eigenspace contains a single vector,
1

the dimension of the eigenspace is 1. Hence, the geometric multiplicity of 4; = 11is 1.
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-2 -5 3 1 0 1
A-2I=|-2 -8 6({~|0 1 -1
-2 0

-7 5 0

For A, = 2,

-1
Thus, a basis for the eigenspace of A, is {{ 1
1

}. Since a basis for the eigenspace contains a single vector,

the dimension of the eigenspace is 1. Hence, the geometric multiplicity of 4, = 2 is 1.

For A5 = -2,
[2 -5 3 1 0 -1
A-(=DI=|-2 -4 6|~ [0 1 —1\
-2 -7 9 00 O

v
Thus, a basis for the eigenspace of A3 is {[1 } Since a basis for the eigenspace contains a single vector,
1

the dimension of the eigenspace is 1. Hence, the geometric multiplicity of A3 = =2 is 1.

We have

2-1 2 2 2-1 2 2| p-a 4 2
cH=|2 2-2 2 |=|2 2-1 2
2 2 2-2 0 1 -2 0 0 -1

= A2 - 61) = —1*(1-6)

Thus, the eigenvalues are A; = 0 with algebraic multiplicity 2 and A, = 6 with algebraic multiplicity 1.

For A4, =0,
2 2 2 I 1 1
A—Olle 2 2\~l0 0 0\
2 2 2 0 0 0
-1] [-1
Thus, a basis for the eigenspace of A is {l 1 ‘,[ 0 } The dimension of the eigenspace is 2, so the
0 1

geometric multiplicity of 4; = 0 is 2.

For A, = 6,
-4 2 2 1 0 -1
A—61=[2 -4 2]~[0 1 —1}
2 2 -4 00 O
1
Thus, a basis for the eigenspace of A, is {[1 } The dimension of the eigenspace is 1, so the geometric
1

multiplicity of 1, = 61is 1.
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(f) We have
3-1 1 1 3-21 1 1 3-21 2 1

cCH=|1 3-a 1 |=[1 3-2 1 |=|1 4-2
1 1 3-2 0 -2+ 2-2 0 0 2-2

=2 - =72+ 10) = —=(1 = 2)(A = 2)(1 = 5)
Thus, the eigenvalues are 4; = 2 with algebraic multiplicity 2 and 1, = 5 with algebraic multiplicity 1.

For 4, = 2,
1 1 1 1 1 1
A=-2I=|1 1 1{~]0 0 O
1

1 1] [0 0 O

-1] [-1
Thus, a basis for the eigenspace of A; is {l 1 ‘[ 0
0 1

}. The dimension of the eigenspace is 2, so the

geometric multiplicity of 4; = 2 is 2.

For /12 = 5,
-2 1 1 1 0 -1
A—51=[1 -2 llfvlo 1 —1}
1 1 =2 00 O
1
Thus, a basis for the eigenspace of A, is {[1 } The dimension of the eigenspace is 1, so the geometric
1

multiplicity of 4, = 51is 1.

Homework Problems
1
0 1

1
|1
1] 10 2

values —2 and —3 respectively.

1

B1 , and

1 1
] are not eigenvectors of A, while I 0 ‘ and [—1] are eigenvectors of A with corresponding eigen-
-1 -1

B2 (a) The eigenvalues are 4; = 3 and A, = 6. The eigenspace of 4, is Span{[

w4

(b) The only eigenvalue is A = 3. The eigenspace of A is Span {[H}

ﬂ} The eigenspace of 1, is

(c) The eigenvalues are 4; = —1 and A, = 4. The eigenspace of 4, is Span{[

)

ﬂ} The eigenspace of A, is
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_2}}. The eigenspace of A; is

(d) The eigenvalues are 4; = 1 and A, = —4. The eigenspace of A, is Span {[ 1

w2

1
(e) The eigenvalues are 4| = 1, 4, = 2, and A3 = 3. The eigenspace of 4, is Span{

0
0

}. The eigenspace of A,

3 13
is Span{ 1 } The eigenspace of A3 is Span {l 7 }
0 1

2
(f) The eigenvalues are 4; = 2, 1, = —2, and A3 = —1. The eigenspace of 4; is Span{ 1
1

}. The eigenspace of

0 2
Ay is Span {[—1 } The eigenspace of A3 is Span {lO }
1 1

(a) A; = 3 has algebraic multiplicity 1; a basis for its eigenspace is { 0 } so it has geometric multiplicity 1.

Ay =7 has algebraic multiplicity 1; a basis for its eigenspace is {[(1)]} so it has geometric multiplicity 1.

(b) 4; = -3 has algebraic multiplicity 2; a basis for its eigenspace is { 0 } so it has geometric multiplicity 1.
(c) 4; = 8 has algebraic multiplicity 1; a basis for its eigenspace is { i } so it has geometric multiplicity 1.
A = 1 has algebraic multiplicity 1; a basis for its eigenspace is {[ } so it has geometric multiplicity 1.
6
(d) A; = —4 has algebraic multiplicity 1; a basis for its eigenspace is { |4 | so it has geometric multiplicity 1.
1

0

A, = —10 has algebraic multiplicity 1; a basis for its eigenspace is {l—Z]} so it has geometric multiplicity
1

0

1. A3 = 2 has algebraic multiplicity 1; a basis for its eigenspace is {12]} so it has geometric multiplicity 1.

5
-1
(e) A; = 2 has algebraic multiplicity 2; a basis for its eigenspace is so it has geometric multiplic-

0
1
1
ity 2. A, = 8 has algebraic multiplicity 1; a basis for its eigenspace is { 1]} so it has geometric multiplicity
1

1.
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2
(f) 47 =5 has algebraic multiplicity 1; a basis for its eigenspace is § |—1|; so it has geometric multiplicity 1.
3
0
Ay = —16 has algebraic multiplicity 1; a basis for its eigenspace is 4 [ 1 | p so it has geometric multiplicity 1.
0]
21]
A3 = —8 has algebraic multiplicity 1; a basis for its eigenspace is { |61 | so it has geometric multiplicity 1.
64

Computer Problems

1
C1 (a) The eigenvalues are 4, = 9, A, = V19, and A3 = —+/19. The eigenspace of A, is Span{ 0 } The
10
__ 67+8V19 __ 67-8V19
) ] (V19+5)(V19-9) . . (5= VI9)(- V19-9) 9)(~V19-9)
eigenspace of A, is Span 3 . The eigenspace of A3 is Span
V19+5
1
(b) The eigenvalues are 4, = 1, A, = 4 + V7, and A3 = 4 — V7. The eigenspace of A, is Span{[ }
2(29+4V7) _209-4VT)
A7+7 VI (=1+VT) ATV (1=
eigenspace of A, is Span 20+2V7) . The eigenspace of A3 is Span 20-2V7)
17+7V7 17-77
1 1
(c) The eigenvalues are A; = 0 (with algebraic multiplicity 2), 4, = 7, and A3 = 4. The eigenspace of A, is
-3 1] 1
Span i . The eigenspace of A, is Span _21 . The eigenspace of A3 is Span _2
1 2 | 2
1.21 1.31 ] -1.85
C2 |-0.34] is an eigenvector with eigenvalue 5. | 2.15 | is an eigenvector with eigenvalue 0.4. | 0.67 | is an
0.87 —-0.21] 2.10

eigenvector with eigenvalue 0.6.

Conceptual Problems
D1 Since AV = AV and BV = uv, it follows that

A+ BV =AV+BV/=W+u=A+ppv
(AB)? = A(BY) = A(u?) = uAv = pAv

Hence, V is an eigenvector of A + B with eigenvalue A + u, and an eigenvector of AB with eigenvalue uA.
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D2 (a) Since AV = AV, it follows that

A’V = A(AV) = A(WW) = 1AV = 1°F
Then, by induction,

A" = An—l(A‘—;) — An—l(/h—;) — AAn—l‘—)» ="V
Hence, A" is an eigenvalue of A" with eigenvector V.

(b) Consider the matrix of rotation in R? through angle 27/3:
ghang

=12 -V3)2
V3212

Then A leaves no direction unchanged so it has no real eigenvectors or eigenvalues. But, A3 = I has
eigenvalue 1, and every non-zero vector in R? is an eigenvector of A>.

D3 If A is invertible, and AV = AV, then
v=ATAV=AT' W) = 47Y

SoA™'¥ = %v. Hence, V is an eigenvector of A~! with eigenvalue 1/A4.

D4 (a) If rank(A) < n, then 0 = detA = det(A — 0I), so 0 is an eigenvalue. The geometric multiplicity of 1 = 0

is the dimension of its eigenspace, which is the dimension of the nullspace of A — Al = 0. Thus, by the
Rank-Nullity Theorem, the geometric multiplicity of A = 0is n —rankA =n —r.

01 1
0 0 1
0 0 0

But, the characteristic polynomial is C(1) = —1°, so the algebraic multiplicity of 1 = 0 is 3.
D5 By definition of matrix multiplication, we have

(b) The matrix A =

‘, has rank 2, so the geometric multiplicity of 4 = Oisn —rankA =3 -2 = 1.

AV); = ) awih = ) an(l) = ¢
k=1 k=1
for 1 <i < n. Thus,
c 1
AV = =c|:
c 1

So Vis an eigenvector of A.

6.2 Diagonalization

Practice Problems
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Al (a) We have
11 6|2 28 2
o Sl =
T 6 ||=1f (7 ]_ 7 -1
9 —4||3| |[-21| 3
Thus, [ﬂ is an eigenvector of A with eigenvalue 14, and [_3 ] is an eigenvector of A with eigenvalue —7.
. . 13 1
Using the methods of Section 3.5 we get that P~ = 7121 af Hence,
{3 1|11 612 -1 14 0
—1 _ —
PrAP= 7[—1 2”9 —4”1 3] [0 —7]
(b) We have
6 5|1 11 1
5 5[] ]
6 52| _|(17 4 2
3 =71 |-1 1
Hence, the columns of P are not eigenvectors of A, so P does not diagonalize A.
(c) We have
5 =812 2] | 2
4 =71 |1 |1
5 =811 _ (-3 _ 3 1
4 =701 [-3] 1
Thus, [ﬂ is an eigenvector of A with eigenvalue 1, and [ﬂ is an eigenvector of A with eigenvalue —3.
Using the methods of Section 3.5 we get that P! = _11 _21} Hence,
1 —1|[5 -8][2 1 1 0
—1 _ _
P AP_[—] 2”4 —7} 1 1}_[0 —3]
(d) We have
2 4 4][-1] [2] -1
4 2 4|1 |=|-21==-2]1
4 4 2{|0] 0| 0
2 4 4][-1] ] -1
4 2 4110f=]0]=-2|0
4 4 2|1 1] |-2] | 1]
2 4 4][1 10 1]
4 2 4)|1]1=[10]=10]1
4 4 2|1 10 1]
Copyright © 2013 Pearson Canada Inc.
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-1
0
1

1

Thus, are both eigenvectors of A with eigenvalue -2, and l]} is an eigenvector of A with

-1
1 | and

0

1

-1 2 -1
1
eigenvalue 10. Using the methods of Section 3.5 we get that P~! = §[_1 -1 2 |. Hence,

1 1 1
1—12—1244—1—11—200
P‘IAP=§—1—12424101=0—20
1 1 1114 4 210 1 1 0 0 10

A2 Alternate correct answers are possible.
(a) We have
3-12 2

(b)

C(/l)zdet(A—/ll)z‘ ‘=12—9/1+8=(1—8)(1—1)

5 6-41

Hence, the eigenvalues are 4; = 1 and A, = 8 each with algebraic multiplicity 1.

S

1

For 4; = 1 we get

Thus, a basis for the eigenspace of 4, is {[ }} so the geometric multiplicity is 1.

For 1, = 8 we get

[ 2 1 -2/5
A_SI_[S —2]~[0 0]

Thus, a basis for the eigenspace of A, is {[ 5}} so the geometric multiplicity is 1.

So, by Corollary 6.2.3, A is diagonalizable. In particular, {[ |

} , [g}} forms a basis for R? of eigenvectors

of A. We take these basis vectors to be the columns of P. Then P = [_1 2] diagonalizes A to P~'AP =

I 5
10
| o
We have
_|2-2 30 B B
C = 4 _3_/1‘—/1 +51-6=(1+6)(1-1)
Hence, eigenvalues are A; = —6 and A, = 1 each with algebraic multiplicity 1.
For 4; = -6 we get
4 3 1 3/4
A_(_6)I‘[4 3]~[o 0 }

4
3 31 [1 -1
A‘I‘[4 —4]~[0 0}
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Thus, a basis for the eigenspace of A, is {[1}} so the geometric multiplicity is 1.

1

So, by Corollary 6.2.3, A is diagonalizable. In particular, {[ 4

} , [ﬂ} forms a basis for R? of eigenvectors

. =3 1] .. .
of A. We take these basis vectors to be the columns of P. Then P = [ 3 1] diagonalizes A to P~'AP =

4
-6 0
e
We have

_3-a 6 |

C(/l)—’ _s _3_/1‘—/1 +21

Thus, by the quadratic formuls, we get that

=R i

Since A has complex eigenvalues it is not diagonalizable over R.

We have
-1 1 0
CH=|1 =-a I |=-21+1)(1-2)
1 1 1-4
Hence, the eigenvalues are 4; = —1, A4, = 2, and A3 = 0 each with algebraic multiplicity 1.
For 4; = —1 we get
1 10 1 10
A-(-DI=f1 1 1|~(0 0 1
1 1 2 0 00
[—1
Thus, a basis for the eigenspace of 4; is {| 1 | so the geometric multiplicity is 1.
1 0
For 1, = 2 we get
-2 1 0 1 0 -1/3
A-2I=(1 -2 1|~|0 1 -=-2/3
. 00 O
(1
Thus, a basis for the eigenspace of A, is {|2]|; so the geometric multiplicity is 1.
13

For A5 = 0 we get

0 1 0] [1 0 1
A-0I={1 0 1|~|0 1 0
1 1 1] [0 0o

1]
Thus, a basis for the eigenspace of A3 is {[ 0 } so the geometric multiplicity is 1.
1]

Copyright © 2013 Pearson Canada Inc.



250 Chapter 6 Eigenvectors and Diagonalization

-1] [1] [-1
So, by Corollary 6.2.3, A is diagonalizable. In particular, {l 1|, [2 , [ 0 } forms a basis for R? of eigen-
0] 13][1
-1 1 -1
vectors of A. We take these basis vectors to be the columns of P. ThenP=|1 2 0 ‘ diagonalizes A
0 3 1
-1 0 0
toP'AP=|0 2 0|=D.
0 0 O
(e) We have
6-14 -9 -5
CH=|-4 9-2 4 |=-1-1D*QA-5)
9 -17 -8-4

So, the eigenvalues are A; = 1 with algebraic multiplicity 2 and A, = 5 with algebraic multiplicity 1.

5 -9 =51 [1 0 -1
A-I=|-4 8 4|~l0 1 0

For 4, = 1 we get

9 -17 -9 00 O
1
Thus, a basis for the eigenspace of 4; is (0] ¢ so the geometric multiplicity is 1.
1
For 1, = 5 we get
1 -9 -5 1 0 -1/2
A-5I=|-4 4 4 1~10 1 1/2
9 -17 -13 00 O
1
Thus, a basis for the eigenspace of A, is {[—1]; so the geometric multiplicity is 1.
2

Therefore, by Corollary 6.2.3, A is not diagonalizable since the geometric multiplicity of 4; does not equal
its algebraic multiplicity.

(f) We have
-2-2 7 3
CH=| -1 2-2 1 |[==A=-DA>+1)
0 2 1-2
So, the eigenvalues of A are 1, i, and —i. Hence, A is not diagonalizable over R.
(g) We have
-1-2 6 3
CH=| 3 —4-2 -3 |=-1-2°UA+1)
-6 12 8-A1

Thus, the eigenvalues are 4; = 2 with algebraic multiplicity 2 and 1, = —1 with algebraic multiplicity 1.

-3 6 3 1 -2 -1
A-2I=({3 -6 -3|~|0 0 O

-6 12 6 0 0 O

For 1) = 2 we get
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0] |1

0 6 3] [1 0 -1/2
A—(—l)l:[3 -3 —3‘~[0 1 1/2]

-6 12 9 00 O

2] |1
So, a basis for the eigenspace of A; is {[1‘ , [0“ so the geometric multiplicity is 2.

For 4, = -1 we get

1
A basis for the eigenspace of A, is {l—l]} so the geometric multiplicity is 1.
2

2] [1 1
Therefore by Corollary 6.2.3, A is diagonalizable. In particular, {[1],|0|,|-1|} forms a basis for R of
0] |11] [2
2 1 1
eigenvectors of A. We take these basis vectors to be the columns of P. Then P = |1 0 —1|diagonalizes
01 2
2 0 0
AtoP'AP=|0 2 0 |=D.
0 0 -1
A3 Alternate correct answers are possible.
(a) We have
_B=-a4 0 |_ )
C) = 3 3_/1‘—(/1 3)

The only eigenvalue is 4; = 3 with algebraic multiplicity 2.

0o o] [1 o
A_3I‘[—3 O]N[O 0}

Hence, a basis for the eigenspace of 4; is {[(1)}} so the geometric multiplicity is 1.

For 14, = 3 we get

Therefore, by Corollary 6.2.3, A is not diagonalizable since the geometric multiplicity of 4; does not equal
its algebraic multiplicity.

(b) We have

4-1 4

4 4_/1:/1(/1—8)

C(/l):‘

The eigenvalues are 4; = 0 and 1, = 8 each with algebraic multiplicity 1.

4 4] [1 1
A_OI‘[4 4]~[0 0]

|
4 4] 1 -1
A_sl‘[4 —4]~[0 0]

Copyright © 2013 Pearson Canada Inc.

For 4; = 0 we get

Hence, a basis for the eigenspace of 4; is {[ }} so the geometric multiplicity is 1.

For A, = 8 we get
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So, a basis for the eigenspace of A, is {[1}} so the geometric multiplicity is 1.

1

-1 1

1 1

Therefore, by Corollary 6.2.3, A is diagonalizable with P = [ 0 8

] and D = [0 0].
(c) We have
2-21 5

s, =@a=3asT

C) = |_

The eigenvalues are 4; = 3 and 1, = —7 each with algebraic multiplicity 1.
-5 5 1 -1
A_3I‘[5 —5]'“[0 o}
A Dbasis for the eigenspace of 4, is {[ﬂ} so the geometric multiplicity is 1.
55 11
A‘”‘[s S]N[O 0]

1

For 1) = 3 we get

For 4, =7 we get

So, a basis for the eigenspace of A, is {[ ]} so the geometric multiplicity is 1.

Therefore, by Corollary 6.2.3, A is diagonalizable with P = [1 _11] and D = [S _07}
(d) We have
-1 6 -8
CH=|-2 4-1 -4 |=-(1-2*UA+2)

-2 2 -2-4

The eigenvalues are A; = 2 with algebraic multiplicity 2 and A, = —2 with algebraic multiplicity 1.

-2 6 -8 1 0 1
A-21=(-2 2 —4{~]0 1 -1

For 1) = 2 we get

-2 2 -4 00 O

-1
Thus, a basis for the eigenspace of 4; is {[ 1 “ so the geometric multiplicity is 1.
1

2 6 8] [1 0 -1
A—(—2)I=l—2 6 —4]~[0 1 —1]

For A, = -2 we get

-2 2 0 0 0 O

1
A basis for the eigenspace of A is {ll]} so the geometric multiplicity is 1.
1

Therefore, by Corollary 6.2.3, A is not diagonalizable since the geometric multiplicity of A; does not equal
its algebraic multiplicity.

Copyright © 2013 Pearson Canada Inc.
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We have
-1 2 2
CH=[2 -1 2|=-A+2°(1-4)
2 2 -2
The eigenvalues are A; = —2 with algebraic multiplicity 2 and A, = 4 with algebraic multiplicity 1.
For 1) = -2 we get
2 2 2 1 1 1
A-(-2I=|2 2 2|{~|0 0 O
2 2 2 0 00
-1] [-1
A basis for the eigenspace of 4; isq| O [,| 1 |; so the geometric multiplicity is 2.
1 0
For A, = 4 we get
-4 2 2 1 0 -1
A-4I=(2 -4 2|~[0 1 -1
2 2 -4 00 O
A basis for the eigenspace of A, is {[1}} so the geometric multiplicity is 1.
1
-1 -1 1 -2 0 0
Therefore, by Corollary 6.2.3, A is diagonalizable with P=| 0 1 1jandD=|0 -2 Of.
1 0 1 0 0 4
We have
2-2 0 0
cCH=|-1 -2 1 |=-1-2%*A-1
-1 -2 3-2
The eigenvalues are A; = 2 with algebraic multiplicity 2 and A, = 1 with algebraic multiplicity 1.
For 4, = 2 we get
0 0 O 1 2 -1
A-2I=|-1 -2 1|~]0 0 O
-1 -2 1 00 O
-2] [1
A basis for the eigenspace of 4 is{| 1 |,|0]|? so the geometric multiplicity is 2.
0] |1
For 4, = 1 we get
1 0 O 1 0 0
A-T=|-1 -1 ~10 1T -1
-1 -2 2 00 O
0
A basis for the eigenspace of A, is {|1|; so the geometric multiplicity is 1.
1
-2 10 2 00
Therefore, by Corollary 6.2.3, A is diagonalizable withP=| 1 0 1lland D=|0 2 Of.
0 1 1 0 0 1
Copyright © 2013 Pearson Canada Inc.
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(g) We have
-3-1 -3 5
CH=| 13 10-12 -13 |=-1-2)(2>-4x+5)
3 2 —-1-2a

So, the eigenvalues of are 2, 2 + i and 2 — i. Hence, A is not diagonalizable over R.

Homework Problems

B1 (a) P does notdiagonalize A.

|

N | =
—
—_
(-
—

S

(b) [}] is an eigenvector with eigenvalue 4 and [_1 ] is an eigenvector with eigenvalue —2. P! = —

1
4 0
~1Ap —
PAP = [O B 2].
2(. . o 1. . o R B
(©) z|isan eigenvector with eigenvalue 4 and _q|isan eigenvector with eigenvalue —1. P~" = 313 _af
4 0
~1Ap —
P AP = [O _1].
-1 -1 1
(d) | 1 |is an eigenvector with eigenvalue 3, | 2 | is an eigenvector with eigenvalue 1, and |1/ is an eigen-
3 3 -2
1 -1 1 30 0
vector with eigenvalue —1. P! =|1 1 0|, P7'AP=|0 1 0
30 1 0 0 -1
B2 Alternate correct answers are possible.
(a) The eigenvalues are 1 = —5 and A, = 2 each with algebraic multiplicity 1. A basis for the eigenspace of
.= . C . . . |1 .
Ay is {[ 13}} so the geometric multiplicity is 1. A basis for the eigenspace of A, is {[2]} so the geometric

multiplicity is 1. Therefore, by Corollary 3, A is diagonalizable with P = [_13 ;] and D = [_05 (2)]

(b) The eigenvalues are 4; = 5 and A, = 3 each with algebraic multiplicity 1. A basis for the eigenspace of

1o the geometric

Ay is {[(1)}} so the geometric multiplicity is 1. A basis for the eigenspace of A, is {[

multiplicity is 1. Therefore, by Corollary 3, A is diagonalizable with P = [(1) _11] and D = [(5) g]

(c) The only eigenvalue is 4; = 5 with algebraic multiplicity 2. A basis for the eigenspace of 4, is {[(1)}}

so the geometric multiplicity is 1. Therefore, by Corollary 3, A is not diagonalizable since the geometric
multiplicity of A; does not equal its algebraic multiplicity.

(d) The eigenvalues are A, = —2 with algebraic multiplicity 2 and A, = 4 with algebraic multiplicity 1. A

=21 [-1
1 } , l 0 ]} so the geometric multiplicity is 2. A basis for the eigenspace

basis for the eigenspace of 4 is {
0 1

Copyright © 2013 Pearson Canada Inc.
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1
of A, is {[O‘} so the geometric multiplicity is 1. Therefore, by Corollary 3, A is diagonalizable with

1
-2 -1 1 -2 0 0
P=|1 0 OlandD=|0 -2 0]
0 1 1 0 0 4
(e) The eigenvalues are A; = —2 with algebraic multiplicity 2 and 1, = 6 with algebraic multiplicity 1. A
1
basis for the eigenspace of A4; is {lO}} so the geometric multiplicity is 1. A basis for the eigenspace of A,
1

-2
geometric multiplicity of A; does not equal its algebraic multiplicity.

0
is {[ 1 }} so the geometric multiplicity is 1. Therefore, by Corollary 3, A is not diagonalizable since the

(f) The eigenvalues of are 0 and + V2i. Hence, A is not diagonalizable over R.

(g) The eigenvalues are 1; = 6, 4 = =2, and A3 = 1 each with algebraic multiplicity 1. A basis for the

-1 -1
eigenspace of A4; is {l 2 ]} so the geometric multiplicity is 1. A basis for the eigenspace of A, is {l—%}
1 9
4
so the geometric multiplicity is 1. A basis for the eigenspace of A3 is ¢ [—3 | so the geometric multiplicity
6
-1 -1 4 6 0 O
is 1. Therefore, by Corollary 3, A is diagonalizable with P =| 2 -6 -3|and D=|0 -2 Of.
1 9 6 0 0 1

B3 Alternate correct answers are possible.

(a) The eigenvalues are 4; = 1 and 1, = 9 each with algebraic multiplicity 1. A basis for the eigenspace of
. []-1 . C . . . .
Ay is {[ | }} so the geometric multiplicity is 1. A basis for the eigenspace of A, is {E]} so the geometric

multiplicity is 1. Therefore, by Corollary 3, A is diagonalizable with P = [_11 z] and D = [(1) (9)]

(b) The eigenvalues are 4; = 11 and A, = 0 each with algebraic multiplicity 1. A basis for the eigenspace of

Ay is {[_3}} so the geometric multiplicity is 1. A basis for the eigenspace of A, is {ﬁ]} so the geometric

4
e o . . -3 2 11 0
multiplicity is 1. Therefore, by Corollary 3, A is diagonalizable with P = 41 and D = 0o ol
(c) The eigenvalues are 4| = 5 and A, = —3 each with algebraic multiplicity 1. A basis for the eigenspace of

Ay is {[_11]} so the geometric multiplicity is 1. A basis for the eigenspace of A, is {[1]} so the geometric

1
e o . . -1 1 5 0
multiplicity is 1. Therefore, by Corollary 3, A is diagonalizable with P = 11 and D = 0o -3l
(d) The eigenvalues are 4; = —1 with algebraic multiplicity 2 and A, = 0 with algebraic multiplicity 1. A basis

1] [2
for the eigenspace of 4 is {l3} , [O]} so the geometric multiplicity is 2. A basis for the eigenspace of A, is
of [1

Copyright © 2013 Pearson Canada Inc.
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2 1 2 2
1| ¢ so the geometric multiplicity is 1. Therefore, by Corollary 3, A is diagonalizable with P = |3 0 1
1 0 1 1
-1 0 O
andD=|0 -1 0
0 0 O

0] [2
(e) The only eigenvalue is A; = 1 with algebraic multiplicity 3. A basis for the eigenspace of 4, is {[1‘ , [O‘}
o] |1
so the geometric multiplicity is 2. Therefore, by Corollary 3, A is not diagonalizable since the geometric
multiplicity of 4; does not equal its algebraic multiplicity.

(f) The eigenvalues are 4; = 0, 1, = 5, and A3 = —2 each with algebraic multiplicity 1. A basis for the

-2 1
eigenspace of 4 is {[ 1 H so the geometric multiplicity is 1. A basis for the eigenspace of A, is { [2‘} SO
0 0

|11
-2
andD=|(0 5 O]

0 0 -2

0
the geometric multiplicity is 1. A basis for the eigenspace of A3 is { 0‘} so the geometric multiplicity is 1.
N
Therefore, by Corollary 3, A is diagonalizable with P = 0
1

1
2
0

0 0 O
1
0

(g) The eigenvalues of are 1 and 1 + 2i. Hence, A is not diagonalizable over R.

Conceptual Problems
D1 Observe that if P~'AP = B for some invertible matrix P, then

det(B — AI) = det(P'AP — AP~'P) = det (P"'(A — AI)P)
= det P~ det(A — Al)det P = det(A — AI)

Thus, since A and B have the same characteristic polynomial, they have the same eigenvalues.

D2 If A and B are similar, then there exists an invertible matrix P such that P"'AP = B. First, observe that if
¥ € Col(B), then there exist ¥ such that ¥ = BX = P"!AP¥. Since P is invertible, there exists a vector Z such that
7= PX, hence j = P"'AZ So ¥ € Col(P'A). Therefore rank(P~'A) > rank(B).
Let ¥ € Null(A) so that A¥ = 0. Then P~'A% = P~'0 = 0. Thus & € Null(P"'A). Hence, nullity(P~'A) >
nullity(A) which implies that rank(A) > rank(P~'A) by the Rank Theorem.
Therefore, we have shown that rank(B) < rank(P~'A) < rank(A). However, we can also write A = Q™' BQ where
Q = P!, Thus, by the same argument, rank(B) > rank(A) and hence rank(A) = rank(B).

D3 (a)

n

tr(AB) = Zn: Zn: ajxbyi = Z Zn: byiay. = tr(BA)

i=1 k=1 k=1 i=1

(b)
tr(B) = tr(P"'AP) = tr(P~' (AP)) = tr((AP)P™") = tr(APP™") = tr(A)

Copyright © 2013 Pearson Canada Inc.
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(a) If P"'AP = D, then multiplying on the left by P gives AP = PD. Now, multiplying on the right by P!
gives A = PDP~! as required.
11 12 0 B 210 1
(b) Let P = [2 3} and D = [0 3]. Then we get A = PDP™" = [—6 5}.
1 1 1 2 0 0 -1 2 3
(c) LetP=|0 1 ~—1{landD=|0 -2 Of ThenwegetA=PDP'=|-5 8 5|
1 -1 2 0O 0 3 6 -8 -4
(a) We prove the result by induction on k. If k = 1, then P"'AP = D implies A = PDP~! and so the result
holds. Assume the result is true for some k. We then have
A = A*A = (PD'P'Y(PDP") = PD'PT'PDP! = PD*IDP™! = PDM1 P!
as required.
(b) The characteristic polynomial of A is
-1-2 6 3
C)=det(A-A=| 3 —4-1 =3|=-2+32-4
-6 12 8—-41
=—(A-2°(A+1)
Hence, 4; = 2 is an eigenvalue with algebraic multiplicity 2 and A, = —1 is an eigenvalue with algebraic
multiplicity 1.
-3 6 3 1 -2 -1 2] |1
Ford; =2wegetA-41/=|3 -6 -3|~|0 O O [. Thus,abasis for the eigenspaceis<|1],|0] ;.
-6 12 6 0O 0 O 0] |1
Hence, the geometric multiplicity of 4; is 2.
0 6 3 1 0 -1/2 1
For 4, = -1wegetA—-— Al =|3 -3 -3 ~1(0 1 1/2|. Therefore {|—1]|; is a basis for the
-6 12 9 00 0 2
eigenspace. Hence, the geometric multiplicity of A, is 1.
For every eigenvalue of A the geometric multiplicity equals the algebraic multiplicity, so A is diagonaliz-
2 1 1 2 0 0 1 -1 -1
able. We cantake P =1 O —I1|andgetD =|0 2 0| Wenow find that P! = [-2 4 3
01 2 0 0 -1 1 -2 -1
and
21 11732 0 o1 -1 -1
A=pPD°P'=[1 0 -1{|0 32 0||-2 4 3
o1 20 0 -1]|1 -2 -1
-1 66 33
=133 -34 -33
—-66 132 98
(a) Suppose that A is an n X n matrix and P"'AP = D. Then, the diagonal entries of D are the eigenvalues
Ay, ..., A, of A. Since A is similar to D, they both have the same trace by Theorem 1. Thus, trA = trD =
A+ + A,
Copyright © 2013 Pearson Canada Inc.
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(b) Observe that
a+b->b a a a a a 1 1 1
A—-bl = a a+b->b a ]:[a a ]~l0 0 0]
a a a+b->b a a a 0 0 0

Thus, 4; = b is an eigenvalue with geometric multiplicity 2. Therefore, the algebraic multiplicity of 4, is
at least 2. From part (a), we have

h+4+h=trA=(@a+b)+(a+b)+(a+b)=3a+3b

Thus, 4, = 3a + b. Hence, if a = 0, we have A4; = b is an eigenvalue with algebraic multiplicity 3
and geometric multiplicity 3, or if @ # 0, we have A; = b is an eigenvalue with algebraic and geometric
multiplicity 2 and A, = 3a + b is an eigenvalue with algebraic and geometric multiplicity 1.

D7 (a) If Ais an n X n diagonalizable matrix, then A is similar to a diagonal matrix D = diag(4,, ..., 4,). Hence,
by Theorem 6.2.1 detA =detD = A; -+ A,.

(b) For any polynomial p(x), the constant term is p(0). Thus, for the characteristic polynomial of A, the
constant term is C(0) = det(A — 0/) = det A.

(c) By the Fundamental Theorem of Algebra, a polynomial with real coefficients can be written as a product
of first degree factors (possible using complex and repeated zeros of the polynomial). In particular,

det(A—AD = (-1)"A-A)DA—-A)---(A1— )
where the A; may be complex or repeated. Set A = O:
detA = (=1)"(=A)(=42) - (=) = A1 -+ 4y

(Note that the product of the characteristic roots is real even if some of them are complex.)
D8 By Problem D7, 0 is an eigenvalue of A if and only if detA = 0. But detA = 0 if and only if A is not invertible.
D9 Let D = diag(4y,...,4,) so that P"'AP = D. Hence,

PYA-Q4DP=P'"AP - 111 =D - A1 =diag(0, 2, — Ay, -+, 4, — A))

Since A — A1 is diagonalized to this form, its eigenvalues are 0, A, — 4y, ..., 4, — 4;.

6.3 Powers of Matrices and the Markov Process

Practice Problems

Al (a) Since the columns in A do not sum to 1, A is not a Markov matrix.
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(b)

(©)
(d)

(a)

(b)
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Since the columns in B sum to 1 it is a Markov matrix. If A = 1, then

[-07 06] [t -6/7
B_/U‘[m —O.6]~[O 0]

6/7

Therefore, an eigenvector corresponding to A; is [ 1

]. The components in the state vector must sum to 1,
so the invariant state corresponding to 4; is

1

Syl 1] |73

I=F

Since the columns in C do not sum to 1, A is not a Markov matrix.
Since the columns in D sum to 1 it is a Markov matrix. If A = 1, then
-0.1 0.1 0 1 0 -1
D-ar=| 0 -0.1 01]|~(0 1 -1
0.1 0 -0.1 0 0 O
1

1
1

Therefore, an eigenvector corresponding to A, is | 1|. The components in the state vector must sum to 1, so

1/3
1/3

Let R,, be the fraction of people dwelling in rural areas (as a decimal), and U,, be the number of people
dwelling in urban areas. Then R,, + U,, = 1, and

the invariant state corresponding to 4, is

1

1
— |1
1+1+1 1

Ry+1 = 0.85R,, +0.05U,,
Uy = 0.15R,, + 095U,

Rysi| _[0.85 0.05|[Rn
Unii| ~ [0.15 0.95]|U,,
0.85 0.05
0.15 095

Or, in vector form,

The transition matrix is 7 = [ ] Since T is a Markov matrix, it necessarily has an eigenvalue

. . . 1 . .
A1 = 1. An eigenvector corresponding to 4; is V| = ] the state vector is then which is fixed

[ : /4}
3 3/41
under the transformation with matrix 7. If follow that in the long run, 25% of the population will be rural
dwellers and 75% will be urban dwellers.

Another eigenvalue of T is A, = 0.8, with corresponding eigenvector v, = [_11] It follows that 7 is

1 -1

diagonalized by P = [3 |

| N . .
]_ We get P! = % [_ 3 1]. Since these eigenvectors form a basis for R?,

<l

Copyright © 2013 Pearson Canada Inc.
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So

By linearity,

R
Tm[ 0} = C]Tn1\71 + Csz\_/)z

C]/lrln\jl + Cz/lgnﬁz
= LRy + U0 L]+ 2 -3R0 + U087
_4_1(0+ O)3+Z(_ 0+ Up)(0.8) |

After 50 years, or 5 decades,

1
T [8:2] = 1(0‘5 +0.5)

1] 1 s[-1
3 +Z(—1)(0.8) [1]
_1[1+03277
T 413-0.3277

_[0.33
~10.67

Therefore, after 5 decades, approximately 33% of the population will be rural dwellers and 67% will be
urban dwellers.

A3 Let A,, be the number of cars returned to the airport (as a fraction), and let 7}, and C,, be the number of cars
returned to the train station and city centre, respectively. Then A,, + T, + C,,, = 1, and

8 3 3
Am+1 = l—oAm + 1—0Tm + 1_0Cm

1 6 1

Ty = —Ap+—=T,+—=C,
T TR
Cps1 = 1A + 1T + 6C
m+1 — 10 m 10 m 10 m
Or in vector form
Am+1 1 8 3 3 Am
Toir | = E I 6 1T,
Cm+1 I 16 Cm

. Since T is a Markov matrix, it necessarily has an eigenvalue 4; =

8 3 3
The transition matrix is 7 = % 1 6 1
1 1

6
3 3/5
1. An eigenvector corresponding to Ay is ¥, = [1], the state vector is then [1/5]|, which is fixed under the
1 1/5

transformation with matrix 7. If follow that in the long run, 60% of the cars will be at the airport, 20% of the
cars will be at the train station, and 20% of the cars will be at the city centre.
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5 o]l..., |t L [1/v2] _]0.707],
A4 (a) LetA = [0 _2]. If Xy = [1}, then ¥, = [1/ \/E} ~ [0‘707],

N S [5 0 ] [0.707] [ 3.535 }
T = Ao~ ~

0 -2|[0.707| 7 |-1.414
.1, [0929
AT [—0.371]

%= A7, ~ ’4.645}’ 5 - [0.987}

10.742 0.158

_ g o | 4935 L [0.998
BEARE 03167 P T |-0.064

oo [49%0 ., [ 1.000
MEAF 00280 T |0.0256

o 4e o[ 5000 L[ 1.000
BEME 005120 5T [-0.0102
4o [5000 L[ 1.000
=S F 10,0204 Y0 T |0.0041

1

261

It appears that y,, — [(1)}, SO [ 0} is an eigenvector of A. The corresponding dominant eigenvalue is 4 = 5.

(b) LetA = [37 84 } If X, = [l], then yy = [(1)],

7 22 0
e L R e
MEACEI 7 o] 7|7
L 1. [0968
M= Ent T -0.251
o | 5:052 L [0971
REANF1os4)r 2T 0241
e o[ 5973 ., [09701
BEARE 14050 3T |—0.2428
oo | 57975 09702
MEABF I 149010 T [-0.2425

0.970

It appears that y,, — [_0'242

A=6.

Homework Problems
B1 (a) A isnota Markov matrix.

. . . . . 11
(b) Bis a Markov matrix. The invariant state is [g? ) 1}.

Copyright © 2013 Pearson Canada Inc.

41. . . . . .
], o} [_1} is an eigenvector of A. The corresponding dominant eigenvalue is



B2

B3
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7/13
(¢) C is a Markov matrix. The invariant state is |2/13|.

4/13

(d) D is not a Markov matrix.

(a) In the long run, 53% of the customers will deal with Johnson and 47% will deal with Thomson.

L0251 [ [8
® T [0.75} - G[7

In the long run, 54% of the bicycles will be at the residence, 29% will be at the library, and 17% will be at the
athletic centre.

+ 1= (4.25)(-0.5)" [_11]

The dominant eigenvalue is A = 8.

Computer Problems

C1

The dominant eigenvalue is 4 = 5.

Conceptual Problems

D1

D2

(a) The characteristic equation is

ftii—A4 It

det
[ hy  tp—A4

2
} = A" = (t1 + t)A + (it — tinha1)

However, (1 — 21)(1 — ;) = 22 — (4 + A2)A + 4 A». So, we must have A, + A, = 1] + t2s. Since A; = 1,
Ay =t + 1t — 1.

- . . -a b . . . .
(b) The transition matrix can be written as [ a 1 b]' We could easily verify that the given vector is an

eigenvector corresponding to A = 1, but it is easy to determine the eigenvector too. For 4 = 1,
l-a b | = b -a b
a 1-b “|la -b 0 0

. . . . bl . .
So, a corresponding eigenvector is any multiple of [a}. Since we require the sum of the components to be

b/(a+ b)
a/(a +b)

1, we take the eigenvector to be [

(a) Since column sums of T are all 1, }} #; = 1. Then
k=1

i(T)?)k = i(i l‘ijj] = Y ( S tkj}xj = ixj
k=1 1 \j=1 j

k=1 \j =1 \k=1 =

as required.
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Section 6.4 Diagonalization and Differential Equations 263

(b) If TV = AV, then Y, (TV), = A Y, vr. However, by part (a), X, (TV)r = Y, v. Thus,
k=1 k=1 k=1 k=1

n

ﬁgvk = Z(TV)/( = ka

k=1
n
Since A # 1, we must have ) v, = 0.

k=1

6.4 Diagonalization and Differential Equations
Practice Problems

Al (a) The solution will be of the form )Z; a4

=ce|, | so substitute this into the original system and use the fact

d wlal_ P
that Ece [b} = Ace b to get

o AR B

a
, we see that [

b} is an eigenvector of [i _24} with eigenvalue A. Thus,
. 3 2
we need to find the eigenvalues of A = It We have

Cancelling the common factor ce

3-21

C(/l)=‘ 4 _42_/1‘=/12+/1—20=(/1+5)(/l—4)

Hence, the eigenvalues are 4; = -5 and A, = 4. For 4; = -5

8 2] 1 o1/4
A_(_S)I‘L 1]~[0 o]

. . . -1 . . -1
Hence, an eigenvector corresponding to A4; is [ 4 ] So, one solution to the system is e™>" [ ] For 1, = 4,

4
-1 2 1 =2
A‘4I‘[4 —S]N[O 0}

. . .12 . . 2
Hence, an eigenvector corresponding to A; is [1} So, one solution to the system is e* [1}

Since the system is a linear homogeneous system, the general solution will be an arbitrary linear combina-
tion of the two solutions. The general solution is therefore

y _ -5t -1 At 2
[Z}—ae 4 + be [1], a,belR
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(b) The solution will be of the form [)Z] ] = ce'! [a

b]’ so substitute this into the original system and use the fact

a

b to get

d
that ECEM [a

b} = Ace™ [

wlal 102 0.7 wla
Ace [b]_[O.l -0.4[°“ |b
a
b

02 07
0.1 -04

02 0.7
0.1 -04

At

Cancelling the common factor ce”’, we see that [ ] is an eigenvector of [ ] with eigenvalue A.

Thus, we need to find the eigenvalues of A = [ ] We have

02-2 0.7

c@ = ’ 0.1 -04-2

l =2 +021-0.15=(1+0.5)(1-0.3)

Hence, the eigenvalues are 4; = —0.5 and A, = 0.3. For 4; = -0.5

07 07] [1 1
A_(_O‘S)Iz[o.l 0.1}~[0 o}

1

01 07] [1 -7
A‘0'3"[0.1 —0.7]~[0 0}

Hence, an eigenvector corresponding to A; is [

A = 0.3,

. . -1
]. So, one solution to the system is 6‘0'5’[ 1 } For

. . .17 . . 7
Hence, an eigenvector corresponding to A; is [1} So, one solution to the system is e’ [ 1}.

Since the system is a linear homogeneous system, the general solution will be an arbitrary linear combina-
tion of the two solutions. The general solution is therefore

[ﬂ — e 05t [—11

+ be¥ [Z] , a,beR

Homework Problems

Bl (a) aeo's’[ |

] + be 04 [ﬂ, a,b eR.

(b) ae™ [_12] + be* [ﬂ, a,beR.

-1
-3
1

1
1
1

+ce”|1|,a,b,c €R.

1
(c) a l—l‘ + be™ ¥
2
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Problems

E1 (a) We have
5 -—-16 -4][3 -1
B R
-2 8 310 2

3
So, [1‘ is not an eigenvector of A.
0

(b) We have
5 —-16 -4][1 1
B
-2 8 3][1 1

1
So, [O‘ is an eigenvector with eigenvalue 1.

ERE 5

(c) We have
4
So, | 1| is an eigenvector with eigenvalue 1.

I DRt

(d) We have

2

So, | 1 [is an eigenvector with eigenvalue —1.
-1

E2 We first need to find the eigenvalues of A by factoring the characteristic polynomial. We have

-3-2 1 0
C=| 13 -7-12 =8 |=-211+4)1+2)
-11 5 4-2
Hence, the eigenvalues are 4; = 0, 1, = —4, and A3 = —2. Since there are three distinct eigenvalues, the matrix

is diagonalizable by Corollary 6.2.4.

For 1, = 0 we get
-3 1 0 1
A-0I=(13 -7 -8(~|0

-1 5 4 0

o = O
S W =
—————
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1
Thus, a basis for the eigenspace of 4; is {[ 3 }
~1]

[ 1 1 0 1 0 -1/2
A-(-4I=|13 -3 —8‘~l0 1 1/2]

-11 5 8] [0 0 o0

For 1, = —4 we get

2]

-1 1 0] [1 0 -1
A—(—2)1=[13 -5 —8]~[0 1 —1}

-11 5 6 00 O
1
1]s.
1

1
Thus, a basis for the eigenspace of A, is {[—1 }

For A3 = -2 we get

Thus, a basis for the eigenspace of A3 is {

I 1 1
We take the columns of P to be a basis for R3 of eigenvectors of A. Hence, wetake P=| 3 —1 1|. The corre-
-1 2 1
sponding matrix D is the diagonal matrix whose diagonal entries are the eigenvalues corresponding columnwise
0 0 O
to the eigenvectors in P. Hence, D =|0 -4 0 |.
0o 0 -2
We have

4-21 2 2
CH=|-1 1-2 -1|=-1-2*UA-4
1 1 3-2

The eigenvalues are A; = 2 with algebraic multiplicity 2 and A, = 4 with algebraic multiplicity 1.

For A; = 2 we get
2 2 2 I 11
A—ZI:l—l -1 —1‘~l0 0 O‘
1 1 1 0 00

-1] [-1
Thus, a basis for the eigenspace of 4; is {[ 1, l 0 ‘} so the geometric multiplicity is 2.

0] 11
For A, = 4 we get

[0 2 2 1 0 -2
A-4l=|-1 -3 —-1|~|0 1 1
I 0 0 O
2
A basis for the eigenspace of A, is ¢ [—1| ¢ so the geometric multiplicity is 1.
1

Therefore, by Corollary 6.2.3, A is diagonalizable.
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1=

Since A is invertible, 0 is not an eigenvalue of A (see Problem 6.2 D8). Then, if AX = AX we get X = 1A™'%, so

ATlR=1x

The condition det A = 0 can be rewritten det(A —0/) = 0, it follows that 0 is an eigenvalue of A. Similarly, -2 and
3 are eigenvalues, so A has three distinct real eigenvalues. Hence, each eigenvalue has algebraic and geometric
multiplicity 1.

(a) The solution space AX = 0 is one-dimensional, since it is the space of eigenvectors corresponding to the
eigenvalue 0.

(b) 2 cannot be an eigenvalue, because we already have three eigenvalues for the 3 X 3 matrix A. Hence, there
are no vectors that satisfy AX = 2%, so the solution space is zero dimensional in this case.

(c) The range of the mapping is determined by A is the subspace spanned by the eigenvectors corresponding
to the non-zero eigenvalues. Hence, the rank of A is two.

Alternately, since AX = 0 is one-dimensional, we could apply the Rank-Nullity Theorem, to get that
rank(A) = n — nullity(A) =3 -1=2

Since the columns in A sum to 1 it is a Markov matrix. If 1 = 1, then

-0.1 0.1 0 1 0 =05
A-A=| 0 -02 01|~|0 1 -05

0.1 0.1 -0.1 00 O
1
Therefore, an eigenvector corresponding to A; is [1]|. The components in the state vector must sum to 1, so the
2
invariant state corresponding to A; is
1 1 1/4
TS il
T2l 12

which is invariant under the transformation with matrix A.

The solution will be of the form [ﬂ = ceV [Z}, so substitute this into the original system and use the fact that

d

a a|a| _ |4
dtce [b]—/lce [b] to get

wlal (0.1 02 4 la
Aee [b]‘[o.s 02| [b

a
b

0.1 0.2

0.3 0‘2] with eigenvalue A. Thus, we

Cancelling the common factor ce, we see that [ ] is an eigenvector of [

. 0.1 0.2
need to find the eigenvalues of A = [ 03 0. 2]. We have
0.1-14 02

Cw:‘ 03  02-2

‘ =2 -031-0.04 = (1+0.1)(1 - 0.4)
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Hence, the eigenvalues are 4; = —0.1 and A, = 0.4. For 4, = -0.1

02 02] [1 1
A_(_O'm:[og» o.3]~[o 0}

Hence, an eigenvector corresponding to A; is [ |

. . -1
]. So, one solution to the system is e 0l [ | ] For 4, = 0.4,

C[-03 02] [1 -2/3
A_O“”‘[os —0.2]~[0 0]

. . .12 . . 2
Hence, an eigenvector corresponding to A, is [3} So, one solution to the system is ¥ [3]

Since the system is a linear homogeneous system, the general solution will be an arbitrary linear combination of
the two solutions. The general solution is therefore

a7 s 2], aves
Chapter 6 Further Problems

Problems

F1 (a) Suppose that V is any eigenvector of A with eigenvalue A. Since the algebraic multiplicity of A is 1, the
geometric multiplicity is also 1, and hence the eigenspace of A is Span{v}.

ABV = BAV = B(A¥) = ABV

Thus, BV is an eigenvector of A with eigenvalue A. Thus, BV € Span{¥}, so BV = u¥ for some u. Therefore,
V is an eigenvector of B.

(b) LetA = [(1) (1)] and B = [(1) (2)] Then AB = BA and every non-zero vector in R? is an eigenvector of A

with eigenvalue 1, but [i], for example, is not an eigenvector of B.

F2 We have
B(AB — Al) = BAB — AB = (BA — AI)B

" det (B(AB - /U)) — det ((BA - /11)3)

But, the determinant of a product is the product of the determinants, so
det Bdet(AB — Al) = det(BA — Al)det B

Since det B # 0, we get
det(AB — AI) = det(BA — Al)

Thus AB and BA have the same characteristic polynomial, hence the same eigenvalues.
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Since the eigenvalues are distinct, the corresponding eigenvectors form a basis, so
)?=X1\71 +~--+xn\7’n

Note that
(A-ALDA -4 = A% - AA = LA + 440 = (A = ;1A - 4D

so these factors commute. Note also that
(A-4DV;i=0

for every i. Hence,
A-4DA-LD---(A-2,D2=0

Since this is true for every ¥ € R”,
A-UDA-LD:---(A-,1) = Oy
The characteristic polynomial of A is
DA =)A= ) (A=) = (=1)'"A" +c, o " -+ A+ ¢
Thus, if we define
CX)= (1" X-4DX =D X =, =1)'X"+co 1 X"+ + 1 X + ¢
for any n X n matrix X, we get that
(=1)"A" + ¢, A" - 1A+ cof = Oy
By Problem F3, we have

Onn = (=1Y'A" + ¢, | A" 4+ A + ol
—col = A(=1)"A" " 4 ¢, L[ A" 4 w0y

Since A is invertible, det A # 0 and thus, by Problem 6.2 D7, the product of the eigenvalues ¢y # 0. Hence,

1
Al = (1A 4 A2 4 )
Co
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CHAPTER 7 Orthonormal Bases

7.1 Orthonormal Bases and Orthogonal Matrices

Practice Problems

Al (a) The setis orthogonal since [;][_21} = 1(2)+2(—1) = 0. The norm of each vector is [;]H VI2+22 =15
and H ]H \22 + (=1)2 = V5. The orthonormal set is then —= [ } = l_] Lf[ 1] l_} and the

orthogonal change of coordinate matrix is P = Bj g _21/ /\/\/_5}

-1 1
(=1)(1) =4 # 0. These two of the vectors are not orthogonal, consequently the set is not orthogonal.

1 2
(b) Take for instance the first and third vector, and calculate their dot product: { 1 ] . [—1} =2()+1(-) +

(c) Calculating the dot products of each pair of vectors, we find

1 [3
H-lo =1(3) + 1(0) + 3(=1) =
3] |-1]

1
[1 -1=-101=1(1) + 1(-10) +3(3) =0

3
I 0]-1-10]=3()+0(-10)+(-1)3)=0
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Hence, the set is orthogonal. The norm of each vector is

.
{1 = VI2+12+32= V11

.
[o IO = Vi

1
—10||| = V12 + (=102 + 32 = V110
3

1/V11] [3/V10 ] [ 1/V110
The orthonormal set is then |1/ Vit|, 0 , |—-10/ V110/, and the orthogonal change of coordinate
3/V11] [-1/V10] | 3/V110
1/V11  3/v10  1/+110
matrix is P = 1/ V11 0 -10/ V110]|.
3/VIl -1/v10  3/+110

(d) Take for instance the first and fourth vector and calculate their dot product:

-2

1
(1) : =1(=2) +0(1) + 1(1) + 1(0) = =1 # 0
1

O = =

These two of the vectors are not orthogonal, consequently the set is not orthogonal.

1 2 -2
A2 Let us denote the vectors of the basis B by V| = % l—%, Vy) = % lZ}, Vi = % l 1.
2 1

2

(a) Using Theorem 7.1.2, the coordinates of w with respect to the basis 8B are found by calculating the dot
product of w with each of the vectors in the basis B:

1 8
WV = 5[1(4) +(=2)3)+205)] = 3
W = %(4(2) +3(2) +5(1)) = 13_9
W = %(4(—2) +3(1)+5(2) = g

8/3
So, the B-coordinates of w are [W]g = [19/3‘.
5/3
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(b) Using Theorem 7.1.2, the coordinates of ¥ with respect to the basis B are found by calculating the dot
product of X with each of the vectors in the basis B:

=L

V= %(3(1) +(=N(=2) +2(2) = % =17

=L

1 -6
) 38@+ (D@ +2(D) = = =2

1 _
-V 5(3(—2) +(=N(1) +2(2)) = ?9 =3

=L

7
Hence, the B-coordinates of X are [X]g = {—2].
-3

(c) Using Theorem 7.1.2, the coordinates of ¥ with respect to the basis B are found by calculating the dot
product of ¥ with each of the vectors in the basis B:

P = 320+ (4D +60) = =
P = 500) + (9D +601) = 2
F7y = 5002+ (4 +6) = 3
22/3
So, the B-coordinates of ¥ are [§ls = {ig ]

(d) Using Theorem 7.1.2, the coordinates of 7 with respect to the basis B are found by calculating the dot
product of Z with each of the vectors in the basis B:

SV = %(6(1) +6(-2)+3(2))=0

oy

[

-ih %(6(2) +6(2)+3(1)=9

1
7V = 5(6(—2) +6(1)+3(2)=0
0
Therefore, the B-coordinates of Z are [Z]g = [9].
0
1 1 -1 0
. T U R B | VO RO I L1
A3 Let us denote the vectors of the basis B by v| = 3 2=l B =nl e ol
1 -1 0 -1

(a) Using Theorem 7.1.2, the coordinates of ¥ in the basis 8 are found by calculating the dot product of X with
each of the vectors in the basis 8. Hence, we get

27 4
|2en| | -5
[¥]5 = 2| |-5/V2

il [-1/V2
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(b) Using Theorem 7.1.2, the coordinates of ¥ in the basis 8B are found by calculating the dot product of ¥ with
each of the vectors in the basis B. Hence, we get
¥ -5/2
|| | 3/2
Wls =15 5| = |7/v2
Y-V 6/ V2
(c) Using Theorem 7.1.2, the coordinates of w in the basis B are found by calculating the dot product of w
with each of the vectors in the basis 8. Hence, we get
WV 5/2
[¥]g = w-h| | 1/2
ST [-3/V2
Wy 0
(d) Using Theorem 7.1.2, the coordinates of 7 in the basis B are found by calculating the dot product of 7 with
each of the vectors in the basis 8. Hence, we get
-V 1/2
zewm| |12
s =125, = |3/ v2
-9 [6/V2
[5/13  12/13][5/13  12/13 1 0 .
Ty _ -
(a) A"A = 12/13 _5/13} [12/13 _5/13] = [O 1}. So, it is orthogonal.
[3/5 -4/5|[3/5 4/5 1 24/25 . .
Ty _ -
(b) A"A = 4/5 _3/5] [_4/5 _3/5} = [24/25 1 } Therefore, it is not orthogonal since the columns
of the matrix are not orthogonal.
[2/5 1/5|[2/5 1/5 3/25 0 . .
Ty _ —
(c) A"A = -1/ 2/5} [_1/5 2/5] = [ 0 3/25}. It is not orthogonal as the columns are not unit vectors.
/3 2/3 2/3][1/3 2/3 -2/3 1 0 4/9
d) ATA =|2/3 -2/3 1/3{[2/3 -2/3 1/3|=|0 1 —4/9|. Therefore, it is not orthogonal
-2/3 1/3  2/3]{2/3 1/3 2/3 4/9 -4/9 1
since the third column is not orthogonal to the first or second column.
/3 2/3  2/3][1/3 2/3 2/3 1 00
(e) ATA=12/3 -2/3 1/3||2/3 -2/3 1/3|= 1 0]. Hence, it is orthogonal.
2/3 1/3  -=2/3](2/3 1/3 -2/3 0 0 1
(a) We have g5 - g, = 0. Consequently, the vectors are orthogonal.
2 -1 6
Wehave g = g3 x g1 =| 2 | x| 2 |=]-3]
—1] 2 6
Copyright © 2013 Pearson Canada Inc.
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(b) The change of coordinate matrix for the change from the basis 8 to the standard basis S is given by
P = [ ﬁ f; ﬁ] It remains to calculate the orthonormal vectors f;, i = 1,2, 3 by dividing the components

of the vectors g;, i = 1,2,3 by their respective norm. We have ||g]] = +(=1)2 +22+22 = 3, ||g,]| =

-1
V62 +(=3)2+ 62 = 9, and ||l = 22 + 22 + (=1)2 = 3. So, the vectors f; are given by: f; = %[2

12

b}

6 2 2
f_z) = % —3‘ = % [—1], and f_3) = % [ 2 |. Using the vectors f? i = 1,2,3 together with the definition of P,
6 2 -1
-1 2 2
wegetP:% 2 -1 2].
2 2 -1

(c) The B-matrix of L is the same as the matrix which represents a rotation through angle n/4 about the

cos(w/4) —sin(m/4) O

sin(r/4) cos(n/4) 0f. Since cos(n/4) = 1/V2 =
0 0 1

standard x3-axis. Hence, it is defined by [L]g =

1 -1 O
1 1 0.
0 0 V2

(d) Since we calculated g, = g, X 23, the basis f1, 3, f3 is orthonormal and right-handed. The standard matrix

can be obtained using P, the change of coordinate matrix for the change from the basis 8 to the standard
basis S: [L]s = P[L]gP~'. Since {fi, f>, f3} is orthonormal, the inverse of P is given by its transposed:

P! = PT, We find:
-1 2 2 1 1 -1 0 1 -1 2 2]
2 -1 21—11 1 0Ol=12 -1 2

2 2 -1/ Y20 o v2|%l2 2 1

sin(rr/4), we get [L]g = %

W =

[L]ls =
-1 2 2] [ [3 3 0 ]
lz 2\—l 1 1 4
> 2 -1|3V2|avz 23 2
5+44V2 —1+4V2 8-2V2

1
=——|-7+4V2 5+4V2 -4-2\2
IV2|_4_2v3 8-2v3 8+

1/v6 1/¥3 1/V2
A6 Since 8B is orthonormal, the matrix P = -2/ V6 1/ V3 0 is orthogonal. Hence, the rows of P are
1/vV6 1/V3 —1/V2
1/V6] [-2/ V6] [ 1/V6
orthonormal. Thus, we can pick another orthonormal basis to be { |1/ V31,1l 1 / V3 1.l 1/ V3
1/V2 0 -1/V2

Homework Problems

: _[1/v10 3/+10
B1 (a) The setis orthogonal.P—L/m —1/\@}'
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2/V6  1/V5 2/V30
(b) The set is orthogonal. P = |-1/ V6 0 5/ V30|.
1/V6  =2/v5 1/V30
(c) The set is not orthogonal.
(d) The set is not orthogonal.
7/V2 ~1/V2
B2 (a) [Wls = |- V3 (b) [¥s=| 3V3
9/ V6 -3/ V6
-\2 1/V2
© [z =|-5/V3 )[Rz =|7/V3
14/ V6 5/V6
4 1
B3 Plg = > b) [X]g = !
(@) [Wlg = 332 () [¥lg = )
-3/V2 -8/V2
5/2 7/2
1/2 -3/2
-\2 -1/V2
B4 (a) Itis not orthogonal. The columns of the matrix are not orthogonal.
(b) Itis orthogonal.
(c) Itis not orthogonal. The columns are not unit vectors.
(d) Itis orthogonal.
(e) Itis not orthogonal. The columns of the matrix are not orthogonal.
1
BS (a) W3=W1XW)2= -5
2
2 -3/V6 | [-3 4/
®) [3| = -8/V5 ||1]| =| 9/V5
~4], |-21/v30] [ 31, [-2/+30
Conceptual Problems
D1 Let P and Q be orthogonal. Then PTP = I and Q7 Q = I. Hence,
(PO (PQ)=Q"P'PQ=0"10=0"0=1
Thus, PQ is orthogonal.
D2 (a) We have 1 = det = det(P" P) = det P” det P = (det P)?. Hence, det P = +1.
(b) LetA = B 1(/)2]. Then detA = 1, but A is certainly not orthogonal.
Copyright © 2013 Pearson Canada Inc.
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D3 (a) Suppose that P is orthogonal, so that PT P = I. Then for every ¥ € R" we have
IPAP = (PR) - (PR) = & PTPR = ¥ % = ||l
So ||IPA? = ||IXI?. (The converse is also true; see Problem F1.)

(b) Suppose that A is a real eigenvalue of the orthogonal matrix P with eigenvector V. Then PV = AV. Thus, by
part (a), [VIlIPH = |AlIIV. So |4 =1, and 2 = 1.

D4 Let \7’]T, ...,V denote the rows of P. Then, the columns of PT are ¥;,...,¥,. By the usual rule for matrix

multiplication,

(PP = BV =7 ¥
Hence, PP" = I if and only if ¥; - %, = 1 and ¥; - ¥; = O for all i # j. But this is true if and only if the rows of P
form an orthonormal set.

7.2 Projections and the Gram-Schmidt Procedure

Practice Problems

Al (a) We definition of projection requires an orthonormal basis for S = Span A. Since the two spanning vectors
are orthogonal, it is only necessary to normalize them. An orthonormal basis for S is therefore

1721 [1/V10

8= (.= 1|12 2/V10
B B VAl R VYT
1721 [2/v10

It follows that the projection of X onto S is
projs X= ()? \71)\71 + (f 172)\7)2
1/2 1/V10] [5/2
_ol712|, 25 |wVI0| | s
“ |12 yio |1/ V10| |5/2
1/2 2/V10 5

(b) We definition of projection requires an orthonormal basis for S = Span A. Since the two spanning vectors
are orthogonal, it is only necessary to normalize them. An orthonormal basis for S is therefore

N2l [ 0 1/V2
o 0 1/vV2 0

B ={V),h, s} = vzl o |'|l-1/v2
0 1/V2 0

It follows that the projection of X onto S is

pI'OjS X= (f \7)1)\7)1 + ()? \72)172 + (J? \7)3)\7)3

1/V2 0 1/V2| ]2
_ T oo V2 3 0 (92
SN2 |UV2] T 2| O V2 |-1/V2| |5
0 1/v2 0 9/2
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(c) We definition of projection requires an orthonormal basis for S = Span A. Since the two spanning vectors
are orthogonal, it is only necessary to normalize them. An orthonormal basis for S is therefore

1/2] [-1/2] [~1/2
. 12 |-172] | 172
Y22 =172
12 L172] 12

It follows that the projection of ¥ onto S is

projs X = (X - V))Vi + (X ) + (X - ¥3)i

1/2 -1/2 -1/2 2
o172 -1/2 /2] |3
—81/2\+3l \+1 =15

6

1/2 -1/2
1/2 1/2 1/2
Vi
A2 (a) We need to find all vectors |v,| € R? such that
V3

Vi 1
0= Va2l 2 =V|+2V2—V3
V3 -1

We find the general solution of this homogeneous system is

V1 -2 1
wl=s|1|+¢£|0|, s, t€eR
V3 0 1
1] [-2
Hence, a basis for S*is {|0|,| 1 |}.
1 0
Vi
(b) We need to find all vectors |v, | € R? such that
V3
vi] [1
O=|(wl|-[1{=vi+v+v;3
vs] 11

141 -1
O=|val-| 1 |==vi+vy+3v3
vs] |3

Row reducing the coefficient matrix of the corresponding homogeneous system gives
1 1 1 1 0 -1
-1 1 3 01 2
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Thus, the general solution is

1
Hence, a basis for S+ is {l—%}
1

Vi

V1 1
vwl=t|-2|, teR
V3 1

V2
V3
V4

(c) We need to find all vectors € R* such that

>V1—
V2
V3
V4l L
(vi] [ 2
V2 -1
%] ' 1
[val 13

1
0

11 =V +V3
0

=2V —Vvy +v3 + 31,

Row reducing the coefficient matrix of the corresponding homogeneous system gives

1 0 1 ol [t o1 0
2 -1 1 3 o1 1 -3
Thus, the general solution is
V1 -1 0
%) _ -1 3
val = K | +t ol’ s,teR
V4 0 1
—1] [0
. =11 13
Hence, a basis for S+ is 1 o
1

1] [1] [1
A3 (a) Denote the given basis by B = {W, W), W3} = {[O‘ , [1] , [1“

First Step: Let v, = W and S| = Span{V,}.

1 1 0
> " 1
0 0 0

Copyright © 2013 Pearson Canada Inc.
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(b)

(c)

Section 7.2 Projections and the Gram-Schmidt Procedure

1 | 1] | 0] [0
V3 = perpg, W3 = _TO_T =10
1 0] ol |1

1] [0] [O
Hence, an orthogonal basis for the subspace spanned 8 is { O] , ll‘ , [O }
10

1
)
0
First Step: Let v, = w and S| = Span{V,}.

1,1 [13
ol 31| |-2s3

Third Step: Let

1] [1
Denote the given basis by B = {W, w», W3} = {[1‘ , [1
1] 10

Second Step: We have

Since we can take any scalar multiple of this vector, to make future calculations easier, we pick ¥, = l

and define S, = Span{V|, V,}.

Third Step: We have

1
So, we pick 3 = [—1].
0

1 [1 1
Hence, an orthogonal basis for the subspace spanned Bis{|1],| 1 |,[-1];.
11 1-2[ [0
1] [27 [-1]
. . IR 0] |-1
Denote the given basis by B = {w;, wp, W3} = ol’l 1
1

1
9 1 .
1|
First Step: Let v, = w and S| = Span{V,}.

Second Step: Let

2 171 [0
) L |-t 4lo| |-t
V2= PP W2 = 1T 5 00| T 1

2 1] lo

and define S, = Span{V|, V,}.
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Third Step: Observe that V| - w3 = 0 = ¥, - W3, so W3 is already orthogonal to V; and ¥,. Hence, we can
simply take V3 = ws.

117107 [-1
. . 10| -1 1
Hence, an orthogonal basis for the subspace spanned 8 is ol*l 1 1°] 1
1110 1
I [r1q] [t
. S oo 1] {01 13110
(d) Denote the given set by B = {W, W), W3, Wa} = , , ,
o1’{111-21"10
1] [1 1] 11
First Step: Let V| = w; and S; = Span{V,}.
Second Step: We have
1 1 1/3
S 0] 2|1 -2/3
PEfPs, W2 =191 7310 T | 1
1 1 1/3
1
Since we can take any scalar multiple of this vector, to make future calculations easier, we pick v, = _32

1
and define S, = Span{V|, >}

Third Step: We have

1 1 17 70
o w - | 351 =10]2| _]o
PePs, W3 =1 517310l ” 15 [ 3|7 |o
1 | 1] o

Hence, w3 is actually a linear combination of ¥; and ¥, so we can omit it.

Third Step: We have

1 1 1 1/5
S (0] 21 2 {=2) _|-2/s
PePo Y4 = 10| 73 00| " 15| 3 | T [-2/5
1 1 1 1/5
1
S -2
Hence, we take V5 = ot
1
1 1 1
. 2] -2
Thus, an orthogonal basis for the subspace spanned 8 is ol*1 3 1°]=2
1 1 1

A4 We will first use the Gram-Schmidt Procedure to produce an orthogonal basis for the subspace spanned by each
set and then we will normalize the vectors to get an orthonormal basis.
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17 (171 [1
(a) Denote the given basis by B = {W, w,, w3} = {[1‘ , [1‘ , [O“

(b)

Section 7.2 Projections and the Gram-Schmidt Procedure

0] 11] 10

First Step: Let ¥, = w; and S; = Span{V,}.
Second Step: Let

NSNS

i
i

i

Normalizing each vector we get that an orthonormal basis for the subspace spanned by 8 is

1/V2 H 1/V2

1
h = perpg, W) = [1‘ -
1

and define S, = Span{V|, >}.

Third Step: We have

1
So, we take V3 = l—l‘.
0

Hence, an orthogonal basis for the subspace spanned 8 is {

1/\/5’0’_1/\/2
0 1 0

2 2] -1
Denote the given basis by B = {W, wo, W3} = {[ 1 ‘{1} , l—l}}.

=20 (1] |1

2 4/3
-2 5/3

First Step: Let V| = w; and S; = Span{¥,}.
Second Step: We have

2l 3
perpg, W2 = | 1| =5
1

4
Thus, we take ¥, = lZ} and define S, = Span{¥, 15}
5

Third Step: We have

1
So, we take V3 = [—2‘.
0
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e

Normalizing each vector we get that an orthonormal basis for the subspace spanned by B is

Hence, an orthogonal basis for the subspace spanned $ is {

2/3 7 [4/V45] [ 1/+5
1/3 |.|2/ V45|, |-2/+5
-2/3] |5/45 0
171 [0] [1
. . N 1] (1] -1
(c) Denote the given basis by 8 = {w}, W, Wa} = ol 1117121
1] [1] [-1
First Step: Let V| = w; and S; = Span{V,}.
Second Step: We have
0 1 -2/3
R 1l 211 1/3
perps, W2 = || “3lol =] 1
1 1 1/3
-2
Thus, we take ¥, = ; and define S, = Span{V|, ,}.
1
Third Step: We have
1 1 2/5
. 1] =11 —1/5
PP, W3 =1_ 1173 |o| ™ 3 2/5
-1 1 -1/5
2
S take 7 = |
o, we take V3 = |, |.
-1

1
. .1 1
Hence, an orthogonal basis for the subspace spanned 8 is ol*l 3
1

[

Normalizing each vector we get that an orthonormal basis for the subspace spanned by 8 is

1/V3] [-2/V15] | 2/V10
1/V3| | 1/V15 | |-1/V10
0 |’|3/V15 || 2/V10
1/V3] [ 1/V15 | [-1/+10
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1

1

1 1
0 1
(d) Denote the given basis by B = {wy, wp, w3} = {[1],[-1],]|1
0 1
1 0 1

First Step: Let V| = w; and S; = Span{V,}.

Second Step: We have

1 1 1
) 0 0 0 0
perpg, w2 = |1 -3 I|=|-1
1 0 1
0 1 0
1
0
So, we take ¥, = |—1| and define S, = Span{¥}, i,}.
1
0
Third Step: We have
1 1 1 -1/3
. 1 3 0 | 0 1
perps, w3 = |1 -3 1 -3 -1{=|1/3
1 0 1 2/3
1 1 0 0
-1
3
So, wetake 3 = 1 |.
2
0

2
0

Normalizing each vector we get that an orthonormal basis for the subspace spanned by B is

1/V3] [1/V3] [-1/V15
0 0 3/V15
1/V3],|-1/V3].| 1/V15
0 1/V3 | | 2/V15

rry -1

0|10 3
Hence, an orthogonal basis for the subspace spanned Bis{|1|,|-1],| 1 |;.

0] |1

1] 10

1/V3 0 0
A5 Let {V,..., Vi) be an orthonormal basis for S, and let {V1,...,V,} be an orthonormal basis for S*. Then,
{V1,...,V,} is an orthonormal basis for R". Thus, any ¥ € R”" can be written

-

X=X -V + -+ (X V)V,
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Then

perpg(¥) = ¥ — projg X

2 N\

=X—[(X- V)V + -+ (X V)]

=X V)V + -+ (X - V)V,

= projg. X
Homework Problems
74/21 29/6 3 16/3
-1/7 19/6 4 5/3
BL @ _74)21 ®17 ©1_4 @1
83/21 19/6 5 11/3

s3]

(c) The empty set.

1
3
5
1
11 [1][1 o 2 1
B3 (a){oH—1 , 2]} (b){ll [ 1 1
1] |-1] |-1 1 1
(1] (21 [ 8 1
1] [2] | -3 1
(1/v2] [1/V3] [1/V6 1/\/_ [3/vV22 ] [ 1/2
B4 (a) 0 |.|-1/V3].| 2/V6 (b) |1/ VIT|,| 3/V22 |,|-1/+2
[1/v2] |-1/v3] |-1/V6 3/ V11| [-2/V22 0
UNELT 0 1[5/VE 1/V3] [-1/2] [ 1/ V24
1/V3| | 0 | |-2/V24
1/V3| [-1/V3] [-2/V39
(c) o 'l 1/v3|"| 1/v30 (d) 0 |.|1/2],[-3/V24
1/V3| | 1/2 1/V24
1/V3] 11/v3 ] 1-3/39 o |Li2]]3va
1/v6] [ 1/V12 1/2
~-1/V12 1/2
| 0 3/ V12 1/2
[ 1/V2] [-1/2 1/2
0 1/2 L 12
@c=1 sl @ projs. 7= 7
0 1/2 1/2
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Conceptual Problems

D1

D2

D3

D4

D5

D6

D7

If ¥e SNS*, then ¥ € S and X € S*. Since every vector is S* is orthogonal to every vector in S, X- ¥ = 0. Hence,
i -
xX=0.

Let {V|, V5, ..., V} be a basis for S. S* is the solution space of the system v, - ¥ = 0,%, - ¥ = 0,...,% - ¥ = 0.
i

Since {V|,,,...,Vi} is linearly independent, the matrix | : | has rank k. Therefore, by the Rank Theorem, the
7
Vi

solution space S* has dimension n — k.

If $€ S, then §- % = 0 for all ¥ € S* by definition of S*. But, the definition of (S*+)* is (S*)* = {¥ € R" |
X-§=0forall § € S*}. Hence § € (S*)*. So S C (SH)* Also, by Problem D2, dim(S*)* = n — dimS+ =
n—(n-dimS) = dimS. Hence S = (S*)*.

Since every vector in S* is orthogonal to every vector in S, {¥|,V,, ..., Vi, Vki1, ..., V) is an orthonormal set in
R", and hence linearly independent. A linearly independent set of n vectors in R” is necessarily a basis for R”.

If ¥e Span{ﬁl,...,ﬁk,l,ﬁk+t1171 + - +l‘k,]17)]<,1}, then

X = C1\71 + -+ Ck—l‘jk—l + ck(ﬁk + t1171 + -+ tk—l‘jk—l)

= (C1 + C](tl)\?l + -+ (Ck—l + thk—l)vk—l + Ck\7]< € Span{\7‘1, ey \7]<}

On the other hand, if ¥ € Span{¥, ..., V;}, then

X= C|\7)1 + o+ Ck,|\7k71 +Ck\7k
- - - - - - -
=ciVi+ -+ Vil F (V) = = o Vi Ve BV s o1 Vee1)

(c1 = RtV + -+ -+ (Crot = Chli )Vt + k(B + V) + - + o Viep)

Hence, Xe Span{171, - ’Vk—l,‘?k + l1171 + -+ Ik—]\?k—l}-

Since B is a basis of S, for any § € S we can write we can write
)?=Cl\71 +"'+C]<\7)k
Then for any 1 <i < k we get
V= (b + o+ adh) = et - B =l

Thus, since [[V;]] # 0 we get that

IR
Using the fact that ¥’y = ¥- ¥, we get that
(\71\71T + 4 VkV,{)X’z 171\7'le+ St \7’;(\7{)?
=V - ) + -+ R - X)
= ()? 17])\71 + + (X Vk)l?k
= projg X
= [projs]¥

for all ¥ € R". Thus, [proje] = ¥7] + - + %
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Practice Problems

Al
9

6

We also let ¥ = | 5|. Then, the required a and b satisfy
3
1

a -
xTx [b] =XTy

Since XTX = [ > 15} is invertible we get

15 55

al _[5 1571 11 1
b| 7|15 55| [1 2 3 4
_ L1 -3][24
T10|-3 1|53
_[105
~|-19

Thus, the line of best fitis y = 10.5 — 1.9z

(b) Since we want an equation of the form y = a + bt we let X =

b

Then, the required a and b satisfy X7 X [a] =X'y

is invertible we get

(a) Since we want an equation of the formy = a + br we let X =

Since XTX = [5

il

0
0 10
(5 0
0 10

[1/5
K
3.4
0.8

[

0

ol

Thus, the line of best fit is y = 3.4 + 0.8¢.

1
-2

17
8

-1

|

1

T T = W
I U R S

y=10.5-1.9¢

9
1}6
55
3
1

O
-2
1 -1
1 0] Wealsolety=
1 1
1 2

TENESNISES]

v
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A2 (a) Since we want an equation of the form y = at + bt> we let

-1 (=1)? -1 1
0 0> [=|0 0
1 12 1 1

. Then, the required a and b satisfy

X =

4
1
1

We also let y =

a >
x'x [b} =Xy

. 2 . .
Since XTX = [0 (2)] is invertible we get

_[12 0]]-3
o 125
=372
152

Thus, the equation of best fit is y = —%t + 327

(b) Since we want an equation of the form y = a + br> we let

1 (=27 1 4

1 (=17 11

X=[1 0 |=]1 0

112 11

1 22 1 4
1
1

We also let ¥ = | 2 |. Then, the required a and b satisfy

3
-2

a -
x'x M =XTy
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5 1
. T _ . . .
Since X' X = [1 0 34| invertible we get
1
i -1 1
al |5 10 I 11 11 ’
b| |10 34 410143
-2
17735 —1/7][5
| -1/7  1/14f|0
1777
|57
Thus, the equation of best fitis y = 17—7 - %tz.
A3 (a) Write the augmented matrix [A | l;] and row reduce:
1 2 5 1 215
2 316 |~|0 -7|-4
1 -12| -4 0 0 |-1

Thus, the system is inconsistent. The ¥ that minimizes ||JAxX — b|| must satisfy ATAX = ATD. Solving this for
X gives

2=ATA)"'ATh

6 -16]'[1 2 1 Z
“l-1e 57| 2 -3 -12f| )

_ 1 [157 16][13] _[383/98
T 68616 6 ||40] " | 32/49

383/98] minimizes ||A% — b]|.

Therefore, X = [ 32/49

(b) Write the augmented matrix [A | I;] and row reduce:
2 3 |-4 2 3 -4
3 214 |~|0 -13/2 10
1 -6| 7 0 0 -33/13

Thus, the system is inconsistent. The ¥ that minimizes ||AX— l;|| must satisfy ATAX = ATh, Solving this for
X gives

2= ATA)'ATh

SN A

_ 1 [49 6] 11]_[167/650
T 650| 6 14||-62| " [-401/325

Copyright © 2013 Pearson Canada Inc.



Section 7.3 Method of Least Squares 289

167/650

Therefore, X = [_40]/325

o e N "X
minimizes ||[AX — b]|.

Homework Problems

B1 (a) MY ) (b) v 4
47
0 r
B2 y 4
L /[y =043 + 1+ 1.297
't
B3 ()y=31-3 O y=-1+5r+ 37
| 227/90 S 35/6
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Computer Problems
X

C1

y =4.01 —0.84t + 0.451

[
Conceptual Problems
D1 By direct calculation we have
n n
n W
7 i=1 i=1
- 5 n n 5 n 3
X'x=| |[T 7 #]=|2u 26 X4
2T =1 =1 =l
) n n n
DR
i=1 =1 " =l
D2 (a) Suppose that m + 1 of the #; are distinct and consider a linear combination of the columns of X.
1 f tq” 0
1 ) & 0
Cof.[+ci|. |+ +om|.|[=].
1 Iy o 0

Now, let p(t) = co+cit+- - - +c,,t™. Equating coefficients we see that 71, 1, . . . , t,, are all roots of p(¢). Then

p(t) is a degree m polynomial with at least m + 1 distinct roots, hence p(f) must be the zero polynomial.
Consequently, ¢; = 0 for 0 < i < n. Thus, the columns of X are linearly independent.

(b) To show this implies that X7 X is invertible we will use the Invertible Matrix Theorem. In particular, we
will show that the only solution to X7 X# = 0 is ¥ = 0.

Assume X7 X7 = 0. Then
X2 = X' xv =" X" xv=70=0

Hence, X# = 0. This implies that vV = 0 since the columns of X are linearly independent. Thus X7 X is

invertible as required.
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7.4 Inner Product Spaces

Practice Problems

Al (a) (x—2x%1+3x) = 0(1) + —1(4) + (—6)(7) = —46
(b) (2—x+3x%,4—3x%) = 2(4) + 4(1) + 12(-8) = -84
© I3 -2x+x% = V32+22+32= V22
(d) 119+ 9x+9x% = 9l + x + x| = 9 VIZ + 32 + 72 = 959

A2 To show that {,) defines on an inner product on P, we need to show that it satisfies all three properties in the
definition of an inner product. On the other hand, to prove it is not an inner product, we just need to find one
example of where it does not satisfy one of the three properties. Just as we saw for subspaces, it is helpful to
develop an intuition about whether the function should define an inner product or not.

(a) We know that P, has dimension 3, so the fact that (,) only has 2 terms in it makes us think this is not an
inner product. To prove this we observe that

(a+bx+cxt,a+bx+cx®y=a*+(a+b+c)

Hence, we see that we can make this expression equal O by taking a = 0 and b = —c. For example,
(x — x2, x — x?y = 0. Thus, this function is not positive definite, so it is not an inner product.

(b) The fact that all the terms are in absolute values means that this function can never take negative values.
Hence, we should realize that this function cannot be bilinear. Indeed, (—p, q) # —(p, g), so it is not an
inner product.

(c) This function has three terms and looks quite a bit like the inner products for P, we have seen before. So,
we suspect that it is an inner product. We have

(@a+bx+cxta+bx+cx®y=(@-b+c)+2a*+@+b+¢)*>0

and {a + bx + cx*,a + bx + cx*) = Oif and only if a — b+ ¢ = 0,a = 0, and a + b + ¢ = 0. Solving this
homogeneous system we find that a = b = ¢ = 0. Hence, the function is positive definite. Also for any
p,q € P, we have

(p.q) = p(=1)g(=1) + 2p(0)q(0) + p(1)g(1)
= g(=Dp(=1) +2g(0)p(0) + g()p(1) = {q, p)

Hence, it is symmetric. Finally, for any p,q,r € P, and 5,1 € R

(p.1q + sr) =p(=Dltg(=1) + sr(=1)] + 2p(0)[2q(0) + sr(0)]+
+ p(D[rg(1) + sr(1)]
=t[p(=1Dg(=1) + 2p(0)q(0) + p(1)g(1)]+
+ s[p(=Dg(=1) + 2p(0)q(0) + p(1)g(1)]
=Kp,q) + s{(p,T)

So, it is also bilinear. Therefore, it is an inner product on P;.
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(d) Observe that the terms being multiplied by each other do not have to be the same, so we suspect this is not
positive definite. In particular, we have (x, x) = =2, so it is not an inner product.

A3 To calculate the inner products in this question, we use what was learned from Exercise 7.4.1.

(a) Denote the given basis by B = {W, w», W3} = {[_11 (1)} , [(1) ” , [? _01}}

First Step: Let v, = w and S| = Span{V,}.

Lo [roa] 21 o] _[13 1
PePs, W2 =1 117321 1] T |2/3 1/3

Thus, we take ¥, = [1 3] and define S, = Span{V|, >}.

Second Step: We have

2 1
Third Step: We have

L [2 o] oft o] 3[t 3] _[9/5 -3/5
PeIPs, W3 =11 1|7 3|=1 1| 15|2 1|7 |3/5 —-6/5

So, we take ¥; = E :é}

Hence, an orthogonal basis for the subspace spanned 8 is

(I

Normalizing each vector we get that an orthonormal basis for the subspace spanned by 8 is
{L[l 0] 1 [1 3] 1 [3 —1}}
V3l-1 1 Visl2 1] vis|l -2
.43_2104_913_’_23—1_4 5/3
PRSI 1|73 =1 1T 152 1|7 151 2|7 |-2/3 773

(b) Denote the given basis by B = {W, w,, w3} = {[(1) }] , [(]) _11} , [_21 (])}}

Then

First Step: Let V| = w; and S; = Span{V,}.

Second Step: Observe that w, is already orthogonal to V|, so we take v, = [O _1] and define S, =

I 1
Span{vl P VZ}
Third Step: Let

o o _[2 03[t a]_ofo —1]_[1 -1
EPP, W= 0 1730 1|73t 1|7 |-1 o
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Hence, an orthogonal basis for the subspace spanned B is
1 1710 =1 |1 -1
O 1’|t 1)’|1-1 0
Normalizing each vector we get that an orthonormal basis for the subspace spanned by B is
oo < L]
V310 1731 1] y3|-1 0
I -1 _|11/3 3
-1 0| [|-7/3 4/3

1] [-=1] [-1
A4 (a) Denote the given basis by B = {W, w,, w3} = {[1 ,[ 1 },l 1 ]}

Then

First Step: Let V| = w; and S; = Span{V,}.
Second Step: We have

-1
Thus, we take ¥, = l 2 ] and define S, = Span{¥|, ¥,}.

0
. -1 1 1 4 -1 0
perpg, w3 = | 1 3 1Y% 2(=(0
-2 0 0 -2

Third Step: We have
11 [-1] [O
1f{,{21,]0
of [0] |1

(b) Normalizing the vectors, we find that an orthonormal basis for S is

0
Thus, we take V3 = lO}
1

Hence, an orthogonal basis for S is 8 = {

—
—
[———
- o O
ee—
—_————

I

§¢

<

w

111
— 1], — 2|, —
V3 o| V6o | V3

Hence,
(X, i) 2/V3
[X]g = l(i 172)] =|-2/vV6
(X, i3) 0
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A5 We have

Vit e+ Vi, Vi V) =V, V) + e+ (VL V) + (W, Vi) + (V, Vo) +
o Vo, Vi) e (VL V) e (Y, V)

Since {vy, ..., V¢} is orthogonal, we have (v;,v;) = 0if i # j. Hence,

2 2 2
Vi + -+ VillT = (Ve v + -+ (Vi Vi) = Vil + -+ IVl

Homework Problems

Bl (a) {1 —3x%,1+x+2x%) =-128 b)B—x,2-—x—-x*)=-22
© Il =5x+ 25 = V6 (d) ||73x + 73x2|| = 73 V40

B2 (a) It does not define an inner product since (x — x*, x — x*) = 0

(b) It does define an inner product.

(c) It does not define an inner product since if p(x) = (x + 1)(x — 1)(x — 3) and g(x) = x(x — 2)(x — 3), then
(p,q) =0, but (g, p) = -36

B3 (2 {1,g+x—x2}, projs(1 +x + x?) = 2 + 1x — 1x?
(b) 1+x ,4+9x — Sx projs(1 +x +x%) = L + Zx+ 147
1/4
(b) [X]g = —1/4}-
0

Conceptual Problems
D1 (a) By the bilinearity of ( , ),

(X,7) = (X181 + X285, 18| + y28>)
= Xx1(€), Y181 + 282) + X2({€2, y1€1 + y262)

= X1y1{€1, 1) + X1y2(€1, &) + x12y1(&2, &1) + X2Y2(&>, &)

(b) Since the inner product is symmetric,

Thus,

(X, ) = gnxiy1 + giaXiy2 + 21X2)1 + §22X2)2
_ [x1 xQ] 811 812] [}H]
821 822 ()2
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(c) Letv, = g%a. Then, (¥, %) = 1. Let

Finally, let \72 = ﬁz/”ﬁz”

(d) By construction (¥}, V) = 1 = (i%, V) and (¥, 1) = 0. So,

oo}

Then

~ ~

(X, 3) = (V1 + B0, YiVh + Waih)
-

+ 20)2(V1, o) + 51V, V1) + B2Y2(ih, V1)
D2 (a) Because the inner product is symmetric,
(G)ji = V), Vi) = (Wi, V)) = (G)jj

(b) By the bilinearity of ( , )

(X, 3) = (Vi + xah + X393, y1V) + yaih + y33)
= 01V V) + x12(F1L Vo) + -+ - + X333, 3)
= (x1(G)11 + 22(G)a1 + x3(G)an)y1 + (x1(G)12 + x2(G)x2 + x3(G)32)y2+
+ (x1(G)13 + x2(G)23 + x3(G)33)y3

Y1
=[JC1 X2 )C3]G[};2

3

(c) We have
<L,l> <lLx> <I1,x*> 3 3 5
G=|<x1> <xx> <xx*>|=|3 5 9]
<3 1> <xtx> <xX3x2>| |5 9 17
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7.5 Fourier Series

Computer Problems

Cl (a y =[x 71
—Y = Projcpz,d f(x) | P
—— ¥ = PrOjcp,, f()
—_—)= Projcpz,r,11 f(x)
—r n t
(b) y 4
Je”
y=fx)
—_—) = pI‘Ojcpm Jx)
—— Y = projcp,, f(%)
—_— )= Projcpz,n11 JACY)
x r t
(C) y 4
1

y=f(x)
—_—) = PTOJICPZ,,,3 S
—— Y = proje Pony f(x)
—_— )= PTOJ.CPM, S(x)
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Chapter 7 Quiz
Problems
1 0
E1 (a) Neither. Observe that % (1) . % _11 = —%. Hence, the first and third vector are not orthogonal, so the
1 0
set is not orthogonal or orthonormal.
1] 0
(b) Neither. Observe that | —= 0 L 012 ——L_. So, the vectors are not orthogonal and hence the set is
' V3l sl T vis T g
1] -2
not orthogonal or orthonormal.
(c) We have
o o
1 (o] 111
i — =0
V3l V3|1
1] | 0]
(1] 0
1 (o] 1 |-1
— V. = =0
V3l 3|l
1] [ 1]
1 [ 0]
1|1 1 |-1
J— J— =0
Va1 31
0 | | 1|
Hence, the set is orthogonal. But, we also have
1 1]
1 ]0f 110
— 7. = =1
V3l V3!
1 1]
1 [ 1]
111 1|1
— o =1
V3 |-l 3|1
0 0
0 0
1 |-1 1 |-1
J— J— =1
NIRRT R
| 1 1

Consequently, the set is orthonormal.
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298 Chapter 7 Orthonormal Bases

E2 Let ¥}, 5, ¥3 denote the vectors in 8. We have

9 6
\7')?:2, V-)?:—’ \7 [p——
1 2 NG 3 NG
2
Hence, [%]g = |9/ V3.
6/ V3

E3 (a) We have
1 = det! = det(PT P) = (det PT)(det P) = (det P)*

Thus, det P = +1.
(b) We have PTP =T and RTR = I. Hence,

(PR)'(PR)=R"PTPR=R"IR=R'R=1

Thus, PR is orthogonal.

E4 (a) Denote the vectors in the spanning set for S by 71, 2>, 73. Let w; = Z;. Then,

1
- - 0
Wy = PCIPg, 22 = 1
10
-1
- - 1
W3 = perpg, 73 = |
-1

Normalizing {W;, W, W3} gives us the orthonormal basis

1/V2 0 -1/2
0 1/vV2] | 172
N2’ 0 7| 1/2
0 /2] [-1/2

(b) By the Approximation Theorem the closest point in S to ¥ is projs ¥. We find that
projs X = X
Hence, X is already in S.
E5 (a) LetA = B ;] Since det A = 0, it follows that
(A, A) = det(AA) = (detA)(detA) =0

Hence, it is not an inner product.
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(b) We verify that (, ) satisfies the three properties of the inner product.
(A,A) = a, +2d}, +2a5, +al, > 0
and equals zero if and only if A = O»5.

(A, BY =a11b11 + 2a12b12 + 2a21b21 + anbxn
=byiay + 2bppain + 2byja; + bnaxn = (B, A)
(A, sB + tC) =ay(sby1 + tcyy) + 2a12(sb1p + tepp)+
+ 2ay1(sbyy + te21) + axn(sbyn + tc)
=s(anbn + 2a12012 + 2a21b21 + anbxn)+
+ t(arici + 2apcin + 2ax1021 + ancn)
=s(A,B) + t{A,C)

Thus, it is an inner product.

Chapter 7 Further Problems

Problems

299

F1 (a) Forevery ¥ € R? we have LDl = ], s0 L(¥)- L(¥) = |7 for every ¥ € k3 and and [IL(+ PP = 2+ 717

for every ¥+ y € R?. Hence,
(LE+) - (LE+Y) = X+ - (X+))
(LX) + LG)) - (LD + L)) = ¥- X+ 20§+ 5§
L(D) - L(D) + 2L(D) - L) + L) - LG = |18 + 2% F+ 7
I8 + 2L(%) - LG) + AP = 1917 + 22 3+ 7P
L(®) - LG) =%

as required.

(b) If [L] is orthogonal, then [L]"[L] = I. As in Problem 7.1.D3, it follows that
(IL1%) - (IL1%) = #[L)[LIX = %- %

so L is an isometry.

Conversely, suppose that L is an isometry. Let {¢], &, &3} be the standard basis for R*. Since L preserves
dot products, {L(&}), L(é>), L(¢3)} is an orthonormal set. Thus, P = [L(é’l) L(&) L(E%)] is orthogonal.

(c) Let L be an isometry of R?. The characteristic polynomial of [L] is of degree three, so has either 1 or 3 real

roots (since complex roots come in complex conjugate pairs).
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(d)

(e)

Chapter 7 Orthonormal Bases

We first note that we must not assume that an eigenvalue of algebraic multiplicity greater than 1 has
geometric multiplicity greater than 1.

For simplicity, denote the standard matrix of L by A, and suppose that 1 is an eigenvalue with eigenvector
ii. Let ¥ and W be vectors such that {iZ, ¥, W} is an orthonormal basis for R3. Then P = [L? v W] is an
orthogonal matrix. We calculate

T
PTAP = | A[ﬁ' i w]
[w!
(il Ail d@TAV il AW
—|#TAi TAV AW
WAl WA W
(7T dTAV  al AW
=\ AV AW
Wi wiAY wiw
1

. Since PTAP is orthogonal, this implies that the first

o ]

where A" is orthogonal because its columns are orthonormal.
Consider det(A — Al). Expanding the determinant along the first column gives

Since {if, v, w} is orthonormal the first column is |0
0
row must be [1 0 ()] Thus,

012

T _
PTAP = I

det(A — Al = (1 — ) det(A™ — A)

as required. The case where one eigenvalue is -1 is similar.

The possible forms of a 2 X 2 orthogonal matrix were determined in Problem F5 of Chapter 3. It follows
that A* is either the matrix of a rotation or the matrix of a reflection. Note that the possibilities include
A* = [ (rotation through angle 0), A* = —I (rotation through angle &, or a composition of two reflections),

. |1
and A —[0

rotation, a reflection, or a composition of reflections.

_01] (a reflection). Thus, with one eigenvalue of A being 1, we have that A describes a

In the case where the first eigenvalue of A is -1, we get that A is the matrix of a composition of a reflection
with any of the mappings in the previous case.

F2 If A2 =Tand A = AT, then ATA = A2 = I, 50 A is orthogonal.
Suppose that A> = I and ATA = I, then AT = ATA? = (ATA)A = A, so A is symmetric.

IfA =

F3

AT and ATA = I, then A> = ATA = I, s0 A is an involution.

The vector ¥is in (S + T)* is and only if ¥- ¥ = 0 for every ¥ € S and X- 7' = 0 for every € T. Then X € S* and

XeTt, soxXeStnT.
Conversely, if ¥ € S* N'T+, then ¥- § = 0 for every §€ S and ¥- 7= 0 for every £ € T. Thus, ¥- (§+ 7) = 0 for

every

§eSand7eT. Thus, ¥ € (S + T)* .
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Let {ify, ..., i} be an orthonormal basis for S, and let {i), ..., ii;} be an orthonormal basis for S, ;. Finally, let
{il1,. .., 1, be abasis for V. Then v € V can be written

V=crily + -+ cplly
It follows that

IV — projg, VIl = IX = (cridy + - - - + cridg)l

= |lckattlerr + -+ + Cuily|

— 2 24 ... 2
_\/ck+1+ +e; 4+l

On the other hand,

IV = projg,,, Il = I¥ = (c1ify + - + ceide)|

= I|C€+lﬁ€+1 +oee+ Cnﬁn“

_ 2 2
= ¢, Tt
Thus [[# - projg , | < I — projg, 7.
Since A is invertible, its columns {d\, ..., d,} form a basis for R". Perform the Gram-Schmidt procedure on the
basis, thus producing an orthonormal basis {7, . .., §,}. It is a feature of this procedure that for each i,

Span{d,, ..., d;} = Span{q,...,q:}
Hence, we can determine coefficients r;; such that
dj=njg+--+7qj+ 04 + - +0g,

Thus we obtain

i riz oo T'ln
0 o))

@ al=la - al
0 T o Fa=Dn
0 -~ 0 7

That is, A = QR where Q is orthogonal and R is upper triangular.
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CHAPTER 8 Symmetric Matrices and
Quadratic Forms

8.1 Diagonalization of Symmetric Matrices

Practice Problems

Al (a) A is symmetric.
(b) B is symmetric.
(c) C is not symmetric since cjp # ¢2].
(d) D is symmetric.

A2 Alternate correct answers are possible.

(a) We have
I-1 =2

C(ﬂ)=|—2 1-2

The eigenvalues are 4; = 3 and A, = —1.
For 14, = 3 we get

A basis for the eigenspace of 4 is {[_11]}

A—<—1>1:[2 —2} N [1 _1]

For 4, = —1 we get
-2 2 0 O

A basis for the eigenspace of A, is {[”}

Observe that, as predicted by Theorem 8.1.2, the eigenvectors in the different eigenspaces are orthogonal.

1
diagonalize A we need to form an orthogonal matrix P whose columns are eigenvectors of A. It is very
important to remember that the columns of an orthogonal matrix must form an orthonormal basis for R".

Hence, we get that {[ } , [ﬂ} forms an orthogonal basis for R? of eigenvectors of A. To orthogonally
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. . . —-1/V2| |1/V2
Thus, we must normalize the vectors in the orthogonal basis for RZ. We get {[ / \/—} , [ / \/_}} Hence,

1/V2 | [1/V2
the matrix P = [_11/ \/\/; 1; g} orthogonally diagonalizes A to PTAP = [(3) _01} =D.
We have
_15=-4 3 B B
C(/l)—’ 3 _3_/1‘—/1 21 =24 =1+ 4)(1-6)
The eigenvalues are 4, = —4 and 1, = 6.
For 4; = —4 we get
19 3 1 1/3
A_(_4)I‘[3 1]~[o 0 }

A basis for the eigenspace of 4 is {[_31 }}

For 1, = 6 we get

A basis for the eigenspace of A, is {[ﬂ}

We normalize the basis vectors for the eigenspaces to get the orthonormal basis for R? of eigenvectors

of A {[_1/ \/E} , [3/ \/F)}} Hence, P = [_31//\}/1—10_0 ?; \/\/%] orthogonally diagonalizes A to PTAP =

3/410 |’|1/V10
-4 0
[+
We have
-2 1 1
CO=[1 -1 1|=-1=-2)1+1)}?
1 1 =2

The eigenvalues are 4 =2 and 1, = —1.

-2 1 1 1 0 -1
A-2I=|1 -2 1|~]0 -1
1 1 -2 00 O

1
A basis for the eigenspace of 4 is {ll}}
1

For 1) = 2 we get

—

For 4, = —1 we get

11 1 11 1
A-(-DI=f1 1 1|~({0 0 O
1 1 1 0 00
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(d)

Chapter 8 Symmetric Matrices and Quadratic Forms

-1] [-1
A basis for the eigenspace of A, is {l 1 ‘ , [ 0
0 1

}. These vectors are not orthogonal to each other. Since we

require an orthonormal basis of eigenvectors of A, we need to find an orthonormal basis for the eigenspace

of 1. We can do this by applying the Gram-Schmidt procedure to this set.

-1
1
0

Pick ¥| = . Then S| = Span{¥,} and

-1] [-1
Then, {{ 1 ] , I—l]} is an orthogonal basis for the eigenspace of A,.

0 2
We normalize the basis vectors for the eigenspaces to get the orthonormal basis for R?® of eigenvectors of
1/V3] [-1/+2] [-1/V6 1/V3 -1/¥2 -1/v6
AL1/V3].| 1/V2 |.|-1/V6|}. Hence, P=|1/V3 1/V2 —1/6] orthogonally diagonalizes A to
1/V3] | o 2/ V6 1/V3 0 2/V6
2 0 O
PTAP=|0 -1 0 ‘
0 0 -1
We have
1-4 0 -2
CH=] 0 -1-2 2[=-A1-3)1+3)
-2 -2 -2

The eigenvalues are 4| = 0, A, = 3, and A3 = -3.

1 0 =2 1 0 -2
A-0I=({0 -1 =2|~(0 1 2

-2 -2 0

For 4; = 0 we get

2
A basis for the eigenspace of A, is {l—Z]}
1

For 4, = 3 we get

-2 0 =2 1 0
A-3I={0 -4 -2(~|0 1 1/2
-2 -2 -3 0 0 O

2
A Dbasis for the eigenspace of A, is {l 1 ‘}
-2

4 0 =21 [1 O -1/2
A—(—3)I=[0 2 —2‘~[01 —1]

-2 -2 3 00 O

For A3 = -3 we get
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1
A basis for the eigenspace of A3 is {lZ}}
2

We normalize the basis vectors for the eigenspaces to get the orthonormal basis for R? of eigenvectors

2/3 2/3 1/3 2/3  2/3 1/3

of A { —2/3‘ ,{ 1/3 ],l2/3 } Hence, P = |-2/3 1/3 2/3} orthogonally diagonalizes A to PTAP =
1/3 ] |-2/3] |2/3 1/3  =2/3 2/3

00 O

IO 3 0 }

0 0 -3

We have

1-1 8 4
CH=| 8 1-12 —4|=-1-9°1+9)
4 -4 7-2

The eigenvalues are 4; = 9 and 2, = -9.

-8 8 4 1 -1 -1/2
A-9I=|8 -8 -4|~l0 0 0

4 -4 -2 0 0 O

For 4; =9 we get

1] [1
A basis for the eigenspace of 4; is { 01,1 } These vectors are not orthogonal to each other. Since we
2| [0

require an orthonormal basis of eigenvectors of A, we need to find an orthonormal basis for the eigenspace
of A,. We can do this by applying the Gram-Schmidt procedure to this set.

1
Pick ¥; = |0|. Then S; = Span{¥,} and
2
1 1 | 1 4/5
Vp = perpg |1]| =1 -3 of=1{ 1
0 0 2 -2/5

11 [ 4

Then, {[0],| 5 |; is an orthogonal basis for the eigenspace of 4.
2) -2

For 1, = -9 we get

100 8 41 [1 0 2
A-(-9I=|8 10 —-4|~|0 1 -2
4 -4 16/ [0 0 0

-2
A Dbasis for the eigenspace of A, is {l 2 U
1
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We normalize the basis vectors for the eigenspaces to get the orthonormal basis for R?® of eigenvectors of

/5] [ 4/V45] [-2/3 1/V5 4/V45  -2/3
A 0 ],I 5/ V45 } ,l 2/3 |;. Hence, P =| O 5/V45  2/3 } orthogonally diagonalizes A to
2/ V5] |-2/Va5] [ 1/3 2/V5 -2/V45 173
9 0 O
PTAP=10 9 0|
0 0 -9

Homework Problems

B1 (a) Aissymmetric.
(b) B is not symmetric since by # by,
(c) C is not symmetric since c3; # ¢13.
(d) D is not symmetric since dy # db;.
(e) E is symmetric.

B2 Alternate correct answers are possible.

[u~vs 275 L 10
(a)P_>—2/x/§ 1/x/§]’D‘[o 6]
_[1/N5 275 [0 0
o r=| 4% ato=l S
_[-1/+v10 3/+10] . [-2 0O
©P=13vio 1/@]’1)‘[0 8]
-1/V2 1/V3 -1/6] -1 0 0]
(d P=|1/V2 1/V3 -1/V6,D=|0 4 0
| 0 1/V3 2/V6 ] 0 01
[1/V3  1/V2 —1/V6 -2 0 0]
() P=|-1/V3 1/V2 1/V6|,D=|0 1 0
[ 1/V3 0 2/V6 ] [0 0 1)
[1/V3  1/V2 -1/6] 0 0 0
® P=|-1/V3 1/V2 1/V6 |, D=0 1 0]
L 1/V3 0 2/V6 | 0 0 3
—1/V5 4/V45 -2/3 -3 0 0
(g P=|2/V5 2/V45 -1/3,D=|0 -3 0
| 0 5/V45 2/3 0 0 6
(-1/V6 1/V2 -1/3 30 0
(h) P=|-2/v6 0 1/V3|, D=0 -3 0
[ 1/V6 1/V2 1/V3 0 0 -3
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() P=|-1/V6 —-1/V3 1/V2|,D=

1/ V6

Computer Problems

C1 (a) The eigenvalues

Section 8.1 Diagonalization of Symmetric Matrices 307

|

are 1) =9, 1, =9, and 43 = —9. An orthonormal basis of eigenvectors is

1/V5 4/\/4_5[ }

1/V3 0 00 0
06 0

0 0 -6

1/V3 1/V2

-2/3
2/3
1/3

0 |.|5/v45 ]|,
2/V5| |2/ V45

(b) The eigenvalues are 4; = 5.111028, 1, = 0.299752, and A3 = -2.210779. An orthonormal basis of

eigenvectors is

(c) The eigenvalues
1/2]1 [ 1/2
172 |-1/2
17217 1/2 °
172 |-1/2

——

[0.889027] [ 0.456793 | [-0.311567
0.447058 |, [—0.880742(, [—-0.156308

»0.098841} {—0.125033‘ [0.9872168}}
are 1 = 1.4, 1, = 0.8, 13 = —1, and 44 = —0.6. An orthonormal basis of eigenvectors is

[—1/2] [ 1/2
-1/2| |-1/2
172 7{-1/2|
| 1/2 1/2

C2 The eigenvalues of S(¢) are found to be

Conceptual Problems

-0.1
-0.05

2.2244
2.1120

1.7974
1.8932

0.8781
0.9448

0.05
0.1

1.8885
1.7779

2.1163
2.2403

1.0452
1.0819

D1 We have that A” = A and B” = B. Using properties of the transpose we get:
(@) (A+B)T = AT + BT = A + B. Hence, A + B is symmetric.
(b) (ATA) = AT(AT)T = ATA. Hence, AT A is symmetric.

(c) (AB)T = BTAT =
(d) (AHT = A" =

BA. So, AB is not symmetric unless AB = BA.

ATAT = AA = A%. Hence, A? is symmetric.

D2 We are assuming that there exists an orthogonal matrix P and diagonal matrix D such that PTAP = D. Hence,

A = PDPT and

Thus, A is symmetric.

AT = (pDPYT = (PTY'D'PT = PDPT = A

D3 We are assuming that there exists an orthogonal matrix P and diagonal matrix D such that PPAP = D. If A is
invertible, then 0 # detA = det D, so D is also invertible. We get that

Dfl — (PTAP)—I — PflAfl(PT)—l — PTAflP

since P is orthogonal. Thus, A~! is orthogonally diagonalized by P to D!,
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8.2 Quadratic Forms

Practice Problems

Al (a) O(x1,x) = x% + 6x1Xx — x%

(b) O(x1,x2,x3) = X7 — 2x3 + 6x2x3 — X3

() O(x1,x2,x3) = —2xl + 2x1x + 2x1X3 + x% —2X2X3

A2 (a) The corresponding symmetric matrix is A = [_ 31 " _31/ 2]. We have
_|1=a =3/2
C) = ‘_3/2 | ‘ A=5/2)(1+1/2)

The eigenvalues are 4 = 5/2 and A, = —1/2.

For 4; = 5/2 we get
5 3/2 =3/2] [1 1
A-3l= [3/2 —3/2]~[o 0}

Hence, a basis for the eigenspace of 4, is {[ ll }

()

Hence, a basis for the eigenspace of A, is {[”}

For A, = —1/2 we get
[3/2 —3/2] N [1 —1}

3/2  3/2 0 O

Therefore, A is orthogonally diagonalized by P = [ 11//\/\/—_ i; y] D = [5(/)2 _? /2]. Let ¥ = Py.
Then we get
= = 5 1
O() = ¥'A¥ = ' Dy = 5y1 - 53,
Since A has positive and negative eigenvalues we get that Q(X) is indefinite by Theorem 8.2.2.
(b) The corresponding symmetric matrix is A = [_52 _22]
5-4 =2
cw—‘_z 2_1‘41—1)(1—6)

The eigenvalues are 4, = 1 and 1, = 6.
For 4; = 1 we get
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For 1, = 6 we get
-1 -2 1 2
A-o6l= [—2 —4]~[o 0}
. . . -2
Hence, a basis for the eigenspace of A, is L
Therefore, A is orthogonally diagonalized by P = [;j g _12//\755} toD = [(1) (6)] Let X = Py. Then we
get
O() = ¥ A% = §' Dy =y} + 633
Since A has all positive eigenvalues we get that Q(X) is positive definite by Theorem 8.2.2.
The corresponding symmetric matrix is A = [_62 g}
-2-1 6
C(/l)—l 6 7_/1’—(/1—10)(/l+5)
The eigenvalues are 4; = 10 and A, = 5.
For 4; = 10 we get
=12 6 1 -1/2
A_IOI‘[ 6 —3]~[0 0 }
. . .1
Hence, a basis for the eigenspace of 4; is Sl
For 4, = =5 we get
3.6 1 2
A=(3I= [6 12} - [0 o]
. . . -2
Hence, a basis for the eigenspace of A, is {[ 1 }}
Therefore, A is orthogonally diagonalized by P = [;; g _12//\7/55] to D = [1(? _05} Let ¥ = PY. Then
we get
0D = 'A% = §' Dy = 10y; - 53
Since A has positive and negative eigenvalues we get that Q(X) is indefinite by Theorem 8.2.2.
1 -1 3
The corresponding symmetric matrixisA =|-1 1 3 |.
3 3 -3
1-2 -1 3
ChHh=|-1 1-2 3 |==(A1-2)(1-3)(1+6)
3 3 -3-2
The eigenvalues are 4| = 2, A, = 3, and A3 = —6.
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1 -1 3 1 10
A-2I=|-1 -1 3|~]0 0 1
3 3 -5 0 0

-1
Hence, a basis for the eigenspace of 4, is {l 1 “
0

-2 -1 3 1 0 -1
A-3[=|-1 -2 3|(~|0 1 -1

00 O

For 1) = 2 we get

o

For 1, = 3 we get

1
Hence, a basis for the eigenspace of A, is {[1}}

For A3 = —6 we get

7 -1 3 1 0 1/2
A-(-6)=|-1 7 3{~|0 1 1/2
3 3 3 00 O
1
Hence, a basis for the eigenspace of 431is<| 1 |».
-2

—1/V2 1/V3 1/v6
Therefore, A is orthogonally diagonalized by P = | 1/ V2 1/ V3 1/ V6 [toD =

0 1/V3 -2/V6

O(¥) = ¥ Ax = ¥ Dy = 2y} + 3y3 — 63

20
0 3
0 0

X = Py. Then we get

Since A has positive and negative eigenvalues we get that Q(X) is indefinite by Theorem 8.2.2.

-4 1 0
(e) The corresponding symmetric matrixisA=| 1 -5 -—1|.
0o -1 -4
—4-2 1 0
CH=| 1 S-14 -1 |==1+3)1+6)(1+4)
0 -1 —-4-2

The eigenvalues are 4| = -3, 1, = —6, and A3 = —4.

-1 1 0 1 01
A—(—3)I=l1 -2 —1‘~l0 1 1\

0 -1 -1] [0 0 O

For 4; = -3 we get

-1
Hence, a basis for the eigenspace of 4; is {I—lu
1
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(b)

(c)

(d)
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For 1, = -6 we get
2 1 0 1 0 1
A-(-6)I=f1 1 -1{~|0 1 =2
0 -1 2 00 O
-1
Hence, a basis for the eigenspace of 1, is{| 2 |+.
1
For A3 = —4 we get
0O 1 O 1 0 -1
A-(-4HI=|1 -1 -1|~(0 1 O
0 -1 0 00 O
1
Hence, a basis for the eigenspace of A3 is ¢ |0] ;.
1
-1/V3 -1/V6 1/V2 -3 0 0
Therefore, A is orthogonally diagonalized by P = [-1/V3 2/6 0 [toD=|0 -6 0] Let
/N3 1/V6  1/V2 0 0 -4
X = Py. Then we get
0D = X AX = ¥ Dy = =3y ~ 6y — 4y
Since A has all negative eigenvalues we get that Q(¥) is negative definite by Theorem 8.2.2.
We have
4-21 -2
co=["" T l=a-2a-6
Hence, the eigenvalues are 2 and 6. Since both of the eigenvalues are positive we get that A is positive
definite by Theorem 8.2.2.
Since A is diagonal, the eigenvalues are the diagonal entries of A. Hence, the eigenvalues are 1, 2, and 3,
so0 A is positive definite by Theorem 8.2.2.
We have
1-2 0 0
CH=| 0 -2-2 6 |=-A-DA-10)(1+5)
0 6 7-4
So, the eigenvalues are 1, 10, and —5. Since A has positive and negative eigenvalues we get that A is
indefinite by Theorem 8.2.2.
We have
-3-21 1 -1
CH=| 1 -3-21 1 |=-(+501+2)7
-1 1 -3-21
So, the eigenvalues are —5, and —2. Since all eigenvalues of A are negative, so we get that A is negative
definite by Theorem 8.2.2.
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(e) We have
7-4 2 -1
CH=| 2 10-1 -2 |=-(1-12)1-6)
-1 -2 7-2
So, the eigenvalues are 12, and 6. Since all eigenvalues of A are positive, so we get that A is positive
definite by Theorem 8.2.2.
(f) We have
-4-1 -5 5
CH=| -5 2-2 I [==(1+9)—-3)(1-06)
5 1 2-2
So, the eigenvalues are —9, 3, and 6. Since A has positive and negative eigenvalues we get that A is
indefinite by Theorem 8.2.2.
Homework Problems
Bl (a) 2xf + 8x1xp + 3x§
(b) —x% +2x1% +4x1x3 + 3x§ + 2xpx3 — 2x§
(C) 4X1X2 + 6)61)63 - 2X2X3
B2 (a) A= ; ﬂ; OF) = 3y2 + 82, P = [‘21//\7; T; g} O(R) is positive definite.
2 3 1/V2 -1/V2 - :
(b) A= K 2]; 0(®) =5y —y3, P= [1/ Vi 3 ; Q(%) is indefinite.
LU 32 e s o a2 —N2|
(c) A= 32 1 ], O(X) = 3y7 — 35, P = UVZ 13 ; Q(®) is indefinite.
(3 -1 -1] [1/V2 1/V3 1/V6 ]
@ A=|-1 5 1};0®= 2y% + 3y§ + 6y§, P=| 0 1/V3  =2/V6|; O(X) is positive definite.
-1 1 3] [1/V2 —1/V3 —1/+6
(2 -2 3] [1/V2 1/V3 1/V6 ]
e A=[-2 2 3[0@=42+32-6yL,P=|-1/V2 1/V3 1/V6 |; Q) is indefinite.
|3 3 -3 | 0 1/V3 -2/
B3 (a) Positive definite.
(b) Indefinite.
(c) Negative definite.
(d) Indefinite.
(e) Negative definite.
Computer Problems
C1 (a) Negative definite.
Copyright © 2013 Pearson Canada Inc.
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(b) Indefinite.

(c) Positive definite.

Conceptual Problems

D1 By Theorem 1 there exists an orthogonal matrix P such that
Q) = A1y + Loys + -+ + Ly

where ¥ = Pyand 14, . .., A, are the eigenvalues of A. Clearly, Q(¥) < 0 for all y # 0if and only if the eigenvalues
are all negative. Moreover, since P is orthogonal, it is invertible, hence ¥ = 0 if and only if ¥ = 0 since ¥ = Py.
Thus we have shown that Q(%) is negative definite if and only if all eigenvalues of A are negative.

D2 By Theorem 1 there exists an orthogonal matrix P such that

Q) = A1yt + Aoys + -+ + Ay

where ¥ = Py and A4,..., 4, are the eigenvalues of A. Clearly if some eigenvalues are positive and some are
negative, then Q(¥) > 0 for some y and Q(¥) < 0 for some ¥. On the other hand, if Q(X) takes both positive and
negative values, then we must have both positive and negatives values of A.

D3 (a) By Theorem 1 there exists an orthogonal matrix P such that
0@ = iy + oy; + -+ Ay,

where ¥ = Py and A4,..., 4, are the eigenvalues of A. Clearly, Q(¥) > 0 for all ¥ # 0 if and only if the
eigenvalues are all non-negative.

(b) Let A be an eigenvalue of AT A with unit eigenvector . Then AT AV = AV. Hence,
IAVI? = (AN AV = VT ATAT = 71 (a7) = A7) = A7l = 4

Thus, since [|AV]| > 0 we have that 2 > 0.

D4 (a) Since A is positive definite, we have that
a;; = _)lTAa >0
(b) If A is positive definite, then all of its eigenvalues are positive. Moreover, since A is symmetric it is similar

to a diagonal matrix D whose diagonal entries are the eigenvalues of A. But then, det A = det D > 0. Hence
A is invertible.

(c) Let A be an eigenvalue of A~! with eigenvector #. Then A~'¥ = AV. Multiplying both sides by A gives
AW =AATT =7

Thus, AV is an eigenvector of A with corresponding eigenvector % Thus, A > 0 since all the eigenvalues of
A are positive.
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(d) Pick any ¥ € R", ¥ # 0. Then,
' PTAPY = (P) A(PY) > 0

since A% > 0 forall # 0 as A is positive definite. Hence, PT AP is positive definite.
D5 (a) We have

1 1

@AhH’ = S+ AT = 5(AT +A)=A"
1 1

A = S(A-ATY = S(AT - 4) = -4~
2 2

So A* is symmetric and A~ is skew-symmetric.
+ -1 T 1 T
AT+ A =§(A+A)+§(A—A)=A

(b) Since (A7)" = —A~ we have that (A7);; = —(A7);; and so (A7);; = 0.
(c) We have (A+)ij = %(a,‘j + Clji) and (A_),‘j = %(Clij - aj,-).

(d) We have
FAR= AT +A ) Z=0 AR+ AR

Since (A7)T = —A~, the real number X’ A~ ¥ satisfies
A=A =AY 2=-dA7%
So, XTA~% = 0. Thus,
AR =3"A"%
D6 (a) By the bilinearity of the inner product,

(X)) = (X181 + X285 + -+ - + X,@,, Y181 + Y282 + -+ - + Y&y)

n
= Z Xi{€i, 181 + Y285 + -+ + yu&,)
=1

1

= an an xiy (€, €))

i=1 j=1

(b) We have

n

(X3 = an ZH: Xy (€, €j) = Z Zn: XiYj8ij
i=1 j=1 j=1

i=1 j

= zn: i xigijyj = (¥, Gy) = ¥ Gy

=1 j=1

(c) Since (&;,€;) = (€},é,), gij = gji and so G is symmetric. Since (¥, X) = XG> 0 for all non-zero %, G is
positive definite and has positive eigenvalues.
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(d) Since G is symmetric, there exists an orthogonal matrix P = [\7’1 \7"] such that PGP = D =

diag(/h~ ey Ay) where~the diagonal entries of D are the eigenvalues A;,...,4, of G. Then, G = PDPT,
Write ¥ = PT X so that ¥7 = X7 P. It follows that

(x3) = Gy
= X' PDP"§
_ D)?

= U X1y1 + Xoys + -+ Ay XY

(e) Note that since ¥' G¥ = (¥,¥) > 0 for all non-zero ¥, G is positive definite and hence its eigenvalues are
all positive. Thus, (%, ;) = A4; > 0 and (¥, V;) = 0. Now, let

- 1 > 1 -
Wi = —Z7Vi=—=Vi
v
so that (W;, W;) = 1 and (W;, w;) = 0. Thus it follows that {W, ..., W,} is an orthonormal basis with respect
to {, ). Note that since w; = \%\7’, it also follows that ¥ = +/1;%;. Hence,

<X Yy>=xy]+ -+ x5y,
8.3 Graphs of Quadratic Forms

Practice Problems

A1l The quadratic form Q(¥) = Zx% +4x1x — x% corresponds to the symmetric matrix A = B _1], so the character-
istic polynomial is
2-2 2

C(ﬂ)z‘ 2 -1-2

‘ =A-3)(1+2)
Thus, the eigenvalues of A are 4; = 3 and A, = —2. Thus, by an orthogonal change of coordinates, the equation
can be brought into the diagonal form

31 -23=6

This is an equation of a hyperbola, and we can sketch the graph in the y;y,-plane. We observe that the y;-
intercepts are ( V2, 0) and (- V2,0), and there are no intercepts on the y,-axis. The asymptotes of the hyperbola
are determined by the equation 3y% — 2y§ = 0. By factoring, we determine that the asymptotes are lines with

%yl. With this information, we obtain the graph below.
To draw the graph of Zx% + 4x1x — x% = 6 relative to the original x;- and x,-axis we need to find a basis for R2
of eigenvectors of A.

For A, = 3,

equations y, = +

Thus, a basis for the eigenspace is {[ﬂ}
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4 2] 21
A‘(‘z)lz[z 1]”‘[0 0}

Thus, a basis for the eigenspace is {[_1 }

For 4, = -2,

2
Next, we convert the equations of the asymptotes from the y;y,-plane to the x| x,-plane by using the change of

variables

M _pre |25 1/«/5] [xl} [le/\/g+xz/\/§}
y2 —1/V5 2/V5][%]  |-xi/V5+2x/V5
Substituting these into the equations of the asymptotes gives
1 2 V3(2 1
R

- \/Exl + 2‘/5)62 =2 \/§x| + \/§x2
2V2F V3)x, = (V2 +2V3)x

_V2£2V3

X
2253

Hence, the asymptotes are x, ~ 4.45x; and x, ~ —0.445x;.

2

5 = 6 in the x;x;-plane,

Now to sketch the graph of 2x7 + 4x;x, — x

1] and draw the new

. S 2
we draw the new y;-axis in the direction of [

2
sketch the graph of the hyperbola 3y} — 2y5 = 6. The graph is also
the graph of the original equation 2x] + 4xjx; — x; = 6. See the
graph to the right:

yp-axis in the direction of [ ] Then, relative to these new axes,

The quadratic form Q(X) = 2x% + 6x1x; + leg corresponds to the symmetric matrix A = E 130], so the

characteristic polynomial is
2-2 3

cw:’ 3 10-2

‘:(/1—11)(1—1)

Thus, the eigenvalues of A are 4; = 11 and A, = 1. Thus, by an orthogonal change of coordinates, the equation
can be brought into the diagonal form
1y? +y3 =11

This is an equation of an ellipse and we can sketch the graph in the y;y,-plane. We observe that the y;-intercepts
are (1,0) and (-1, 0), and the y,-intercepts are (0, V11) and (0, — V11).
To draw the graph of 2x% + 6x1x2 + le% = 11 relative to the original x;- and x,-axis we need to find a basis for

R? of eigenvectors of A.
For A4, =11, _ _
A—11] = 9 3| |1 -1/3
3 -1 0 o0
. . .1
Thus, a basis for the eigenspace is {[3}}
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For 4, =1,
A_]= 1 3 N 1 3 X4
39 0 0 Y1

Thus, a basis for the eigenspace is {[_13}}

Now to sketch the graph of 2x% + 6x1x + 10x§ = 11 in the xjx;-

.. . 1
plane, we draw the new y;-axis in the direction of [3} and draw the X1

1
axes, sketch the graph of the ellipse 11 y% + y% = 1. The graph is also 1
the graph of the original equation fo + 6x1x7 + 10x§ = 11. See the
graph to the right:

new y,-axis in the direction of [ } Then, relative to these new 1

4 -3
3 4], so the

The quadratic form Q(¥) = 4x? — 6x;x, + 4x3 corresponds to the symmetric matrix A = [

characteristic polynomial is

4-2 -3
-3 4-2

Thus, the eigenvalues of A are 4; = 7 and A, = 1. Thus, by an orthogonal change of coordinates, the equation

can be brought into the diagonal form

C) =

‘=(/1—7)(/1—1)

Tyt +y; = 12
This is an equation of an ellipse and we can sketch the graph in the y;y,-plane. We observe that the y;-intercepts
are (V12/7,0) and (— V12/7,0), and the y,-intercepts are (0, V12) and (0, — V12).
To draw the graph of 4x% —6x1x2 + 4x§ = 12 relative to the original x;- and x,-axis we need to find a basis for
R? of eigenvectors of A.

FOI'/11=7, T -3 -3 N 1 1
-3 -3 0 0
Thus, a basis for the eigenspace is { _11}}
For A, = 1 )
’ 3 -3 1 -1
A"‘[—3 3}~[0 0] 1
Thus, a basis for the eigenspace is { ”}

Now to sketch the graph of 4x7 — 6x1x, + 4x3 = 12 in the xjx,-

| } and draw

plane, we draw the new y;-axis in the direction of [

. S 1
the new y,-axis in the direction of [ |

axes, sketch the graph of the ellipse 7y7 + y3 = 1. The graph is also 1
the graph of the original equation 4x7 — 6x1x; + 4x3 = 12. See the
graph to the right:

}. Then, relative to these new
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A4 The quadratic form Q(X) = Sx% + 6x1x7 — 3x§ corresponds to the symmetric matrix A = [5

3 _3}, so the charac-

teristic polynomial is 5.2 3

3 -3-2
Thus, the eigenvalues of A are 4; = 6 and A, = —4. Thus, by an orthogonal change of coordinates, the equation
can be brought into the diagonal form

C(/l):’ ‘:(/1—6)(/1+4)

6y; —4y; = 15

This is an equation of a hyperbola, and we can sketch the graph in the y;y,-plane. We observe that the y;-
intercepts are (V5/2,0) and (—+/5/2,0), and there are no intercepts on the y,-axis. The asymptotes of the

hyperbola are determined by the equation 6y% - 4y% = 0. By factoring, we determine that the asymptotes are lines
with equations y, = i%yl. With this information, we obtain the graph below.

To draw the graph of Sx% + 6x1x2 — 3x§ = 15 relative to the original x;- and x,-axis we need to find a basis for
R? of eigenvectors of A.
For A = 6,

Thus, a basis for the eigenspace is {[ﬂ}

For 4, = —4, 9 3] 1 13
A_(_‘W:[s 9}’”[0 (/)]

Thus, a basis for the eigenspace is {[_31]}

Next, we convert the equations of the asymptotes from the y;y,-plane to the x;x,-plane by using the change of

variables
Yi|Z pra= 3/V10  1/V10][xi| | 3%/ V10 + x2/ V10
v~ T ey VI0 3/V10| x| T [=xi/ VIO + 330/ VIO

Substituting these into the equations of the asymptotes gives

1 +3 +\/§(3 +1 )
Xt =X = x| ——X| + —X
VIO V10 V2\VI0 L V10

—\/§x1+3‘/§xzzi3\/§xli \/§x2
GBV2E V3)x, = (V2 £3V3)x
V2+343

3ViE A3

Hence, the asymptotes are x, ~ 2.633x; and x; = —0.633x;.

Now to sketch the graph of 5x7 +6.x1x, —3x3 = 15 in the x; x,-plane,

. L 3
we draw the new y;-axis in the direction of [ } and draw the new

1

3
sketch the graph of the hyperbola 6y7 — 4y3 = 15. The graph is also
the graph of the original equation 5x7 + 6x1x, — 3x3 = 15. See the
graph to the right:

yp-axis in the direction of [ ] Then, relative to these new axes,
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We have
4-2

C(’l):‘ 2 1-2

’ =A(1-5)
Thus, the eigenvalues are A; = 0 and A, = 5. Thus, Q(¥) = X! A¥has diagonal form Q(%) = Sy%. Therefore,
the graph of ¥ A¥ = 1 is a rotation of the graph of 5y7 = 1 which is the graph of the two parallel lines

Vp = i%. The graph of ¥’ AX = —1 is a rotation of the graph of 5y§ = —1 which is empty.

We have
5-2 3

Cw:' 3 -3-2

’ =(1-6)(1+4)

Thus, the eigenvalues are 4, = 6 and A, = —4. Thus, Q(¥) = ¥ AX has diagonal form Q(¥) = 6y — 4y3.
Therefore, the graph of ¥7 AX = 1 is a rotation of the graph of 6y% —4y§ = 1 which is a hyperbola opening in
the y;-direction. The graph of ¥” AX = —1 is a rotation of the graph of 6y% - 4y§ = —1 which is a hyperbola
opening in the y,-direction.

We have
-4 1 1
CH=[1 -2 1|=-A-2)+1)?
1 1 -A
Thus, the eigenvalues are 4, = 2, 1 = —1, and A3 = —1. Thus, Q(¥) = %" Ax¥ has diagonal form

O(¥) = 2y} —y3 — 3. Therefore, the graph of ¥ AX = 1 is a rotation of the graph of 2y} —y3 —y3 = 1 which
is a hyperboloid of two sheets. The graph of ¥ A¥ = —1 is a rotation of the graph of 2y — y3 — y; = —1
which is a hyperboloid of one sheet.

We have
1-A1 0 -2
cH=| 0 -1-2 2/=-A1-3)(1+3)
-2 -2 -1

Thus, the eigenvalues are A; = 0, A, = 3, and A3 = —3. Thus, Q(¥) = ¥’ AX has diagonal form Q(¥) =
3y — 3y3. Therefore, the graph of ¥’ A% = 1 is a rotation of the graph of 3y7 — 3y2 = 1 which is a
hyperbolic cylinder. The graph of ¥’ A¥ = —1 is a rotation of the graph of 3y§ - 3y§ = —1 which is a
hyperbolic cylinder.

We have
1-12 8 4
CH=| 8 1-12 —-4|=-1-9°1+9)
4 -4 7=

Thus, the eigenvalues are ; = 9, A, = 9, and A3 = 9. Thus, Q(¥) = ¥ A¥ has diagonal form Q(%) =
9y% + 9y§ - 9y§. Therefore, the graph of ¥’ AX¥ = 1 is a rotation of the graph of 9y% + 9y§ - 9y§ = 1 which
is a hyperboloid of one sheet. The graph of ¥’ AX¥ = —1 is a rotation of the graph of 9y% + 9y§ - 9y§ =-1
which is a hyperboloid of two sheets.

Copyright © 2013 Pearson Canada Inc.



320 Chapter 8 Symmetric Matrices and Quadratic Forms

Homework Problems

B1

B3

B5

B6 (a) The graph of ¥’ AX¥ = 1 is a hyperbola. The graph of ¥'¥ = 0 is intersecting lines. The graph of ¥’ AX¥ = —1
is a hyperbola.

(b) The graph of ¥’ AX¥ = 1 is a hyperboloid of one sheet. The graph of ¥'%¥ = 0 is a cone. The graph of
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¥ AX = -1 is a hyperboloid of two sheets.

(c) The graph of ¥T AX¥ = 1 is an elliptic cylinder. The graph of ¥'¥ = 0 degenerates to the x3-axis. The graph
of X Ax¥ = —1 is the empty set.

(d) The graph of X' AX = 1 is a hyperbolic cylinder. The graph of ¥'¥ = 0 degenerates to a pair of planes
intersecting along the x,-axis. The graph of ¥’ A¥ = —1 is a hyperbolic cylinder.

(e) The graph of X' AX = 1 is an ellipsoid. The graph of ¥ = 0 is just the origin. The graph of ¥7 A¥ = —1 is
the empty set.

Computer Problems

C1 (a) The graph is a hyperboloid of one sheet.
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8.4 Applications of Quadratic Forms

Conceptual Problems
D1 Let D = diag(e;, &, ). Then PT(BE)P = D. It follows that
P'(I+BE)P = (P'I+P'BE)P = P'P+P'BEP=1+D

and I + D = diag(1 + €1, 1 + &, 1 + &) as required.

Chapter 8 Quiz

Problems

E1 We have
2-1 -3 2
CH=|-3 3-2 3 |==-(1=-6)1+3)(1-4)
2 3 2-2

The eigenvalues are 1| = 6, 4, = =3, and A3 = 4.

For 1) = 6 we get
-4 -3 2 1 0 1
A-6I=(-3 -3 3|~[0 1 -2
0

2 3 -4
-1

5 =3 2 1 0
A_<_3)1=[_3 ; 3Hm }
0 0

2 35

1
A basis for the eigenspace of 4; is { [—2}}.

For 1, = -3 we get

1
A basis for the eigenspace of A, is {[ 1 }}
-1

-2 -3 2 1 0 -1
A-4l=(-3 -1 3|~]0 1 O
0 0

For A3 = 4 we get

2 3 =2

1
A basis for the eigenspace of A3 is {[0]}
1
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We normalize the basis vectors for the eigenspaces to get the orthonormal basis for R? of eigenvectors of A

/N6 [1/V3] [1/V2 1/V6  1/V3 1/V2

—2/V6|.| 1/V3 |.| © .Hence, P=|-2/V6 1/V3 0 |orthogonally diagonalizes A to PTAP =
~1/V6] [-1/V3] [1/V2 -1/¥6 -1/¥3 1/V2

6 0 O

[O -3 O}.

0 0 4

E2 (a) We have

i. The corresponding symmetric matrix is A = B ?]

ii. The characteristic polynomial is

5-14 2

cu):’ 2 5-2

l=(/l—3)(/1—7)

Thus, the eigenvalues of A are 4; =3 and 4, = 7.

FOI'/11=3,
2 2] [1 1
A_3I‘[2 2]”[0 0}

A basis for the eigenspace is {[_11]}
For /12 = 7,

-2 2 1 -1

A‘”‘[z —2}~[0 o]

A basis for the eigenspace is {[ﬂ}

So, after normalizing the vectors, we find that P = [_11/ \/\/; 1; g} orthogonally diagonalizes A.

Hence, the change of variables ¥ = Py brings Q(%) into the form Q(3) = 3y? + 7y3.
iii. Since the eigenvalues of A are all positive, Q(X) is positive definite.

iv. The graph of Q(X) = 1 is a rotation of the graph of 3y% + 7y§ = 1, so it is an ellipse. The graph of
Q(®) = 0 s arotation of 3y% + 7y§ = 0, which is a single point at the origin.

(b) We have

2 -3 -3

i. The corresponding symmetric matrix is A = |-3 -3 2 |.
-3 2 3

ii. The characteristic polynomial is

2-4 3 -3
CH=|-3 -3-2 2 |==(A+5A-51+4)
-3 2 -3-21

Thus, the eigenvalues of A are 4, = =5, 1, =5, and A3 = —4.
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7 -3 3] [1 0 0
A—(—S)I:[—3 2 2}{0 1 1}
0

-3 2 2

For A4, = -5,

0
A basis for the eigenspace is { [—1}}
1

-3 -3 -3 1 0 2
A-5I=|-3 -8 2|~|0 1T -1

-3 2 -8 00 O
-2
A basis for the eigenspaceisq| 1 | .

1

6 -3 -3] [1 0 -1
A—(—4)I=[—3 1 2‘~Io 1 —1}

-3 2 1f [0 0 O

For /12 = 5,

For A5 = —4,

1
A basis for the eigenspace is {[1“
1

0 -2/V6 1/V3
So, after normalizing the vectors, we find that P = |1/ V2 1/ Vo 1 / V3 orthogonally diago-

/N2 /N6 1743
nalizes A. Hence, the change of variables ¥ = Py brings Q(X) into the form Q(%) = —Sy% + 5y§ - 4y§.

iii. Since A has positive and negative eigenvalues Q(¥) is indefinite.

iv. The graph of Q(¥) = 1 is a rotation of the graph of —=5y? + 5y5 —4y3 = 1, so it is a hyperboloid of two
sheets. The graph of Q(¥) = 0 is a rotation of —=5y7 + 5y3 — 4y; = 0, which is a cone.

E3 The quadratic form Q(%) = 5x7 — 2xx; + 5x3 corresponds to the symmetric matrix A = [_51 _51]

The characteristic polynomial is

5-21

» 5_/1‘=(/1—6)(/1—4)

CQ) = |

Thus, the eigenvalues of A are 4| = 6 and 1, = 4.
For A = 6,

A basis for the eigenspace is {[_11}}
For 4, =4,
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A basis for the eigenspace is {[}]}

So, after normalizing the vectors, we find that P = [_11//\/\/; i; g] orthogonally diagonalizes A. Hence, the

change of variables ¥ = Py brings Q() into the form Q(¥) = 6y? + 4y3.

Now, the graph of 6y% + 4y§ = 12 is an ellipse in the y;y,-plane. We observe that the y;-intercepts are (V2,0)
and (— V2, 0), and the y,-intercepts are (0, V3) and (0, — V3).

Now to sketch the graph of 5xf —2x1Xx2 + 5x§ = 12 in the x; x,-plane, we draw the new y;-axis in the direction of

-1 - S 1 .
[ | } and draw the new y,-axis in the direction of [1] Then, relative to these new axes, sketch the graph of the

ellipse 6y? +4y3 = 1. The graph is also the graph of the original equation 5x7 — 2xx; + 5x3 = 12. See the graph
below:

2

Since A is positive definite, we have that

and (¥, ) = 0 if and only if % = 0.
Since A is symmetric, we have that
(X =A7 =T A =7 AT =7 A¥= 5.3

For any ¥,y,7 € R" and s,¢ € R we have

(%, sV + 12y = XL A(sYV + 12) = XL A(sy) + 2L A(12)
= sX AV + 13 A7 = s(X,7) + KX, D)

Thus, (X, ¥) is an inner product on R”".

Since A is a 4 X 4 symmetric matrix, there exists an orthogonal matrix P that diagonalizes A. Since the only
eigenvalue of A is 3, we must have PTAP = 31. Then multiply on the left by P and on the right by P” and we get

A= PQ@BNHPT =3pPPT =31
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Chapter 8 Further Problems

Problems

F1

F2

F3

F4

Given A = QR, with Q orthogonal, let A = RQ. Then QTA = R, so A; = (QTA)Q, and A, is orthogonally
similar to A.

Since A is symmetric, there is an orthogonal matrix Q such that QTAQ = D = diag(1y,. .., A,), where Ay,..., 4,
are the eigenvalues of A. Moreover, since A is positive semidefinite, all of the eigenvalues of A are non-negative.
Define C = diag( VA, ..., VA,) and let B= QCQ". Then,

B> =(QCQ")(QCQ") = 0C*Q" = QDO = A

and
B" =(QCco" =0c"Q" =0cQ" =B

Moreover, since B is similar to C, we have that the eigenvalues of B are V/A4y,..., Y4, and hence B is also
positive semidefinite.

(a) We have (ATA)T = AT(AT)T = ATA, so AT A is symmetric.
Let A be any eigenvalue of A” A with corresponding unit eigenvector ¥. Since, AT A is symmetric, we have

that A is real. Also,
(AR AD) = (ADTARD) = FTATAR = ) = A" %= 2

Thus, 2 > 0.

(b) If A is invertible, we can repeat our work in (a) to get A = (AX, AX). But, since X is an eigenvector, we have
that ¥ # 0, so AX # 0 since A is invertible. Thus, A > 0.

(a) By Problem F3, AT A is positive definite. Let U be the symmetric positive square root of A” A, as defined
in Problem F2, so U? = ATA. Let 0= AU, Then, because U is symmetric,

QTQ — (AU—I)TAU—I — (UT)—lATAU—l — U—lUZU—l =7

and Q is an orthogonal matrix. Since Q = AU™!, A = QU, as required.

() VI = (UuQHT = QUTQT = QUQT = V, so V is symmetric. Also, VQ = (QUQT)Q = QUI = A.
Finally, AAT = vQQTVT = VIV = V2,

(c) Write A = QU, as in part (a). Then the symmetric positive definite matrix U can be diagonalized, and
the diagonal matrix can then be factored so that with respect to a suitable orthonormal basis, the matrix is
orthogonally similar to

A0 O]f1 o0 O]ft 0 O
0 1 0|0 A& Of|I0 1 O
0 0 1]{0 0 1[]0 0 23

and we see that it is the composition of three stretches along mutually orthogonal principal axes. This map
is orientation-preserving, and we have assume that A is the matrix of an orientation-preserving mapping,
so that Q = AU™! is an orientation-preserving mapping. Thus, by Problem F1 of Chapter 7 Review, Q
describes a rotation.
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9.1 Complex Numbers

Practice Problems

Al (@) Q+5)+@B+2)=5+T7i
(b) 2-7Ti)+(=5+3i)=-3—4i
(©) (-3+5)—-@4+3)=-T+2i
d (-5-6)—(O9—-11i))=-14+5i
A2 (@ (1+3)(3-20)=3-2i+9+6=9+7i
(b) (2-4)B3-i)=—-6+2i—12i-4=-10-10i
© A1-6)(-4+i)=—-4+i+24i+6=2+25i
@@ (-1-d1-i)=-1+i-i-1==2
A3 (a) 3-5i=3+5i
(b) 2+7i=2-7i
(c) 3=3
(d) —4i=4i
A4 (a) We have Re(z) = 3 and Im(z) = —6.
(b) We have (2 +5i))(1 —3i) =2 —6i+5i+ 15 =17 — i, so Re(z) = 17 and Im(z) = —1.
(c) We have % . % = % = % + %i. Hence, Re(z) = 24/37 and Im(z) = 4/37.
(d) Wehave =! - ¢ = = = . Thus, Re(z) = 0 and Im(z) = 1.
A5 (a) Wehaveﬁ-%:—gj:%:%—%i.
(b) We have 52— 271 = 621 — & 4 21

2+7i 4+49
250 3-2i _ 6-10-4i-15i _ _ 4 _ 19:
(¢) Wehave 3375: - 555 = =g, = —13 — 13-
146i  4+i _ 4—6+i424i _ 2, 25
(d) Wehave 7= - 75 = =g = —17 + 75i.
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(a) We have |z;| = V12 + 12 = V2 and any argument 6 of z, satisfies
1=V2cos® and 1= V2sind

Hence, cos = .= and sin§ = L

7 7 Thus, 6 = § + 27k, k € Z. So, a polar form of z; is

71 = \/z(cosg +isin§)

We have |z3] = /12 + ( V3)2 = V4 =2and any argument 6 of z, satisfies

1=2cosf and V3 =2sind

V3

Hence, cos 0 = % and sinf = —=. Thus, 6 = %’ + 27k, k € Z. So, a polar form of z; is

= 2(cosﬂ + 'sinﬂ)
2= 37 g

Thus,
2z = m(cos(g N ’31) + l-sin(g . z))

3
7 7
= 2\/§(cos—ﬂ +isin—ﬂ)

12 12
S \/z(cos(ﬂ—ﬂ)wt 'sin(ﬂ—ﬂ))
o2 47 3)TME T3

\/5( T —n)
3 COS 12 1S1 12

(b) We have |z;| = /(- V3)2 + (=1)2 =2 and any argument 6 of z; satisfies

~V3=2cosf and -—1=2sind

Hence, cos 0 = —? and sin @ = —%. Thus, 6 = %” + 2ntk, k € Z. So, a polar form of z; is

=2 cos7—ﬂ+'sin7—ﬂ
o= 6 M

We have |z5] = /12 + (=1)2 = V2 and any argument 6 of z, satisfies

1=Y2cosf# and —1= V2sind

Hence, cos 6 = \sz and sinf = _\sz' Thus, 6 = —% + 27k, k € Z. So, a polar form of z; is
2= \/z(cos%r + isin%ﬂ)
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Thus,

Tm m\ .. [(Tn =
22 = Zﬁ(cos(g - Z) + zsm(F - Z))

|
=
—_
(@)
o
w
E
+
%
=
[
E
3
~———

(¢c) We have |z;| = V12 +22 = V5 and any argument 6 of z; satisfies

1=+vV5cos6 and 2= V5sind

Hence, cos@ = —= and sinf = =

N . So, one value of 6 is 6; = arctan(2) = 1.10715 rads. Hence, a polar

P

form of z; is
71 = \/g(cosel +isin0;)

We have || = V/(=2)2 + (=3)2 = V13 and any argument 6 of z, satisfies
-2=V13cos® and -3 = Vi3sind

Hence, cos 6§ = —\/% and sinf = —\/iﬁ. Thus, one value of 8is 8, = arctan(3/2)+m ~ 0.98279+7r = 4.124.

So, a polar form of 7, is
= \/z(cos 6, +isin6,)

Thus,

2122 = V5 V13 (cos (6; + 6) + i sin (6, + 6,))
V65 (cos 5.23153 +isin5.23153) = 4 — 7i

2 \/—\/l_%(cos(el—92)+isin(91—02))
V5 8 1

= _\/ﬁ (cos =3.01723 + isin—3.01723) = e Ei

These answers can be checked using Cartesian form.

(d) We have |z;| = v/(=3)? + 12 = V10 and any argument 6 of z, satisfies
-3=1Y10cos® and 1= V10sin6

Hence, cos 8 = _\/LTO and sin6 = «/;To So, one value of 8 is #; = arctan(—1/3) =~ 2.81984 rads. Hence, a
polar form of z; is

7] = \/E(cosel + isin6;)
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We have |z;| = /6% + (—=1)* = V37 and any argument 6 of z, satisfies
6= V37cosf and —1= V37sin@

Hence, cos 6 = \/ﬁ and sind = —‘/7 Thus, one value of 6 is 6, = arctan(—1/6) ~ —0.16515. So, a polar

form of z; is
2 = V2(cos b, + isin6y)

Thus,

2122 = V10 V37 (cos (6; + 65) + i sin (6 + 6,))
V370 (cos 2.65469 + i sin 2.65469) = —17 + 9i

z1 V10 .
r— 6, — 60+ 6, -0
> @(COS( | —6) +isin(6; — 6,))

V1
= V1o (c0s2.98499 + isin2.98499) = 2 + ii
V37

37 37

These answers can be checked using Cartesian form.

A7 (a) Wehavel +i = \/E(cos +zs1n4) SO

(1+i)*= [\/E(cos % + ising)r

4
= (\/5)4 [(cos% + isin g)]
4|cos 47r+ j sin 4r
= J— 1n —
4 Ty
=4(-1+0i) = -4

(b) We have 3 - 3i = 32 (cos Z + isin %), s0

(3 -3i) = [3 V2 (cos— +isin _Tﬂ)r

=3 \/5)3 [(cos T + isin _Tﬂ)r

-3
=54 \/_(COS T + isin T)

_54«/'(—7 7):—54 54i
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(c) We have —1 — V3i = 2(cos %{ +isin ’TZ”) SO
-2 —2m\[*
(-1 - V3i)* = [2 (cos T L isin —ﬂ)]

) —2om\]*
=24 [(cos Tﬂ + isin Tﬂ)]

-8 -8
= 16(cos —37T +isin —37T)
1 V3, .
= 16(—5—71)——8—8‘/51

(d) We have —2V3 +2i = 4(cos %’T +isin %’r) SO
5 57\|°
(=2V3 +2i) = [2 (cos gﬂ +isin g)]

5 st\°
=4 [(cos g +isin g)]

25 25
= 1024 (cos Tﬂ +isin Tﬂ)

= 1024(? + %;) =512(V3 +1i)

A8 (a) Wehave —1 = 1&/™*>™_Thus, the fifth roots are
(1)1/5€i(ﬂ+2ﬂk)/5, k = 0’ 1’ 2’ 3’4
Thus, the five fifth roots are

W —cos7r +isinﬂ

0= 3 5
cos 3 + isin "
wy = — +isin —
! 5 5

Wy = COST + i8inm

77r+, . In
W3 = c0s — + isin —
5 5

971+,_ T
W4 = COS — + isin —
5 5

(b) We have —16i = 16¢'2+2™)_ Thus, the fourth roots are

(16)1/4ei(_75{+2”k)/4, k = O, 1’ 2’ 3
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Thus, the four fourth roots are

- . -
wo = 2c0S — +i2sin —

8 8
3 3
wy = 2cos§ +i2$in§

7 7
Wy :ZCosg +i2sin§

11 11
w3 :2cosTn +i2sin?n

(c) We have — V3 — i = 2¢/C% 2% Thus, the third roots are
Q) Bl ERMB k2012

Thus, the three third roots are

—5n

-5
=23 cos — 13 + 23 ¢in — T

Tr 7
wy =213 cos — 13 + 23 ¢in lg

197 19
=213 cos — 13 +i2'3 i 1—;

(d) We have 1 +4i = V17¢i@etan®+2m) | ot 9 = arctan 4. Thus, the third roots are
(\/ﬁ)l/Bei(9+27ﬂ<)/3’ k=0,1,2
Thus, the three third roots are

0 0
wo = 170 cos 3 +i17"®sin 3

0+2 0+2
wy = 170 cos Tﬂ +i17'6 sin—7r

w, = 176 cos # L1716 gin 2247

Homework Problems

B1 (a)4+9i (b) -4 + 4i (c) =7 +i ) 1+7i

B2 (a)13—i (b) =19 — 4i (c) 27 + 23i (d) —10

B3 (a) —2i (b) 17 (c)4+8i (d)5—11i

B4 (a) Re(z) = 4, Im(z) = -7 (b) Re(z) = 12, Im(z) = -5
(c)Re(z) =20/17,Im(z) =5/17  (d)Re(z) = -3, Im(z) = -3

B5 (a) 5 25 25 (b) 3 17 17l (©) =3 - %i (d) -

+ 2Ly
4
B6 (a) z12» —2\/_(005— +isin —) €= \/i(cos =137 4 jsin 113”)

2

Copyright © 2013 Pearson Canada Inc.
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(b) z1z2 = 6\/§(cosl—”2 +isin%), ;—; = %E(COS%T + isin%)
(¢) z1z22 =5-5i, % = —% - %i (This answer can be checked using Cartesian form.)
(d) z1z2 = =7 + 64, 2—; = —% + %i (This answer can be checked using Cartesian form.)
B7 (a) -8 —8V3i (b) 16 — 16i (c) -8 — 8V3i (d) 512(-1 — V3i)

B8 (a) The roots are 2 [cos (25&) + isin (%ﬂ)], 0<k<4.

(b) The roots are 81'/° [cos (&) + isin(%ﬂkn)], 0<k<4.

5t sz
(c) The roots are 2!/3 [cos (%M) + isin( B +2k”)], 0<k<2.

(d) The roots are 17'/6 [cos (@) +isin (‘”gk”)], 0 < k <2, where 6 = arctan(1/4).

Conceptual Problems

D1 Letz; = xp + iys.
B za=—nexi+iyi=-x1+iyyeox =0

&)

(z122) = (x1 + iy)(x2 + iy2) = (x1x2 — y1y2) + i(x1y2 + X2)1)
= (x1x2 = y1y2) — i(x1y2 + x2y1) = (%1 — iy)(x2 — iy2) = 2122

k+1

333

(6) We use induction on n. From (5), z = Zjz; = (Z1)*. Assume that 2} = (ZDF. Then, 2! = 7128 = Z1@)" =

()", as required.
(7) zn+z =x1+ iy +x1 —iy1 = 2x; = 2Re(z1)
(8) z1 —z1 = x1 +iyr — (x1 — iy1) = 2y; = i2Im(z;)
(9) 21z = (u + iy —iy) = x4 + 37
D2 [z| = r = |z]. We have Z = r(cos 0 — isin 0) = r( cos(=0) + i(sin(—0))). Thus, the argument of 7 is —0.
D3 (a) ¢ = cosf +isinf = cos@ —isinf = cos(—0) + i(sin(-0)) = e~
(b) € + e =cos@ +isin@ + cos(—0) + isin(—) = cos O + isind + cosf — isinf = 2 cos b.
(c) €? —e ™ =cosf+isin@ — cos(—6) + isin(—0) = cos O + isinh — cos @ + isin O = 2isin 6.
D4
z1  ri(cos@; +isin6;)
72 1(cosf, +isiné,)

ri(cos @) +isin6;)(cos b, —isinb,)
72(cos B, + isin6,)(cos B, — isin6,)

= r—l((cos 0 cos B, + sin 0 sin 6,) + i(— cos 6, sin B, + sin O cos 6,))
r

T ..
= —(cos(6) — 6,) + isin(6; — 6>))
n
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9.2 Systems with Complex Numbers

Practice Problems

Al (a) Row reducing gives

1 i 1+ 1—i] 1 i 1+i| 1-i
-2 1-2i -2 2i | Ry+2R ~| 0 1 2i 2 ~
2i -2 -2-3i|-1+3i [R3=2iRy |0 0 =5i|-3+i | <iR;
1 i 1+i 1—i |
0 1 2i 2
1_3;
0 0 1 _§_§l,
The system is consistent with a unique solution. By back-substitution,
13
87575
1 3 4 2
=2-2i[-———<i]l=<-+ =
22 l( 3 51) 5+51
4 2
zl—1—1—1(5+§1)—(1+1)(———§1)=1—1
-1
Hence, the general solution is 7 = % + %i
1 _73
-5 5!
(b) Row reducing gives
1 1+ 2 1| 1—=i] 1 1+i 2 1]|1-i
2 2+ 5 2+i|4-i | R —-2R, ~| 0 - 1 i|2+i iR,
i o—1+i 142 2 1| Ry—iR, 0 01 i| -—i 2
I 1+i 2 1 1—i |Ri—=(1+DR, [ 1 0 3—i 2+i| 4-2i | Ri—-3-0DR;
0 1 i -1 |-1+2i ~1 0 1 i =1 -1+2i Ry, — iR ~
0 0 1 i —i | 0 0 1 i —i
1 00 1-2§ S5+i |
010 0]-2+2i
0 0 1 i —i |

Hence, the system is consistent with one parameter. Let z4 = ¢ € C. Then, the general solution is

5+1 —1+2i

7o |22 O ,teC.
—1 —1
0 1

Homework Problems
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[ 7 —2i
B1 (a) The general solution is 7 = —1 + 31
—2 —i
(b) The general solution is 7 = 1 - 21 1, s,teC.
(c) The system is inconsistent.
1 O
(d) The general solution is X = ¢ 0 ik teC.
0 1

9.3 Vector Spaces over C

Practice Problems

-2+ 3+4i 5-3i
s [
2—i 3-2i 5-3i
(b) | 3+i|+|4+7i 7+ 8i
2-5i] |-3-4i -9

A2 +5i)  [-10+4i

© 2’[3—2i‘ 4+6i]
—4 -3
(d) (-1-2i) 3+l -1-7i
2—5i —12+i

A2 (a) We have

1+2i 3+i
[L] = [L(l,O) L(0, 1)] = [ 1 1-i
(b) We have
_ 2 +3i 1+2i 3+if[2+3i 3-4i
L2 +3i,1-4i) = [L] 41] 1 1=ill1=4il [—1 - Zi}

(c) Every vector in the range of L can be written as a linear combination of the columns of [L]. Hence, every
vector Zin Range(L) has the form

2o 1+2i+t 3+1
=0 21—
_ 1 1+2i T =i 1+2i
1 1
1+2i
=(n+(1- l)lz)[
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(a)

(b)

(©)

Chapter 9 Complex Vector Spaces

Thus, {[1 -: 21]} spans the range of L and is clearly linearly independent, so it forms a basis for Range(L).

Let Z be any vector in Null(L). Then we have

(I1+2D)z1+ B+
21+ =Dz

0 5 1+2i 3+1i
[O]Z[L]Z:ZI[ J; l]+zz[1t; -

Row reducing the coefficient matrix corresponding to the homogeneous system gives

1 1-1
0 O

1+2i 3+i
1 1-i

Hence, a basis for Null(L) is {[_ 11+ l}}

Row reducing the matrix A to its reduced row echelon form R gives
1+i 1 i 1 0 i
=2i 2 242 01 1

11 [0
The non-zero rows of R form a basis for the rowspace of A. Hence, a basis for Row(A) is {[O} s [1”

i| |1
The columns from A which correspond to columns in R which have leadings ones form a basis for the

columnspace of A. So, a basis for Col(A) is { 1_;.1], !
-1

2i
1}

Row reducing the matrix B to its reduced row echelon form R gives

1 i 1 0
1+i -1+i|~]|0 1
-1 i 0 0

The non-zero rows of R form a basis for the rowspace of B. Hence, a basis for Row(B) is {[(1)] , [(1)}}

The columns from B which correspond to columns in R which have leadings ones form a basis for the
1 i
1+i,-1+1i

-1 i

Row reducing the matrix C to its reduced row echelon form R gives

1 i -1+ -1 1 0
2 142 =243 -2 |~[0 1
0

]} Solve the homogeneous system AZ = 0, we

-

find that a basis for Null(A) is {

columnspace of B. So, a basis for Col(B) is {

}. Solve the homogeneous system BZ = 0,

we find that a basis for Null(B) is the empty set.

i -1
i 0
1+ i 240 -1-i 0 0 O
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1110
The non-zero rows of R form a basis for the rowspace of C. Hence, a basis for Row(C) is (1) , 1 .
-1] [0

The columns from C which correspond to columns in R which have leadings ones form a basis for the
1 i
2 ] 1+ 2i]}. Solve the homogeneous system AZ = 0,
1+ [

columnspace of C. So, a basis for Col(C) is {
4

—i

we find that a basis for Null(C) is

1
—i| 10
11710
1

Homework Problems

. 1+ . 1-i
B1 (a) 6_+ll (b) [—5—21} (©) [_3:31151} (d)[l_&w
4i -5+09i
-1 1+
B2 @ =], —Zi]
. . -6 -5i
(b) L2—-i,-4+1i) = [1 N 111.]

(c) A basis for Range(L) is {[_ l__l'_ z}} A basis for Null(L) is {[1 1— l}}

B3 (a) Since the dimension of C* as a complex vector space is three and the set contains three linearly independent
vectors, it is a basis.

(b) The set is a linearly independent spanning set and hence a basis for C.

1
}. A basis for Col(A) is {l i ‘, ]}, and a basis for Null(A) is
1+

1] [0 i
B4 (a) A basis for Row(A) is {[1‘ , [0 1
-1-i

o

- 1+ 2—1
(b) A basis for Row(B) is { (1)] R [(1)]} A basis for Col(B) is 1 |,| —i |¢, and a basis for Null(B) is the
L -1+ 2i
empty set.
1 0
. . 0 1 . . il |-1 . .
(¢) A basis for Row(C) is sl L A basis for Col(C) is sl 6 | and a basis for Null(C) is
23
. | i 1
2|52
2| | 7
11’10
0 1
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0 0

0 1+4i

>

1 1

(d) A basis for Row(D) is {
0 i

1] [o
0],]1
0] [0

}. A basis for Col(D) is {

il [2-1i
,li],l 3 ]}, and a basis for Null(D)

is the empty set.

Conceptual Problems
D1 (a) We have az = (a + ib) = ax — by + i(bx + ay). Thus, define M,, : R — R? by
My (x,y) = (ax — by, bx + ay)

The standard matrix of this mapping is
a -b
[z ]
as claimed.
(b) We may write

b sinf cos@

[a —ab] _ m[cos@ —sin 9]

where cos 6 = a/ Va? + b? and sin@ = b/ Va? + b?. Hence, this matrix describes a dilation or contraction
by factor Va2 + b2 following a rotation through angle 6.

(¢c) If @ =3 —4i, then

[Ma]:[3 4] :5[3/5 4/5}

-4 3 -4/5 3/5

so cosf = 3/5, sinf = —4/5, and hence 6 ~ —0.927 radians. Thus multiplication of a complex number by
« increases the modulus by a factor of 5 and rotates by angle of 6. (Compare this to the polar form of «.)

D2 (a) Verify that C(2,2) satisfies all 10 vector spaces axioms.

. . 1 010 1110 0] (0 O . .
(b) A basis for C(2,2) is {[0 O]’[O O]’[l O]’[O 1}} and hence the dimension is 4.

D3 No changes are required in the previous definitions and theorems, except that the scalars are now allowed to be
complex numbers.

D4 If {|, ¥, 3} is a basis for R?, then it is linearly independent. Since all of the entries of these vectors are real,
this set will still be linearly independent in C*. Hence, it is a basis for C? since C? is 3 dimensional as a complex
vector space.
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9.4 Eigenvectors in Complex Vector Spaces

Practice Problems

Al

(a) We have
-1 4 > . .
C(/l)=_1 —/l:/l +4 =(A-20)(+2i0)
Thus, the eigenvalues are 4; = 2i and A, = —2i. Since A has distinct eigenvalues, it is diagonalizable.
Moreover, A is diagonalized to D = [%)l _021.}.

(b)

(c)

To find a real canonical form, we pick 4; = 0 + 2i. Thus, we have a = 0 and b = 2. So, a real canonical

.10 2
form of A is [_2 0}.

To find the corresponding change of coordinates matrix P, we need to find an eigenvector of A;. We have

A i

-1 -2i 0 0

. . R B 0 =
Hence, an eigenvector corresponding to A; is 7 = 1= 1 +1i ol The columns of P are the real and
. . 5 0 -2
imaginary parts of Z. Hence, P = 1 ol
We have

-1-4 2 >
C(/l)—‘ -1 _3_/1‘—/1 +44+5
Hence, A = =4£V16=20 '216_20 = —2 +i. Thus, the eigenvalues are 4} = =2+ i and A4, = —2 —i. Since A has distinct
eigenvalues, it is diagonalizable. Moreover, A is diagonalized to D = _2()+ ! _20_ i]'
To find a real canonical form, we pick 4; = =2 + i. Thus, we have @ = =2 and b = 1. So, a real canonical
=21

form of A is [_1 _2}.

To find the corresponding change of coordinates matrix P, we need to find an eigenvector of 4;. We have

A_(_Z_H,)I:[l—i 2 }N[l 1+i

-1 -1-i 0 O

. . R e =11 .[-1
Hence, an eigenvector corresponding to A; is 7 = [ | l] = [ | } + 1[ 0 ] The columns of P are the real

. . 5 -1 -1
and imaginary parts of Z. Hence, P = [ 1 o }

We have
2-1 2 -1
CH=|-4 1-2 2 =A% =21+5)
2 2 -1-2
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Hence, the eigenvalues are 0 and 2£=20 34720 = 1 + 2i. Since A has distinct eigenvalues, it is diagonalizable.

0 0 0
Moreover, A is diagonalized to D = |0 1 + 2i 0 ‘
0 0 1-2i
To find a real canonical form, we have = 0 and we pick A4 = 1 + 2i. Thus, we have a = 1 and b = 2. So,
0O 0 O
areal canonical foomof Ais |0 1 2.
0 -2 1

To find the corresponding change of coordinates matrix P, we need to find an eigenvector of y and an

eigenvector of A.
We have
2 2 -1 1 0 —-1/2
A—OI=[—4 1 2]~[0 1 O]
0 0

1
Hence, an eigenvector corresponding to u is Z = lO]

1-2i 2 -1 I 0 -1
A-(1+2)l=| -4 -2 2 ~10 1 —i

We have

2 2 -2-2i 00 O
1 1 0
Hence, an eigenvector corresponding to Ais Z=|i|=|0|+i|1].
1 1 0

The first columns of P is an eigenvector of u, and the second and third columns of P are the real and

1 10
imaginary parts of 7. Hence, P = {0 0 1].

2 1 0
(d) We have
2-2 1 -1
CH=| 2 1-2 0 =—(/1—1)(/12—4/l+5)
3 -1 2-2
Hence, the eigenvalues are 1 and £¥16=20 “26_20 = 2 +i. Since A has distinct eigenvalues, it is diagonalizable.
1 0 0
Moreover, A is diagonalizedto D = |0 2+ 0
0O 0 2-i
To find a real canonical form, we have u = 1 and we pick 4 = 2 + i. Thus, we havea =2 and b = 1. So, a
1 0 O
real canonical formof Ais |0 2 1].
0o -1 2

To find the corresponding change of coordinates matrix P, we need to find an eigenvector of y and an
eigenvector of A.

Copyright © 2013 Pearson Canada Inc.



Section 9.4 Eigenvectors in Complex Vector Spaces

We have

0
Hence, an eigenvector corresponding to u is 7 = [1]
1
We have
- 1 —1] [1 0 -1-%
A-Q+dI=|2 -1-i O0|~|0 1 —-2-4i
3 -1 —i 0 0 0
1+2i 1 2
Hence, an eigenvector corresponding to AisZ=| 3 +i | =|3|+i|1].
5 5 0

341

The first columns of P is an eigenvector of u, and the second and third columns of P are the real and

1 3 1]
1 50

imaginary parts of Z. Hence, P =

012]

Homework Problems

|-1+i 0 PN | S E B |
O R W ) WV
[2+2i 0 R ) N )
O R N e I
2 0 0 1 1 1 2 0
(c) D=0 1+i O [,P=|0 1 -1|,P'AP=|0 1 1
0 0 1-i 2 2 0 0 -1 1
3 0 0 1 2 0 3 0 0
d D=0 i 0|,P=|0 -1 1|,P'AP=]0 0 1
0 0 —i -2 =20 0 -1 0
2 0 0 1 3 1 2 0 0
e) D=0 2i 0|, P=|1 -1 =2|,P'AP=|0 0 2
0 0 -2i 1 5 0 0 -2 0
3 0 0 0o 1 -1 3 0 0
@& D=0 1+i O [[P=|1 -1 1|, P'AP=|0 1 1
0 0 11— -1 1 0 0 -1 1

Conceptual Problems

D1 If Zis an eigenvector of A, then there exists an eigenvalue A, such that A7 = AZ. Hence,

7=A7=A7=

oy

Hence, 7 is an eigenvector of A with eigenvalue A.
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D2 We have
AR+ 1Y) = (a + bi)(Z+ 1Y) = a¥— by + i(bX + ay) (1)

(a) If ¥ = 0, then we have A(iy) = —by + iay. But, the real part of the left side of the equation is zero, hence the
real part of the right side must also be zero. Hence ¥ = 0, since b # 0. But, then Z = 0 which contradicts
the definition of an eigenvector so ¥ # 0.

If ¥ = 0, then we have A¥ = a + ib¥. But the left side has zero imaginary part, hence we must have ¥ = 0
since b # 0. But, then 7 = 0 which contradicts the definition of an eigenvector so ¥ # 0.

(b) Suppose that ¥ = k¥, k # 0. Then, the real part and imaginary parts of (1) are
A(kY) = a(ky) — by = (ak — b)Y = Ay = %(ak -b)y
Ay = b(ky) + ay = (bk + a)y
Since ¥ # 0, setting these equal to each other we get
%(ak —b)y = (bk+a)y=bk>*+1)=0

which is impossible since b # 0.

(c) Suppose that ¥V = pX + gy is a real eigenvector of A, hence it must correspond to a real eigenvalue u of A.
Observe from our work in question (a) that we can not have p = 0 or ¢ = 0 since ¥ and ¥ are both not the
zero vector and hence not eigenvectors of A. Then, we have

AV = uv = upx + pgy,
and

AV = A(pX + qy) = p(aX — by) + q(bX + ay) = (pa + gb)X + (qa — pb)y.

2

Since {X, ¥} is linearly independent, the coefficients of ¥ and y must be equal, so we get

pa+qb=pup
ga — pb = uq

Multiplying the first by ¢ and the second by p gives

gpa+q*b = upq = pga — p’b = ¢°b = —p°b,

which is impossible since ¢, p, b # 0. Thus, there can be no real eigenvector of A in Span{X, }.

9.5 Inner Products in Complex Vector Spaces

Practice Problems
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(a) We have

(@ =il-V= =Q24+3D2H+(-1-20)2+5i))=2-5i

2+3i]‘[ 2i
—1-=2i| |12+5i
Wity = (@t,V) =2 +5i
@l = V(@ iy = Q2 +30)Q2=3i)+ (=1 - 2i)(-1 +2i) = VI8
Wl = V@9 = V(=20)2i) + 2 - 52 + 5i) = V33

(b) We have

I [13__;-} =(-1+4)GB -+ 2 -1 -3i) =6

(¥, i)y = (i, V) = —6i
N2l = Vit ity = (=1 +4i) (-1 —4i) + 2 - )2 +i) = V22
Wl = V&, ) = VB + DB =)+ (1+3i)(1 - 3i) = V20

-
=15
@iy = (@, =3—i

il = Vi, @y = (1 =1 +i)+33) = Vi1
I = V@D = A+ (1 =i+ A -1 +i) =2

(c) We have

1-i
1+1

<yl

vy =i-

]:(1—i)(1—i)+3(1+i)=3+i

(d) We have

1+2i
-1-3i

Gy =W VN=4+i
N2l = V(@i ity = (1 + 2i)(1 = 2i) + (=1 = 3i)(=1 + 3i) = V15
I = V&% = (=D0) + (=20)2i) = V5

1 1+
1+’ 1

Hence, the columns of A are not orthogonal, so A is not unitary.

<M,\7)>:M'V: 2i

H = (1+20)0) + (=1 = 30)(2i) = 4 — i

(a) We have

>:1(1—i)+(1+i)(1):2

(b) The columns of B clearly form an orthonormal basis for C2, so B is unitary.

(c) We have
1 i_12 O—I
-1 il 20 2|

Thus, C is unitary.
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344 Chapter 9 Complex Vector Spaces

(d) We have
(~1-0/V3 1/V3] _,

_ (-1+d/V3 (1-i)/V6
A+i/V6 2/V6| ™

PO =143 2/ 6

Therefore, D is unitary.

A3 (a) We have
@, Vy=1(=)+0(1)+i(1)=0

(b) Let S = Span{iZ, v}. Then we have

i), R

r0je W = —— il + V
PRI = T e
1 i
2 -2 6+1i
= o+ — |1
I 1
24
=(2+1i
3+3i

A4 (a) We have
1 =det] = det(U*U) = det(U*)det U = det U det U = |det UJ?

Therefore, |det U| = 1.

(b) The matrix U = [O |

! O] is unitary and det U = i.

Homework Problems

Bl (a) (i, %) =4—12i, (i) = 4+ 12i, [lill] = VI8, || = V34
(b) Gil, V) = 6—i, (Vi) = 6.+, |ldll = V15, [ = V7
() (@, %) = 14— 5i, (%) = 14+ 5i, |lall = V30, [ = V13
(d) @, v) =0, @) =0, =2[1=0

B2 (a) A isunitary.
(b) B is not unitary.
(c) Cis unitary.

(d) D is not unitary.

24
21 7
B3 (a) (@, 1) =0 (b){g‘—%il
2- L
7
B4 (a) léﬂ' ! 10'
= -1 |,—=|-1-1
3ot+i] V72—
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28
(b) &|5-15i
73i

Conceptual Problems
D1 Observe that the required statement is equivalent to
llz + wii* < (llzll + [Iwll)®
Consider

Iz + Wi = (lzll + [IWl)* = (z + W,z + w) — (llz”* + 2l[zlll[w]| + [Iw][®)
=(2,2) + (2, W) + (W, 2) + (W, W) — (z,2) + 2|[z][[[W]| + (W, W))
= (z, W) + (z, w) — 2[[w]||wl|
= 2Re((z, w)) — 2|lzlllIwl|

But for any @ € C we have Re(@) < |a/, so
Re((z, w)) < Kz, w)| < [[zl|||w]]

by Theorem 1 (4).
D2 For property (1) we have

(AZW) = (AW = ATV = A = LA = (2, A"W)

The other properties follow from the definition of the conjugate transpose and properties of conjugates and
transposes.

D3 We prove this by induction. If A is a 1 X 1 matrix, then the result is obvious. Assume the result holds for
n—1Xxn— 1 matrices and consider an n X n matrix A. If we expand det A along the first row, we get by definition

of the determinant
n

detA = @iiCyi(A)
i=1
where the C li(Z) represent the cofactors of A. But, each Ef these cofactors is the determinantof ann — 1 xXn —1
matrix, so we have by our inductive hypothesis that C1;(A) = C;(A). Hence,

n n

detA = Za—ucu(Z) - Zal,-cl,»(A) — detA

i=1 i=1

D4 Since AA* = [ and BB* = [ we get
(AB)(AB)" = ABB*A" =1

Hence, AB is unitary.

D5 (a) We have e s o ~ ~
AP = U (WU =FU0T0z2=70U0Uz2=712=772= 134"
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346 Chapter 9 Complex Vector Spaces

(b) If A1is an eigenvalue of U with corresponding unit eigenvector Z, then
A1 =121 = 122l = 102 = 1] = 1

i

(¢) The matrix U = [0 i

} is unitary and has eigenvalues i and —i.
D6 Let A be any eigenvalue of a symmetric matrix A with corresponding unit eigenvector Z. Then

A=XZ,2) =(1Z,2) =(AZ,D)
=(ZAD =(ZAD =42 =2

Thus, A = A. Hence, A is real.

9.6 Hermitian Matrices and Unitary Diagonalization

Practice Problems

4 V2 +i
V2-i 2

Al (a) Observe that A* = [ = A, so A is Hermitian.

We have
4-2 V2+i

“W=lva-i 2-a

The eigenvalues are 4; = 1 and 2, = 5.

=2 -61+5=(1-1D1-5)

For 4; = 1 we get

3 V2+il [t (V2+0)/3
A-1I= ' ~
V2-i 1 0 0
A basis for the eigenspace of 4 is { \/%; l]}
For 1, = 5 we get
-1 V2+i]l 1 —v2-i
A-5I= ~
[«/E—i -3 ] [o 0 }
A basis for the eigenspace of A, is { \/§1+ l]}

We normalize the basis vectors for the eigenspaces to get the orthonormal basis for C? of eigenvectors of

A {[(«/Zﬂ')/ \/ﬁ]’[(\ﬁ+i)/2]}. Hence, U = [(«/Zﬂ')/«/ﬁ (V2+10))2

] unitarily diagonalizes A to

-3/V12 1/2 -3/V12 1/2
Lo 1o
v} 9]

(b) Observe that
B =

[\/55+i g:jiB

So, B is not Hermitian.
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C serve that C* = . = , so C is Hermitian.
(c) Ob hat C* \/§6+\/§3lCCH
l
We have
\6/53. ‘3/5_/1’:/12—9“14:(1—7)(1—2)
i _

(d)

The eigenvalues are 4, =7 and A, = 2.
For 4, =7 we get

e gy, Wl

A basis for the eigenspace of A, is {[ \/51_ l]}

For A, = 2 we get

c-21=[ 4 \/§—i]~[1 (\/§—i)/4}

V3 +i 1 0 0

—4

We normalize the basis vectors for the eigenspaces to get the orthonormal basis for C? of eigenvectors of

A Dbasis for the eigenspace of A, is {[ V3- l]}

(V3 -0/ V5] [(V3-i)/ V20 [(VB=i/V5 (VB-i/V20] .
A{[ /5 },[ _4/V30 }} Hence,U—[ /5 _4/V30 ]umtarﬂydmgonahzes
. 17 0
CtoUCU—[O 2}.
1 1+i O
Observe that F* = |1 —1i 0 1—-i|=F,so F is Hermitian.
0 1+i -1
We have

-4 1+i 0
CO=[1-i =2 1-i|==-2L=5=-2A- V5)1+ V5)
0 1+i -1-21

The eigenvalues are 4; =0, A, = V5, and A3 = — V5.

For 4; = 0 we get
1 1+i O 1 0 1
F-0I=(1-i 0 1-i|~]0 (-1+10)/2

0 1+i -1] |0 o 0

—

[ -2
A Dbasis for the eigenspace of 4, is { 1- z]}
| 2

For 1, = V5 we get

1-V5 1+i 0 1 0 -3+ V352
F-VN5I=|1-i -5 1-i |[~|0 1 —(1-d1+ V52
0 1+4i -1-+5] [0 0 0
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3+ 5
A basis for the eigenspace of A is { [ (1 — i)(1 + V5)
2

For A3 = — V5 we get

1+V5 1+i 0 1 0 -3B-vV3)2
F-(-V9)I=| 1-i 5 1-i |~|0 1 —(1-p1-5)2
0 1+i -1+V5] [0 0 0
3-V5
A basis for the eigenspace of A, is { [ (1 — i)(1 — V5)
2
We normalize the basis vectors for the eigenspaces to get the orthonormal basis for C* of eigenvectors of
A. Let
3+15
a=|a=ip1+ V|| =4+3G+ V5> +2(1 + V5)° ~ 52.361
2
3-45
b=l[(1=i)1= V5| =4+3B-V5?+2(1 - V5>~ 7.639
2
Hence,
-2/v10 B+ V5)/a (3 - V5)/b
U=|1-i)/VI0 (1= +V5)/a (1-i1~-5)/b
2/V10 2/a 2/b

0 o0 0
unitarily diagonalizes F to U*FU =0 V5 0 |.
0 0 -V5
Homework Problems
B1 (a) A isnot Hermitian.

1 .
(b) Bis Hermitian. It is unitarily diagonalized by U = 3 [ ! V2 l] toD = [2 0].

V2-i 1 06
(c) Cis Hermitian. It is unitarily diagonalized by U = = \/j /_\;%\/% (\/i;r\l/)l/—l\/ﬁ} toD = [(1) (6)}

(1+0)/V8 (-1-3i)/4 (~1+i)/4
(d) F is Hermitian. It is unitarily diagonalized by U = [(1+i)/V8 (=1+i)/4 (~1-3i)/4|to D =
1/V2 1/2 1/2

02 0
0 0 -2

000}
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Conceptual Problems

0 1+
1-i O

D1 (a)ThematricesAz[1 l 1J_ri iti

i l}ande[

are both Hermitian, but AB = [ ] is not
Hermitian.
(b) (A% = (AA)* = A*A* = AA = A%. Thus, A? is Hermitian.
() A H* ="' = A" Thus, A~ is Hermitian.
D2 By Problem 9.5.D4, we have
detA = detA” = detA = detA = detA
Hence, det A is real.

D3 (a) If A is Hermitian and unitary, then

I=A"A=

a b+ ci a b+ ci
b—ci d b—ci d

_ a* +b* + bla+d)+ cla+d)i
“|bla+d) - cla+ d)i br+ 2+ d?

Eithera+d =0orb =c=0.
+1 0
0 =1/

If a+d =0, we have a = —d, so a* = d” and the diagonal entries both require that a> + b* + ¢> = 1. Thus,
b* +c* = 1 —a?. Clearly |a| < 1. Moreover, since b and c satisfy the equation of a circle, there exists some

angle 6 such that b = V1 —a?cos@ and ¢ = V1 — a2 sin . Note that in this case b + c¢i = V1 — a2 and
b —ci= V1 —a?e™". Hence, the general form of A is

A a V1 = a2e?
Me_ie —a

Ifb=c=0,thenA=[

where |a| < 1 and 6 is any angle.

0 =1

(c) For a3 x 3 matrix to be Hermitian and diagonal requires that A = diag(a, b, ¢) where a, b, c € R.

. . - o +1
(b) If we add the additional requirement that A is diagonal, then the only possibilities are A = [+ 0 }

If we require that the matrix is also unitary, then the columns must have length 1, so A = diag(+1, 1, +1).

(d) Let B = {V|,...,V,} be an orthonormal basis of V. Assume that L is Hermitian. By definition of [L]g and
our formula for finding coordinates with respect to a basis, we get

([L]g) jx = (L)), Vi) = (¥}, L)) = (L(V), V) = ([Llg);

Hence, [L]g is Hermitian.
On the other hand, assume that [L]g is Hermitian. Then, we have

(Vs L)Y = (L), V) = (L(V)), Vi)
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Let X, ¥ € V. Then we can write X = ¢|V| + -+ + ¢,V, and ¥ = d V| + - - - + d,,V,. Observe that

<)?7 L®> = (Clvl +oeet cnvn»L(dlvl R dnv)n))
= <Clvl +oeeet C}z‘_}n’ dlL(‘_))l) +oeeet dnL(‘j)n)>

= Z ¢;di(¥;, L))
Jik

= " il L)), B
Jik

= <CIL(171) R CnL(‘j)n), dlvl R dnvn>
=(L(c\V1 + -+ V), diVy + -+ dyVy)

= (LX), )

Hence, L is Hermitian.

The proof is by induction on n. If n = 1, then A is a diagonal matrix and hence is unitarily diagonalizable
with U = [1].

Suppose the result is true for all (n — 1) X (n — 1) Hermitian matrices, and consider an n X n Hermitian
matrix A. Pick an eigenvalue A, of A and find a corresponding unit eigenvector ;. Extend the set {¥} to

an orthonormal basis {V], W, ..., w,} for C". The the matrix Uy = [171 Wy e-- Wn] is unitary. We find
that
. At O
U AUy = )
070 [On—l,l Ay

where A; is an (n — 1) X (n — 1) Hermitian matrix. Then, by our hypothesis there is an (n — 1) X (n — 1)
unitary matrix U; such that
U'A U, = Dy

where D is an (n — 1) X (n — 1) diagonal matrix. Define

U2 — [ 1 Ol,n—l]

Ou-11 Py

The columns of U, form an orthonormal basis for C", hence U, is unitary. Since a product of unitary
matrices is unitary, we get that U = U, Uy is an nXn orthogonal matrix. Moreover, by block multiplication,

. A1 O1p-1
U'AU = ’ =D
[On—l,l D, ]

is diagonal as required.

Chapter 9 Quiz

Problems
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E1 We have |z71] = /12 + (- \/3)2 = 2 and any argument 6 of z; satisfies

1=2cosf and - V3=2sind

Hence, cos 6 = % and sinf = _%g. Thus, 6 = —%r + 27k, k € Z. So, a polar form of z; is

= 2(cos - + isin _ﬂ)
71 = 3 1 3

We have |z75] = V22 +22 = V8 and any argument 6 of z, satisfies
2=18cosf# and 2= V8sind

Hence, cos 6 = ‘/% and sin 6 = \/LE Thus, 8 = 5 + 27k, k € Z. So, a polar form of z, is

= Zﬁ(cos% + isin %)
Thus,
71220 = 2(2 \/5) (cos(%r + %) + isin (_—ﬂ + Z))

3 4
=4V§(cos%+isini)

12
2 2 -T 7 L. (T 7
ZZE(COS(?_Z)HSIH(T_Z))
1 I .. —In
:$(COSW+lSIHH)

E2 We have i = ¢/2*>™ 50 the square roots are
()12 = (G202 Z 0 ]

In particular,

L 1 N L.
Wo=coS— +isin— = — + —|
4 4 2 V2
cos ﬂ+'sin57r ! L,
w = — 4+isin— = —— — —|
4 4 2 V2
T—1i
E3 (a) 2u+(+iv=|3+5i|.
9+ 3i

) il =

3+
—i .
2

© @H=C-D)+iB)+2(d+i)=11+4i.
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) @iy =) =11-4i.
@ IM=+VTNH=2+32+@—D@A+i)=VI+9+17 = V27.

. (v,u 11—41 3.1 1 29—23'1
(f) proj;v = 7 ”2 T i =13 4+ 11i .
2 22 —8i

E4 (a) We have

-1 13
C(/l)—‘_1 4_/1’— —-41+13
Thus, the eigenvalues of A are A = 4“/? =2+ 3i
For 4; = 2 + 3i we get
-2 -3 1 —2 +3i
-1 0
. . N 2 - 31
Hence, an eigenvector corresponding to A; is 7] =
For A, = 2 — 3i we get
-2+3i 13 1 —2 3i
-1 2 +3i 0
. . .o 2+ 31
Hence, an eigenvector corresponding to A, is 2, =
Hence, P = [2 _1 32+ 31 diagonalizes A to P~'AP = 2 B?ﬂ ) ?31.}.

(b) Using our work in (a), pick A=2+3i,thena=2and b = 3. Also, we have a corresponding eigenvector is
_[2-3 2], -3
Sl T o

Thus, the change of coordinates matrix P = ﬁ _03] brings A into the real canonical form [ 2 3}.

-3 2
. Ufi—i =i | Uft+i 1 ] [t o
| MY 1 P B P

E6 (a) Ais Hermitian if A* = A. Thus, we must have 3 + ki = 3 —i and 3 — ki = 3 + i, which is only true when
k = —1. Thus, A is Hermitian if and only if £k = —1.

0. 33_1],and

E5 We have

so U is unitary.

(b) If k=~-1,then A = 34

det(A — AI) = =A+2)1-5)

0/13
3—/1

Thus the eigenvalues are 4; = =2 and A, = 5. For 4; = -2,
2 3—i 2 3-1i
A_/h]_[3+i 5]~[0 0]
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Thus, a basis for the eigenspace of A; is {[3__21}}. For A, =5,

-5 3—i| [-5 3-i
A_M‘[ui —2]~[0 0]

3—-1

i

Thus, a basis for the eigenspace of A, is {[

We can easily verify that <[3__21} , [3 5_ ID =0.

Chapter 9 Further Problems

Problems

F1 Suppose that U is a unitary matrix such that U*AU = D = diag(Ay,...,A,). Define C = diag(VAy,..., Vi,).
Then observe that taking B = UCU* gives

B*> = (UCU")UCU*) = UCU*UCU* = UC*U* = UDU* = A
and
B =UCU")=UC'U"=UCU"=B
as required.
F2 (a) We have (A*A)* = A*(A*)" = A*A, so A*A is Hermitian.

Let A be any eigenvalue of A*A with corresponding unit eigenvector Z. Since, A*A is Hermitian, we have
that A is real. Also,

(AZ,A?) = (ADTAZ=FATAZ7 =7 A A7=FAAZ=F (D) = 177=2

Thus, 4 > 0.

(b) If A is invertible, we can repeat our work in (a) to get A = (AZ, AZ). But, since 7 is an eigenvector, we have
that 7 # 0, so AZ # O since A is invertible. Thus, A > 0.

F3 We prove this by induction. If n = 1, then A is upper triangular. Assume the result holds for some n = k > 1. Let
A1 be an eigenvalue of A with corresponding unit eigenvector Z;. Extend {Z;} to an orthonormal basis {7}, ..., Z,}
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of C" and let U, =[Z1 Z’,,].Then, U, is unitary and we have
T
>
21
UiAU, = | © |A]2 Z]
—T
S
,Zn A
,_T<
-
2
= [AZI AZn]
—T
S5
| Zn |
ExX T
21 I 7 A - ) AZ,
T, T .. T,
|2 T 2 AL - D AL (4 B
h 10 A
sT,, 5T, ., 5T .,
20 D Zy A - Ty AZy

where A; is an (n— 1) X (n — 1) matrix. Thus, by the inductive hypothesis we get that there exists a unitary matrix
. . 1 . .

Q such that Q*A;Q = T} is upper triangular. Let U, = [0 g] then U is clearly unitary and hence U = U,U,

is unitary. Thus

U*AU = (U, Uy)* AU, Us) = ULUAUL U,
_[t o[ B][1 o] _[u BO|_.,
“lo oflo Ao o7 |o T |”

F4 (a) If A is unitarily diagonalizable, then there exists a unitary matrix U and diagonal matrix D such that
U*AU = D or A = UDU". Since D is diagonal, observe that DD* = D*D. Hence,

AA* = (UDU*)UDU")" = UDU*UD*U* = UDD'U"
= UD'DU* = UD'U*UDU* = (UDU*)*(UDU*) = AA*

which is upper triangular.

Thus, A is normal.

(b) By Schur’s Theorem, there exist an upper triangular matrix 7" and unitary matrix U such that U*AU = T.
Observe that T is normal since

TT" = (U*AUYU*A™U) = U"AA™U
=U'A"AU = (U'A"U)UAU) =TT
(¢) Comparing the diagonal entries of 77" and T*T we get
1P + ol + - + el =l

2 2 2 2
[0 + -+ + |f2,]" = |t12]" + |122]

2 2 2 2
[tanl” = 1t10]" + 220" + -+ - + |1l

Hence, we must have #;; = 0 for all i # j and so T is diagonal. Thus, from our work in (b), we have that A
is unitarily similar to the diagonal matrix T as required.
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