Orthogonality

Definition:
U, | v, |

Letu=| |and v=| | be two vectors in R".
LUn Vi

Vi
uv=u'v=[u . . u] |=uy +..+uy,
_Vn_
3 4
Example: Let u=|1|andv=|6 |.
2 2
4
uv=u'v=[3 1 2]6(=34+1.6+22=22
2
3
vu=viu=[4 6 2]1|=43+6.1+2.2=22
2
So, uv=vu
Properties:

Letu, v and w be vectors in R" and cbe a scalar. Then,
1. uv=vu

2. (U+V).W=UW+V.W
3. (cu).v=c(uv) =u.(cv)

4, uu>0and uu=0<u=0



Definition:

Let u=| | beavectorin R".

Then the length (norm) of uiis defined as u|=+vuu =uf +...+u? .

A vector whose length is 1 is called a unit vector.

For a given vector u, a unit vector in the direction of u is given by H
u
(termed as normalizing a vector)

3
Example: Let v=|1].
2

Find a the length of v and a unit vector v, in the direction of v.



Definition:

Let uand v be two vectors inR".

Then uand vare orthogonal to each other (u Lv)
if uv=0

Note: Zero vector is orthogonal to every vector.

Example:

1. Let uand v be two vectors in®R". Show that

a) uLve|urv]=[uf +

b) uLlve|u +VH2 =|u —vH2

Definition:

A set of non-zero vectors S is called an orthogonal set if each vector in S
is orthogonal to every other vectorin S.

i.e. S=1{,V,,...v, | is an orthogonal set < v,.v; =0 if i= j.

Example:

1. Does |u+v+ zH2 :HuH2 + HVH2 + HZHZ imply that {u,v,z} is an orthogonal

set?

NOTE:

1. An orthogonal set in which each vector has length 1 is called an
orthonormal set.

2. A basis consisting of orthogonal vectors is called an orthogonal basis.

3. A basis consisting of orthonormal vectors is called an orthonormal basis.



T17[07[0

101,110/t isan orthonormal basis for R3.
L_O 0|1

T177-21[5

J=21] 2 |,|4]} is an orthogonal basis for R°.
L 3 2 |1

[ 1414 |[-2/412][5/442
—2/\14 || 2/12 ||4//42 |\ is an orthonormal basis for R°.
3/1N14 || 2112 || 1/4/42

Theorem: Let S ={v;,v,,...v, | is an orthogonal set of nonzero vectors

N

\

inR", then S is linearly independent.

Proof:
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Theorem: Let {v,,v,,...v, } be an orthogonal basis forR".

Then for eachx e R",

X=CV; +CoVy + .. +C,V, Where

Example:
-1 2 2

Letu,=| 2 |, u,=|-1|,u;=| 2 |and S ={u,,u,,u,}.
2 2 -1

1
Express x=| 2| as a linear combination of the vectors in S.
3
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Definition:
An nxn matrix Q whose columns form an orthonormal set is called an

orthogonal matrix.
NOTE:

1. The rows of an orthogonal matrix is also orthonormal.

2. A square matrix Q is orthogonal if and only if Q' =Q".
3. If Q is an orthogonal matrix, then Q" is also orthogonal.
4. If Q is an orthogonal matrix, then detQ =+1.

5. If A is an eigenvalue of an orthogonal matrixQ, then || =1.

Theorem: An mxn matrix U has orthonormal columns if and only if

u'u=1.

Theorem: Let Q be an nxn matrix and let x,y e R".

Then, the following statements are equivalent.

a) Q is orthogonal .
b) |Qx|=||x| for every x e R".

c) Qx-Qy=x-y forevery x,y e R".



Example:

-1/3 2/3  2/3 a a,
1.LetU=| 2/3 -1/3 2/3 |, x=|b |and y=|b, |.
2/3  2/3 -1/3 o C,

CalculateU "U , |Ux|, Ux-Uy..

15 -2/5 0
2.ShowthatV =| 0 0 1| is an orthogonal matrix.
2/~ 145 0

NOTE: For a matrix to be orthogonal it is not enough that the columns are
1 -2 0

orthogonal. For example,V =0 0 1
2 1 0



Orthogonal Complement

Definition:
Let U be a subspace of R".

1. If zeR" is orthogonal to every vector in U, then z is said to be
orthogonal to U .

2. The set of all z that are orthogonal to U is called the orthogonal

complement of U . It is denoted byU " .

Example:

1 0
1. Let U =span {O}} Then, z = L} Is orthogonal to every vector in U and

ool

110 0
2. Let U =span {O ,| 1|¢. Then, z =] 0 |is orthogonal to every vector in U
0/]0 1

0
and U = span O} .
1

4. Show thatif y luand y lLv,theny L (u+v).



Theorem: A vector x is in W= if and only if x is orthogonal to every
vector in a set that spans W .

Theorem: Let A be an mxn matrix. Then,

(RowA)* = NulA
(ColA)* = NulAT

Theorem: If W is a subspace of R", then dimW +dimW* =n.
Example:

1. If x isinboth W and W+, then x=0.

3 2
2. Let A= {6 4] Find a vector which is in (ColA)~.

3. Find the orthogonal complement W+ of W and give a basis forw *.

a)Wz{ X :2x—3y=0}.
y

X
b) W=<y|:=x+3y-52=0
4

1
4. Find two linearly independent vectors which are orthogonal to | —2 |.
4
17701
- - 1 - _1 l
5. Find a basis for W —, given that W = span Lo -
— - _3_.




Orthogonal Projection of one vector onto another:

Definition: Let u be a non-zero vecto in R", and y be a vector in R".

y= ﬂu Is called the orthogonal projection of y onto u.

uu

And z = y— ¥ which is called the component of y orthogonal to u.

Example:

2 7
1. Lety= {6} and u = L} Write y as sum a vector in span{u} and a

vector orthogonal to u.

1 0
2.Let y=|1| and u=| 3|. Find the orthogonal projection of y onto u and
1 4

the component of y orthogonal tou .

Orthogonal Projection of one vector onto a subspace of R":

Definition: Let W be a subspace of R" with orthogonal basis

Then, the orthogonal projection of x onto W is

: s XUy X.U, XUy,
projy X =X= u, + Uy +oeat
Uy .Uy u,.u, u,.u

Theorem: Let W be a subspace of R". Then each vector x € R" can be
written uniquely in the form x =X+ z, where X isin W and z isin W ™.
In fact, X is the orthogonal projection of x onto W and z = x—X.

X = X+ z is called the orthogonal decomposition of x onto W .



Example:

1 1
1. Letu, =|-1|,u, =|1|and W = span{u,,u, } . Find the orthogonal
0 2
3
decomposition of x=|1| onto W .
1
6 3 -4
2.Lety=| 3 |,u,={4},u,=| 3
-2 0 0

Find the orthogonal projection of y onto the subspace spanned by the

orthogonal vectors u, and u,.

-1 1 -1
3.Lety=| 4| u=|1|,u,= 3 |andW =span{u,,u,} .
3 1 -2

a) Find the orthogonal projection of yonto W .

b) Write y as the sum of a vector in W and a vector orthogonal to W .



Gram-Schimdt Orthogonalization process:

(The process of finding an orthogonal basis from any basis of a subspace of
R")

Let {X,X,,....X,, | is any basis of the subspace U of R". Define

E, = Xy,

AV X2 & 1
=1
E; =X, _—XSEl El_—XSEZ 2
|Ed |E|
= k_xk°51 El_xk‘Ez Ez_ _____ _Xk'Ekz—l i
& |E| 1=

foreach k =23,.....m.
Then,

a){E,,E,.,...E,, } is an orthogonal basis of U .
b) span{E,,E,,...E, }=span{X,, X,,...X, } for each k =1,2,3,....m.



Example:

0 5
1. Let X, =|4|,X, =| 6| be a basis for the subspace W = span{X,, X, } .
2 7

Find the orthogonal basis of W .

2. Let X, = , X, = and X; = be a basis for the subspace

R O N W
O O -

W =span{X,, X,, X} . Find the orthogonal basis of W .



OR factorization:

If Aisan mxn matrix with linearly independent columns, then A can be

factored as A=QR, where Q isan mxn matrix with orthonormal

columns and R is an invertible upper triangular matrix.

Alogorithm:

1. Suppose A=[C, C, . . . C,].

2. Apply Gram-Schimdt processto C,,C,,....,C,, to derive orthogonal
columns F,F,,...., F,.

3. Normalize the columns F,F,,....,F,to calculateQ,,Q,,....,Q, .

Q=[Q Q@ . . . Q)
4.() R=QTA
_HFlu Cz‘Ql C3'Q1 R Cn'Ql_
0 /] CQ ... CQ
o o /[ ... CQ

(i) R =




Example:

1 -1
1 4 _ . .
1. Let A= 1 1l Find the QR-factorization of the matrix A.
_1 4 —
(1 1 0]
-1 0 1| _. . .
2. Let A= 0 1 1! Find the QR-factorization of the matrix A.
0 0 1]




Best approximation Theorem: Let W be a subspace of R" and ybe a

vector in R". Let § be the orthogonal projection of y onto W . Then ¥ is
the closest pointin W to y.

ie. [y—9|<|y-v| forall vinW distinct from §.

Definition: The distance from a point y in R" to a subspace W is defined
as the distance from vy to the nearest pointin W .

Example:

1 1
1 -1
-1 -1
-1 1

1. Lety= and W = span{u;, u, | .

w N PN

a) Find the nearest pointin W toy.

b) Find the distance of y fromW .

2. Find the point in the plane 2x + y —z =0 that is closest to the point
P(2,-1-3).



Orthogonal Diagonalization of Symmetric matrix

Definition: A square matrix A is orthogonally diagonalizable if there exists

an orthogonal matrix Q and a diagonal matrix D s.t. A=QDQ"

Definition: A symmetric matrix is a matrix s.t. A" = A
Note:

1. A symmetric matrix is necessarily square.

2. Its main diagonal entries are arbitrary; but the entries on the opposite sides

of the main diagonal occur in pairs.

Theorem: (Spectral Theorem for Symmetric Matrix)

An nxn real symmetric matrix A has the following properties:

a. A has n real eigenvalues, counting the algebraic multiplicity.
(multiplicity of the eigenvalue as the root of the characteristic equation)
b. The geometric multiplicity (dimension of the eigenspace) for each
eigenvalue equals to its algebraic multiplicity.

c. Eigenvectros corresponding to distinct eigenvalues are orthogonal.

d. A is orthogonally diagonalizable.



Definition: Let A be a nxn real symmetric matrix s.t. A=QDQ" where
Q is an orthogonal matrix and D is a diagonal matrix. If 4,,4,,....,4, are
the diagonal entries of D and q,,0,,....,q, are the columns of Q, then the

spectral decomposition of A is given by

A=20,07 + A,0,05 + oo+ 4,001

Example:

7 -4 4
1. Orthogonally diagonalize the symmetric matrix A=|—-4 5 0.

4 0 9
Find the spectral decomposition of the matrix A.

5 -4 -2
2. Orthogonally diagonalize the symmetric matrix A={-4 5 2

-2 2 2

Find the spectral decomposition of the matrix A.



Quadratic Forms

Definition:
A quadratic form on R" is a function Q such that Q(x) = x" Ax for any
xeR" , where Aisan nxn symmetric matrix.

A is called the matrix of the quadratic form.

Example:
1. Compute Q(x) = x" Ax forany x e R" , given that
1 3 4

: 10 . 1 3
1) A= i) A= i) A=|3 2 5|.
01 3 2
4 5 3

2. For the givenQ(x) = x" Ax; x e R", find the matrix of the quadratic form.

) Q(X)=2x7 —6X.X, +5x5 i) Q(X) =X + 2X5 —3XZ + 2X Xy — 4%, Xq



Change of variables:
Definition: If x represents a variable vector inR", then a change of variable

is an equation of the form x =Py or y =P 'x where P an invertible matrix
isand y is a new variable vector inR".

The principal Axes theorem: Let Aisa nxn symmetric matrix associated

with the quadratic form x" Ax and A= PDP" s.t. P is an orthogonal matrix

and D is a diagonal matrix. Then there is an orthogonal change of variable

x = Py that transforms the quadratic form x" Ax into a quadratic form

y' Ay with no cross-product terms.

Definition/Theorem:
A quadratic form f(x)=x' Ax, where Ais an nxn symmetric matrix is

classified as one of the following:

1. positive definite if f(x)>0 forall x=0.

(if and only if all the eigenvalues of A are positive)

2. positive semidefinite if f(x)>0 forall x.

(if and only if all the eigenvalues of A are nonnegative)

3. negative definite if f(x)<0 forall x=0.

(if and only if all the eigenvalues of A are negative)

4. negative semidefinite if f(x)<0 forall x.

(if and only if all the eigenvalues of A are nonositive)

5. indefinite if f(x) taken on both positive and negative values.

(if and only if the eigenvalues of A are both positive and negative)



Example:

1. Make a change of variable that transforms the quadratic form
—3x2 +8x,X, + 3%5 into a quadratic form with no cross product terms.

Classify the quadratic form as positive definite, negative definite, indefinite

or none of these.

2. Make a change of variable that transforms the quadratic form
7xZ +5%5 +9x5 —8x,X, +8X,X, into a quadratic form with no cross product

terms. Classify the quadratic form as positive definite, negative definite,

indefinite or none of these.

3. Make a change of variable that transforms the quadratic form
5X; +5X5 + 2X5 — 8% X, — 4%, X5 + 4X,X, into a quadratic form with no cross

product terms. Classify the quadratic form as positive definite, negative

definite, indefinite or none of these.



