· Linear functions are polynomials with a degree of 1.
[image: ]
· When the slope of a line is positive, we say the line is increasing, which means it goes up from left to right.
· When the slope of a line is negative, we say the line is decreasing, which means it goes down from left to right.
· A horizontal line has a slope of 0.
· The slope of a vertical line is undefined.
[image: ]
· 
· Quadratic functions are polynomials with a degree of 2. They form parabolas that open upwards or downwards.
· A parabola that opens upwards changes from decreasing to increasing. The change occurs at the vertex.
· A parabola that opens downwards changes from increasing to decreasing. Once again, the change occurs at the vertex.

[image: ]
Change to vertex form
[image: ][image: ]
Factoring can be used to find the roots of a function.
These are the four most usual types of factoring:
· common factoring
[image: ]
· difference of squares
[image: ]
· simple trinomial factoring
[image: ]
· complex trinomial factoring
[image: ]
QUADRATIC FORMULA
[image: ]
The factor theorem
The factor theorem is used to find the roots of polynomial functions with a degree of 3 or higher, such as cubic and quartic functions.
[image: ]
The method of substitution
The method of substitution can be used to find the point(s) where two graphs intersect.
[image: ][image: ]
AVERAGE RATE OF CHANGE
[image: ]
AVERAGE RATE OF CHANGE AND SECANT LINES
A secant line on a curve is a straight line that intersects the curve at two points.
a. When does the stone hit the water? Round all non-terminating answers to two decimal places.
[image: ]
[image: ]
[image: ]
INSTANTANEOUS RATE OF CHANGE
The instantaneous rate of change is the rate of change on a continuous smooth function at a specific point on the function.
A tangent line to a curve is a straight line that touches the curve at one point.
SECANT METHOD:
[image: ]
WHEN BALL HITS THE GROUND:
[image: ]
[image: ]
HORIZONTAL LIMITS
[image: ]
[image: ] [image: ] [image: ]
[image: ]
There is no limit for this function.
[image: ]
[image: ] [image: ]
· VERTICAL ASYMPTOTE
· If a limit results in the same value when we approach it from the right-hand or left-hand side of the graph, the limit exists. If a limit results in a different value when we approach it from each side, the limit does not exist.
· For the rational function we just examined, the limit is positive infinity when we approach it from the right side and negative infinity when we approach it from the left side. For this function, the limit does not exist.
[image: ][image: ][image: ]


[image: ]

Maximum and minimum points
A local maximum is a point on a graph where the direction changes from increasing (going up from left to right) to decreasing (going down from left to right).
It is called a local maximum because it is not necessarily the highest point on the graph, but it is a point where the direction changes from increasing to decreasing.
On the other hand, a global maximum (also called an absolute maximum) is the highest point on a graph, and can occur as a local maximum point or as an end point on the graph.
A local minimum is a point on a graph where the direction changes from decreasing (going down from left to right) to increasing (going up from left to right).
Example 1 TANGENTS ALONG A CURVE
Let’s calculate the slopes of several tangents along the following curve. 
[image: ]
[image: ]


To find the inflection points[image: ]
To find the intervals of concavity, we choose test points on each side of the inflection points and substitute them into the second derivative. When f′′(x) is positive, the function f(x) is concave up, and when f′′(x) is negative, f(x) is concave down.














To find x and y intercept for cubic fun
[image: ]
To find max and min points for cubic fun
[image: ] [image: ] [image: ] [image: ] [image: ] [image: ] [image: ] [image: ]
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To find the equation of a polynomail fun[image: ] [image: ] [image: ]
To find the equation of a polynomail fun using a graph
[image: ] [image: ] [image: ]
Horizontal asymptotes
[image: ] 
[image: ] [image: ] [image: ] [image: ] [image: ] [image: ]\ [image: ]
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Example 1
Common factor the expression 8a® — 4a.

Solution
8a® —4da
—4a(2a—1)
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Example 2
Factor 9a® — 4b? by difference of squares.

Solution
9a? — 45

= (3a+2b)(3a — 2b)
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Example 3
Factor z? + 3z — 28 using simple trinomial factoring

Solution
22 +3z 28

=(@+7)(z—4)
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Example 4
Factor 2¢2 + 52 — 3 using complex trinomial factoring

Solution

2z% 4+ 52 -3

=227 46z -1z -3
2z(z +3) — 1(z +3)
=(z+3)(2z 1)
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Example
Determine the roots of the equation 4z — 4z — 8 = 0,

Solution
In this equation, @ = 4, b=—4, and c = -8

—b+ Vb — dac

2a
VD A8 grvim ax12
o 2(2) I
4+12 4-12
PR R

8

z=2orz=-1

The roots are = = 2 and -1
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Find the roots of the function f() = z° — 7z — 6.

Solution
First, use the remainder theorem to find a factor. Factors will give a remainder of 0.

F(1) =)° —7(1) —6=—12

Since the remainder is not 0 when z = 1, then (z — 1) is not a factor.

1) = (1) =7(-1)-6=0

Since the remainder is 0 when = —1, then ( + 1) is a factor.

Use long division to find the other factors. If you know synthetic division, you can use it instead.

226

z+1)2* 4 02°-72-6

-(z* +12?)

Tz -6=0
@+1)(a*—2—6) =0

(z+1)(z+2)(z—3)=0

The roots are z =1, -2, and 3
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Example
Find the points where the line y = 3z — 1 intersects the parabola y =

Solution

Since both equations are isolated for y, we will start by substituting the linear equation into the quadratic equation
@=2"-1

3z—1=2’—1

Then we will move all of the terms to one side of the equals sign by using inverse operations.
0=22-1-3z+1
0

—3z

Next we will solve for z_ If the expression cannot be factored, use the quadratic formula.
0=2z(z-3)

z=0orz=3

These are the z-values of the two points of intersection.
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Finally, we will calculate the -values that go with each z-value we found. Always substitute the z-values back into the
linear equation to avoid complicated calculations.

y=3z-1

y=3(0)-1=-1

One point of intersection is (0, ~1)
y=3z-1

y=33)-1=8

Another point of intersection is (3, 8).
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The average rate of change of a function with respect to & between A(a, f(a)) and B(b, £(b)) is

f(b) - f(a)
R
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c. Because h(t) represents the height of the stone above the water, h(t) = 0 when the stone hits the surface of the
water. Substitute h(t) = 0 into the equation h(¢) = —4.9¢% + 12t + 15

h(t) = —4.9¢2 + 12t + 15
4.9t +12t +15=0

Use the quadratic formula to solve for t:

—b+ V5 —4ac

2a

—12+ V438
938
—12+20.93
938

t=3.360rt=—0.91

Since time cannot be negative, the only value that makes sense is t = 3.36. The stone hits the water at 3.36
seconds. If you check the sketch of the function, this value seems reasonable since the curve intersects the z-axis
somewhere between 3 and 3.5 seconds.
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b. Find the average rate of change between 4 and 6 days

ggested answer

The following represents the point (4, 33)
N(@4) = (42 +4(4) +1=33
The following represents the point (6, 61): N(6) = (6)° + 4(6) + 1 = 61

To calculte the average rate of change: ") () _ 6133 _ 28,
¢ T 6-4 6-4 2

The average rate of change is 14 flies per day.
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1. Determine the equation of the secant line that intersects a curve at A(-13, -5) and B(7, -10).

map=

T-(-13) 20 4
y=m(z— 1)+ 9,
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c. Use the secant method to approximate the instantaneous rate of change at t = 5 days.

Suggested answer

N(5) = (5)* +4(5) +1=146
N(4.9) = (4.9)> + 4(4.9) + 1 = 44.61
h(5) —h(4.9) 464461 139

5 19 5-49 o1 °f

The instantaneous rate of change is approximately 13.9 flies per day.
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. When does the ball hit the ground? Round your answer to two decimal places.

When the ball hits the ground, h(t) = 0
0= 4.9 +30¢
0= —4.9¢(¢t — 6.12)

t=0ort=6.12

The ballis thrown at 0 seconds and hits the ground at approximately 6.12 seconds
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d. Use the secant method to approximate the instantaneous speed of the ball when it hits the ground. Round your
answer to two decimal places,

d an:

ugge: er

h(6.12) = —4.9(6.12)* + 30(6.12) = 0.07344

h(6.11) = —4.9(6.11)* + 30(6.11) = 0.37271

h(6.12) —h(6.11) _ 0. —o0. —0.
(612) ~h(6.11) _ 0.07344— 037271 _ 020027 _ o

6.12 - 6.11 - 6.12 — 6.11 T o001

The speed of the ball is approximately 29.93 m/s when it hits the ground. Note, the speed of the ball is
positive, and the negative sign only refers to the direction of the ball, which is downwards
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1 f(z):3(%)z
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There is a horizontal asymptote at y = 0.
The limit is

- 1\*
() -
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2 g(z) = —22°
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3 h(z) = —4(2f° -1
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There is a horizontal asymptote at y = — 1
The limit is
lim —4(2)° —1=—1

200
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When finding limits algebraically, follow these rules:

1. Aways start by substituting the -value of the limit (in other words, the number next to the tiny arrow) into the function
to see if it will result in a real value for the limit

2.If it results in the indeterminate amount, try factoring the function.

3. If it results in the indeterminate amount or division by 0, and the function contains a radical sign, try multiplying by the
conjugate to simplify the function
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If a limit results in the same value when we approach it from the right-hand and left-hand side of the
graph, the limit exists. If a limit results in a different value when we approach it from each side, the limit
does not exist. For this function, the limit is positive infinity when we approach it from the right-hand side,
and negative infinity when we approach it from the left-hand side. Therefore, the limit does not exist
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The lim f(z) = b exists onlyf lim f(z) =band lim f(z) = b
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The instantaneous rate of change at a tangent point A(a, f(a)) is
lim f@+ 1) — f(@)

= h
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We will create a general formula for the slopes of the tangents to this curve, using the limit formula.
First, we will find (a) and f(a + h) for this function

Since f(z) = 422, then f(a) = 4a®

The general formula for any point of tangency along this curve is A(n, 4a’)
fla+h)=4(a+h)® = 4a® + 8ah + 4h?

The general formula for a second point on the curve is B(n +h, 4a® + 8ah + 4h2)

h) —
Using the limit formula, lim fa+h) - f(a)
= h
. (4a? + 8ah + 4h?) — (4a?)
= (a+h)—(a)
2

~lim 8ah + 4k’

h—0 h
_ i B0t 4R)

h—0 h
=lim 8a + 4h

h—=0
=8a+4(0)
=8a
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The general formula for the slope of any tangent line along the curve of y = 4z is m = 8a.
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To find the inflection points, start by finding the second derivative of the function
(@) —82% + 1827

F'(x) = 42 — 242° + 36z

F"(z) = 122° — 48z + 36

Then we let f”(z) = 0 and factor the equation to find the z-values of the inflection points.
122 — 48z +36 =0

12(z® — 4z +3) =0

12(z —1)(z—3) =0

z=lorz=3

To find the y-values that go with each of these z-values, we substitute = = 1 and z = 3 into the original function,
where  is related to y.

F1) = @)* -8(1)° +18(1)* =11
F3) =(3)* —8(3)° +18(3)2 =27
The inflection points are (1, 11) and (3, 27).
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To find the z-intercepts, use the remainder and factor theorems to factor the expression:
F(1) = (1) -3(1)* —13(1) + 15=0
Therefore, (z—1) is a factor.

f(z) =2 —322 — 13z +15

=(z—1)(=® -2z —15)

—(@—1)(z—5)(x+3)

Then let f(z) = 0:

(e—1)(z—5)(z+3)=0

The roots of this equation are £ = —3, 1, and 5. The z-intercepts are (-3, 0), (1, 0), and (5, 0).
To find the y-intercept, substitute = 0 into the function:

£(0) = (0)° —3(0) —13(0) + 15 =15

The y-intercept s (0, 15).
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Find the first derivative:
f'(z) =322 — 6213
Let f'(z) = 0 and solve for z using the quadratic formula:

322 6z —13=0

—(=6) £ 4/(-0)" — 4(3)(-13)
e

2(3)
)
6
=330r—-1.3
The critical values are £ = 3.3or z = —1.3

Find the y-value for each point by substituting the critical values into the function, f(z)
£(33) = (3.3)* —3(3.3)* —13(3.3) + 15 = —24.6

F(-1.3) = (—1.3)° = 3(~1.3)> — 13(~1.3) + 15 = 24.6

The maximum and minimum points are (3.3, ~24.6) and (1.3, 24 6).

Determine which critical value is a maximum and which is a minimum point:
f'(z)=6z—6

7"(3.3)=6(3.3) —6=13.8

F"(-1.3) =6(~1.3) -6 = —13.8
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Since the second derivative is positive at = 3.3, the graph is concave up at (3.3, ~24.6). Therefore,
(3.3, -24.6) is @ minimum point. Since the second derivative is negative at = = —1.3, the graph is
concave down at (~1.3, 24.6). Therefore, (1.3, 24.6) is a maximum point
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c. the intervals of increasing and decreasing

ggested answer

Since z = —1.3 is a maximum point and z = 3.3 is a minimum point, the graph increases where

z < —1.3and z > 3.3, and decreases where —1.3 < z < 3.3.
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d. the inflection points

uggested an:

Let f"(z) =0
f'(z)=62—6
6z —6=0
6z=06

=1

Find the y-value that goes with this by substituting = = 1 into f(z)
F1) = (1) -3(1)*-13(1) +15=0
The point of inflection is (1, 0).
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e the intervals of concavity

ggested answer

Test the concavity on each side of z = 1
£"(0) =6(0)—6=—6
f"(2)=6(2)—6=6

. z-value of .
Test point inflection point | TeSt POt

z2=0 z=1
F'(z) ) 0 6
concave down concave up

Concavity none
0 U
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The graph is concave down where 2 < 1 and concave up where > 1
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Afunction s even when f(—z) = f(z)
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Afunction is odd when f(—z) = —f(z) or f(z) = —f(—z)
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a f(z) =z" +2z°

f(-2) = (-2)* +2(~2)’

f(—z)=2* +22°

f(z) = f(—z); therefore, this function is even
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The slope of a straight line going through A(z1, ;) and B(z2, ¥,) is
_h-u
T rp—m;
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b f(z)=2*+z

Suggested answer

f(=2) = (=2)* +(-2)

o) =2~z

fl-z)=— (z’ + ::)

f(—z) = —f(=); therefore, this function is odd
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¢ f)=(@+1)

Suggested answer

f@)=@+1’=@+)(@+1) =2’ +2w+1
f(=2) = (=) +2(-2) +1

f-z)=2>—22+1
f(=z) # f(z), f(—z) # —f(z); therefore this function is neither even nor odd
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4 f@)=z+2

Suggested answer

fl-z) = (o) +2
f-z)=-z+2

f0)=~(@-2)
f(—=) # f(z), f(—z) # —f(x); therefore this function is neither even nor odd

e flz)=5

Suggested answer

f(-2)=5

f(z) = f(—a); therefore, this function is even
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Example 1

A quadratic function has the following characteristics: g"(—1) = 1, g'(2) = 0, and g(2) = 0. Determine a possible
equation for this function

Solution

Let's start with standard form of a quadratic equation g(z) = az® + bz + ¢, where a, b, and ¢ represent constants
(numbers)

To find the first and second derivative of this function, we will use the power rule:

d'(z)=2az+b
g'(z) =2
Then we will use the given information to determine the equation of the function
We wil start with the second derivative. Since g”(—1) = 1, this means when z = —1, g"(z) = 1. These values
represent the point (-1, 1) on the graph of the second derivative. We will use this information to find the value of a:
g'(z) =2
g'(-1)=2a
1=2a
1
a=

2
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Next, we will work on the first derivative. Since g'(2) = 0, this means z = 2 when g'(z) = 0. We also know from the
previous calculation that @ = 1/2

g'(z) =2az+b

q@) = 2(%)(2) +b

0:26)(2)”

0=2+b
0=-2+b
b=-2

Finally, we will work on the function. Since g(2) = 0, this means z = 2 when g(x) = 0. We also know from the
previous calculations thata = 1/2and b=

9(z) =az® +bz +c

@ = (3) @ + a0+

0=2—-4+c

c=2
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Now, we have the values for @, b, and c. The equation of the function is

g(z):%zz—21+2
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Solution

From the graph, we can see that f'(z) is a linear function, so we know the degree of f'(z) is 1. Therefore, f(z) is a
quadratic function with a degree of 2.

Start with standard form of a quadratic function and find the first derivative.
f(z) = az® + bz +c
f'(z) =20z +b

On the graph, observe that the z- and y-intercepts are (2, 0) and (0, -4). We can write f'(2) = 0 and f'(0) = —4
When we substitute these values into the equation for f'(z), this gives us two equations with two unknowns. We can
then use the method of substitution to find the values of a and b:

f'(x) =20z +b
f(2) =2a(2) +b
0=4a+b
b=—4a []
£'(0) = 2a(0) + b
—4=2a(0) +b
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Substitute [2] b= —4 into [1] b = —4a:
b=—4a

=—da

a=1

Now, we can substitute a and binto f(z) = az® + bz + ¢
f@)=2—4z+c

Since f(—1) = 2 is given in the question, we can use this information to find c.

flz) =2 —dz+c
1) = (-1 —4(-D)+e
2=1+4+c

c=-3

The equation is f(z) =
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Rational functions are functions written in fraction form, where the numerator
and denominator are two smaller functions:

22

'We can use the equation of a rational function to

where g(z) # 0

« find the asymptotes on a graph

« locate the z- and y-intercepts

« determine the y-values of any maximum, minimum, or inflection points
« create a table of values
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When the degree of the numerator is less than the degree of the denominator, the horizontal asymptote is y = 0 (the
T-axis).

2247
522 — 3z — 2
Therefore, the horizontal asymptote for this function is = 0
When the degree of the numerator is equal to the degree of the denominator, we determine the horizontal asymptote by
dividing the leading coefficient of the dominant term in the numerator by the leading coefficient in the denominator.

For example, in f(z) = , the degree of the numerator is 1, while the degree of the denominator is 2

4z -3
For example, i (z) = —5—-. the degree of both the numerator and the denominator is 2. Therefore, we divide
2
the leading coefficient of 422, by the leading coefficient of 12
4
=1
y=4

The equation of the horizontal asymptote is y = 4.

When the degree of the numerator is greater than the degree of the denominator, this creates an oblique asymptote
rather than a horizontal asymptote. An oblique asymptote is a slanted line that the graph approaches but never
reaches. In the scope of this course, we will not be working with functions that have oblique asymptotes
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The equation of a line
To determine the equation of a line, given the slope and a point on the line, we use the formula y = (z — 1) +y;
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feAsiiipie b
7

Find the first and second derivative of f(z) = -

Solution
When the numerator of a rational function is a constant, the easiest way to find the first derivative is to rewrite the
function as a product and differentiate it using the chain rule.

o) = 5oy

fl@) =13z -2)"

fl(@)=-1(32-2)7(3)

-2

T (Bz-2?

To find the second derivative, follow the same procedure.
—21

(3z—2)°

flz) =213z —-2)2

F(@) =423z -2)7*(3)

126

T (Bz-2°

f'@)=
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Example 2

Find the first and second derivative of g(z) =

Solution
To find the first derivative of this function, we must use the product or the quotient rule.

Using the product rule:
4z

9(@) = 55

9(@) = (42)(a* - 8) "
9'(2) =4(2* - 8) " + (- 1(=* —8) *(22))
8z
(@-8)  (22-8)?
4(z® - 8) — 8z
-
422 — 32 — 822
GEDH
—42% 32
Y
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We can then use the product rule again to find the second derivative:
—422 - 32

@8
9"(2) = (—4a? - 32)(a* - 8)*
= —8z(z? — 8) 2 + (—42® — 32)(—2(c? — 8)*(2z))
= —8z(z? — 8) 2 — 4z(—4z” — 32)(z> —8)

—8z 4z(—42? - 32)
@-82  (a2-8)

—8z(z® — 8) — 4z(—4z - 32)
- @9’
—82® + 64z + 162° + 128z

(@2 -8)°

8z® + 192z

T @osy

9'(@@) =
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Example 3
322 —5z+4
Find the first and second dervative of () = —-—2 + 1
z
Solution

Since the denominator of this function is a single term, we can divide the denominator into each term in the numerator,
then use the sum and difference rules to differentiate.
322 5z 4
Mo =g -mta
5 4

T 2
=350 4z72

K(z)=0+5z72—8z~°

_5z-8

‘We can then use this method again to find the second derivative:
K(z)=5z72—8z3
K'(z) = (-2)52~° — (-3)8z*

10 24

FESIET <
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First derivative using the quotient rule:

-5
oy 34 —5) —3z(4)
9'(z) = T
_122-15-12¢
GRS
15

T4z -5’
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Second derivative using the chain rule:
15

(4z —5)

= 154z —5)2

9"(x) = 30(4z — 5)"°(4)

120

T (4z-5)°

9'@)=-
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Part1A

Question 17

Which of the following is the slope of the tangent to h(z) = sin(z + ) at z = 7

-1

2
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Part1A

Question 16

Which of the following tangent points on g(z) = 2 has an instantaneous rate of change of -4?

(1,16)
(4,-4)
2.8)

(-1,-16)
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Standard form of a quadratic equation is y = az® + bz + ¢
Vertex form of a quadratic equation is y = a(z — p)? + ¢
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Example
Change y = —22° + 12z — 23 to vertex form

Solution
y=—227 + 122 23

Step 1 Factor ~2 out of the first two terms. The coefficient of the dominant term in the bracket must be 1 to complete
the square.

y=—2(s"—62) -2

Step 2: Take the coefficient of the  term, divide it by 2, and square it. Then add and subtract the resulting number to
the expression in brackets

y=—2(s"~62+9-9) —23

Step 3: Factor the first three terms in the bracket. Because the first three terms now form a perfect square, the factors.
will be identical. An easy way to factor this expression is to take the square root of the first term, the sign from the
middle term, and the square root of the last term. Then square the resulting binomial

y=—2[(a®—62+9) —9] —23

2[(:273)279] —23

y=
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Step 4: Distribute 2 to eliminate the outside brackets.
y=—2(z—3)*+18-23

Step 5: Then simplify the constants.
y=-2@-372-5

Once a quadratic equation is written in vertex form, the vertex can be determined. The vertex of the parabola is (p, q)-
In this example, the vertex is (3, -5).




